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Prìblhma 1. 'Estw A ∈ Ld kai Lebesgue metr simec f, fn (n ∈ N) sto A ¸ste na isqÔei
0 ≤ fn ≤ f L-sqedìn pantoÔ sto A gia k�je n kai limn→+∞ fn = f L-sqedìn pantoÔ sto A.
ApodeÐxte ìti

∫
A f = limn→+∞

∫
A fn .

(Upìdeixh: Apì thn fn ≤ f sunep�getai lim supn→+∞
∫
A fn ≤

∫
A f kai qrhsimopoi ste kai to

l mma tou Fatou. )

Prìblhma 2. 'Estw A ∈ Ld , Lebesgue metr simec fn (n ∈ N) sto A kai Lebesgue oloklhr¸simh
h sto A ¸ste na isqÔei h ≤ fn L-sqedìn pantoÔ sto A gia k�je n. ApodeÐxte ìti

∫
A(lim infn→+∞ fn) ≤

lim infn→+∞
∫
A fn .

(Upìdeixh: Jewr ste tic fn − h.)

Prìblhma 3. 'Estw A ∈ Ld me md(A) < +∞ kai Lebesgue metr simec f, fn (n ∈ N) sto A
¸ste na isqÔei limn→+∞ fn = f omoiìmorfa sto A. ApodeÐxte ìti limn→+∞

∫
A |fn − f | = 0.

(Upìdeixh: An Mn = sup{|fn(x)− f(x)| : x ∈ A}, tìte limn→+∞Mn = 0.)

Prìblhma 4. 'Estw A ∈ Ld kai Lebesgue oloklhr¸simh f sto A. Jewr ste tic sunart seic
fn = max

{
min{f, n},−n

}
(n ∈ N) kai apodeÐxte ìti limn→+∞

∫
A fn =

∫
A f .

(Upìdeixh: Je¸rhma Kuriarqhmènhc SÔgklishc.)

Prìblhma 5. 'Estw A ∈ Ld kai Lebesgue oloklhr¸simec f, fn (n ∈ N). ApodeÐxte ìti, an
limn→+∞

∫
A |fn − f | = 0, tìte limn→+∞

∫
A |fn| =

∫
A |f |.

(Upìdeixh: Parathr ste ìti
∣∣ ∫

A |fn| −
∫
A |f |

∣∣ ≤ ∫A |fn − f |.)

Prìblhma 6. 'Estw A ∈ Ld kai Lebesgue oloklhr¸simec f, fn (n ∈ N) sto A ¸ste limn→+∞ fn =
f L-sqedìn pantoÔ sto A. An limn→+∞

∫
A |fn| =

∫
A |f |, tìte apodeÐxte ìti limn→+∞

∫
A |fn−f | = 0.

(Upìdeixh: Efarmìste thn proprohgoÔmenh �skhsh stic Fn = |fn − f |, Gn = |fn| + |f |, F = 0
kai G = 2|f |.)

Prìblhma 7. Kataskeu�ste mia akoloujÐa fn : [0, 1] → [0, +∞) tètoia ¸ste
∫ 1
0 fn ≤ 1 all�∫ 1

0 f2
n →∞.

EpÐshc mia akoloujÐa fn : [0, 1] → [0, +∞) tètoia ¸ste
∫ 1
0 f2

n ≤ 1 all�
∫ 1
0 fp

n → ∞ gia k�je
p > 2.
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