
Panep. Kr thc, Tm maMajhmatik¸n, Pragmatik  An�lush, Anoixh 2009-10, Miq. Kolountz�khc

8o full�dio problhm�twn, 21 Apr. 2010

Prìblhma 1. 'Estw A ∈ Ld kai Lebesgue metr simh f : A → [0,+∞]. GnwrÐzoume ìti isqÔei∫
A f ≥ 0. ApodeÐxte ìti, an

∫
A f = 0, tìte f = 0 L-sqedìn pantoÔ sto A.

(Upìdeixh: 'Estw, gia k�je n ∈ N, to En = {x ∈ A : f(x) ≥ 1
n}. Parathr ste ìti En ∈ Ld kai

1
nχEn ≤ f sto A. ApodeÐxte ìti 1

nmd(En) ≤
∫
A f kai, epomènwc, ìti md(En) = 0. Parathr ste ìti

{x ∈ A : f(x) > 0} =
⋃+∞
n=1En .)

Prìblhma 2. 'Estw A ∈ Ld me md(A) < +∞. An h f2 eÐnai Lebesgue oloklhr¸simh sto A,
apodeÐxte ìti kai h f eÐnai Lebesgue oloklhr¸simh sto A.

(Upìdeixh: |f | ≤ 1
2f

2 + 1
2 .)

Prìblhma 3. 'Estw A ∈ Ld kai Lebesgue metr simh f : A→ [0,+∞].
(1) Anisìthta tou Chebyshev. ApodeÐxte ìti gia k�je λ > 0 isqÔei

md

(
{x ∈ A : f(x) ≥ λ}

)
≤ 1
λ

∫
A
f.

(Upìdeixh: An B = {x ∈ A : f(x) ≥ λ}, tìte λχB ≤ f sto A.)
(2) An

∫
A f < +∞, apodeÐxte ìti limλ→+∞ λmd

(
{x ∈ A : f(x) ≥ λ}

)
= 0.

Prìblhma 4. (1) Gia poiec timèc tou α eÐnai Lebesgue oloklhr¸simh h sun�rthsh x−α sto (0, 1]?
sto [1,+∞)? sto (0,+∞)?
(2) ApodeÐxte ìti h f(x) = d

dx

(
x2 sin 1

x2

)
den eÐnai Lebesgue oloklhr¸simh sto (0, 1).

(3) An x > 0, apodeÐxte ìti h f(t) = tx−1e−t eÐnai Lebesgue oloklhr¸simh sto (0,+∞).
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