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7o full�dio problhm�twn, 14 Apr. 2010

Prìblhma 1. 'Estw An ⊆ Rd, A = lim infnAn, B = lim supnAn. DeÐxte ìti χA = lim infn χAn

kai χB = lim supn χAn .

Prìblhma 2. Poiec apì tic parak�tw sunart seic eÐnai aplèc kai poiec eÐnai oi kanonikèc touc
anaparast�seic?

φ(x) =

{
1, an x ∈ { 1

n , n ∈ N},
0, an x /∈ { 1

n , n ∈ N},
, φ(x) =

{
1, an x ∈ R \Q,
0, an x ∈ Q,

φ(x) = [x] (x ∈ R), φ(x) = [x] (−3 ≤ x ≤ 4).

Prìblhma 3. Qrhsimopoi ste ton orismì tou oloklhr¸matoc Lebesgue mh arnhtik¸n sunart sewn
gia na upologÐsete to

∫
[0,+∞) f twn

f =
+∞∑
k=1

1
2k
χ[k−1,k) , f =

+∞∑
k=1

1
k
χ[k−1,k) , f =

+∞∑
k=1

kχ( 1
k+1

, 1
k
] .

(Upìdeixh: Gia thn pr¸th f dokim�ste tic φn =
∑n

k=1
1
2kχ[k−1,k) kai apodeÐxte ìti eÐnai mh arnhtikèc

Lebesgue metr simec sto [0,+∞), ìti φn ≤ φn+1 kai limn→+∞ φn = f sto [0,+∞).)

Prìblhma 4. UpologÐste to olokl rwma Lebesgue
∫
A f (an up�rqei) stic parak�tw peript¸seic.

f(x) = x2 A = [0, 1], f(x) =
1
x

A = (0, 1],

f(x) =
1√
x

A = (0, 1], f(x) =
1
x

A = [1,+∞),

f(x) =
1
x2

A = [1,+∞), f(x) =
1
x3

A = R \ {0}.

Prìblhma 5. 'Estw anoiktì U ⊆ Rd kai f, g : U → R suneqeÐc sto U . An eÐnai f = g L-sqedìn
pantoÔ sto U , apodeÐxte ìti f = g sto U .

(Upìdeixh: 'Estw f(x0) 6= g(x0) gia k�poio x0 ∈ U . Parathr ste ìti up�rqei anoikt  mp�la
B(x0; δ) ⊆ U ¸ste δ > 0 kai f(x) 6= g(x) gia k�je x ∈ B(x0; δ). 'Omwc, md

(
B(x0; δ)

)
> 0.)
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