
Panep. Kr thc, Tm maMajhmatik¸n, Pragmatik  An�lush, Anoixh 2009-10, Miq. Kolountz�khc

Je¸rhma 0.1. An A ⊆ Rd eÐnai metr simo kai ε > 0 tìte up�rqei kleistì F ⊆ A t.¸.m(A\F ) < ε.

Apìdeixh.

QrhsimopoioÔme to je¸rhma pou lèei ìti gia k�je metr simo E k�je ε > 0 up�rqei anoiqtì G ⊇ E
t.¸. m(G) ≤ m(E) + ε.

ParathreÐste ìti aut  h prìtash de lèei tÐpota an m(E) =∞. An ìmwc m(E) <∞ tìte

(1) m(G \ E) ≤ ε
afoÔ m(G \ E) = m(G)−m(E) (prosjetikìthta). DeÐqnoume pr¸ta ìti akìmh kai sthn perÐptwsh
pou m(E) =∞ mporoÔme kai p�li na broÔme anoiqtì G ⊇ E ¸ste na isqÔei h (1).

'Estw loipìn E ⊆ Rd metr simo kai Bn h anoiqt  mp�la aktÐnac n kai me kèntro to 0. Qrhsi-
mopoi¸ntac thn (1) gia to sÔnolo E ∩Bn (pou èqei peperasmèno mètro afoÔ h mp�la èqei) paÐrnoume
anoiqtì Gn ⊇ E ∩Bn t.¸. m(Gn \ (E ∩Bn)) ≤ ε2−n, gia n = 1, 2, . . .. OrÐzoume to anoiqtì sÔnolo
G =

⋃
nGn to opoÐo perièqei to E afoÔ perièqei ìla ta E ∩Bn. 'Eqoume

m(G \ E) = m(
⋃
n

(Gn \ E))

≤
∑

n

m(Gn \ E) (upoprosjetikìthta)

≤
∑

n

m(Gn \ (E ∩Bn)) (mikraÐnoume ta sÔnola pou afairoÔme)

≤
∑

n

ε2−n = ε.

T¸ra mporoÔme na deÐxoume to je¸rhm� mac. 'Estw metr simo sÔnolo A ⊆ Rd. Qrhsimopoi¸ntac
autì pou mìlic deÐxame, up�rqei anoiqtì G ⊇ Ac t.¸. m(G \ Ac) ≤ ε. OrÐzoume to kleistì sÔnolo
F = Gc kai èqoume F ⊆ A afoÔ F c ⊇ Ac. EpÐshc

A \ F = A ∩G = G \Ac

�ra m(A \ F ) ≤ ε.
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