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Abstract

A set F of integers is called sum-free if z + y # z for all z,y,2 € E. Given a set
A = {ny,...,ny} of integers we show how to extract a sum-free subset £ of A with
|E| > N/3. The algorithm requires polynomial time in the size of the input.
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A subset F of an additive group is called sum-free if x +y # z for all z,y,z € E. Erdos
[3] and Alon and Kleitman [1] have proved that every set A = {ny,...,ny} of integers
has a sum-free subset E, with |E| > N/3. The proof is probabilistic and in [1] the
question was posed whether there exists a deterministic algorithm for the selection of
such a subset F, which runs in time polynomial in the size of the problem, that is in
l = Eé\;l log, n;. We assume that [ is large. The purpose of this note is to point out
that, with a slight modification, the proof given in [1] can be transformed to such an
algorithm. A similar algorithm was independently found by Alon, Kriz and Negetiil
[2].

Sum-free sets have been used to estimate Ramsey numbers from below [4, p. 125,
247]. Many lower bounds for Ramsey numbers have been found by decomposing a
certain group into a small collection of sum-free subsets, so that an algorithm which
extracts a large sum-free subset could conceivably be of great help.

For a prime p write Z, = {0,...,p — 1} for the field of the integers mod p and
Zy ={1,...,p— 1} for the multiplicative group of units in Z,.

Theorem 1 Let p = 3k + 2 be a prime number and w(z) a nonnegative function
defined on Z;; . Define w = erZ}f w(z) and assume w > 0. Then there is a sum-free
subset E' of Z for which
1
Z w(z) > 3 (1)
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Proof: Write S = {k+ 1,...,2k 4+ 1} and observe that S is sum-free in Z, and
|S] > (p—1)/3. Let the random variable ¢ be uniformly distributed in Z) and write

t-z€S

(The product t - z is computed in Z,.) Since Z) is a multiplicative group we have

Ef(t) = ]%w > w/3. Consequently there is a tg € Z; for which f(to) > w/3. Define

E'=15'5. Tt follows that E’ is sum-free and (1) is true. QED

Observe that the number of prime factors of an integer z is at most log, . This
means that the number of primes which appear in the factorization of any element of A
is at most [. Thus (using, say, the Prime Number Theorem for arithmetic progressions)
there is a prime p = 3k 42, not greater than 3/logl, which does not divide any member
of A.

Define now w(z) = [{t € A : t = z mod p}|. Since p does not divide any member
of A we have w = N and, using our Theorem 1, we find a sum-free £’ C Z for which
the set £ = {t € A:tmod p € E'} has more than N/3 elements. But F is sum-free
since z + y = z for some z,y,z € F would imply z + y = z mod p and E’ would not be
sum-free.

In summary the steps of our algorithm are the following.

Compute all primes up to 3llog!.
Find one such prime p = 3k + 2 which divides no element of A.

Compute the function w(z) for all z € Z.

e

Find by exhaustive search a g € Z for which f(tg) > N/3 and compute the set
E'=1;'5.
5. Construct the set £ = {t € A:{mod p € E'}.

All the above can obviously be carried out in time polynomial in /.
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