SPECTRA FOR FINITE UNIONS OF LINE SEGMENTS
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AgstracT. In this paper we study the spectrality of arc-length measures supported on the
union of two line segments in the plane. We show that any such spectral measure must
admit a line spectrum. Moreover, when the two segments are non-parallel, such spectral
measure admits only line spectra. Thus, in this case every spectrum is one dimensional.
In addition we show that this property fails for unions of three or more segments in the
plane. We construct some arc-length spectral measures supported on the union of at least
three line segments such that none of its spectra is contained in a line. Finally, we work
in the general framework of arc-length measures supported on finite unions of curves in
R?. We show that the size of any orthogonal set for such a measure inside a ball of radius
R grows at most linearly in R. We also give an alternative proof of this bound, and in fact
obtain a more general result of growth rate of orthogonal sets for Ahlfors—David regular
measures in R? (not restricted to the one-dimensional setting).
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1. INTRODUCTION

1.1. Line spectra for arc-length measures supported on two line segments. A
finite Borel measure p on RY is called a spectral measure if there exists a countable set
A C R? such that the exponential functions E, = {¢¥<**> : A € A} form an orthonormal
basis of L?(11). Such a set A is called a spectrum of . In particular, if the Lebesgue
measure restricted on the set Q) is a spectral measure, then we say Q is a spectral set.
The theory of spectral sets traces back to the work of Fuglede [7] who proposed

Fuglede Conjecture: Q c R’ is a spectral set if and only if it tiles R? by translations.

Both directions of the conjecture fail when d > 3 [20, 11, 12, 5, 6], but the conjecture is
still open in both directions when d = 1,2. Moreover, the problem of deciding whether
a given measure is spectral, and of describing the possible spectra, is closely related to
the Fuglede conjecture and has been extensively studied in recent decades for Lebesgue
measure, for self-similar measures, and for various classes of singular measures.

Spectra can be surprisingly rich. A particularly natural class of spectra to consider for
measures in R are line spectra, that is, spectra contained in a straight line. One may
then ask to what extent the geometry of the support forces spectra to be one dimensional.
In this paper we focus on the case where the measure is supported on the union of finitely
many line segments in the plane and is equal to a constant multiple of arc-length on each
of these segments. We are interested in whether the spectra of such arc-length spectral
measures lie on straight lines. In particular, when the arc-length measure is supported
on the union of two line segments, all known results so far show that every spectrum
of the associated spectral measure is contained in straight lines. For example, several
recent works have investigated the spectrality of the measure

1 1
u = EL[t,Hl] X O + 550 X Litt+11,

where Li;;.1] is the Lebesgue measure restricted on the interval [t,t+1] and 0, is the Dirac
measure on the origin. Combining these papers [9, 16, 15, 1] with the paper [13] by the
first and third author, one obtains necessary and sufficient conditions for the measure p
to be a spectral measure and shows that it has only line spectra. See also the relevant
works [9, 2]

This leads to the following natural question:

Question 1. Given any two line segments in the plane, when is the arc-length measure
supported on their union a spectral measure, and, if it is spectral, must all its spectra be
line spectra?

In this paper, we provide a complete answer to this question. To help the reader follow
the discussion, we briefly summarize the known results in this area in Remark 1.

Remark 1. Let [;,I, € R?> be two non-overlapping (but possibly intersecting) line seg-
ments with |[;|+]|[;| = 2. Let v be arc-length measure on both I; and I, normalized (divided
by 2) so as to be a probability measure. We record the following three facts.

(I) Colinear line segments. If [; and I, are collinear line segments, then, by results
of Dutkay and Lai [4] and Laba [14], the measure v is spectral (i.e. the set I; U I,
is a spectral set in R) if and only if the gap between I; and I, is an integer when
|I1| = ||, and the gap between I[; and I, is an even integer when |I;| # |[,|. (Refer to
Fig. 1)

(IT) Parallel line segments. If [; and I, are parallel line segments (non-collinear)
of equal length, Kolountzakis and Lai [9, §6] show that whenever the measure v
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is spectral it always has a line spectrum but also admits a spectrum that is not
contained in any line. (Refer to Fig. 1)

(1) (1)

Ficure 1. (I) and (II).

(ITT) Non-parallel line segments. If [; and [, are two non-parallel line segments,
then there exists an invertible affine map T(x) = Ax + b with A € GL(2,R) such
that T (I;) is contained in the x-axis and T (I,) is contained in the y-axis. Moreover,
if i is a spectral measure with spectrum A C IR?, then the push-forward measure
v = Ty is again spectral, with spectrum (A™!)TA. In particular, if A is contained
in a line L ¢ R?, then (A™!)TA is contained in the line (A~!)"L. Thus the property
of being spectral is invariant under invertible affine changes of variables, and we
may work in this normalized configuration without loss of generality. Notice that,
additionally, we can always choose this affine transformation so that T(I;) and
T(I,) have the same lengths as I; and I, (Refer to Fig. 2). In other words, when we
study the spectrality of the arc-length measure supported on two non-parallel line
segments in the plane, we may reduce the problem to the study of the spectrality
of the measure

1 1 .
(1) p= EL[t1/t1+T1] X 60 + 5(50 X L[tzlt2+T2] with T1 + Tz =2.

(111)

I
/ T(x)=Ax+b T(l;)
x

Ficure 2. (I1I): Affine transformation

According to Remark 1, to fully answer the question above, we still need to analyze the
case of two parallel line segments (non-collinear) and the case of the measure p defined
above in (1). Our first result is about the spectrality of two parallel line segments.
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Theorem 1. Given are real numbers a;, a, and hy # hy. Let T, T, > 0and T; + T, = 2.
Then the measure v = 1Lig, 47,1 X On + 2Liaya+1o1 X Op, is always spectral with one of its
spectra contained in a straight line.

For a case of non-parallel line segments, i.e. the measure p of the form (1) with T; = T,
Lu [17] proved that p is a spectral measure if and only if t; +t, € Z\ {-1}or t; — t, €
Z.\ {0}. However, in the paper [17], he does not identify the possible structures of the line
spectra. In this paper, we establish the sufficient and necessary condition of spectrality
for general non-parallel line segments and show the structures of the line spectra: a
spectral measure of non-parallel line segments has precisely two possible types of line
spectra. Even for the case where T; = T, our proofincludes a completely different method
from Lu’s [17]. Now we state our second result.

Theorem 2. Let t,t, € Rand Ty, T, > 0 with T; + T, = 2. Consider the measure

1 1
P = SLitut+m1 X 00 + 500 X Lity ty+75)-

Then p is a spectral measure if and only if one of the following statements hold.
(I) When T; =T, we have t| + t, € Z\ {-1}or t; — t, € Z \ {0}.
(IT) When T, # T, we have t; +t, € 2Z. or t; —t, — T, € 27Z. (equivalently, t, —t, — T € 27,).

Moreover, if p is a spectral measure, then every spectrum of p that contains the origin is
contained in either the line y = x or the line y = —x. More precisely, if 0 € A is a spectrum
of p, then A has one of the following forms:

(I) If T, = T, then there exist a1, a; € —%, %] such that

@ A {n,—n),n+a,-m+ay)):ne”, ifty+t,eZ\{-1},
o n), (1 + ag,n +ay) s n € Z), ift, —t, € Z\ (0.

(D) If T, # T», then

{5, —-3):neZ}, ifti+t €2Z,
3) =

(3, 8:nez, ifth—t—-T,€2Z.
Remark 2. Here we note that t; — t, — T, € 2Z is equivalent to t, — t; — T, € 27, since
T+ T, =2.

The observations in Remark 1 together with Theorems 1 and 2 yield the following result.

Theorem 3. Let 11 be the arc-length measure supported on the union of two line segments
in the plane. Then i is a spectral measure if and only if it admits a line spectrum. Fur-
thermore, in the non-parallel case, the measure admits only line spectra.

Remark 3. As explained in [13, §4] the line spectra of a collection of line segments
equipped with the arc-length on them always arise as one-dimensional spectra of the
projection of these segments onto a straight line. Thus, in the case of two non-parallel
line segments on the straight lines L; and L, the possible spectra are on either one of
the two angle bisectors of L; and L, and therefore it suffices to project the two segments
on each of these two lines and check (a) if the projection is injective and (b) that the
resulting union of two line segments on the line is spectral. This last condition is known
to be equivalent to this projection tiling the line [14].
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1.2. No line spectra for some arc-length measures supported on more than two
line segments. Suppose i is a measure on the plane which is arc-length on a finite
number of line segments. Such measures have recently been examined for their spec-
trality [15, 13, 9]. In all examples known so far any such spectral measure p always had
a spectrum contained in a straight line (it could possibly have other spectra too without
this property).

It is therefore natural to suspect that this might be the general case. Here we show that
this is not so. There are finite collections of line segments in the plane such that their
accompanying measure is spectral and each of their spectra is not contained in a straight
line.

Notice that for such a measure to have a spectrum contained in a straight line S it is
necessary that the orthogonal projection from the support of the measure to S is injec-
tive. The reason is that all complex exponentials ¢2™* with A € S are constant along the
direction S*. If the support of the measure contains two points on the same translate
of the line S* then a function on our segments that takes different values on these two
points cannot be represented by these exponentials. (See Propositon 4).

Thus it is rather easy to prove that a collection of line segments does not have a line
spectrum: it is enough that on any line S the orthogonal projection is not injective on
our set. And if such a collection happens to project injectively onto the line S, then for
it to have a spectrum contained in S it must also project to a spectral measure on S [13,
Theorem 1.2].

For the existence of the spectrum we will need the following theorem. It describes a
situation where the convolution of two spectral measures produces a spectral measure,
something which, of course, does not happen in general.

Theorem 4. Suppose u; is a measure on R? and L C RF x {0Y'™ is a spectrum of .

Suppose also that v is a measure on {0} X R9™* and M C {0} x R is a spectrum of v;.
Then L + M is a spectrum of (i * v;.

By using Theorem 4 and projection, we have the following theorem.

Theorem 5. There exists a spectral arc-length measure u on R?, supported on the union of
at least three line segments, such that every spectrum A of  is not contained in a straight
line.

1.3. Size of orthogonal sets of exponentials. In the previous subsections we dealt
with very concrete arc-length measures supported on finitely many line segments. For
these measures, every spectrum has strong one dimensional features. For example, in
the case of two segments every spectrum is contained in a straight line. In the more
general case, with three or more segments, we still need good control on how fast an
orthogonal set can grow. A key underlying ingredient behind these results is always the
same: the support is essentially one dimensional, so an orthogonal set cannot be too
dense. Informally, the size of any orthogonal set inside a ball of radius R grows at most
linearly in R.

The purpose of the final part of the paper is to isolate this phenomenon and to state it
in a clean, abstract form that applies not only to our concrete examples but to any finite
collection of curves.

Theorem 6 (Any finite collection of curves). Let I be a finite union of curves in R%, each
of which is rectifiable and has finite, nonzero length, and let p be the arc-length measure
on T. If A c R is an orthogonal set for p, then sup,ge #(A N Br(x)) = O(R) as R — oo.
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Theorem 6 also yields the following corollary 7.

Li,...,L, ¢ R? be m line segments, and let p be the arc-length measure on | Ji_ Ly. If
A c R? is an orthogonal set for p, then sup, . #(A N Br(x)) = O(R) as R — .

Corollary 7 (Any finite collection of line segments). Let d > 2 be an integer. Let

2. SPECTRALITY OF TWO LINE SEGMENTS

2.1. Parallel line segments. Define the measure v = 1L, 0,47, X Ony + 3Liy 004751 X Oty
with hy # hy, T1,T, > 0 and T; + T, = 2. Before proving that v always admits line spectra,
we first need to prove the following proposition.

Proposition 1. Let I = [al, a + Tl] X {hl} and I = [112, a, + Tz] X {I’lz} with I’ll * hz, Ty, T, >0
and T1+ T, = 2. For any k > 0, there exists a line L (not perpendicular to I, and I,) passing
through the origin such that

(a) the orthogonal projection onto L is injective on I, U I, and

(b) the length of the gap between the orthogonal projections of I, and I, onto the line L
is k times the sum of the lengths of their projections.

Proof. Since translation of the plane does not change parallelism, lengths, nor the shape
of orthogonal projections, we may assume without loss of generality that a; = —% and
hy =0. Let y = (1,0), then
— ) T, Ty } _ { ) T, T, }
Il—{t)/.te[ 220} and L=lw+tytel-2, 21},

where w = (a, + %, hy). Let L be a line through the origin with unit direction vector v and
(y,v) # 0. Then the projections of I; and I, onto the line L have lengths ¢; = T;|(y,v)| and
t> = Tx[(y,v)|. Hence the sum of the projected lengths is £; + {, = 2|(y, v)|. (Refer to Fig.
3.)

For any k > 0 we can choose v, to satisfy the equation

Kw, vl = 2k + 1)Ky, v,
that is, vy is perpendicular to w — (2k + 1)y. So

Kw, vl = Ky, vl = 2Ky, vel,

that is, Kw, vl — (61 + &) = k(61 + €2). Note that (w, v)| — 3(61 + €2) is the length of the
gap between the orthogonal projections of I; and I, onto the line L.

O

Let L be a straight line through the origin and u be a unit vector along L. Let us also
denote by u* the orthogonal subspace to L (a straight line also). We denote by m; the
orthogonal projection operator onto line L (but taking values in R). In other words 7, (v) =
t for any v € tu + u*.

Suppose v is a Borel measure on R?, then the projection of v onto L is the measure ;v
on R defined by

v(E) = v(Eu + u™),
where E C R.

In [13, Theorem 1.2], the first and third author of this paper proved the following very
useful theorem, which allows one to detect when a measure on R? has a spectrum lying
in a straight line by looking only at the spectrum of an appropriate one dimensional
projection. We emphasize that this criterion detects only spectra contained in a straight
line and cannot be used to disprove the existence of all possible spectra.
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Ficure 3. For every k > 0 there exists a line L through the origin such that
the distance between the projections of I; and I, onto the line L is k times
the sum of their projected lengths.

Theorem 8. [13, Theorem 1.2] Suppose p is a measure on R?* whose support is a finite
union of line segments. Suppose also that L is a straight line through the origin such
that the orthogonal projection 1, onto L is one-to-one p-almost everywhere. Then p has a
spectrum Au C L if and only if the projection measure 1 p has spectrum A C R, where u
is a unit vector along L.

Using Theorem 8 and Proposition 1 we can now give the proof of Theorem 1.

Proof of Theorem 1. From Proposition 1, for any positive integer k, we can find a line L
such that the length of the gap between the orthogonal projections of [a;,a; + T1] X {h}
and [a,, a, + T] X {h,} onto the line L is k times the sum of the lengths of their projections.
Combining this with Theorem 8 and [14, Theorem 1.1], we can deduce the result.

O

Remark 4. The previous proof of Theorem 1 gives an infinity of line spectra for a set
of two parallel line segments not on the same line. This infinite collection of different
spectra has the additional property that they can be arbitrarily sparse: if the line onto
which we are projecting our two segments is almost perpendicular to the intervals them-
selves then the projection of the two segments has support whose measure tends to 0.
Therefore the spectra of the projection, which are also spectra of the initial set of two
segments, have linear density that can be arbitrarily small.

Remark 5. It is worth pointing out that if we only care to show the existence of some
spectrum for two parallel line segments not on the same line then we can project them
onto a straight line such the projection is injective (with the exception of the endpoints)
and the support of the projection is a single interval, which always has a spectrum. To
find this straight line suppose without loss of generality that our segments are parallel
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to the x-axis and define the straight line S which joints the left endpoint of one interval
with the right endpoint of the other. Project then onto S* to obtain a projection that is
just one interval. (Refer to Fig. 4.)

Ficurke 4. Projecting to an interval.

2.2. Non-parallel line segments. According to Remark 1 (III), when studying the
spectrality of two non-parallel line segments we can always reduce to the same ques-
tion for two line segments that are perpendicular to each other. Solet p = 1Ly, 441 X
O + %60 X Lity 1,+1,) With T1 + T, = 2 and Ty, T> > 0, and let Z(p) denote the zero set of the
Fourier transform p. We know (see for instance [13]) that (1, A,) € Z(p) if and only if
(4) P2 +T1)=A2(2t+T2)) sinnTiAy " sin TrA,
A4 A,

which implies that Z (p) = Z, U Z,, where
_Z\0}  Z)\(0)

T T,
and, defining T (A1, A) := A1 (2t; + T1) — A, (2t + T»),

=0,

Z

Zy = {(/\1,)\2) T(AyAy) €Z and (—1)fwaSDThAL  sinmTaAs o}.

7'(/\1 7'(A2

In what follows, we use a sequence of lemmas to show that the projections of the spectrum
of p onto the x-axis and the y-axis are both periodic sets.

Lemma 1. Let 0 € A be a spectrum for L*(p). Then the following two statements hold.
(I) If T1 = T, then A has at most one point on each vertical line.

(D) If T, £ Ty, then A has at most one point on each horizontal line.

Proof. We first prove (I). Suppose that A does not have at most one point on each vertical
line. Then, since the difference of these two points of A must be a zero of p, it follows
from (4) that there exist (11, A;) € A and (A1, 1)) € A with A, # A/, such that

sin (A, — AY) 0
T(Ay — Aé) 7

sinnTo(A2-A))| Ty sin nT2(A2—A))
o) | = T Note that | Zra T

For (IT), we also arrive at this conclusion through a proof similar to (I).

om0+ T T

which means

T . . . .
<l<g, which is a contradiction.
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We now show that any spectrum of L?(p) is contained in a family of equidistant parallel
lines by the next two lemmas.

Lemma 2. Let 0 € A be a spectrum for L*(p). Then A ¢ £ X £ and
A C{(A1,A2) : T(A1, A2) = A (2t + Th) — A2 (2t + To) € Z}

Proof. Let

Hy ={(A1,A2) : A1 21 + T1) = A 2t + Ty) € Z)
and H, := % X %. H, and H, are both subgroups of R?. It follows from Lemma 11.4 in [8]
that A C H; or A C H,. Suppose that A C H,.

If T; > T,, then we take the function f € L?(p) which is 1 on the horizontal segment

and 0 on the vertical segment. Notice that it does not matter if the two segments of p
intersect as they will intersect on at most one point which has p-measure 0. Then, for
any A = (A1, A,) € A, we have A, € T% and

<f/ €/\> — ff(x/ y)e—zm(/\1x+/\2y)dp(x, y)

t1+T,

1 )
— E fe—Zm/\lxdx

t

~ {ﬁ if 1y =0;

2
0 otherwise.

Moreover, Lemma 1 (I) implies that there is at most one point of A with A; = 0, so this
point is the origin, which means f =}, ., (f,e1) e, is constant p-almost everywhere (the
series has one term only), a contradiction. Thus A C H;.

If T; < T,, then we take the function f € L?(p) which is 1 on the vertical segment and 0 on
the horizontal segment and we can obtain the conclusion by a proof similar to the case
T, > Ts.

O

Lemma 3. Let 0 € A be a spectrum for L*(p). Then A is distributed on equidistant parallel
lines.

Proof. It follows from Lemma 2 that we have
A C{(A1,A2) i T(A1, Ap) = A (2t + T1) — A2 2t + Tp) € Z}

Moreover, [9, Theorem 1] shows 2t; + T; and 2t, + T, cannot both be equal to zero. Other-
wise, p is not a spectral measure. So A is distributed on equidistant parallel lines. (Refer
to Fig. 5.)

We define the projections of A on the x-axis and y-axis as
Ay ={A1: (A, A2) € A} and A, ={Ay: (A1, A2) € A},

respectively. These sets can be multi-sets.
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)

1777

2t1+T1:/t0,2t2+T2:/t0 2t1+T1=0,2t2+T2¢0 2t1+T1¢0,2t2+T2=0

Ficure 5. Three kinds of equidistant parallel lines.

Lemma 4. If A is a spectrum of p, then

2 - 2 i
(5) o Z 1[0/1]|2(s—/\) and T, = Z |1[o,1]|2(S—A)

AE€T; Ay A€T2A,

for s € R. Additionally,

(I) If A has at most one point on each vertical line, then A, is a periodic set.

(II) If A has at most one point on each horizontal line, then A, is a periodic set.

Proof. Assume first that A has at most one point on each vertical line. Consider the
function f € L2(p) which is 0 on the y-axis and equal to g(x) = ¢ on [t;,t; + T1] X {0} .
It follows from Parseval’s theorem and f(x,y) € L?(p) that

t1+T7

L1 2
2 =5 | lswrdx
t

_ f f )P

t+T,

= Z % f f(x, 0)e 2mM¥dx
51

2

(A1,A2)eA

t1+T, 2

:411 Z f g(x)e‘znmlxdx

)\1 eAy f

which gives

2 2 2

t+T1 T1 1

DX S 0 i 0 . o
2T, = Z f ¢ mlee Zm/\]xdx — Z fe mlee Zm/\]xdx — T% Z ermxse 2n1T1A1xdx )

}h eAy f /\] EAx 0 /\1€Ax 0
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2_
Tl_A;;\

By Lemma 2 and Lemma 3, we know A ¢_ =X Z and A is distributed on equidistant

parallel lines. Following the arguments in the proofs of Lemmas 5.1, 5.3 and 5.4 in the
recent paper [13] of the first and third author of this paper, we obtaln that there exists a
constant K > 1 such that for all A = (11, A,) € A\ {(0,0)} we have K~!|A,] < |A,] < K|A4| and
A, is a set of finite complexity, so A, is a periodic set.

Therefore,
A).

The proof for the case when A has at most one point on each horizontal line is essentially
identical.

Remark 6. The tiling conditions (5) can also be expressed as follows:

(6) 2T1 = Z |i[0,T1]|2 (S - /\) and 2T2 = Z |i[0,Tz]|2 (S - A)

AEA, AEAy

The next lemma provides a convenient normal form for discrete periodic multi-sets.

Lemma 5. Let T,w > 0. Suppose that 0 € A is a discrete periodic multi-set and

A)
AEA
for s € R. Then A can be represented as
T
A={AL 22 A+ 2oz
2w

for some0<meZand 0=A' <A* <. < A" < 2L

Proof. Since A is a discrete periodic multiset there exists A > 0 such that A = A+ A
and the number of points of A in any interval of length A is finite. Hence, there exists a
positive integer m such that {A',A%,--- , A"} C [0,A) with 0 = A' < A* <--- < A" < A. So
A=U~L A+ AZ) and

A
2w = %IZ lijom (s — /\)|2 ds

AEA

0
" A
%ZZ‘[‘l[QT] S—A Ak)' ds
i=1 kezZ 0
- ~A(k-1) )
=7 Z f (s - /\i>‘ ds
i=1 kezZ Ak
1v (I A2
= — - A d
A;‘if"lmﬂ S /\)' S
= %Zm: f '1[0;] (s— )) ds (Parseval)
i=1 3
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This means that A = 2L and A = {A',A%,--- A"} + 217,

O

The next theorem is a simple but powerful rigidity result in one dimension. It says that if
a periodic set A satisfies the Parseval-type identity coming from the interval [0, T], then
A has essentially only one possible form: it must be the integer translates of two points,
and when T > 1, it must be the half-integer lattice.

Theorem 9. Let T > 1 and m be a positive integer. If A = {ay,az,--+ , az,} + mZ. with
O=a;<ap <.y, <mand
.2
Z |1[0,T]| (S - A) =2T
AEA
for s € R, then A = {0,a} + Z for some 0 < a < 1. Moreover, we have A = % when T > 1.

Proof. Applying the Fourier transform to both sides of the equation
A2
Y o[ —A) =21

AeA
and the distributional Poisson summation formula, we get

_ 1
(Lio,7 * jo,17)(x) - Z e —

m
j=1 kez

(Sg = 2T60

Since 1jo,7) * 1jo7y > 0in (=T, T) and T > 1, we conclude that
2m
Z % =0 for any [e€{+1,+2,---,+(m— 1)k
=

Let u; = ezm% and denote by pi (41, ..., uzy,) the k-th power sum
2m
P (U1, U, . .. Uoy) = Zuf =uk+. +ub for k>1.
i=1
Then we have
Pl (ull Uy..n, uZm) = 0/

PZ (ull Uy..., uZm) = 0/

(7)

Pm-1 (U1, Uy, ..., Uzy) = 0.
The polynomial with roots u; may be expanded as

2m 2m

P(x) := H (x - uj) = Z(—l)jeijm—f,

j=1 =0
where (these are the so-called Newton identities)

e =1,
€1 = p1,
€ = %(61171 - Pz),

€3 = % (e2p1 — e1p2 + p3),
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Here ¢; is the j-th elementary symmetric function of the numbers u, ..., us,.
By (7), we have ¢y = e, = --- = ¢,,_1 = 0. This means
P(x) = X" + (=1)"e,x™ + (=1)" e, x™ !

+ (1), 00X ™2 + - + (=1)"eyy,

2m—1 2m—2

=X 402" 4022+ 0 X" (= 1) e

+ (=1)" e, X 4 (=1)" 20X+ -+ ey
I17% (4 - ) = £4(~1)epx/>" and

1
x*"P (;) =1+ (=1)"eux™ + (=1)"e, 1 x™!

Moreover, P (%)

+ (_1)m+26m+2xm+2 4.4 (_1)2m62mx2m
_ 2m 2m—2 m+1 m+1
= egnX" = egu1 X+ (1) e x

+(=1)"eux™ +0-x" 1+ +0-x+ 1.

Note that since the roots of P(x) are uy, u,, - - - t45,, and the roots of xsz(%) are Uy, Uy, -+ Upp,
it follows that

P(x) = Cmeﬁ(%)
for C = ey, and uy, uy, - - - Uy, are the roots of
x4+ (=1)"e,,x™ + C = 0.
Since u1; = 1 it follows that the numbers u;, ..., u,, are precisely the numbers
(€% je{0,1, -, m—1} U{e¥ S je (0,1, ,m—1}}
for some «a € (0,1). It follows that the numbers a4, ...,a,, are exactly the numbers
0,a,1,a+1,.... m—-1,a+m-1
and therefore A = {0,a} + Z.

Moreover, if T > 1, then
2m
Z ¥ = 0 for any e {*1,+£2,---,+m].
j=1

So

P1 (l/ll,l/lz,...,lxlzm) =p2 (ulzuZI---/uZm) == pm(ulruZI---/uZm) =0
ande; = e, =--- =¢, = 0. From the proof above, we can obtain uy,u,, - - - u,,, are the roots
of x*" + C = 0. Since u; = 1, this means that C = -1 and the numbers u;, ..., u,, are

precisely the numbers '
(¥ j=0,1,...,2m—1}.
It follows that the numbers 4, ...,45, are the numbers 0, %,1,...,m - % and therefore
A=1iz.
m|
The following proposition summarizes the basic restrictions imposed on A — A by the
spectrum condition. These constraints will be used repeatedly in the sequel.

Proposition 2. Let 0 € A be a spectrum for L*(p), then the following three statements
hold.

(I) If T, = Ty, then for any (A1, A2) € (A — A) \ {0} with |A] < &, we have |A,] = |A4].

22
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(II) If Ty = T, then for any (A1, Ay) € (A — A) \ {0} with |A1] = 5, we have |A,| = |A] =

1
>
(ITI) If T1 < T», then for any (A, Ay) € (A — A) \ {0} with |A,| = 5, we have |A{] = |A;y| = %

Proof. (I). By Lemma 2, we have T(A{,A,) € Z, which means |s“;7TITAllAl| = Siﬁfﬂﬂ The

function f(x) = ¥ shown in the following Figure 6 takes each value only twice when
|x| < 1/2. It follows from T; = T, = 1 that |A,]| = |A4].

Graph of f(x) = S'”("X)
1.0}

0.81

0.6

0.2}
ol /N /N~

SV ViR

FiGURE 6. f(x) = SR

(ID. T (A, A2) € (A = A)\ {0} with [1,] = 1, by Lemma 2, we have T(3, ;) or T(-1,1,) € Z,

sin 5 nT sin 37T,
and in any case we get L = sm”TzAZI Since T; + T, = 2, we have | —2—| = |sm”T2A2|
in 3T nTrAz
Hence, from 0 < 2 < 1, we can obtain |15] = |14] = 1.
(II1). Its proof is similar to (II), so we omit it here.
O

With these results in hand, it remains to verify that A has multiplicity one, i.e., A has at
most one point on each vertical line and horizontal line. Once this is established, Lemma
4 immediately implies that A, and A, are periodic sets. In addition, the property of
multiplicity one will also play a crucial role later when we determine the precise structure
of spectra.

Proposition 3. Let 0 € A be a spectrum for L*(p). Then
(I) A has multiplicity one;
(II) Ax and A, are periodic sets.
Proof. (I). If T; = T», we can get the conclusion from Lemma 1. If T; > T, then A, = £

and A has at most one point on each vertical line by Theorem 9 and Lemma 1. Hence,
for any (11, 1,) € A and (A, A2) € A, we have A/ — A} € £ and

sin(/\1 — /\’1)7'(T2 B sin(/\1 — /\i)T[T1 B Sil’l(Az — AZ)HTZ _
(A = ADm (A = ADm (A = Ap)m

which means A; = A]. So A also has at most one point on each horizontal line. Therefore,
A has multiplicity one. If T, < T,, we also have that A has multiplicity one using similar
proof methods.

27
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(II). We can get (II) by (I) and Lemma 4.

O

With multiplicity one and the periodicity of A, and A, in hand, we can now pin down the
spectrum completely. The next theorem gives the explicit classification of all possible A.

Theorem 10. Let 0 € A be a spectrum for L*(p), then the following two statements hold.

(D If Ty # Ty, then A ={(5,5) :n€Z}or AN={(5,-5) :n€Z}.
D) If T, = T, then A = {(n,n ) (n+a,n+a):neZyor A ={n,—n), n+a,—(n+a)) : n € Z}
for some a € (—5, 5] \ {

Proof. (I). If T; > T», according to Remark 6 and Theorem 9, we have A, = {0, } +7Z. And
by Proposition 2, we have (2, 2) € Aor (—, ——) € A. Suppose that (2, 2) € A, then from

Proposition 2 and Proposition 3, we have (-1,-1),(1,1) and (-1,-1) € A. By induction,
assume (3,%) € A for all [m| < n. If |m[ =n +1, there exists y such that (%,7) € A. Since

nl m-l) € A, from Proposition 3, we have y = 2. Hence, A = {(%,%) : n € Z}. Similarly,
for the case where (5, —2) € A, we can get A = {(5 —ﬂ) :n e Z}.
If T, < T>, we can obtain similarly that A ={(3,5):n€ Z}or A={(5,-3) : n € Z}.

(IT). According to Remark 6 and Theorem 9 Ay and A, can be represented as A, = {0, a1} +
Z and A, = {0, ay} + Z for some a;, a; € (-1 > E] \ {0}.

Suppose that a; = 5 or ap, = % then from (I), we have A = {(5,5) :n € Z}or A = {(5,-5) :
neZz.

Suppose that a; # % and a, # % From Proposition 2, we have a; = a, or a; = —a,, and for
any (1, A2), (n + ay, A}) € A with n € Z, we have A, = m for some m € Z and |1, — A,| = ay,
which means A} = m + a; or A, = m — a;. Moreover,
sin 7tA) sin way
’ 7’
TA, Tt

so A, =n+a; or A}, = —n — ay, which means A, = n or A, = —n. Hence, |A,| = |n].

sinmtay | |sinm(n+ar)|
nn+a)| | nn+ai)

7

If & = ay, then for any (1, A,) € A, we have
(8)

sinmt(n —a;) _ sinm(Ay — ay) sinmt(n —ay) _sin Ay — aq)
nin — ay) Ay — aq) ni(n —ay) Ay — aq)

Combining (8) with |A,| = |n|, we have A, = n. These imply that {(1,n) : n € Z} U{(a1, 1)} C

A. So for any n € Z, we have (n,n), (n + a1, p) € A for some g € R. From Proposition 2, we

have fp =n+ a; or f = n — ;. Suppose that f = n — a;, we have

sinnm
nm

_ |sin(n = 2a;)m
| (n=2a)m

which contradicts a; ¢ %. Therefore, A = {(n,n),(n+ a,n+ a) : n € Z}, where a = a;.
If &1 # ay, similar to a; = a,, we can obtain A = {(n, —n),(n + a,—(n + a)) : n € Z}.
Combining the above, we have completed the proof.

O
The occurrence of special points such as (%, i%), (1,£1) in A imposes rigid conditions on t;

and f,, and therefore controls the relative placement of the two segments. The following
two lemmas record these.
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Lemma 6. Suppose that p is a spectral measure with the spectrum 0 € A, then the follow-
ing two statements hold.

(M If (3,-3) € A, then t; + t, € 2Z.
(IT) If(l 1) S A, then t—t, =T, € 27.

272
Proof. First, we prove that T(}, —1), T(3, 1) € 2Z+1. Suppose that T(3,-1) € 2Z or T(3,1) €

272 272
27. Then

. mTy . 1T, . m(2-Th) Ty
sin — = —sin —= = — = —,

5 5 sin — sin 5
which is a contradiction.

(M. If (1, -1) € A, we have

1 1 1 1
T(E’_E) =5 2t +Ty) + > (2t, + T,) € 2Z + 1.
Since T, + T, = 2, we have t; + t, € 2Z.
(I1). If(%, %) € A, we have
11 1 1
T(E, E) = E (Ztl + Tl) - E (th + Tz) €27 + 1.
Sotl—tz—TzeZZ.
O

Lemma 7. Suppose that p is a spectral measure with the spectrum 0 € A and Ty = T».
Then the following two statements hold.

D If(1,-1) e A, then t; +t, € Z.
D If (1,1) e A, then t; — t, € Z.
Proof. (I). By Theorem 10, we have («, —a), (o« — 1, —(a — 1)) € A for some a. By (4), we can
get T(a,—a),(a —1,—(a—1)) € 2Z + 1. Hence,
TA,-1)=T(a,—a)—T(a—1,—(a—1)) € 27,
which implies t; + t, € Z. Similarly, we can get (II).
|
Having obtained the integrality conditions from Lemma 7, we next identify symmetric
choices of t; and ¢, that are incompatible with spectrality.
Lemma 8. Suppose that T, = T, and one of the following three statements hold.
M h=t=-3
II) t1—-t,=0and t; +t, ¢ Z;
I 4y +t,=-1land t; —t, ¢ Z.
Then p is not a spectral measure.
Proof. In fact, in (I), (II) and (III), the measure p is symmetric. See Figure 7. The con-
clusion can be directly derived from [9, Theorem 1] and [13].

O

Summarizing the four results above, we can derive the following theorem.
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(1) (I1) (111)

ty+1 75 E 1
1 fzztl tzei
tl -_— _E
1 ,1$£ n+1 t, tH+1=-p
tz—_i 2

Ficure 7. (I), (II) and (III) are symmetric measures.

Theorem 11. Let 0 € A be a spectrum for L*(p). Then the following two statements hold.
D IfT] = Tz, then h+t € Z\{—l} ort;—t, € Z\{O}
(I1) IfT] * Tz, then th+tye2Zorty —ty— T, € 27.

Proof. Combining Theorem 10, Lemma 6, Lemma 7 and Lemma&8, we can obtain this
conclusion.

O

To apply Laba’s result [14, Theorem 1.1], we will work with the orthogonal projections
of supp p onto the lines y = +x. We therefore need a description of the distance (gap)
between the two projected components, and it is easy to get the following lemma.

Lemma 9. Let L = [tl, t + Tl] X O and L =60 X% [tz, t, + Tz] with Ty,T, >0 and T+ T, =2,
then the following four statements hold.

(D) If T, = T, and t, + t, € Z\{—1}, then the length of the gap between the orthogonal
projections of I and I, onto the line y = —x is %(Itl + t, + 1| — 1) times the sum of the
lengths of their projections.

D) If T, = T, and t; — t, € Z\{0}, then the length of the gap between the orthogonal
projections of I and I, onto the line y = x is %(|f1 — b — 1) times the sum of the
lengths of their projections.

(II) If T, # T, and t; + t, € 27, then the length of the gap between the orthogonal
projections of I and I, onto the line y = —x is %(Itl + t, + 1| — 1) times the sum of the
lengths of their projections.

aAV) . If T, # T, and t; — t, — T, € 27, then the length of the gap between the orthogonal
projections of I and I, onto the line y = x is %(|f1 —ty, —To + 1| = 1) times the sum of
the lengths of their projections.

Proof. These conclusions can be obtained through some simple calculations, which we
will omit here.

We now conclude the proof of Theorem 2 by combining all results established above.
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Proof of Theorem 2. The necessity part of the theorem can be deduced from Theorem 11.
Combining Lemma 9, Theorem 8 and [14, Theorem 1.1], we can obtain the sufficiency
part. Moreover, if 0 € A is a spectrum, then from Theorem 10, A must be a straight line
spectrum, and the spectrum must be contained in the line y = x or y = —x as described
in (2) or (3).

O

Remark 7. This shows that the spectra of p can only be contained in either the line
y = xor y = —x. Indeed, it is clear that the only orthogonal projections of p onto a
straight line that produce a measure which is a constant multiple of (one-dimensional)
Lebesgue measure on its support (as is necessary for spectrality [4]) are the projections
onto the straight lines y = +x. See Figure 8. The content of this section of the paper is
therefore to rule out all other possible non-line spectra.

84
IZ+TZ )

Ficure 8. There are only two projection methods: y = x or y = —x.

3. SPECTRAL COLLECTIONS OF SEGMENTS WITHOUT LINE SPECTRA

We now turn to the construction of spectral collections of line segments without line
spectra. Theorem 4 plays a crucial role in our subsequent propositions.

For the reader’s convenience, we first restate Theorem 4 here.

Theorem 4. Suppose u; is a measure on R? and L € RF x 0¥ is a spectrum of .

Suppose also that v is a measure on {0} X R9™* and M C {0} x R is a spectrum of v;.
Then L + M is a spectrum of uj * 1.

Proof. Notice that the sums in L+ M are all distinct by our assumptions and that we may
assume that p4, v, are probability measures. We will verify that

Z |yﬁ\1/1|2(x—€—m) =1

teL,meM
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for almost all x € R7.

We have, writing x = (x1, x,) with x; € R, x, € Rk,

Y [ a-c-m= Y |Emfa--mfnfec-c-m

tel,meM telL,meM
= Y [l - o - mf e - x - m)
teL,meM
—~ 2 —2
= Z |M1| (x1 =€, x2 —m) |V1| (0, x, —m)
{eL,meM

(since v; does not depend on the first k coordinates)

- Y f0n-m Y |l e -t -m

meM lel
=Y [l x-m-1
meM
=1.

O

The following Proposition 4 can be found in the paper [13, §4] by the first and third
author. We include it here only to record a clean formulation.

Proposition 4. Let u be the arc-length measure supported on the union of finitely many
line segments I,...,Iy C R2 Let L be a straight line through the origin and let 1, be
the orthogonal projection onto L. Assume that | is a spectral measure and that it has a
spectrum A C L. Then 1 is injective u-almost everywhere on supp L.

Proof. Assume that n; is not injective p-almost everywhere on supp u, then there exist
two disjoint measurable subsets E, F C supp u such that 7, (E) = iz (F) = J. We have

7TL‘U|E = CjH1|] and T(L‘Lllp = CkHll]
for some constants c;, ¢y > 0. Define
f = CklE —lep.

Then f # 0 in L?(u). For any A € A C L, the exponential e,(x) = ¢*™** depends only on
7t x. Therefore,

(f,endizqy = cx f e du(x) — ¢; f e 2 dyi(x)

E F

_ f e 2 ey ol — ¢ o pl) ()
]
=0.

Thus f is orthogonal to {¢, : A € A}, contradicting the completeness of A in L?(u). Hence
71, must be injective p-almost everywhere on supp p.

O
We can now use Theorem 4 and Propositon 4 to show that the following two measures

are spectral. One of these two measures consists of parallel line segments and the other
contains line segments of different directions.
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Proposition 5. Suppose I is the line segment from (0, 0) to (100, 0). Suppose i is arc-length
on the line segment S =1, on S, =1+ (0,1) and also on the the line segment S; = [ + («, 2),
where a € (0, %.0) is an irrational number. Then u is spectral but it does not have a line
spectrum.

Proof. See Figure 9.

Ficure 9. For irrational number «a, the arc-length p on the three intervals
is spectral but it does not have a line spectrum.

To prove that u is spectral we apply Theorem 4 with v; being arc-length on I and u; =
00,0 + 0(0,1) + O(a,2)- Notice that u; has the set {(0,0),(0,1/3),(0,2/3)} as a spectrum.

To show that it does not have a line spectrum, first notice that for supp u to project injec-
tively on the line S, the line S must be almost vertical. If this happens it projects to three
intervals of equal length, but the two gaps among them have incommensurable lengths
because « is irrational. But if this union of three intervals of S is to be spectral each gap
they define must be a multiple of the common length of the intervals [3, 10], therefore
the projection measure is never spectral.

Proposition 6. Suppose i is arc-length on the four intervals

(0,0) - (1,0),
(0,0) - (0, 1),
(1,1)-(12),
1,1) - (2,1).

Then u is spectral but it does not have a line spectrum.

Proof. See Figure 10.

To prove that u is spectral we use Theorem 4 with ; being the arc-length on the first two
line segments above and vy = §(g) +0(1,1). (Here we remember [15] that y; has a spectrum
contained in the line y = —x.)

To show that u does not have a line spectrum we observe that there is no straight line S
onto which supp u projects injectively.
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Ficure 10. The arc-length i on the four intervals is spectral but it does not
have a line spectrum.

Proof of Theorem 5. The result follows from Propositions 5 and 6.

4. GROWTH BOUND FOR ORTHOGONAL SETS IN BALLS

4.1. Any finite collection of curves. We will use Lev’s a result [16, Lemma 3.1.] to
treat the case of arc-length Lebesgue measures supported on curves.

Lev’s condition [16, Lemma 3.1.]: Let u be a positive, finite measure on R?. Given a
real number a with 0 < a < d, Lev considered the following condition

. 1 B
9) hlr{rl)glf Ri=a f u(®)|°dt > 0
|t|<R
and proved the following theorem (for Bessel systems, not just orthogonal sets).

Theorem 12. [16, Lemma 3.1.] Suppose that A is an orthogonal set for u, where 11 is a
measure satisfying (9) for some a with 0 < a <d. Then

sup#(ANB(x,R)) <CR* (R>1)

xeR4

for a certain constant C which does not depend on R.

Now, we can prove Theorem 6 by using above the result.

Proof of Theorem 6. According to Theorem 12, our goal is to prove that there exists a
constant C > 0 and Ry > 1 such that for all R > Ry > 1

f [p(t)[dt > CR.

|t|<R
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Let us write By := Br(0), and define
1
Pr(t) = | (15 * 1))

B m f Lig00)( = 8) Ly p(0)(3) s
R4

_IBrpz N (t + Brp)l
|Br/2]

For every R > 0, we have the following three basic properties for yz.

(1) 0 < Y <1 and supp Yr C Bg;

(2) For all x € R? we have iz(x) = IB;/ | ' BR/Z(x)| 1 _)Zd . |iB1 (%x) |2 Lo

|BR/2| 2

(3) Since iBl is continuous and iBl(O) = |By], there exist constants ¢y € (0,1) and w; > 0
(depending only on d) such that {z(x) > wsR? for all |x| < 2

[uxowera = [[( [woezea)aomdp
2

R4

Hence, we have

f Pr(x — ) dp(x) dp(y)

ffl ez PR = 1) 3000 dp(w)

> Wk’ f f dp(x)dp(y).
byl ¢
Moreover, since supp Yz C Bg,

f wtprar= [ vaoiporars [ ipor

[t|<R [t|<R

\%

For any curve I'y in I' the restriction plr, is the arc-length measure on I'y. Write y, :
[0,Ly] — R for the arc-length parametrization of I’y with 0 < Ly < co.

We have
f) t Zdt > Rd dp X df)

lt<R <%

> wgR* ffl{lx—ms%o}1{X€Vkory€)/k0}dp(x) dp(y)

= wyR? ffl{lx_ylg%o}dxdy

yk() Vk[)
LkO LkO

= Cl)de ds dt.

1{|ka(5) Vi BI<F
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Since Yy, is arc-length parametrizations of curve segments, we have I)/,’(0 (s)l = 1 and [y, (s)—
Vi () < ¥ when |s — t| < 2. By simple calculation, we can get
Ly, Ly .
0 ko Lio , %O > Lko ,
1{|yk0(s)—yk0(t)|s%} ds dt > s te[0, L, ] ds dt = 20l _ 2w o
0 0 ls—t< 2 R (E) ’ < Lio-

When R > 570, we can obtain
0

f [p(t)* dt > waeoLy, R,

IH<R
Taking Ry, = max{1, L%} and C = wy¢oLy,, we have LI<R [p(t)[Pdt > CR*! for all R > Ry. This
completes the proof.

O

4.2. Ahlfors-David regular measures. We present another approach to Theorem 6
based on the second author’s arguments in [18]. In fact, we prove more general results
on Ahlfors—David regular measures in any dimension (not just for one-dimensional mea-
sures).

We first recall several definitions and results in [18]. We define the n-th dyadic partition
of R by
k k+1
@ . )2 .
D, = {lzn, on ).keZ}, neZz.
The n-th dyadic partition of R is then defined by
DY = {hxhx---xI;: e DY}

If there is no confusion, we usually omit the superscript and write D, for the n-th dyadic
partition of R%. Let u € P(IRY), where P(R?) stands for the space of probability measures
on R?. For a Borel set K ¢ RY, we denote by

p() = u(- N K),

the measure y restricted on K. Moreover, if K is a dyadic cube in [0, 1] with u(K) > 0, we

denote by

oy .- L :
ug() = W®) (Sk)-pix (),

where S is the affine bijective map from K to [0, 1] and (Sk).ux(") is the pushforward of
Lk, i.e. the measure ug(Sz'(-)). Obviously, we have u% € P([0, 11%.

Lemma 10 ([18], Lemma 4.2). Let u € P(RY). Then for any 0 < € < 1, there exists
6 = 0(e, ) > 0 such that for any || < 6 and for any D € D, with u(D) > 0, we have

up(E)] > €.

For i € P([0,1]%) and t, A € R?, we write the inner products
mAm=.feM“”wmw.
[0,

We will only use the upper (Bessel-type) estimate from [18, Lemma 4.1]. While [18,
Lemma 4.1] is proved in the frame spectral setting and yields two-sided bounds, our
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proof only requires the upper estimate (the Bessel side). We therefore state the result
below in the form needed here, assuming only that A is an orthogonal set for .

Lemma 11 ([18], Lemma 4.1). Let u € P(RY) and A C R? be an orthogonal set for u, i.e.
(10) Y [, < p).

AEA
Let n > 0. Then for any D € D, with u(D) > 0, and for any t € R?, we have
2
1 1 1
YLty et
L\ 2% g = uD)

The following theorem follows the same proof as [18, Theorem 1.2]. It also works for
frame spectral measures, but we state it here for any measures in P(IR%).

Theorem 13. For any measure u € P(R?) and any orthogonal set A for y, there exist
constants C and ¢ such that t € R? and h > 0, we have

(11) #(A N B(t, h)) < C2Lpeny ~#(D)logu(D)

where 27170 < | < 21+,

Proof. Notice that

(12) 2 Lpen, ~H(D)log u(D) _ H w(D) O,

De®D,,,u(D)>0
Let & > 0. Then there exists a positive integer n, such that 2! < h < 2™, Lete > 0
and let 6 = 6(¢, ), which is defined in Lemma 10. Let g be the minimal integer such that
27¢ < 6. For any t € R? and any D € D,,,,, noticing that

1 ; 1
dmite.  Dmto

Al <6, for any A € AN B(t, h),

by Lemma 10, we have

2

& #HANBLM) < Y

AeANB(th)
(13) 1 1
< Z <2”h+0 £ 2”h+0/\ o
AeA tp
1

< —=.
w(D)
The last inequality is due to Lemma 11. Since ZDEQWQ (D) = 1 and (13) holds for all
D € D,,., with u(D) > 0, we have

#anBem) =[] #AnBER))H®
DEDnh+g/[J(D)>O

(14) < e H (D) O
DeDn,I+@,y(D)>O

1 1
<2ﬂh+9 £ Qo A> o
Hp

2

— 6—222Dez)nh+9 —u(D)log u(D) .

The proof is complete.
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The measure u is called Ahlfors-David regular (or simply Ahlfors regular) of di-
mension s > 0 if there exist constants ¢, C > 0 such that for every ball B(x, r) with center
x € supp(u) and radius 0 < r < diam(supp(u)), we have

cr’ < y(B(x, r)) <Cr.

By applying Theorem 13, we have the following theorem.

Theorem 14. For any orthogonal set A of Ahlfors—David regular measures of dimension
s, we have the estimate

#(A N B(t, h)) = O(F°), for t € R and h > 0.
In particular, we have the following estimates

(1) #(A N B(t,h)) = O(h) for any orthogonal set A of any finite union of C' curves (for
example, line segments).

(2) #(A N B(t, h)) = O(h") for any orthogonal set A of any finite union of n-dimensional
polyhedrons.

Proof. We prove it for an Ahlfors—David regular measure p of dimension s > 0. For any
such measure there exist constants c, C > 0 such that for every n-th dyadic set D c R*
with center in supp u, we have

c2™ < p(D) < C27™
By Y.pep, 4(D) = 1, we have

ZZDeDn —(D)log w(D) < ZZDeD,, —u(D)logc2™" _ 2™ < éhs,

for some constant C. Then by Theorem 13, we have #(A N B(t, h)) = O(¥°).

REFERENCES

[1] W. H. Ai, Z. Y. Lu and T. Zhou. The spectrality of symmetric additive measures. Comptes Ren-
dus. Math., 361: 783-793, 2023.
[2] X. Chen and B. Liu, Fourier frames on smooth surfaces with nonvanishing Gaussian curvature.
Bulletin Of The London Mathematical Society. (2025)
[3] B. Ducasse, D. Dutkay and C. Fernandez . Spectral properties of unions of intervals and groups
of local translations. ArXiv Preprint ArXiv:2506.18625, 2025.
[4] D. E. Dutkay and C. K. Lai. Uniformity of measures with Fourier frames. Advances in Mathe-
matics, 252: 684-707, 2014.
[5] B. Farkas, M. Matolcsi and P. Méra. On Fuglede’s conjecture and the existence of universal
spectra. J. Fourier Anal. Appl., 12(5): 483-494, 2006.
[6] B. Farkas and Sz. Gy. Révész. Tiles with no spectra in dimension 4. Math. Scand., 98(1): 44-52,
2006.
[7] B. Fuglede. Commuting self-adjoint partial differential operators and a group theoretic prob-
lem. J. Funct. Anal., 16: 101-121, 1974.
[8] R. Greenfeld and N. Lev. Fuglede’s spectral set conjecture for convex polytopes. Analysis PDE.,
10(6): 1497-1538, 2017.
[9] M. N. Kolountzakis and C. K. Lai. Non-spectrality of some piecewise smooth curves and unions
of line segments. ArXiv Preprint ArXiv: 2507.00581, 2025.
[10] M. N. Kolountzakis, N. Lev and M. Matolcsi. Geometric implications of weak tiling. ArXiv
Preprint ArXiv: 2506.23631, 2025.
[11] M. N. Kolountzakis and M. Matolcsi. Tiles with no spectra. Forum Math., 18:519-528, 2006
[12] M. N. Kolountzakis and M. Matolcsi. Complex Hadamard matrices and the spectral set conjec-
ture. Collect. Math., 57:281-291, 2006.



26 MIHAIL N. KOLOUNTZAKIS, RUXI SHI, AND SHA WU

[13] M. N. Kolountzakis and S. Wu. Spectrality of a measure consisting of two line segments. /.
Fourier Anal. Appl., 32(4), 2026.

[14] I. Laba. Fuglede’s conjecture for a union of two intervals. Proc. Amer. Math. Soc., 129: 2965-
2972, 2001.

[15] C.K. Lai, B. C. Liu and H. Prince. Spectral properties of some unions of linear spaces. J. Funct.
Anal., 280: 108985, 2021.

[16] N. Lev. Fourier frames for singular measures and pure type phenomena. Proc. Amer. Math.
Soc., 146(7): 2883-2896, 2018.

[17] Z.Y. Lu, Frame bound, spectral gap and plus space, ArXiv Preprint ArXiv: 2505.22136, 2025.

[18] R. Shi. On dimensions of frame spectral measures and their frame spectra, Ann. Fenn. Math.,
46(1): 483-493, 2021.

[19] C. D. Sogge, Fourier Integrals in Classical Analysis, Cambridge Tracts in Mathematics, Cam-
bridge University Press, 210, 2017.

[20] T. Tao. Fugledes conjecture is false in 5 and higher dimensions. Math. Res. Lett., 11(23): 251-
258, 2004.

DepaRTMENT OF MATHEMATICS AND APPLIED MaTHEMATICS, UNIVERSITY OF CRETE,, VouTEs CAaMPUS, 70013
HEerAkLION, GREECE,

AND

InsTITUTE OF COMPUTER SCIENCE, FoUunDATION OF RESEARCH AND TEcHNOLOGY HELLAS, N. PLASTIRA 100, VAS-
SILIKA VOUTON, 700 13, HERAKLION, GREECE

Email address: kolount@gmail.com

SHANGHAI CENTER FOR MATHEMATICAL SCIENCES, Fupan UNIVERSITY, 200438 SHANGHAI, CHINA

Email address: ruxishi@fudan.edu.cn

DEPARTMENT OF MATHEMATICS AND APPLIED MaTHEMATICS, UNIVERSITY OF CRETE,, VouTEs CAMPUS, 70013
HerakrLioN, GREECE.

AND

ScrooL oF MarHeEmATIcs, HunaN UNIveRsITY, 410082 CHANGSHA, CHINA

Email address: shaw0821@163.com


https://math.uoc.gr/en
https://ics.forth.gr/
https://scms.fudan.edu.cn/
https://math.uoc.gr/en
https://math.hnu.edu.cn/index.htm

	1. Introduction
	1.1. Line spectra for arc-length measures supported on two line segments
	1.2. No line spectra for some arc-length measures supported on more than two line segments
	1.3. Size of orthogonal sets of exponentials

	2. Spectrality of two line segments
	2.1. Parallel line segments
	2.2. Non-parallel line segments

	3. Spectral collections of segments without line spectra
	4. Growth bound for orthogonal sets in balls
	4.1. Any finite collection of curves 
	4.2. Ahlfors–David regular measures

	References

