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AgstracT. In this paper we study the spectrality of
arc-length measures supported on the union of two
line segments in the plane. We show that any such
spectral measure must admit a line spectrum. More-
over, when the two segments are non-parallel, such
spectral measure admits only line spectra. Thus, in
this case every spectrum is one dimensional. In ad-
dition we show that this property fails for unions
of three or more segments in the plane. We con-
struct some arc-length spectral measures supported
on the union of at least three line segments such
that none of its spectra is contained in a line. Fi-
nally, we work in the general framework of arc-length
measures supported on finite unions of curves in R
We show that the size of any orthogonal set for such
a measure inside a ball of radius R grows at most
linearly in R. We also give an alternative proof of
this bound, and in fact obtain a more general result
of growth rate of orthogonal sets for Ahlfors—David
regular measures in R? (not restricted to the one-
dimensional setting).

CONTENTS
1. Introduction 2

1.1. Line spectra for arc-length measures
supported on two line segments 2

Date: 22 November 2025.

2020 Mathematics Subject Classification. 42C15, 42C30.

Key words and phrases. Spectra, projections, collections of line
segments, growth of spectra.

M. Kolountzakis acknowledges the generous hospitality and sup-
port of Fudan University.

R. Shi is supported by NSFC No. 12571198, NSFC No. 12231013
and the New Cornerstone Science Foundation through the New Cor-
nerstone Investigator Program.

S. Wu is supported by Hunan Provincial Innovation Foundation for
Postgraduate (LXBZZ2024024) and grateful for the financial support
provided by the China Scholarship Council (CSC).

1



2 MIHAIL N. KOLOUNTZAKIS, RUXI SHI, AND SHA WU

1.2. No line spectra for some arc-length measures
supported on more than two line

segments 6
1.3. Size of orthogonal sets of exponentials 7
2. Spectrality of two line segments 8
2.1. Parallel line segments 8
2.2. Non-parallel line segments 11
3. Spectral collections of segments without line
spectra 25
4. Growth bound for orthogonal sets in balls 29
4.1. Any finite collection of curves 29
4.2. Ahlfors—David regular measures 31
References 34

1. INTRODUCTION

1.1. Line spectra for arc-length measures sup-
ported on two line segments. A finite Borel measure
g on R is called a spectral measure if there exists a
countable set A C R? such that the exponential functions
Ep = {e?™<*> : A € A} form an orthonormal basis of L(y).
Such a set A is called a spectrum of u. In particular, if
the Lebesgue measure restricted on the set Q is a spec-
tral measure, then we say Q) is a spectral set. The theory
of spectral sets traces back to the work of Fuglede [7] who
proposed

Fuglede Conjecture: QO c R? is a spectral set if and only
if it tiles R? by translations.

Both directions of the conjecture fail when d > 3 [20, 11,
12, 5, 6], but the conjecture is still open in both directions
when d = 1,2. Moreover, the problem of deciding whether
a given measure is spectral, and of describing the possi-
ble spectra, is closely related to the Fuglede conjecture
and has been extensively studied in recent decades for
Lebesgue measure, for self-similar measures, and for var-
ious classes of singular measures.

Spectra can be surprisingly rich. A particularly natural
class of spectra to consider for measures in R? are line
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spectra, that is, spectra contained in a straight line. One
may then ask to what extent the geometry of the support
forces spectra to be one dimensional. In this paper we fo-
cus on the case where the measure is supported on the
union of finitely many line segments in the plane and is
equal to a constant multiple of arc-length on each of these
segments. We are interested in whether the spectra of
such arc-length spectral measures lie on straight lines.
In particular, when the arc-length measure is supported
on the union of two line segments, all known results so
far show that every spectrum of the associated spectral
measure is contained in straight lines. For example, sev-
eral recent works have investigated the spectrality of the

measure 1

u= EL[t,t+1] X Op + %50 X Lit 411

where Lj;;.1) is the Lebesgue measure restricted on the
interval [¢,t+1] and §, is the Dirac measure on the origin.
Combining these papers [9, 16, 15, 1] with the paper [13]
by the first and third author, one obtains necessary and
sufficient conditions for the measure u to be a spectral
measure and shows that it has only line spectra. See also
the relevant works [9, 2]

This leads to the following natural question:

Question 1. Given any two line segments in the plane,
when is the arc-length measure supported on their union
a spectral measure, and, if it is spectral, must all its spec-
tra be line spectra?

In this paper, we provide a complete answer to this ques-
tion. To help the reader follow the discussion, we briefly
summarize the known results in this area in Remark 1.

Remark 1. Let [;,I, ¢ R?> be two non-overlapping (but
possibly intersecting) line segments with |[;| +|I,| = 2. Let
v be arc-length measure on both I; and I, normalized (di-
vided by 2) so as to be a probability measure. We record
the following three facts.

(I) Colinear line segments. If [; and I, are collinear
line segments, then, by results of Dutkay and Lai
[4] and Liaba [14], the measure v is spectral (i.e. the
set [;UI, is a spectral set in R) if and only if the gap
between I; and I, is an integer when |[;| = |I;|, and
the gap between I; and I, is an even integer when
|I1| # |I,]. (Refer to Fig. 1)
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(IT) Parallel line segments. If [; and I, are paral-
lel line segments (non-collinear) of equal length,
Kolountzakis and Lai [9, §6] show that whenever
the measure v is spectral it always has a line spec-
trum but also admits a spectrum that is not con-
tained in any line. (Refer to Fig. 1)

(I (I1)

Figure 1. (I) and (I1).

(ITIT) Non-parallel line segments. If [, and I, are
two non-parallel line segments, then there exists
an invertible affine map T(x) = Ax + b with A €
GL(2,R) such that T (I;) is contained in the x-axis
and T (I;) is contained in the y-axis. Moreover, if
Lt is a spectral measure with spectrum A c R?,
then the push-forward measure v = Tyu is again
spectral, with spectrum (A™!)TA. In particular,
if A is contained in a line L C RR?, then (A™})TA
is contained in the line (A™!)"L. Thus the prop-
erty of being spectral is invariant under invertible
affine changes of variables, and we may work in
this normalized configuration without loss of gen-
erality. Notice that, additionally, we can always
choose this affine transformation so that T(I;) and
T(I,) have the same lengths as I; and I, (Refer to
Fig. 2). In other words, when we study the spec-
trality of the arc-length measure supported on two
non-parallel line segments in the plane, we may
reduce the problem to the study of the spectrality
of the measure

1 1 .
(1) p= EL[tlrt1+Tl] X (50 + 560 X L[tz,t2+T2] with T1 + Tz =2.

According to Remark 1, to fully answer the question
above, we still need to analyze the case of two parallel
line segments (non-collinear) and the case of the measure
p defined above in (1). Our first result is about the spec-
trality of two parallel line segments.
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(I10)

I
/ T(x)=Ax-+b T(L)

) [2

x lh 1+ Ty

T(1)

t,+T,

Ficure 2. (I11): Affine transformation

Theorem 1. Given are real numbers a,, a, and hy # hy.
Let T;,T, > 0and T; + T, = 2. Then the measure v =
AL{ayay+T1] X Ony + 3Liaya047] X Ony is always spectral with one
of its spectra contained in a straight line.

For a case of non-parallel line segments, i.e. the mea-
sure p of the form (1) with T; = T,, Lu [17] proved that
p is a spectral measure if and only if t; + t, € Z \ {-1}
or t; —t, € Z \ {0}. However, in the paper [17], he does
not identify the possible structures of the line spectra.
In this paper, we establish the sufficient and necessary
condition of spectrality for general non-parallel line seg-
ments and show the structures of the line spectra: a spec-
tral measure of non-parallel line segments has precisely
two possible types of line spectra. Even for the case where
T, = T», our proof includes a completely different method
from Lu’s [17]. Now we state our second result.

Theorem 2. Let t;,th € R and T1,T, >0 with T+ T, =2.
Consider the measure

1 1
p= EL[tlmm X 0o + 550 X Lity by +T,]-

Then p is a spectral measure if and only if one of the fol-
lowing statements hold.

(I) When T; = Ty, we have t; +t, € Z\ {-1}or t; — t, €
Z\ {0}.

(IT) When Ty # T,, we have t;+t, € 2Z.or t;—t,—T, € 27
(equivalently, t, — t, — T, € 27).

Moreover, if p is a spectral measure, then every spectrum
of p that contains the origin is contained in either the line
Yy = x or the line y = —x. More precisely, if 0 € Ais a
spectrum of p, then A has one of the following forms:
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(D) If Ty = Ty, then there exist a;, a; € (-1, 1] such that
(2)

{n,—n),n+a,-n+ay)):ne}, iftiy+t,eZ\{-1},
{(n,n), m+a,n+an) : n €z}, ifti —t, € Z\ {0}.

(1) If T, # T,, then
{{ 1_my.peZ), ifti+1t, €27,

27 2

(&, :neZ), ifti—t,—T,ec2Z.

272

(3) A=

Remark 2. Here we note that t;—t,—T, € 2Z.is equivalent
tot,—t1 —T; €27, since T; + T, = 2.

The observations in Remark 1 together with Theorems 1
and 2 yield the following result.

Theorem 3. Let u be the arc-length measure supported
on the union of two line segments in the plane. Then uisa
spectral measure if and only if it admits a line spectrum.
Furthermore, in the non-parallel case, the measure admits
only line spectra.

Remark 3. As explained in [13, §4] the line spectra of a
collection of line segments equipped with the arc-length
on them always arise as one-dimensional spectra of the
projection of these segments onto a straight line. Thus, in
the case of two non-parallel line segments on the straight
lines L; and L, the possible spectra are on either one of
the two angle bisectors of L, and L, and therefore it suf-
fices to project the two segments on each of these two lines
and check (a) if the projection is injective and (b) that the
resulting union of two line segments on the line is spec-
tral. This last condition is known to be equivalent to this
projection tiling the line [14].

1.2. No line spectra for some arc-length measures
supported on more than two line segments. Sup-
pose u is a measure on the plane which is arc-length on a
finite number of line segments. Such measures have re-
cently been examined for their spectrality [15, 13, 9]. In
all examples known so far any such spectral measure p al-
ways had a spectrum contained in a straight line (it could
possibly have other spectra too without this property).

It is therefore natural to suspect that this might be the
general case. Here we show that this is not so. There are
finite collections of line segments in the plane such that
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their accompanying measure is spectral and each of their
spectra is not contained in a straight line.

Notice that for such a measure to have a spectrum con-
tained in a straight line S it is necessary that the orthog-
onal projection from the support of the measure to S is in-
jective. The reason is that all complex exponentials ¢™*
with A € S are constant along the direction S*. If the
support of the measure contains two points on the same
translate of the line S+ then a function on our segments
that takes different values on these two points cannot be
represented by these exponentials. (See Propositon 4).

Thus it is rather easy to prove that a collection of line seg-
ments does not have a line spectrum: it is enough that on
any line S the orthogonal projection is not injective on our
set. And if such a collection happens to project injectively
onto the line S, then for it to have a spectrum contained
in S it must also project to a spectral measure on S [13,
Theorem 1.2].

For the existence of the spectrum we will need the fol-
lowing theorem. It describes a situation where the convo-
lution of two spectral measures produces a spectral mea-
sure, something which, of course, does not happen in gen-
eral.

Theorem 4. Suppose (; is a measure on R? and L C R* x
{0} is a spectrum of ui1. Suppose also that v, is a measure
on {0} x R™* and M C {0} x R¥* is a spectrum of vi. Then
L+ M is a spectrum of iy * vy.

By using Theorem 4 and projection, we have the following
theorem.

Theorem 5. There exists a spectral arc-length measure u
on R?, supported on the union of at least three line seg-
ments, such that every spectrum A of |1 is not contained in
a straight line.

1.3. Size of orthogonal sets of exponentials. In the
previous subsections we dealt with very concrete arc-
length measures supported on finitely many line seg-
ments. For these measures, every spectrum has strong
one dimensional features. For example, in the case of two
segments every spectrum is contained in a straight line.
In the more general case, with three or more segments,
we still need good control on how fast an orthogonal set
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can grow. A key underlying ingredient behind these re-
sults is always the same: the support is essentially one
dimensional, so an orthogonal set cannot be too dense.
Informally, the size of any orthogonal set inside a ball of
radius R grows at most linearly in R.

The purpose of the final part of the paper is to isolate this
phenomenon and to state it in a clean, abstract form that
applies not only to our concrete examples but to any finite
collection of curves.

Theorem 6 (Any finite collection of curves). Let I be a
finite union of curves in RY, each of which is rectifiable
and has finite, nonzero length, and let p be the arc-length
measure on T. If A c R is an orthogonal set for p, then
sup,ge #(A N Br(x)) = O(R) as R — oo.

Theorem 6 also yields the following corollary 7.

Corollary 7 (Any finite collection of line segments). Let
d > 2 be an integer. Let Ly,...,L,, C R? be m line segments,
and let p be the arc-length measure on | J;_; Ly. If A C R?
is an orthogonal set for p, then sup, . #(A N Br(x)) = O(R)
as R — oo.

2. SPECTRALITY OF TWO LINE SEGMENTS

2.1. Parallel line segments. Define the measure v =
%L[alral"'Tl] X 6h1 + %L[az,aﬁTz] X 6;12 with hy # hy, T1,T, > 0
and T; + T, = 2. Before proving that v always admits line
spectra, we first need to prove the following proposition.

Proposition 1. Let I, = [a,a1 + T1]| X {1} and I, = [a,,a, +
Tz] X {]’lz} with hl * I’lz, Ty,T, >0 and T+ T, =2 For any
k > 0, there exists a line L (not perpendicular to I, and I,)
passing through the origin such that

(a) the orthogonal projection onto L is injective on I, U,
and

(b) the length of the gap between the orthogonal projec-
tions of I and I, onto the line L is k times the sum
of the lengths of their projections.

Proof. Since translation of the plane does not change par-
allelism, lengths, nor the shape of orthogonal projections,
we may assume without loss of generality that a; = —%
and h; = 0. Let y = (1,0), then

[_?/ 7] ’

Ilz{ty:te[—%,%]} and 12:{w+t7/:t€ L T2}
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where w = (a; + %,hz). Let L be a line through the ori-
gin with unit direction vector v and (y,v) # 0. Then
the projections of I; and I, onto the line L have lengths
6, = T1l{y,v)| and ¢, = T,[(y,v)|. Hence the sum of the
projected lengths is 1 + £, = 2|(y,v)|. (Refer to Fig. 3.)

Ficure 3. For every k > 0 there exists a line
L through the origin such that the distance
between the projections of I and I, onto the
line L is k times the sum of their projected
lengths.

For any k > 0 we can choose v; to satisfy the equation

Kw, vl = (2k + 1)Ky, vi)l,
that is, vy is perpendicular to w — (2k + 1)y. So

Kw, vl = Ky, vl = 2kICy, vi)l,

that is, |(w, v;)| — %(fl + {p) = k(¢ + €,). Note that |(w, v;)| —
%(fl + {,) is the length of the gap between the orthogonal
projections of I; and I, onto the line L.

O

Let L be a straight line through the origin and u be a unit
vector along L. Let us also denote by u* the orthogonal
subspace to L (a straight line also). We denote by 77; the
orthogonal projection operator onto line L (but taking val-
ues in R). In other words 7;(v) = ¢ for any v € tu + u™.
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Suppose v is a Borel measure on R?, then the projection
of v onto L is the measure 77;v on R defined by

v(E) = v(Eu + u™),
where E C R.

In [13, Theorem 1.2], the first and third author of this pa-
per proved the following very useful theorem, which al-
lows one to detect when a measure on IR? has a spectrum
lying in a straight line by looking only at the spectrum of
an appropriate one dimensional projection. We empha-
size that this criterion detects only spectra contained in a
straight line and cannot be used to disprove the existence
of all possible spectra.

Theorem 8. [13, Theorem 1.2] Suppose p is a measure
on R? whose support is a finite union of line segments.
Suppose also that L is a straight line through the origin
such that the orthogonal projection 1; onto L is one-to-one
p-almost everywhere. Then p has a spectrum Au C Lifand
only if the projection measure m.p has spectrum A C R,
where u is a unit vector along L.

Using Theorem 8 and Proposition 1 we can now give the
proof of Theorem 1.

Proof of Theorem 1. From Proposition 1, for any positive
integer k, we can find a line L such that the length of the
gap between the orthogonal projections of [a;,a; + T1] X
{1} and [a,,a, + T,] X {h,} onto the line L is k times the
sum of the lengths of their projections. Combining this
with Theorem 8 and [14, Theorem 1.1], we can deduce
the result.

O

Remark 4. The previous proof of Theorem 1 gives an in-
finity of line spectra for a set of two parallel line segments
not on the same line. This infinite collection of different
spectra has the additional property that they can be ar-
bitrarily sparse: if the line onto which we are projecting
our two segments is almost perpendicular to the intervals
themselves then the projection of the two segments has
support whose measure tends to 0. Therefore the spectra
of the projection, which are also spectra of the initial set of
two segments, have linear density that can be arbitrarily
small.
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Remark 5. It is worth pointing out that if we only care to
show the existence of some spectrum for two parallel line
segments not on the same line then we can project them
onto a straight line such the projection is injective (with
the exception of the endpoints) and the support of the pro-
jection is a single interval, which always has a spectrum.
To find this straight line suppose without loss of general-
ity that our segments are parallel to the x-axis and define
the straight line S which joints the left endpoint of one in-
terval with the right endpoint of the other. Project then
onto S* to obtain a projection that is just one interval.
(Refer to Fig. 4.)

Ficure 4. Projecting to an interval.

2.2. Non-parallel line segments. According to Re-
mark 1 (ITI), when studying the spectrality of two non-
parallel line segments we can always reduce to the same
question for two line segments that are perpendicular to
each other. So let p = 1Ly, 1+1y) X 80 + 300 X Lit, 1,47, With
Ti+ T, =2and Ty, T, > 0, and let Z(p) denote the zero
set of the Fourier transform p. We know (see for instance
[13]) that (A1, ;) € Z(p) if and only if

T @ +T)=12(212+T2) sinntT1A4 + sintThAy

(4) 71/\1 7'(/\2 - 0,
which implies that Z (p) = Z, U Z,, where
_Z\{0}  Z\{0}
/= T, X T,

and, deﬁning T(Al, Az) =AM (2t1 + Tl) - A (th + Tz),
Zy ={(M,A2) : T(A, M) €Z

and (—1)TWA2

) Sin 1A N sintThA, _ O}.
A4 A,
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In what follows, we use a sequence of lemmas to show
that the projections of the spectrum of p onto the x-axis
and the y-axis are both periodic sets.

Lemma 1. Let 0 € A be a spectrum for L*(p). Then the
following two statements hold.

(D) If T, = T,, then A has at most one point on each

vertical line.

(II) If T, < T,, then A has at most one point on each
horizontal line.

Proof. We first prove (I). Suppose that A does not have
at most one point on each vertical line. Then, since the
difference of these two points of A must be a zero of p, it
follows from (4) that there exist (11, 1,) € A and (44, 1)) €
A with A, # A/ such that

sintT>(Ay — AY)

oA =A) R+ T) T 4 =0,
! Ay — A})

sinnT2(A2-A))| Ty sintT2(A2—A%)
et | — ne Note that |=mr T

1< %, which is a contradiction. For (II), we also arrive at
this conclusion through a proof similar to (I).

which means

O

We now show that any spectrum of L?(p) is contained in
a family of equidistant parallel lines by the next two lem-
mas.

Lemma 2. Let 0 € A be a spectrum for L*(p). Then A ¢

Z < Z
X and

NC{(A1,A2) : T(A,Ap) =AM 2t +Th) = A, 2t + To) € Z.

Proof. Let
Hy = {(A1, A2) : Ay 2t + Th) — A2 (2t + T3) € Z}

and H, := TZ] X TZZ. H, and H, are both subgroups of R?. It
follows from Lemma 11.4 in [8] that A € H; or A C H,.
Suppose that A C H,.

If T; > T,, then we take the function f € L?(p) which is 1
on the horizontal segment and 0 on the vertical segment.
Notice that it does not matter if the two segments of p
intersect as they will intersect on at most one point which
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has p-measure 0. Then, for any A = (1;,1,) € A, we have
A€ % and

(fren) = f £, e 23) o, )

t+T,
1 —2midy
- = midix g
> f e X
fy
_ % if A =0
10 otherwise.

Moreover, Lemma 1 (I) implies that there is at most one
point of A with A; = 0, so this point is the origin, which
means f =), ., (f,e1) e, is constant p-almost everywhere
(the series has one term only), a contradiction. Thus A C
H;.

If Ty < T», then we take the function f € L?(p) which is 1
on the vertical segment and 0 on the horizontal segment
and we can obtain the conclusion by a proof similar to the
case Ty > T>.

O

Lemma 3. Let 0 € A be a spectrum for L*(p). Then A is
distributed on equidistant parallel lines.

Proof. It follows from Lemma 2 that we have
A C{(A1,A2) i T(A, A2) = A (2t + Th) — A2 (2t + T2) € Z} .

Moreover, [9, Theorem 1] shows 2t; +T; and 2, + T, cannot
both be equal to zero. Otherwise, p is not a spectral mea-

sure. So A is distributed on equidistant parallel lines.
(Refer to Fig. 5.)

O

We define the projections of A on the x-axis and y-axis as
Ay ={A1: (A, Ap) € A} and A, = {A;: (A1, A) € A},
respectively. These sets can be multi-sets.

Lemma 4. If A is a spectrum of p, then
(5)

2 1 2
T, Z 1[0,1]|2(S—A) and T - Z

A€T1AX /\GTsz
for s € R. Additionally,

. R
1[0,1]| (s—=A)
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20 + Ty #0,2t, + T, # 0 260 +T1 =0,2t, + T, # 0 2t + Ty #0,2t, + T, =0

Ficurk 5. Three kinds of equidistant paral-
lel lines.

(I) If A has at most one point on each vertical line, then
A, is a periodic set.

(II) If A has at most one point on each horizontal line,
then A, is a periodic set.

Proof. Assume first that A has at most one point on each
vertical line. Consider the function f € L?*(p) which is 0 on

the y-axis and equal to g(x) = T on [, + T1] x {0} . Tt
follows from Parseval’s theorem and f(x, y) € L? (p) that

t1+T,

Lh_1 2
5 =5 flg(x)l dx
t

- f F(x, y)Pdp

t1+T, 2
1 ‘
- Y |5 [ o
SISO
t1+T1 2

— Z Z f g(x)e—ZniAlxdx

A €Ay t
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which gives

t1+T, 2

27X i
2T, = Z f AT 2711/\1xdx

AMEA, f

T 2

e .
— Z fezmle e—2n1)\1xdx

A €A, 0

1 2

— T% § emese—ZmTl/\lxdx
A1€Ax 0

2
T, Z
AT Ay

By Lemma 2 and Lemma 3, we know A ¢ % X TZZ and A
is distributed on equidistant parallel lines. Following the
arguments in the proofs of Lemmas 5.1, 5.3 and 5.4 in
the recent paper [13] of the first and third author of this
paper, we obtain that there exists a constant K > 1 such
that for all A = (A1, ;) € A\{(0,0)} we have K™ [A1] < |A5] <
K|A¢| and A, is a set of finite complexity, so A, is a periodic
set.

Therefore,
A2
1[0,1]| (S — A) .

The proof for the case when A has at most one point on
each horizontal line is essentially identical.

O

Remark 6. The tiling conditions (5) can also be ex-
pressed as follows:

(6)
o7y = ¥ fiwnf 61 and 2Ta= Y [l - ).

AEA, AEAy
The next lemma provides a convenient normal form for
discrete periodic multi-sets.

Lemma 5. Let T,w > 0. Suppose that 0 € A is a discrete
periodic multi-set and

)

AEA

L
1[0,T]| (s—A)

for s € R. Then A can be represented as
mT

A={ALA% . A —7Z
2w
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forsomeO0<meZand0=A' < A2 <... < A" < 2L

2w

Proof. Since A is a discrete periodic multiset there exists
A > 0 such that A = A + A and the number of points of A
in any interval of length A is finite. Hence, there exists a
positive integer m such that {A!,A?,--- , A"} c [0, A) with
0=A'<A?2<---<A"<A. So A=~ (A + AZ) and

A)| ds
AEA
= % i Z f|i[(m (s — Al - Ak)'2 ds
i=1 kezZ

—A(k 1)

) f|1m15— ) as

i=1 —Ak

5[

i=1

3

3

(s —~ Ai)'z ds

R

= %Zm: f ’1[0;] (s - Ai)'z ds (Parseval)
iz1

_mT ‘

T A

This means that A = 2L and A = {A},A%,--- A"} + 217,

2w

O

The next theorem is a simple but powerful rigidity result
in one dimension. It says that if a periodic set A satisfies
the Parseval-type identity coming from the interval [0, T],
then A has essentially only one possible form: it must be
the integer translates of two points, and when T > 1, it
must be the half-integer lattice.

Theorem 9. Let T > 1 and m be a positive integer. If
A=la, a0 a0 +mZ with 0 = a1 < ay < -y < M

and
Y Jion| -4 =21

AEA

for s € R, then A ={0,a} + Z for some 0 < a < 1. Moreover,
we have A = £ when T > 1.
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Proof. Applying the Fourier transform to both sides of the
equation

.2

Z lign| (s —4) = 2T

AEA
and the distributional Poisson summation formula, we
get

— |
(o * Tor)@) - ) &™) bx = 2T5.
j=1 kez

Since 1jo7y* 1107y > 0in (-T,T) and T > 1, we conclude that

2m
Zemai# =0 forany [e{+1,+£2,---,+(m—1)}.
=1

Let u; = ezm% and denote by pi (11, . .., uz,) the k-th power
sum

2m

k k k
pk(u1/u2/'~'/u2m):Zul‘:u1+"'+u2m fOI‘ k>1
i=1

Then we have
]91 (ull U,y uZm) = 0/

(7) pZ(ul,uzl.“,uzm) :O’

Pm—1 (U1, Uz, ..., Usy) = 0.
The polynomial with roots u; may be expanded as

2m

P(x) := H (x — uj) = i(—l)feijm—j’
=0

=1

where (these are the so-called Newton identities)
e =1,

€1 = p1,

e = %(€1P1 - Pz),

€3 = % (e2p1 — e1p2 +p3),

Here e; is the j-th elementary symmetric function of the
numbers u, ..., Usy,.
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By (7), we have ey = e, = --- = ¢,,_1 = 0. This means
P(x) = x*" + (=1)"e,,x™ + (=1)"e, 1 x™ !
+ (=1)" 20X 2 + oo+ (=1)"eyy,
=x2 4024024 40X+ (=1) e, x™

+ (=) e x™ L+ (= 1) X2+ -+ e

Moreover, P(%) =1 (% — ui) = ij-fo(—l)fejxf‘zm and

1
x*"P (;) =14 (=1)"eux™ + (=1)" e, x™ !

+ (_1)m+26m+2xm+2 4.+ (_1)2m82mx2m
_ 2m 2m-2 m+1 m+1
= X" = egn1 X A+ (1) ey x

m—1

+(-D"epx™ +0- """+ +0-x+1.

Note that since the roots of P(x) are uy,u,,- - - u,, and the
roots of xsz(}—C) are Uy, Uy, - - - Uoy, it follows that

-1
P(x) = sz’”P(;)
for C = ey, and uy, uy, - - - 15, are the roots of

X"+ (=1)"e,,x™ + C = 0.
Since u; = 1 it follows that the numbers u;,...,u,, are
precisely the numbers
(% je 0,1, ,m -1} U 1 je 0,1, ,m—1})

for some a € (0, 1). It follows that the numbers a4, ..., a5,
are exactly the numbers

0,a,1,0+1,.... m—1,a+m-—1
and therefore A = {0, a} + Z.

Moreover, if T > 1, then

2m

Zezni“f# =0 forany [e{+l,+2,---,+m}.
=1

So
P1 (w1, g, ... Ugy) = -+ ZPm(uth,---,uzm) =0

ande; = e = -+ = ¢, = 0. From the proof above, we
can obtain uy, uy,- - - Uy, are the roots of x*” + C = 0. Since
u; = 1, this means that C = —1 and the numbers uy, ..., 1,
are precisely the numbers

(@i j=0,1,...,2m - 1).
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It follows that the numbers a4, ...,a,, are the numbers
0,11,. — 1 and therefore A = 1Z.

/2/
O

The following proposition summarizes the basic restric-
tions imposed on A — A by the spectrum condition. These
constraints will be used repeatedly in the sequel.

Proposition 2. Let 0 € A be a spectrum for L*(p), then the
following three statements hold.

(I) If T, = Ty, then for any (A1, A2) € (A — A) \ {0} with
|A4] < , we have |A,| = |A4].

(II) If T, > T», then for any (A, Ay) € (A — A) \ {0} with
M| = 3, we have |Ay| = |A4] = 3.

(IID) If T, < T, then for any (A1, A2) € (A — A) \ {0} with
IAo| = 1, we have M| = |4, = 3.

Proof. (I). By Lemma 2, we have T(A,A,) € Z, which

in 7T in 7T .
means |smﬂ 1)\1| = | =5 lA2|. The function f(x) = 22 shown
ﬂTl)\l T[Tl/\z

in the following Figure 6 takes each value only tw1ce when
|x| < 1/2. It follows from T; = T, = 1 that |A,] = |A4].

__ sin(nx)
Graph of f(x) = =7
1.0F N sin )

0.8

0.6

f(x)

0.4

0.2

00 /N VAN

W V|V

FIGURE 6. f(x) = o

(D). If (A1, A5) € (A — A) \ {0} with |A;] = 1, by Lemma 2,
we have T(Z,/\z) or T(—— Ay) € Z, and in any case we get

sin 1nT sin 5 nT

S-SR M| Since T, + T, = 2, we have 2l =
En A 27TT2

%| Hence, from 0 < 2 < 1, we can obtain |15] = [A4] =

5.

(III). Its proof is similar to (II), so we omit it here.
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With these results in hand, it remains to verify that A
has multiplicity one, i.e., A has at most one point on each
vertical line and horizontal line. Once this is established,
Lemma 4 immediately implies that A, and A, are periodic
sets. In addition, the property of multiplicity one will also
play a crucial role later when we determine the precise
structure of spectra.

Proposition 3. Let 0 € A be a spectrum for L*(p). Then
(I) A has multiplicity one;
(II) Ay and A, are periodic sets.

Proof. (I). If T, = T,, we can get the conclusion from
Lemma 1. If Ty > T, then A, = £ and A has at most
one point on each vertical line by Theorem 9 and Lemma
1. Hence, for any (A, 1;) € A and (A}, A2) € A, we have
A — A e Zand

sin(A1 — Ai)ﬂTz B Sil’l(/h — /\i)ﬂT1 3 sin(/\z — /\2)7'(T2 _

(A —ADm (A —ADm (A2 = Ap)m

which means A; = A]. So A also has at most one point on
each horizontal line. Therefore, A has multiplicity one.

If T, < T,, we also have that A has multiplicity one using
similar proof methods.

(II). We can get (IT) by (I) and Lemma 4.

O

With multiplicity one and the periodicity of A, and A, in
hand, we can now pin down the spectrum completely. The
next theorem gives the explicit classification of all possi-
ble A.

Theorem 10. Let 0 € A be a spectrum for L*(p), then the
following two statements hold.

(D If Ty # Ty, then A= {(3,5) :n€Zyor A={(5,-%):
ne 2z}

D If T, = T,, then A = {(n,n),(n+a,n+a) : n € Z}
or A = {(n -n),(n +a,—(n + a)) : n € Z} for some

(_E’ E] \ O}

Proof. (). If T, > Tz, according to Remark 6 and Theo-
rem 9, we have A, = {0,1} + Z. And by Proposition 2,

we have (2,2) € Aor (— ——) € A. Suppose that (2,2) €
A, then from Pr0p0s1t10n 2 and Proposition 3, we have

27
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1,-1),(1,1) and (-1,-1) € A. By induction, assume
(%, 2) € A for all |m| < n. If [m| = n + 1, there exists y such
that (%,7) € A. Since (%2, m21) € A, from Proposition 3,
we have y = 7. Hence, A = {(5,5) :n € Z} Similarly, for
the case Where (— ——) € A,wecanget A = {(5,-5):n € Z}.

If Ty < T2, we can obtain similarly that A = {(5,%) : n € Z}
or A={(3,-5):neZ}

(IT). According to Remark 6 and Theorem 9, A, and A,
can be represented as Ay ={0,a1}+Zand Ay ={0,a,} +Z
for some ay, a, € (-1 3 2] \ {0}

Suppose that a; = } or a, = 3, then from (I), we have

A={(%,5)neZor A={(5,-5):n€”Z}.

Suppose that a; # % and a, # % From Proposition 2, we
have a; = a; or &y = —a,, and for any (1, 1), (n+ay, A}) € A
with n € Z, we have A, = m for some m € Z and |1}, — A5 =
a1, which means A, = m + a; or A}, = m — a;. Moreover,

sinmay | |sinm(n +aq)|  [sINTA; | [sinmoy
nn+a)| | nm+a) A, Ay |
so A, = n+a or Ay = —n — ay, which means A, = n or
A, = —n. Hence, |A;| = |n|.
If a1 = ay, then for any (1, A,) € A, we have
(8)
sinnt(n —a;) _ sinm(A; —ay) sinmt(n —a;)  sinm(A; —a
7(n — o) (A2 — 1) n(n — ay) (A2 — @)

Combining (8) with |A,| = |n|, we have A, = n. These imply
that {(n,n) : n € Z} U {(a1, 1)} € A. So for any n € Z, we
have (n,n), (n+a;, ) € A for some g € R. From Proposition
2, we have p = n+a; or f = n—a;. Suppose that f = n—ay,
we have

sinnm| |sin(n — 2ay)m

nm (n —2ap)m

which contradicts a; ¢ Z. Therefore, A = {(n,n), (n+a,n+
a) :n € 7}, where a = a;.

If vy # a,, similar to @y = a,, we can obtain A =
{n,—n),n+a,-n+a)):necZl.

Combining the above, we have completed the proof.
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The occurrence of special points such as (3,+3), (1, +1) in
A imposes rigid conditions on t; and t,, and therefore con-
trols the relative placement of the two segments. The fol-
lowing two lemmas record these.

Lemma 6. Suppose that p is a spectral measure with the
spectrum 0 € A, then the following two statements hold.

@ If (5, ~1) € A, then ty + 1, € 2.
In If(2’2) S A then ty —t, = Tp € 27.

Proof. First, we prove that T(— ——) T(: 5 2) € 2Z + 1. Sup-
pose that T(z, ) € 27 or T(z, 2) € 27Z. Then

7TT . T(T2 . 7'((2—T1) . 7'(T1
sm—=—sm—=—sm—=—sm—,

2 2 2 2
which is a contradiction.

(@. If (3, —3) € A, we have

1
T(E’_E) =5 (2t1 +Ty) + 5 (2t, + T,) € 2Z + 1.

Since T + T, = 2, we have t; + t, € 2Z.
D). If (3, 3) € A, we have

11
2°2

Sotl—tz—T2€2Z.

1
T( ) (2t1 + T1) - = (2t2 + Tz) €27 + 1.
O

Lemma 7. Suppose that p is a spectral measure with the
spectrum 0 € A and T, = T,. Then the following two state-
ments hold.

D If(,-1) € A, then t; +t, € Z.
D If (1,1) e A, then t; — t, € Z.
Proof. (I). By Theorem 10, we have (a, —a), (a—1, —(a—1)) €

A for some a. By (4), we can get T(a, —a), (@ —1,—(a—1)) €
27.+ 1. Hence,

T, -1)=T(a,—a) - T(a—-1,—(a—1)) € 27,

which implies t; + t, € Z. Similarly, we can get (II).
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Having obtained the integrality conditions from Lemma
7, we next identify symmetric choices of t; and ¢, that are
incompatible with spectrality.

Lemma 8. Suppose that T, = T, and one of the following
three statements hold.

11T t1—t, =0 and t1+1t ¢ Z,'
(I11) t+t, =-1 and t1—t & Z.
Then p is not a spectral measure.
Proof. In fact, in (I), (II) and (III), the measure p is sym-

metric. See Figure 7. The conclusion can be directly de-
rived from [9, Theorem 1] and [13].

Ficure 7. (I), (II) and (III) are symmetric measures.

O

Summarizing the four results above, we can derive the
following theorem.

Theorem 11. Let 0 € A be a spectrum for L*(p). Then the
following two statements hold.

D IfT1 =T, then th+1t € Z\{—l} ort;—t, € Z\{O}
(II) IfT1 * Tz, then th+t€2Zorty —t, — T, € 27.

Proof. Combining Theorem 10, Lemma 6, Lemma 7 and
Lemmag8&, we can obtain this conclusion.
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To apply Laba’s result [14, Theorem 1.1], we will work
with the orthogonal projections of supp p onto the lines
y = +x. We therefore need a description of the distance
(gap) between the two projected components, and it is
easy to get the following lemma.

Lemma 9. Let L = [tl, t + T1] X O and I = 6p X [tz, t, + Tz]
with T,,T, > 0 and T, + T, = 2, then the following four
statements hold.

(D) If T, = T, and t; +t, € Z\{-1}, then the length of the
gap between the orthogonal projections of I, and I,
onto the line y = —x is 3(It; + t, + 1| — 1) times the
sum of the lengths of their projections.

(D) If T, = T, and t; — t, € Z\{0}, then the length of the
gap between the orthogonal projections of I and I,
onto the line y = x is %(Itl — tp| — 1) times the sum of
the lengths of their projections.

(III) If T, # T, and t| + t, € 27, then the length of the
gap between the orthogonal projections of I, and I,
onto the line y = —x is %(Itl + t) + 1| — 1) times the
sum of the lengths of their projections.

av) . If T, # T, and t; — t, — T, € 27, then the length
of the gap between the orthogonal projections of I
and I, onto the line y = x is 3(Itu —t, — T + 1| — 1)
times the sum of the lengths of their projections.

Proof. These conclusions can be obtained through some
simple calculations, which we will omit here.

O

We now conclude the proof of Theorem 2 by combining all
results established above.

Proof of Theorem 2. The necessity part of the theorem
can be deduced from Theorem 11. Combining Lemma 9,
Theorem 8 and [14, Theorem 1.1], we can obtain the suf-
ficiency part. Moreover, if 0 € A is a spectrum, then from
Theorem 10, A must be a straight line spectrum, and the
spectrum must be contained in the line y = x or y = —x as
described in (2) or (3).

O

Remark 7. This shows that the spectra of p can only be
contained in either the line y = x or y = —x. Indeed, it
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is clear that the only orthogonal projections of p onto a
straight line that produce a measure which is a constant
multiple of (one-dimensional) Lebesgue measure on its
support (as is necessary for spectrality [4]) are the pro-
jections onto the straight lines y = +x. See Figure 8. The
content of this section of the paper is therefore to rule out
all other possible non-line spectra.

Ficure 8. There are only two projection
methods: y =xory = —x.

3. SPECTRAL COLLECTIONS OF SEGMENTS WITHOUT LINE
SPECTRA

We now turn to the construction of spectral collections of
line segments without line spectra. Theorem 4 plays a
crucial role in our subsequent propositions.

For the reader’s convenience, we first restate Theorem 4
here.

Theorem 4. Suppose i is a measure on R? and L C RF x
{0} is a spectrum of ui1. Suppose also that v, is a measure
on {0} x R** and M C {0} x R%™* is a spectrum of vi. Then
L+ M is a spectrum of i * vy.

Proof. Notice that the sums in L + M are all distinct by
our assumptions and that we may assume that u;,v; are
probability measures. We will verify that

Z |ym1'2(x—€— m)=1

{eL,meM
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for almost all x € R?.

We have, writing x = (x1, x,) with x; € R, x, € Rk,

Y o[ - e—m)

telL,meM

) [ = e—m)mf - —m)

telL,meM
—12 2
= Z |[J1| (x1 =€, x2—m) |V1| (x1 =, x2 — m)
tel,meM
—12 2
= Z |[J1| (x1 =€, xp —m) |V1| (0, x, —m)
teL,meM

(since v; does not depend on the first k coordinates)

DM ZICERTI N TRCRESD

meM tel
=y 730,22 = m) - 1
meM
= 1.

The following Proposition 4 can be found in the paper [13,
§4] by the first and third author. We include it here only
to record a clean formulation.

Proposition 4. Let u be the arc-length measure sup-
ported on the union of finitely many line segments
L,...,In € R% Let L be a straight line through the origin
and let 7ty be the orthogonal projection onto L. Assume that
u is a spectral measure and that it has a spectrum A C L.
Then m is injective u-almost everywhere on supp L.

Proof. Assume that m; is not injective p-almost every-

where on supp u, then there exist two disjoint measurable

subsets E, F C supp u such that i, (E) = n;(F) = J]. We have
mule=ciH'y,  and  mulr=coH's

for some constants c;, ¢y > 0. Define

f:CklE—lep.
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Then f # 0 in L*(u). For any A € A C L, the exponential
e, (x) = e depends only on 7, x. Therefore,

(freadizgn = ck f e du(x) — c; f e 2 dy(x)

E F

_ f e (e mpule — ¢ T ple)(B)
7
=0.

Thus f is orthogonal to {¢, : A € A}, contradicting the
completeness of A in L*(u). Hence 7, must be injective
p-almost everywhere on supp p.

O

We can now use Theorem 4 and Propositon 4 to show that
the following two measures are spectral. One of these two
measures consists of parallel line segments and the other
contains line segments of different directions.

Proposition 5. Suppose I is the line segment from (0,0)
to (100,0). Suppose u is arc-length on the line segment
S1 =1L on S, =1+ (0,1) and also on the the line segment
S; =1+ (a,2), where a € (0, fm) is an irrational number.
Then i is spectral but it does not have a line spectrum.

Proof. See Figure 9.

(@.2)
(0,1) —_— == %
__________________ S1

(0,0)

Ficure 9. For irrational number «, the arc-
length p on the three intervals is spectral
but it does not have a line spectrum.

To prove that u is spectral we apply Theorem 4 with 14
being arc-length on I and 11y = 60y + (1) + O(s,2). Notice
that u; has the set {(0,0),(0,1/3),(0,2/3)} as a spectrum.

To show that it does not have a line spectrum, first notice
that for supp u to project injectively on the line S, the line
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S must be almost vertical. If this happens it projects to
three intervals of equal length, but the two gaps among
them have incommensurable lengths because a is irra-
tional. But if this union of three intervals of S is to be
spectral each gap they define must be a multiple of the
common length of the intervals [3, 10], therefore the pro-
jection measure is never spectral.

O

Proposition 6. Suppose u is arc-length on the four inter-
vals

(0,0)-(1,0),
(0,0)-(0,1),
(1,1)-(1,2),
1,1) - (2,1).

Then i is spectral but it does not have a line spectrum.

Proof. See Figure 10.

L

©0 &

Ficure 10. The arc-length p on the four in-
tervals is spectral but it does not have a line
spectrum.

To prove that u is spectral we use Theorem 4 with u; being
the arc-length on the first two line segments above and
vy = 00 + 0a1,1). (Here we remember [15] that u; has a
spectrum contained in the line y = —x.)

To show that 1 does not have a line spectrum we observe
that there is no straight line S onto which supp u projects
injectively.
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Proof of Theorem 5. The result follows from Propositions
5 and 6.

4. GROWTH BOUND FOR ORTHOGONAL SETS IN BALLS

4.1. Any finite collection of curves. We will use Lev’s
a result [16, Lemma 3.1.] to treat the case of arc-length
Lebesgue measures supported on curves.

Lev’s condition [16, Lemma 3.1.]: Let u be a positive,
finite measure on R?. Given a real number a with 0 < a <
d, Lev considered the following condition

. 1 0
9) h}&}f}f@ f [u()*dt > 0
|t|<R
and proved the following theorem (for Bessel systems, not
just orthogonal sets).

Theorem 12. [16, Lemma 3.1.] Suppose that A is an or-
thogonal set for u, where | is a measure satisfying (9) for
some o with 0 < a < d. Then

sup#ANB(x,R)) <CR* (R>1)

x€R4

for a certain constant C which does not depend on R.
Now, we can prove Theorem 6 by using above the result.

Proof of Theorem 6. According to Theorem 12, our goal is
to prove that there exists a constant C > 0 and Ry > 1 such
that forallR > Ry >1

f [p()Pdt > CR4.

ltI<R
Let us write By := BR(O), and define

lpR(t) (1BR/2 1BR/2>(t)

B m f Lio0)(F = 5) 1y p(0)() s
R4

_IBr2 N (£ + Bgp)l
|Br/2|

For every R > 0, we have the following three basic prop-
erties for Y.
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(1) 0 < ¢ <1 and supp Y C Bg;

(2) For all x € R? we have

. 1 . 2
Yr(x) = Bl ‘1BR/2(X))

1 R\ . R \p2
‘|BR,2|'(E) "Bl (Ex)'

>0;

(3) Since 1, is continuous and 13, (0) = |B;|, there exist
constants ¢ € (0,1) and w,; > 0 (depending only on
d) such that {r(x) > wsR? for all x| < 2.

Hence, we have

[ wsoiprda = [[ ([ oxtreea)dpem o)

R4 R4

= f Pr(x — y)dp(x) dp(y)

= f‘fp:_ws%o Yr(x = y) dp(x) dp(y)

> R f [ Ly dp(x) dp(y).
X—yI<g

Moreover, since supp g C Bg,

f e PO dt = f e [PORdE < f PRt
Rd

<R <R

For any curve Iy in I' the restriction p|r, is the arc-length
measure on [j. Write y, : [0,Ly] — R for the arc-length
parametrization of I'y with 0 < Ly < oo.
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We have
[ worazor ([ dpwdaow
-yl<R

|t|<R

> a)de ffl -yl<2 1{xevk0 YEVK,) dp(x) dp(]/)

_ d
= wyR fflux—ms%}dx‘ly

Vkg Vig

Lko Lko

_wdR ff (Yo ()= (DI <2 ds dt.

Since yy, is arc-length parametrizations of curve seg-
ments, we have Iy]’m(s)l = 1 and [yk,(s) — 7k (D) < F when
s — t| < ¥. By simple calculation, we can get

Ly, L,

flmo(s) g (=) dsdt > fﬁte[ol%]dsdt
0

ls—tl<
L, 2 =Ly,
) {282% - (@ % <L
When R > ETOO’ we can obtain
f [p(H)P dt > waeoli, R
It|<R
Taking Ry = max{l, LO } and C = wyeoly,, we have

f|t|<R [p(t)[Pdt > CR for all R > R,. This completes the
proof.

O

4.2. Ahlfors-David regular measures. We present
another approach to Theorem 6 based on the second au-
thor’s arguments in [18]. In fact, we prove more general
results on Ahlfors—David regular measures in any dimen-
sion (not just for one-dimensional measures).

We first recall several definitions and results in [18]. We
define the n-th dyadic partition of R by

Z),(}) = {[ﬁ k+1):keZ}, ne-z.

2n’ on
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The n-th dyadic partition of R is then defined by
Z),(f) = {lelzxmxld:IjeZ),(})}.

If there is no confusion, we usually omit the superscript
and write D, for the n-th dyadic partition of R?. Let
¢ € P(RY), where P(R?) stands for the space of probability
measures on R?. For a Borel set K C RY, we denote by

‘Ll[(() = #( N K)I

the measure u restricted on K. Moreover, if K is a dyadic
cube in [0, 1]? with u(K) > 0, we denote by

o0y = .
pg() = 1K) (Sx)« ik (*),

where Sk is the affine bijective map from K to [0,1]? and
(Sk)«ik(-) is the pushforward of uk, i.e. the measure
Lk(Sg (). Obviously, we have uf € P([0, 1]9).

Lemma 10 ([18], Lemma 4.2). Let u € P(R?). Then for
any 0 < € <1, there exists 6 = 0(e, u) > 0 such that for any
|&| < 6 and for any D € D, with (D) > 0, we have

13(E)] > e

For u € P([0,1]%) and t, A € R?, we write the inner products

(t, Ay, = f X=Xy (x).

(0,1}

We will only use the upper (Bessel-type) estimate from
[18, Lemma 4.1]. While [18, Lemma 4.1] is proved in the
frame spectral setting and yields two-sided bounds, our
proof only requires the upper estimate (the Bessel side).
We therefore state the result below in the form needed
here, assuming only that A is an orthogonal set for u.

Lemma 11 ([18], Lemma 4.1). Let u € P(R?) and A c R?

be an orthogonal set for L, i.e.

(10) Y [kt [ < ).

AEA

Let n > 0. Then for any D € D, with u(D) > 0, and for any

t € RY we have
1 1
Y (25t 25%)
AEA “g

1

u(D)

<
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The following theorem follows the same proof as [18, The-
orem 1.2]. It also works for frame spectral measures, but
we state it here for any measures in P(IRY).

Theorem 13. For any measure u € P(RY) and any orthog-
onal set A for , there exist constants C and ¢ such that
t e R and h > 0, we have

(11) #(A N B(t, h)) < C2Lpen, —H(D)log wD)

where 2140 < | < 21+,

Proof. Notice that

(12) oY pen, (D) log u(D) _ H (D)),
DeD,;,,u(D)>0

Let h > 0. Then there exists a positive integer 1, such
that 21 < h < 2". Let € > 0 and let 6 = 6(¢, u), which is
defined in Lemma 10. Let ¢ be the minimal integer such
that 27¢ < 6. For any t € R? and any D € D,,.,, noticing
that

1 1
21 +0 B AL /REY

A

<9, for any A € AN B(t,h),

by Lemma 10, we have

2

1 1
2
e -#(ANB(th)) < 2nh+gt’ ny+o >#g

AeANB(th)
(13) <Y (5=t 57
- ;\ 2”71"'@ ! 2”h+9 ‘ug
1
< —.
w(D)
The last inequality is due to Lemma 11. Since

ZDED»«W u(D) = 1 and (13) holds for all D € D,,,, with
u(D) > 0, we have

#AnBem) =[] #ANBE )
DeDyy+4,4(D)>0

(14) <e? H (D) +®)
DGD;1h+9,[,l(D)>O
= e_ZZZDGDthr@ —u(D)log u(D)

The proof is complete.
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The measure 1 is called Ahlfors-David regular (or sim-
ply Ahlfors regular) of dimension s > 0 if there exist con-
stants ¢, C > 0 such that for every ball B(x,r) with center
x € supp(u) and radius 0 < r < diam(supp(u)), we have

cr’ < y(B(x, r)) <Cr.

By applying Theorem 13, we have the following theorem.

Theorem 14. For any orthogonal set A of Ahlfors—David
regular measures of dimension s, we have the estimate

#(A N B(t, h)) = O(°), for t e R and h > 0.
In particular, we have the following estimates

(1) #(A N0 B(t,h)) = O(h) for any orthogonal set A of
any finite union of C' curves (for example, line seg-
ments).

(2) #(ANB(t, h)) = O(h") for any orthogonal set A of any
finite union of n-dimensional polyhedrons.

Proof. We prove it for an Ahlfors—David regular measure
u of dimension s > 0. For any such measure there exist
constants ¢, C > 0 such that for every n-th dyadic set D C
R? with center in supp y, we have

c2™ < (D) < C27™.
By Y. pep, 4(D) = 1, we have

2):,36@" —u(D)log u(D) < 22De@n —u(D)logc2™" _ 2" < Chs’

for some constant C. Then by Theorem 13, we have #(A N
B(t, h)) = O(l).

O
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