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Abstract. In this paper we study the spectrality of
arc-length measures supported on the union of two
line segments in the plane. We show that any such
spectral measure must admit a line spectrum. More-
over, when the two segments are non-parallel, such
spectral measure admits only line spectra. Thus, in
this case every spectrum is one dimensional. In ad-
dition we show that this property fails for unions
of three or more segments in the plane. We con-
struct some arc-length spectral measures supported
on the union of at least three line segments such
that none of its spectra is contained in a line. Fi-
nally, we work in the general framework of arc-length
measures supported on finite unions of curves in Rd.
We show that the size of any orthogonal set for such
a measure inside a ball of radius R grows at most
linearly in R. We also give an alternative proof of
this bound, and in fact obtain a more general result
of growth rate of orthogonal sets for Ahlfors–David
regular measures in Rd (not restricted to the one-
dimensional setting).
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1. Introduction
1.1. Line spectra for arc-length measures sup-
ported on two line segments. A finite Borel measure
µ on Rd is called a spectral measure if there exists a
countable set Λ ⊂ Rd such that the exponential functions
EΛ = {e2πi<λ,x> : λ ∈ Λ} form an orthonormal basis of L2(µ).
Such a set Λ is called a spectrum of µ. In particular, if
the Lebesgue measure restricted on the set Ω is a spec-
tral measure, then we say Ω is a spectral set. The theory
of spectral sets traces back to the work of Fuglede [  7 ] who
proposed
Fuglede Conjecture: Ω ⊂ Rd is a spectral set if and only
if it tiles Rd by translations.
Both directions of the conjecture fail when d ≥ 3 [ 20 ,  11 ,

 12 ,  5 ,  6 ], but the conjecture is still open in both directions
when d = 1, 2. Moreover, the problem of deciding whether
a given measure is spectral, and of describing the possi-
ble spectra, is closely related to the Fuglede conjecture
and has been extensively studied in recent decades for
Lebesgue measure, for self-similar measures, and for var-
ious classes of singular measures.
Spectra can be surprisingly rich. A particularly natural
class of spectra to consider for measures in Rd are line
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spectra, that is, spectra contained in a straight line. One
may then ask to what extent the geometry of the support
forces spectra to be one dimensional. In this paper we fo-
cus on the case where the measure is supported on the
union of finitely many line segments in the plane and is
equal to a constant multiple of arc-length on each of these
segments. We are interested in whether the spectra of
such arc-length spectral measures lie on straight lines.
In particular, when the arc-length measure is supported
on the union of two line segments, all known results so
far show that every spectrum of the associated spectral
measure is contained in straight lines. For example, sev-
eral recent works have investigated the spectrality of the
measure

µ =
1
2

L[t,t+1] × δ0 +
1
2
δ0 × L[t,t+1],

where L[t,t+1] is the Lebesgue measure restricted on the
interval [t, t+1] and δ0 is the Dirac measure on the origin.
Combining these papers [  9 ,  16 ,  15 ,  1 ] with the paper [  13 ]
by the first and third author, one obtains necessary and
sufficient conditions for the measure µ to be a spectral
measure and shows that it has only line spectra. See also
the relevant works [ 9 ,  2 ]
This leads to the following natural question:
Question 1. Given any two line segments in the plane,
when is the arc-length measure supported on their union
a spectral measure, and, if it is spectral, must all its spec-
tra be line spectra?

In this paper, we provide a complete answer to this ques-
tion. To help the reader follow the discussion, we briefly
summarize the known results in this area in Remark  1 .
Remark 1. Let I1, I2 ⊂ R2 be two non-overlapping (but
possibly intersecting) line segments with |I1|+ |I2| = 2. Let
ν be arc-length measure on both I1 and I2 normalized (di-
vided by 2) so as to be a probability measure. We record
the following three facts.

(I) Colinear line segments. If I1 and I2 are collinear
line segments, then, by results of Dutkay and Lai
[ 4 ] and Łaba [  14 ], the measure ν is spectral (i.e. the
set I1∪I2 is a spectral set inR) if and only if the gap
between I1 and I2 is an integer when |I1| = |I2|, and
the gap between I1 and I2 is an even integer when
|I1| , |I2|. (Refer to Fig.  1 )
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(II) Parallel line segments. If I1 and I2 are paral-
lel line segments (non-collinear) of equal length,
Kolountzakis and Lai [  9 , §6] show that whenever
the measure ν is spectral it always has a line spec-
trum but also admits a spectrum that is not con-
tained in any line. (Refer to Fig.  1 )

Figure 1. (I) and (II).

(III) Non-parallel line segments. If I1 and I2 are
two non-parallel line segments, then there exists
an invertible affine map T(x) = Ax + b with A ∈
GL(2,R) such that T (I1) is contained in the x-axis
and T (I2) is contained in the y-axis. Moreover, if
µ is a spectral measure with spectrum Λ ⊂ R2,
then the push-forward measure ν = T#µ is again
spectral, with spectrum (A−1)TΛ. In particular,
if Λ is contained in a line L ⊂ R2, then (A−1)TΛ
is contained in the line (A−1)TL. Thus the prop-
erty of being spectral is invariant under invertible
affine changes of variables, and we may work in
this normalized configuration without loss of gen-
erality. Notice that, additionally, we can always
choose this affine transformation so that T(I1) and
T(I2) have the same lengths as I1 and I2 (Refer to
Fig.  2 ). In other words, when we study the spec-
trality of the arc-length measure supported on two
non-parallel line segments in the plane, we may
reduce the problem to the study of the spectrality
of the measure

(1) ρ =
1
2

L[t1,t1+T1] × δ0 +
1
2
δ0 × L[t2,t2+T2] with T1 + T2 = 2.

According to Remark  1 , to fully answer the question
above, we still need to analyze the case of two parallel
line segments (non-collinear) and the case of the measure
ρ defined above in (  1 ). Our first result is about the spec-
trality of two parallel line segments.
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Figure 2. (III): Affine transformation

Theorem 1. Given are real numbers a1, a2 and h1 , h2.
Let T1,T2 > 0 and T1 + T2 = 2. Then the measure ν =
1
2L[a1,a1+T1] × δh1 +

1
2L[a2,a2+T2] × δh2 is always spectral with one

of its spectra contained in a straight line.

For a case of non-parallel line segments, i.e. the mea-
sure ρ of the form ( 1 ) with T1 = T2, Lu [  17 ] proved that
ρ is a spectral measure if and only if t1 + t2 ∈ Z \ {−1}
or t1 − t2 ∈ Z \ {0}. However, in the paper [  17 ], he does
not identify the possible structures of the line spectra.
In this paper, we establish the sufficient and necessary
condition of spectrality for general non-parallel line seg-
ments and show the structures of the line spectra: a spec-
tral measure of non-parallel line segments has precisely
two possible types of line spectra. Even for the case where
T1 = T2, our proof includes a completely different method
from Lu’s [ 17 ]. Now we state our second result.

Theorem 2. Let t1, t2 ∈ R and T1,T2 > 0 with T1 + T2 = 2.
Consider the measure

ρ =
1
2

L[t1,t1+T1] × δ0 +
1
2
δ0 × L[t2,t2+T2].

Then ρ is a spectral measure if and only if one of the fol-
lowing statements hold.

(I) When T1 = T2, we have t1 + t2 ∈ Z \ {−1} or t1 − t2 ∈
Z \ {0}.

(II) When T1 , T2, we have t1+t2 ∈ 2Z or t1−t2−T2 ∈ 2Z
(equivalently, t2 − t1 − T1 ∈ 2Z).

Moreover, if ρ is a spectral measure, then every spectrum
of ρ that contains the origin is contained in either the line
y = x or the line y = −x. More precisely, if 0 ∈ Λ is a
spectrum of ρ, then Λ has one of the following forms:
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(I) If T1 = T2, then there exist α1, α2 ∈ (− 1
2 ,

1
2 ] such that

(2)

Λ =

{(n,−n), (n + α1,−(n + α1)) : n ∈ Z}, if t1 + t2 ∈ Z \ {−1},

{(n,n), (n + α2,n + α2) : n ∈ Z}, if t1 − t2 ∈ Z \ {0}.

(II) If T1 , T2, then

(3) Λ =

{(
n
2 ,−n

2 ) : n ∈ Z}, if t1 + t2 ∈ 2Z,

{(n
2 ,

n
2 ) : n ∈ Z}, if t1 − t2 − T2 ∈ 2Z.

Remark 2. Here we note that t1−t2−T2 ∈ 2Z is equivalent
to t2 − t1 − T1 ∈ 2Z, since T1 + T2 = 2.

The observations in Remark  1 together with Theorems  1 

and  2 yield the following result.
Theorem 3. Let µ be the arc-length measure supported
on the union of two line segments in the plane. Then µ is a
spectral measure if and only if it admits a line spectrum.
Furthermore, in the non-parallel case, the measure admits
only line spectra.
Remark 3. As explained in [  13 , §4] the line spectra of a
collection of line segments equipped with the arc-length
on them always arise as one-dimensional spectra of the
projection of these segments onto a straight line. Thus, in
the case of two non-parallel line segments on the straight
lines L1 and L2 the possible spectra are on either one of
the two angle bisectors of L1 and L2 and therefore it suf-
fices to project the two segments on each of these two lines
and check (a) if the projection is injective and (b) that the
resulting union of two line segments on the line is spec-
tral. This last condition is known to be equivalent to this
projection tiling the line [ 14 ].

1.2. No line spectra for some arc-length measures
supported on more than two line segments. Sup-
pose µ is a measure on the plane which is arc-length on a
finite number of line segments. Such measures have re-
cently been examined for their spectrality [ 15 ,  13 ,  9 ]. In
all examples known so far any such spectral measure µ al-
ways had a spectrum contained in a straight line (it could
possibly have other spectra too without this property).
It is therefore natural to suspect that this might be the
general case. Here we show that this is not so. There are
finite collections of line segments in the plane such that
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their accompanying measure is spectral and each of their
spectra is not contained in a straight line.
Notice that for such a measure to have a spectrum con-
tained in a straight line S it is necessary that the orthog-
onal projection from the support of the measure to S is in-
jective. The reason is that all complex exponentials e2πλ·x

with λ ∈ S are constant along the direction S⊥. If the
support of the measure contains two points on the same
translate of the line S⊥ then a function on our segments
that takes different values on these two points cannot be
represented by these exponentials. (See Propositon  4 ).
Thus it is rather easy to prove that a collection of line seg-
ments does not have a line spectrum: it is enough that on
any line S the orthogonal projection is not injective on our
set. And if such a collection happens to project injectively
onto the line S, then for it to have a spectrum contained
in S it must also project to a spectral measure on S [ 13 ,
Theorem 1.2].
For the existence of the spectrum we will need the fol-
lowing theorem. It describes a situation where the convo-
lution of two spectral measures produces a spectral mea-
sure, something which, of course, does not happen in gen-
eral.
Theorem 4. Suppose µ1 is a measure on Rd and L ⊆ Rk ×
{0}d−k is a spectrum of µ1. Suppose also that ν1 is a measure
on {0} ×Rd−k and M ⊆ {0}k ×Rd−k is a spectrum of ν1. Then
L +M is a spectrum of µ1 ∗ ν1.

By using Theorem  4 and projection, we have the following
theorem.
Theorem 5. There exists a spectral arc-length measure µ
on R2, supported on the union of at least three line seg-
ments, such that every spectrum Λ of µ is not contained in
a straight line.

1.3. Size of orthogonal sets of exponentials. In the
previous subsections we dealt with very concrete arc-
length measures supported on finitely many line seg-
ments. For these measures, every spectrum has strong
one dimensional features. For example, in the case of two
segments every spectrum is contained in a straight line.
In the more general case, with three or more segments,
we still need good control on how fast an orthogonal set
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can grow. A key underlying ingredient behind these re-
sults is always the same: the support is essentially one
dimensional, so an orthogonal set cannot be too dense.
Informally, the size of any orthogonal set inside a ball of
radius R grows at most linearly in R.
The purpose of the final part of the paper is to isolate this
phenomenon and to state it in a clean, abstract form that
applies not only to our concrete examples but to any finite
collection of curves.
Theorem 6 (Any finite collection of curves). Let Γ be a
finite union of curves in Rd, each of which is rectifiable
and has finite, nonzero length, and let ρ be the arc-length
measure on Γ. If Λ ⊂ Rd is an orthogonal set for ρ, then
supx∈Rd #(Λ ∩ BR(x)) = O(R) as R→∞.

Theorem  6 also yields the following corollary  7 .
Corollary 7 (Any finite collection of line segments). Let
d ≥ 2 be an integer. Let L1, . . . , Lm ⊂ Rd be m line segments,
and let ρ be the arc-length measure on

⋃m
k=1 Lk. If Λ ⊂ Rd

is an orthogonal set for ρ, then supx∈Rd #(Λ∩ BR(x)) = O(R)
as R→∞.

2. Spectrality of two line segments
2.1. Parallel line segments. Define the measure ν =
1
2L[a1,a1+T1] × δh1 +

1
2L[a2,a2+T2] × δh2 with h1 , h2, T1,T2 > 0

and T1 + T2 = 2. Before proving that ν always admits line
spectra, we first need to prove the following proposition.
Proposition 1. Let I1 = [a1, a1 +T1]× {h1} and I2 = [a2, a2 +
T2] × {h2} with h1 , h2, T1,T2 > 0 and T1 + T2 = 2. For any
k > 0, there exists a line L (not perpendicular to I1 and I2)
passing through the origin such that

(a) the orthogonal projection onto L is injective on I1∪I2,
and

(b) the length of the gap between the orthogonal projec-
tions of I1 and I2 onto the line L is k times the sum
of the lengths of their projections.

Proof. Since translation of the plane does not change par-
allelism, lengths, nor the shape of orthogonal projections,
we may assume without loss of generality that a1 = −T1

2
and h1 = 0. Let γ = (1, 0), then

I1 =
{
tγ : t ∈ [−T1

2
,

T1

2
]
}

and I2 =
{
w + tγ : t ∈ [−T2

2
,

T2

2
]
}
,
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where w = (a2 +
T2
2 , h2). Let L be a line through the ori-

gin with unit direction vector v and ⟨γ, v⟩ , 0. Then
the projections of I1 and I2 onto the line L have lengths
ℓ1 = T1|⟨γ, v⟩| and ℓ2 = T2|⟨γ, v⟩|. Hence the sum of the
projected lengths is ℓ1 + ℓ2 = 2|⟨γ, v⟩|. (Refer to Fig.  3 .)

Figure 3. For every k > 0 there exists a line
L through the origin such that the distance
between the projections of I1 and I2 onto the
line L is k times the sum of their projected
lengths.

For any k > 0 we can choose vk to satisfy the equation

|⟨w, vk⟩| = (2k + 1)|⟨γ, vk⟩|,

that is, vk is perpendicular to w − (2k + 1)γ. So

|⟨w, vk⟩| − |⟨γ, vk⟩| = 2k|⟨γ, vk⟩|,

that is, |⟨w, vk⟩| − 1
2 (ℓ1 + ℓ2) = k(ℓ1 + ℓ2). Note that |⟨w, vk⟩| −

1
2 (ℓ1 + ℓ2) is the length of the gap between the orthogonal
projections of I1 and I2 onto the line L.

□

Let L be a straight line through the origin and u be a unit
vector along L. Let us also denote by u⊥ the orthogonal
subspace to L (a straight line also). We denote by πL the
orthogonal projection operator onto line L (but taking val-
ues in R). In other words πL(v) = t for any v ∈ tu + u⊥.
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Suppose ν is a Borel measure on R2, then the projection
of ν onto L is the measure πLν on R defined by

πLν(E) = ν(Eu + u⊥),

where E ⊆ R.

In [  13 , Theorem 1.2], the first and third author of this pa-
per proved the following very useful theorem, which al-
lows one to detect when a measure on R2 has a spectrum
lying in a straight line by looking only at the spectrum of
an appropriate one dimensional projection. We empha-
size that this criterion detects only spectra contained in a
straight line and cannot be used to disprove the existence
of all possible spectra.

Theorem 8. [ 13 , Theorem 1.2] Suppose ρ is a measure
on R2 whose support is a finite union of line segments.
Suppose also that L is a straight line through the origin
such that the orthogonal projection πL onto L is one-to-one
ρ-almost everywhere. Then ρ has a spectrumΛu ⊆ L if and
only if the projection measure πLρ has spectrum Λ ⊆ R,
where u is a unit vector along L.

Using Theorem  8 and Proposition  1 we can now give the
proof of Theorem  1 .

Proof of Theorem  1 . From Proposition  1 , for any positive
integer k, we can find a line L such that the length of the
gap between the orthogonal projections of [a1, a1 + T1] ×
{h1} and [a2, a2 + T2] × {h2} onto the line L is k times the
sum of the lengths of their projections. Combining this
with Theorem  8 and [  14 , Theorem 1.1], we can deduce
the result.

□

Remark 4. The previous proof of Theorem  1 gives an in-
finity of line spectra for a set of two parallel line segments
not on the same line. This infinite collection of different
spectra has the additional property that they can be ar-
bitrarily sparse: if the line onto which we are projecting
our two segments is almost perpendicular to the intervals
themselves then the projection of the two segments has
support whose measure tends to 0. Therefore the spectra
of the projection, which are also spectra of the initial set of
two segments, have linear density that can be arbitrarily
small.
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Remark 5. It is worth pointing out that if we only care to
show the existence of some spectrum for two parallel line
segments not on the same line then we can project them
onto a straight line such the projection is injective (with
the exception of the endpoints) and the support of the pro-
jection is a single interval, which always has a spectrum.
To find this straight line suppose without loss of general-
ity that our segments are parallel to the x-axis and define
the straight line S which joints the left endpoint of one in-
terval with the right endpoint of the other. Project then
onto S⊥ to obtain a projection that is just one interval.
(Refer to Fig.  4 .)

Figure 4. Projecting to an interval.

2.2. Non-parallel line segments. According to Re-
mark  1 (III), when studying the spectrality of two non-
parallel line segments we can always reduce to the same
question for two line segments that are perpendicular to
each other. So let ρ = 1

2L[t1,t1+T1] × δ0 +
1
2δ0 × L[t2,t2+T2] with

T1 + T2 = 2 and T1,T2 > 0, and let Z (ρ̂) denote the zero
set of the Fourier transform ρ̂. We know (see for instance
[ 13 ]) that (λ1, λ2) ∈ Z (ρ̂) if and only if

eπi(λ1(2t1+T1)−λ2(2t2+T2)) sinπT1λ1

πλ1
+

sinπT2λ2

πλ2
= 0,(4)

which implies that Z (ρ̂) = Z1 ∪ Z2, where

Z1 =
Z\{0}

T1
× Z\{0}

T2

and, defining T (λ1, λ2) := λ1 (2t1 + T1) − λ2 (2t2 + T2),
Z2 = {(λ1, λ2) : T (λ1, λ2) ∈ Z

and (−1)T(λ1,λ2) sinπT1λ1

πλ1
+

sinπT2λ2

πλ2
= 0
}
.
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In what follows, we use a sequence of lemmas to show
that the projections of the spectrum of ρ onto the x-axis
and the y-axis are both periodic sets.

Lemma 1. Let 0 ∈ Λ be a spectrum for L2(ρ). Then the
following two statements hold.

(I) If T1 ≥ T2, then Λ has at most one point on each
vertical line.

(II) If T1 ≤ T2, then Λ has at most one point on each
horizontal line.

Proof. We first prove (I). Suppose that Λ does not have
at most one point on each vertical line. Then, since the
difference of these two points of Λ must be a zero of ρ̂, it
follows from ( 4 ) that there exist (λ1, λ2) ∈ Λ and (λ1, λ′2) ∈
Λ with λ2 , λ′2 such that

e−πi(λ2−λ′2)(2t2+T2)T1 +
sinπT2(λ2 − λ′2)
π(λ2 − λ′2)

= 0,

which means
∣∣∣∣ sinπT2(λ2−λ′2)
πT2(λ2−λ′2)

∣∣∣∣ = T1
T2

. Note that
∣∣∣∣ sinπT2(λ2−λ′2)
πT2(λ2−λ′2)

∣∣∣∣ <
1 ≤ T1

T2
, which is a contradiction. For (II), we also arrive at

this conclusion through a proof similar to (I).

□

We now show that any spectrum of L2(ρ) is contained in
a family of equidistant parallel lines by the next two lem-
mas.

Lemma 2. Let 0 ∈ Λ be a spectrum for L2(ρ). Then Λ *
Z
T1
× ZT2

and

Λ ⊆ {(λ1, λ2) : T(λ1, λ2) = λ1 (2t1 + T1) − λ2 (2t2 + T2) ∈ Z} .

Proof. Let
H1 = {(λ1, λ2) : λ1 (2t1 + T1) − λ2 (2t2 + T2) ∈ Z}

and H2 := Z
T1
× ZT2

. H1 and H2 are both subgroups of R2. It
follows from Lemma 11.4 in [  8 ] that Λ ⊆ H1 or Λ ⊆ H2.
Suppose that Λ ⊆ H2.

If T1 ≥ T2, then we take the function f ∈ L2(ρ) which is 1
on the horizontal segment and 0 on the vertical segment.
Notice that it does not matter if the two segments of ρ
intersect as they will intersect on at most one point which
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has ρ-measure 0. Then, for any λ = (λ1, λ2) ∈ Λ, we have
λ1 ∈ ZT1

and〈
f , eλ
〉
=

∫
f (x, y)e−2πi(λ1x+λ2 y)dρ(x, y)

=
1
2

t1+T1∫
t1

e−2πiλ1xdx

=

{T1
2 if λ1 = 0;

0 otherwise.
Moreover, Lemma  1 (I) implies that there is at most one
point of Λ with λ1 = 0, so this point is the origin, which
means f =

∑
λ∈Λ
〈

f , eλ
〉

eλ is constant ρ-almost everywhere
(the series has one term only), a contradiction. Thus Λ ⊂
H1.
If T1 ≤ T2, then we take the function f ∈ L2(ρ) which is 1
on the vertical segment and 0 on the horizontal segment
and we can obtain the conclusion by a proof similar to the
case T1 ≥ T2.

□

Lemma 3. Let 0 ∈ Λ be a spectrum for L2(ρ). Then Λ is
distributed on equidistant parallel lines.

Proof. It follows from Lemma  2 that we have
Λ ⊆ {(λ1, λ2) : T(λ1, λ2) = λ1 (2t1 + T1) − λ2 (2t2 + T2) ∈ Z} .

Moreover, [  9 , Theorem 1] shows 2t1+T1 and 2t2+T2 cannot
both be equal to zero. Otherwise, ρ is not a spectral mea-
sure. So Λ is distributed on equidistant parallel lines.
(Refer to Fig.  5 .)

□

We define the projections of Λ on the x-axis and y-axis as
Λx = {λ1 : (λ1, λ2) ∈ Λ} and Λy = {λ2 : (λ1, λ2) ∈ Λ},

respectively. These sets can be multi-sets.
Lemma 4. If Λ is a spectrum of ρ, then

2
T1
=
∑
λ∈T1Λx

∣∣∣1̂[0,1]

∣∣∣2 (s − λ) and 2
T2
=
∑
λ∈T2Λy

∣∣∣1̂[0,1]

∣∣∣2 (s − λ)

(5)

for s ∈ R. Additionally,
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Figure 5. Three kinds of equidistant paral-
lel lines.

(I) IfΛ has at most one point on each vertical line, then
Λx is a periodic set.

(II) If Λ has at most one point on each horizontal line,
then Λy is a periodic set.

Proof. Assume first that Λ has at most one point on each
vertical line. Consider the function f ∈ L2(ρ) which is 0 on
the y-axis and equal to g(x) = e2πix s

T1 on [t1, t1 +T1]× {0} . It
follows from Parseval’s theorem and f (x, y) ∈ L2 (ρ) that

T1

2
=

1
2

t1+T1∫
t1

|g(x)|2dx

=

∫
| f (x, y)|2dρ

=
∑

(λ1,λ2)∈Λ

∣∣∣∣∣∣∣∣12
t1+T1∫
t1

f (x, 0)e−2πiλ1xdx

∣∣∣∣∣∣∣∣
2

=
1
4

∑
λ1∈Λx

∣∣∣∣∣∣∣∣
t1+T1∫
t1

g(x)e−2πiλ1xdx

∣∣∣∣∣∣∣∣
2
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which gives

2T1 =
∑
λ1∈Λx

∣∣∣∣∣∣∣∣
t1+T1∫
t1

e2πix s
T1 e−2πiλ1xdx

∣∣∣∣∣∣∣∣
2

=
∑
λ1∈Λx

∣∣∣∣∣∣∣∣
T1∫

0

e2πix s
T1 e−2πiλ1xdx

∣∣∣∣∣∣∣∣
2

= T2
1

∑
λ1∈Λx

∣∣∣∣∣∣∣∣
1∫

0

e2πixse−2πiT1λ1xdx

∣∣∣∣∣∣∣∣
2

.

Therefore,
2
T1
=
∑
λ∈T1Λx

∣∣∣1̂[0,1]

∣∣∣2 (s − λ) .

By Lemma  2 and Lemma  3 , we know Λ * Z
T1
× Z

T2
and Λ

is distributed on equidistant parallel lines. Following the
arguments in the proofs of Lemmas 5.1, 5.3 and 5.4 in
the recent paper [  13 ] of the first and third author of this
paper, we obtain that there exists a constant K > 1 such
that for all λ = (λ1, λ2) ∈ Λ\{(0, 0)} we have K−1 |λ1| ≤ |λ2| ≤
K |λ1| andΛx is a set of finite complexity, soΛx is a periodic
set.
The proof for the case when Λ has at most one point on
each horizontal line is essentially identical.

□

Remark 6. The tiling conditions ( 5 ) can also be ex-
pressed as follows:

2T1 =
∑
λ∈Λx

∣∣∣1̂[0,T1]

∣∣∣2 (s − λ) and 2T2 =
∑
λ∈Λy

∣∣∣1̂[0,T2]

∣∣∣2 (s − λ) .

(6)

The next lemma provides a convenient normal form for
discrete periodic multi-sets.
Lemma 5. Let T,w > 0. Suppose that 0 ∈ Λ is a discrete
periodic multi-set and

2w =
∑
λ∈Λ

∣∣∣1̂[0,T]

∣∣∣2 (s − λ)

for s ∈ R. Then Λ can be represented as

Λ = {λ1, λ2, · · · , λm} + mT
2w
Z
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for some 0 < m ∈ Z and 0 = λ1 ≤ λ2 ≤ · · · ≤ λm < mT
2w .

Proof. Since Λ is a discrete periodic multiset there exists
A > 0 such that Λ = Λ + A and the number of points of Λ
in any interval of length A is finite. Hence, there exists a
positive integer m such that {λ1, λ2, · · · , λm} ⊂ [0,A) with
0 = λ1 ≤ λ2 ≤ · · · ≤ λm < A. So Λ =

⋃m
i=1(λi + AZ) and

2w =
1
A

A∫
0

∑
λ∈Λ

∣∣∣1̂[0,T] (s − λ)
∣∣∣2 ds

=
1
A

m∑
i=1

∑
k∈Z

A∫
0

∣∣∣∣1̂[0,T]

(
s − λi − Ak

)∣∣∣∣2 ds

=
1
A

m∑
i=1

∑
k∈Z

−A(k−1)∫
−Ak

∣∣∣∣1̂[0,T]

(
s − λi

)∣∣∣∣2 ds

=
1
A

m∑
i=1

∫
R

∣∣∣∣1̂[0,T]

(
s − λi

)∣∣∣∣2 ds

=
1
A

m∑
i=1

∫
R

∣∣∣∣1[0,T]

(
s − λi

)∣∣∣∣2 ds (Parseval)

=
mT
A
.

This means that A = mT
2w and Λ = {λ1, λ2, · · · , λm} + mT

2wZ.

□

The next theorem is a simple but powerful rigidity result
in one dimension. It says that if a periodic set Λ satisfies
the Parseval-type identity coming from the interval [0,T],
then Λ has essentially only one possible form: it must be
the integer translates of two points, and when T > 1, it
must be the half-integer lattice.

Theorem 9. Let T ≥ 1 and m be a positive integer. If
Λ = {α1, α2, · · · , α2m} + mZ with 0 = α1 < α2 < · · ·α2m < m
and ∑

λ∈Λ

∣∣∣1̂[0,T]

∣∣∣2 (s − λ) = 2T

for s ∈ R, then Λ = {0, α} +Z for some 0 < α < 1. Moreover,
we have Λ = Z2 when T > 1.
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Proof. Applying the Fourier transform to both sides of the
equation ∑

λ∈Λ

∣∣∣1̂[0,T]

∣∣∣2 (s − λ) = 2T

and the distributional Poisson summation formula, we
get

(1[0,T] ∗ 1̃[0,T])(x) ·
∑
j=1

e2πiα jx · 1
m

∑
k∈Z

δ k
m
= 2Tδ0.

Since 1̂[0,T] ∗ 1̃[0,T] > 0 in (−T,T) and T ≥ 1, we conclude that
2m∑
j=1

e2πiα j
l
m = 0 for any l ∈ {±1,±2, · · · ,±(m − 1)}.

Let u j = e2πi
α j
m and denote by pk (u1, . . . , u2m) the k-th power

sum

pk (u1,u2, . . . , u2m) =
2m∑
i=1

uk
i = uk

1 + · · · + uk
2m for k ⩾ 1.

Then we have

(7)


p1 (u1,u2, . . . , u2m) = 0,

p2 (u1,u2, . . . , u2m) = 0,

· · ·
pm−1 (u1,u2, . . . , u2m) = 0.

The polynomial with roots u j may be expanded as

P(x) :=
2m∏
j=1

(
x − u j

)
=

2m∑
j=0

(−1) je jx2m− j,

where (these are the so-called Newton identities)

e0 = 1,

e1 = p1,

e2 =
1
2

(
e1p1 − p2

)
,

e3 =
1
3

(
e2p1 − e1p2 + p3

)
,

...

Here e j is the j-th elementary symmetric function of the
numbers u1, . . . , u2m.
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By ( 7 ), we have e1 = e2 = · · · = em−1 = 0. This means
P(x) = x2m + (−1)memxm + (−1)m+1em+1xm−1

+ (−1)m+2em+2xm−2 + · · · + (−1)2me2m

= x2m + 0 · x2m−1 + 0 · x2m−2 + · · · + 0 · xm+1 + (−1)memxm

+ (−1)m+1em+1xm−1 + (−1)m+2em+2xm−2 + · · · + e2m.

Moreover, P
(

1
x

)
=
∏2m

i=1

(
1
x − ui

)
=
∑2m

j=0(−1) je jx j−2m and

x2mP
(1
x

)
= 1 + (−1)memxm + (−1)m+1em+1xm+1

+ (−1)m+2em+2xm+2 + · · · + (−1)2me2mx2m

= e2mx2m − e2m−1x2m−2 + · · · + (−1)m+1em+1xm+1

+ (−1)memxm + 0 · xm−1 + · · · + 0 · x + 1.

Note that since the roots of P(x) are u1,u2, · · · u2m and the
roots of x2mP(1

x ) are u1,u2, · · · u2m, it follows that

P(x) = Cx2mP(
1
x

)

for C = e2m and u1,u2, · · · u2m are the roots of
x2m + (−1)memxm + C = 0.

Since u1 = 1 it follows that the numbers u1, . . . , u2m are
precisely the numbers

{e2πi j
m : j ∈ {0, 1, · · · ,m − 1}} ∪ {e2πi α+ j

m : j ∈ {0, 1, · · · ,m − 1}}
for some α ∈ (0, 1). It follows that the numbers a1, . . . , a2m
are exactly the numbers

0, α, 1, α + 1, . . . ,m − 1, α +m − 1

and therefore Λ = {0, α} +Z.
Moreover, if T > 1, then

2m∑
j=1

e2πiα j
l
m = 0 for any l ∈ {±1,±2, · · · ,±m}.

So
p1 (u1,u2, . . . , u2m) = · · · = pm (u1,u2, . . . , u2m) = 0

and e1 = e2 = · · · = em = 0. From the proof above, we
can obtain u1,u2, · · · u2m are the roots of x2m + C = 0. Since
u1 = 1, this means that C = −1 and the numbers u1, . . . , u2m
are precisely the numbers

{e2πi j
2m : j = 0, 1, . . . , 2m − 1}.
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It follows that the numbers a1, . . . , a2m are the numbers
0, 1

2 , 1, . . . ,m − 1
2 and therefore Λ = 1

2Z.
□

The following proposition summarizes the basic restric-
tions imposed on Λ−Λ by the spectrum condition. These
constraints will be used repeatedly in the sequel.

Proposition 2. Let 0 ∈ Λ be a spectrum for L2(ρ), then the
following three statements hold.

(I) If T1 = T2, then for any (λ1, λ2) ∈ (Λ − Λ) \ {0} with
|λ1| ≤ 1

2 , we have |λ2| = |λ1|.
(II) If T1 ≥ T2, then for any (λ1, λ2) ∈ (Λ − Λ) \ {0} with
|λ1| = 1

2 , we have |λ2| = |λ1| = 1
2 .

(III) If T1 ≤ T2, then for any (λ1, λ2) ∈ (Λ − Λ) \ {0} with
|λ2| = 1

2 , we have |λ1| = |λ2| = 1
2 .

Proof. (I). By Lemma  2 , we have T(λ1, λ2) ∈ Z, which
means

∣∣∣ sinπT1λ1
πT1λ1

∣∣∣ = ∣∣∣ sinπT1λ2
πT1λ2

∣∣∣. The function f (x) = sinπx
πx shown

in the following Figure  6 takes each value only twice when
|x| ≤ 1/2. It follows from T1 = T2 = 1 that |λ2| = |λ1|.

Figure 6. f (x) = sinπx
πx

(II). If (λ1, λ2) ∈ (Λ − Λ) \ {0} with |λ1| = 1
2 , by Lemma  2 ,

we have T(1
2 , λ2) or T(−1

2 , λ2) ∈ Z, and in any case we get∣∣∣∣ sin 1
2πT1

1
2π

∣∣∣∣ = ∣∣∣ sinπT2λ2
πλ2

∣∣∣. Since T1 + T2 = 2, we have
∣∣∣∣ sin 1

2πT2
1
2πT2

∣∣∣∣ =∣∣∣ sinπT2λ2
πT2λ2

∣∣∣.Hence, from 0 < T2
2 ≤ 1

2 , we can obtain |λ2| = |λ1| =
1
2 .
(III). Its proof is similar to (II), so we omit it here.

□
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With these results in hand, it remains to verify that Λ
has multiplicity one, i.e., Λ has at most one point on each
vertical line and horizontal line. Once this is established,
Lemma  4 immediately implies thatΛx andΛy are periodic
sets. In addition, the property of multiplicity one will also
play a crucial role later when we determine the precise
structure of spectra.
Proposition 3. Let 0 ∈ Λ be a spectrum for L2(ρ). Then

(I) Λ has multiplicity one;
(II) Λx and Λy are periodic sets.

Proof. (I). If T1 = T2, we can get the conclusion from
Lemma  1 . If T1 > T2, then Λx =

Z
2 and Λ has at most

one point on each vertical line by Theorem  9 and Lemma
 1 . Hence, for any (λ1, λ2) ∈ Λ and (λ′1, λ2) ∈ Λ, we have
λ′1 − λ′1 ∈ Z2 and∣∣∣∣∣∣sin(λ1 − λ′1)πT2

(λ1 − λ′1)π

∣∣∣∣∣∣ =
∣∣∣∣∣∣sin(λ1 − λ′1)πT1

(λ1 − λ′1)π

∣∣∣∣∣∣ =
∣∣∣∣∣sin(λ2 − λ2)πT2

(λ2 − λ2)π

∣∣∣∣∣ = T2,

which means λ1 = λ′1. So Λ also has at most one point on
each horizontal line. Therefore, Λ has multiplicity one.
If T1 < T2, we also have that Λ has multiplicity one using
similar proof methods.
(II). We can get (II) by (I) and Lemma  4 .

□

With multiplicity one and the periodicity of Λx and Λy in
hand, we can now pin down the spectrum completely. The
next theorem gives the explicit classification of all possi-
ble Λ.
Theorem 10. Let 0 ∈ Λ be a spectrum for L2(ρ), then the
following two statements hold.

(I) If T1 , T2, then Λ = {(n
2 ,

n
2 ) : n ∈ Z} or Λ = {(n

2 ,−n
2 ) :

n ∈ Z}.
(II) If T1 = T2, then Λ = {(n,n), (n + α,n + α) : n ∈ Z}

or Λ = {(n,−n), (n + α,−(n + α)) : n ∈ Z} for some
α ∈ (−1

2 ,
1
2 ] \ {0}.

Proof. (I). If T1 > T2, according to Remark  6 and Theo-
rem  9 , we have Λx = {0, 1

2 } + Z. And by Proposition  2 ,
we have ( 1

2 ,
1
2 ) ∈ Λ or (1

2 ,− 1
2 ) ∈ Λ. Suppose that ( 1

2 ,
1
2 ) ∈

Λ, then from Proposition  2 and Proposition  3 , we have
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(− 1
2 ,−1

2 ), (1, 1) and (−1,−1) ∈ Λ. By induction, assume
(m

2 ,
m
2 ) ∈ Λ for all |m| ≤ n. If |m| = n + 1, there exists γ such

that (m
2 , γ) ∈ Λ. Since (m−1

2 , m−1
2 ) ∈ Λ, from Proposition  3 ,

we have γ = m
2 . Hence, Λ = {(n

2 ,
n
2 ) : n ∈ Z}. Similarly, for

the case where ( 1
2 ,− 1

2 ) ∈ Λ, we can getΛ = {(n
2 ,−n

2 ) : n ∈ Z}.

If T1 < T2, we can obtain similarly that Λ = {(n
2 ,

n
2 ) : n ∈ Z}

or Λ = {(n
2 ,−n

2 ) : n ∈ Z}.

(II). According to Remark  6 and Theorem  9 , Λx and Λy
can be represented as Λx = {0, α1}+Z and Λy = {0, α2}+Z
for some α1, α2 ∈ (− 1

2 ,
1
2 ] \ {0}.

Suppose that α1 =
1
2 or α2 =

1
2 , then from (I), we have

Λ = {(n
2 ,

n
2 ) : n ∈ Z} or Λ = {(n

2 ,−n
2 ) : n ∈ Z}.

Suppose that α1 , 1
2 and α2 , 1

2 . From Proposition  2 , we
have α1 = α2 or α1 = −α2, and for any (n, λ2), (n+α1, λ′2) ∈ Λ
with n ∈ Z, we have λ2 = m for some m ∈ Z and |λ′2 − λ2| =
α1, which means λ′2 = m + α1 or λ′2 = m − α1. Moreover,∣∣∣∣∣ sinπα1

π(n + α1)

∣∣∣∣∣ = ∣∣∣∣∣sinπ(n + α1)
π(n + α1)

∣∣∣∣∣ =
∣∣∣∣∣∣sinπλ′2
πλ′2

∣∣∣∣∣∣ =
∣∣∣∣∣∣sinπα1

πλ′2

∣∣∣∣∣∣,
so λ′2 = n + α1 or λ′2 = −n − α1, which means λ2 = n or
λ2 = −n. Hence, |λ2| = |n|.

If α1 = α2, then for any (n, λ2) ∈ Λ, we have
(8)
sinπ(n − α1)
π(n − α1)

=
sinπ(λ2 − α1)
π(λ2 − α1)

or sinπ(n − α1)
π(n − α1)

= −sinπ(λ2 − α1)
π(λ2 − α1)

.

Combining (  8 ) with |λ2| = |n|, we have λ2 = n. These imply
that {(n,n) : n ∈ Z} ∪ {(α1, α1)} ⊂ Λ. So for any n ∈ Z, we
have (n,n), (n+α1, β) ∈ Λ for some β ∈ R. From Proposition

 2 , we have β = n+α1 or β = n−α1. Suppose that β = n−α1,
we have ∣∣∣∣∣sin nπ

nπ

∣∣∣∣∣ = ∣∣∣∣∣sin(n − 2α1)π
(n − 2α1)π

∣∣∣∣∣,
which contradicts α1 < Z2 . Therefore, Λ = {(n,n), (n+α,n+
α) : n ∈ Z}, where α = α1.

If α1 , α2, similar to α1 = α2, we can obtain Λ =
{(n,−n), (n + α,−(n + α)) : n ∈ Z}.

Combining the above, we have completed the proof.

□
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The occurrence of special points such as ( 1
2 ,±1

2 ), (1,±1) in
Λ imposes rigid conditions on t1 and t2, and therefore con-
trols the relative placement of the two segments. The fol-
lowing two lemmas record these.

Lemma 6. Suppose that ρ is a spectral measure with the
spectrum 0 ∈ Λ, then the following two statements hold.

(I) If ( 1
2 ,−1

2 ) ∈ Λ, then t1 + t2 ∈ 2Z.

(II) If ( 1
2 ,

1
2 ) ∈ Λ, then t1 − t2 − T2 ∈ 2Z.

Proof. First, we prove that T(1
2 ,− 1

2 ),T( 1
2 ,

1
2 ) ∈ 2Z + 1. Sup-

pose that T( 1
2 ,−1

2 ) ∈ 2Z or T(1
2 ,

1
2 ) ∈ 2Z. Then

sin
πT1

2
= − sin

πT2

2
= − sin

π(2 − T1)
2

= − sin
πT1

2
,

which is a contradiction.

(I). If (1
2 ,−1

2 ) ∈ Λ, we have

T(
1
2
,−1

2
) =

1
2

(2t1 + T1) +
1
2

(2t2 + T2) ∈ 2Z + 1.

Since T1 + T2 = 2, we have t1 + t2 ∈ 2Z.

(II). If ( 1
2 ,

1
2 ) ∈ Λ, we have

T(
1
2
,

1
2

) =
1
2

(2t1 + T1) − 1
2

(2t2 + T2) ∈ 2Z + 1.

So t1 − t2 − T2 ∈ 2Z.

□

Lemma 7. Suppose that ρ is a spectral measure with the
spectrum 0 ∈ Λ and T1 = T2. Then the following two state-
ments hold.

(I) If (1,−1) ∈ Λ, then t1 + t2 ∈ Z.

(II) If (1, 1) ∈ Λ, then t1 − t2 ∈ Z.

Proof. (I). By Theorem  10 , we have (α,−α), (α−1,−(α−1)) ∈
Λ for some α. By (  4 ), we can get T(α,−α), (α− 1,−(α− 1)) ∈
2Z + 1. Hence,

T(1,−1) = T(α,−α) − T(α − 1,−(α − 1)) ∈ 2Z,

which implies t1 + t2 ∈ Z. Similarly, we can get (II).

□
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Having obtained the integrality conditions from Lemma
7, we next identify symmetric choices of t1 and t2 that are
incompatible with spectrality.

Lemma 8. Suppose that T1 = T2 and one of the following
three statements hold.

(I) t1 = t2 = −1
2 ;

(II) t1 − t2 = 0 and t1 + t2 < Z;

(III) t1 + t2 = −1 and t1 − t2 < Z.

Then ρ is not a spectral measure.

Proof. In fact, in (I), (II) and (III), the measure ρ is sym-
metric. See Figure  7 . The conclusion can be directly de-
rived from [ 9 , Theorem 1] and [ 13 ].

Figure 7. (I), (II) and (III) are symmetric measures.

□

Summarizing the four results above, we can derive the
following theorem.

Theorem 11. Let 0 ∈ Λ be a spectrum for L2(ρ). Then the
following two statements hold.

(I) If T1 = T2, then t1 + t2 ∈ Z\{−1} or t1 − t2 ∈ Z\{0}.
(II) If T1 , T2, then t1 + t2 ∈ 2Z or t1 − t2 − T2 ∈ 2Z.

Proof. Combining Theorem  10 , Lemma  6 , Lemma  7 and
Lemma 8 , we can obtain this conclusion.

□
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To apply Łaba’s result [  14 , Theorem 1.1], we will work
with the orthogonal projections of suppρ onto the lines
y = ±x. We therefore need a description of the distance
(gap) between the two projected components, and it is
easy to get the following lemma.
Lemma 9. Let I1 = [t1, t1 +T1]× δ0 and I2 = δ0 × [t2, t2 +T2]
with T1,T2 > 0 and T1 + T2 = 2, then the following four
statements hold.

(I) If T1 = T2 and t1+ t2 ∈ Z\{−1}, then the length of the
gap between the orthogonal projections of I1 and I2
onto the line y = −x is 1

2 (|t1 + t2 + 1| − 1) times the
sum of the lengths of their projections.

(II) If T1 = T2 and t1 − t2 ∈ Z\{0}, then the length of the
gap between the orthogonal projections of I1 and I2
onto the line y = x is 1

2 (|t1 − t2| − 1) times the sum of
the lengths of their projections.

(III) If T1 , T2 and t1 + t2 ∈ 2Z, then the length of the
gap between the orthogonal projections of I1 and I2
onto the line y = −x is 1

2 (|t1 + t2 + 1| − 1) times the
sum of the lengths of their projections.

(IV) . If T1 , T2 and t1 − t2 − T2 ∈ 2Z, then the length
of the gap between the orthogonal projections of I1
and I2 onto the line y = x is 1

2 (|t1 − t2 − T2 + 1| − 1)
times the sum of the lengths of their projections.

Proof. These conclusions can be obtained through some
simple calculations, which we will omit here.

□

We now conclude the proof of Theorem  2 by combining all
results established above.

Proof of Theorem  2 . The necessity part of the theorem
can be deduced from Theorem  11 . Combining Lemma  9 ,
Theorem  8 and [ 14 , Theorem 1.1], we can obtain the suf-
ficiency part. Moreover, if 0 ∈ Λ is a spectrum, then from
Theorem  10 , Λmust be a straight line spectrum, and the
spectrum must be contained in the line y = x or y = −x as
described in ( 2 ) or (  3 ).

□

Remark 7. This shows that the spectra of ρ can only be
contained in either the line y = x or y = −x. Indeed, it
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is clear that the only orthogonal projections of ρ onto a
straight line that produce a measure which is a constant
multiple of (one-dimensional) Lebesgue measure on its
support (as is necessary for spectrality [ 4 ]) are the pro-
jections onto the straight lines y = ±x. See Figure  8 . The
content of this section of the paper is therefore to rule out
all other possible non-line spectra.

Figure 8. There are only two projection
methods: y = x or y = −x.

3. Spectral collections of segments without line
spectra

We now turn to the construction of spectral collections of
line segments without line spectra. Theorem  4 plays a
crucial role in our subsequent propositions.
For the reader’s convenience, we first restate Theorem  4 

here.

Theorem  4 . Suppose µ1 is a measure on Rd and L ⊆ Rk ×
{0}d−k is a spectrum of µ1. Suppose also that ν1 is a measure
on {0} ×Rd−k and M ⊆ {0}k ×Rd−k is a spectrum of ν1. Then
L +M is a spectrum of µ1 ∗ ν1.

Proof. Notice that the sums in L + M are all distinct by
our assumptions and that we may assume that µ1, ν1 are
probability measures. We will verify that∑

ℓ∈L,m∈M

∣∣∣µ̂1 ∗ ν1

∣∣∣2(x − ℓ −m) = 1
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for almost all x ∈ Rd.

We have, writing x = (x1, x2) with x1 ∈ Rk, x2 ∈ Rd−k,∑
ℓ∈L,m∈M

∣∣∣µ̂1 ∗ ν1

∣∣∣2(x − ℓ −m)

=
∑

ℓ∈L,m∈M

∣∣∣µ̂1

∣∣∣2(x − ℓ −m)
∣∣∣ν̂1

∣∣∣2(x − ℓ −m)

=
∑

ℓ∈L,m∈M

∣∣∣µ̂1

∣∣∣2(x1 − ℓ, x2 −m)
∣∣∣ν̂1

∣∣∣2(x1 − ℓ, x2 −m)

=
∑

ℓ∈L,m∈M

∣∣∣µ̂1

∣∣∣2(x1 − ℓ, x2 −m)
∣∣∣ν̂1

∣∣∣2(0, x2 −m)

(since ν̂1 does not depend on the first k coordinates)

=
∑
m∈M

∣∣∣ν̂1

∣∣∣2(0, x2 −m)
∑
ℓ∈L

∣∣∣µ̂1

∣∣∣2(x1 − ℓ, x2 −m)

=
∑
m∈M

∣∣∣ν̂1

∣∣∣2(0, x2 −m) · 1

= 1.

□

The following Proposition  4 can be found in the paper [  13 ,
§4] by the first and third author. We include it here only
to record a clean formulation.

Proposition 4. Let µ be the arc-length measure sup-
ported on the union of finitely many line segments
I1, . . . , IN ⊂ R2. Let L be a straight line through the origin
and letπL be the orthogonal projection onto L. Assume that
µ is a spectral measure and that it has a spectrum Λ ⊂ L.
Then πL is injective µ-almost everywhere on suppµ.

Proof. Assume that πL is not injective µ-almost every-
where on suppµ, then there exist two disjoint measurable
subsets E,F ⊂ suppµ such that πL(E) = πL(F) = J. We have

πLµ|E = c j H1|J and πLµ|F = ck H1|J

for some constants c j, ck > 0. Define

f = ck 1E − c j 1F.
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Then f , 0 in L2(µ). For any λ ∈ Λ ⊂ L, the exponential
eλ(x) = e2πi⟨λ,x⟩ depends only on πLx. Therefore,

⟨ f , eλ⟩L2(µ) = ck

∫
E

e−2πi⟨λ,x⟩ dµ(x) − c j

∫
F

e−2πi⟨λ,x⟩ dµ(x)

=

∫
J

e−2πi⟨λ,t⟩ d(ck πLµ|E − c j πLµ|F)(t)

= 0.

Thus f is orthogonal to {eλ : λ ∈ Λ}, contradicting the
completeness of Λ in L2(µ). Hence πL must be injective
µ-almost everywhere on suppµ.

□

We can now use Theorem  4 and Propositon  4 to show that
the following two measures are spectral. One of these two
measures consists of parallel line segments and the other
contains line segments of different directions.

Proposition 5. Suppose I is the line segment from (0, 0)
to (100, 0). Suppose µ is arc-length on the line segment
S1 = I, on S2 = I + (0, 1) and also on the the line segment
S3 = I + (α, 2), where α ∈ (0, 1

100 ) is an irrational number.
Then µ is spectral but it does not have a line spectrum.

Proof. See Figure  9 .

Figure 9. For irrational number α, the arc-
length µ on the three intervals is spectral
but it does not have a line spectrum.

To prove that µ is spectral we apply Theorem  4 with ν1
being arc-length on I and µ1 = δ(0,0) + δ(0,1) + δ(α,2). Notice
that µ1 has the set {(0, 0), (0, 1/3), (0, 2/3)} as a spectrum.
To show that it does not have a line spectrum, first notice
that for suppµ to project injectively on the line S, the line
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S must be almost vertical. If this happens it projects to
three intervals of equal length, but the two gaps among
them have incommensurable lengths because α is irra-
tional. But if this union of three intervals of S is to be
spectral each gap they define must be a multiple of the
common length of the intervals [  3 ,  10 ], therefore the pro-
jection measure is never spectral.

□

Proposition 6. Suppose µ is arc-length on the four inter-
vals

(0, 0) − (1, 0),
(0, 0) − (0, 1),
(1, 1) − (1, 2),
(1, 1) − (2, 1).

Then µ is spectral but it does not have a line spectrum.

Proof. See Figure  10 .

Figure 10. The arc-length µ on the four in-
tervals is spectral but it does not have a line
spectrum.

To prove that µ is spectral we use Theorem  4 with µ1 being
the arc-length on the first two line segments above and
ν1 = δ(0,0) + δ(1,1). (Here we remember [  15 ] that µ1 has a
spectrum contained in the line y = −x.)

To show that µ does not have a line spectrum we observe
that there is no straight line S onto which suppµ projects
injectively.

□
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Proof of Theorem  5 . The result follows from Propositions
 5 and  6 .

□

4. Growth bound for orthogonal sets in balls
4.1. Any finite collection of curves. We will use Lev’s
a result [  16 , Lemma 3.1.] to treat the case of arc-length
Lebesgue measures supported on curves.
Lev’s condition [ 16 , Lemma 3.1.]: Let µ be a positive,
finite measure on Rd. Given a real number α with 0 ⩽ α ⩽
d, Lev considered the following condition

(9) lim inf
R→∞

1
Rd−α

∫
|t|<R

|̂µ(t)|2dt > 0

and proved the following theorem (for Bessel systems, not
just orthogonal sets).
Theorem 12. [ 16 , Lemma 3.1.] Suppose that Λ is an or-
thogonal set for µ, where µ is a measure satisfying ( 9 ) for
some α with 0 ⩽ α ⩽ d. Then

sup
x∈Rd

#(Λ ∩ B(x,R)) ⩽ CRα (R ⩾ 1)

for a certain constant C which does not depend on R.

Now, we can prove Theorem  6 by using above the result.

Proof of Theorem  6 . According to Theorem  12 , our goal is
to prove that there exists a constant C > 0 and R0 ≥ 1 such
that for all R ≥ R0 ≥ 1∫

|t|<R

|ρ̂(t)|2dt ≥ CRd−1.

Let us write BR := BR(0), and define

ψR(t) :=
1
|BR/2|

(
1BR/2 ∗ 1BR/2

)
(t)

=
1

|BR/2(0)|

∫
Rd

1BR/2(0)(t − s) 1BR/2(0)(s) ds

=
|BR/2 ∩ (t + BR/2)|

|BR/2|
.

For every R > 0, we have the following three basic prop-
erties for ψR.
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(1) 0 ≤ ψR ≤ 1 and suppψR ⊂ BR;

(2) For all x ∈ Rd we have

ψ̂R(x) =
1
|BR/2|

∣∣∣∣1̂BR/2(x)
∣∣∣∣2

=
1
|BR/2|

·
(R

2

)2d

·
∣∣∣∣1̂B1

(R
2

x
) ∣∣∣∣2

≥ 0;

(3) Since 1̂B1 is continuous and 1̂B1(0) = |B1|, there exist
constants ε0 ∈ (0, 1) and ωd > 0 (depending only on
d) such that ψ̂R(x) ≥ ωdRd for all |x| ≤ ε0

R .

Hence, we have

∫
Rd

ψR(t) |ρ̂(t)|2 dt =
" ( ∫

Rd

ψR(t) e−2πi t·(x−y) dt
)

dρ(x) dρ(y)

=

"
ψ̂R(x − y) dρ(x) dρ(y)

≥
"
|x−y|≤ ε0

R

ψ̂R(x − y) dρ(x) dρ(y)

≥ ωdRd
"
|x−y|≤ ε0

R

dρ(x) dρ(y).

Moreover, since suppψR ⊂ BR,

∫
Rd

ψR(t) |ρ̂(t)|2 dt =
∫
|t|<R

ψR(t) |ρ̂(t)|2 dt ≤
∫
|t|<R

|ρ̂(t)|2 dt.

For any curve Γ0 in Γ the restriction ρ|Γ0 is the arc-length
measure on Γ0. Write γ0 : [0,L0] → Rd for the arc-length
parametrization of Γ0 with 0 < L0 < ∞.



SPECTRA FOR FINITE UNIONS OF LINE SEGMENTS 31

We have∫
|t|<R

|ρ̂(t)|2 dt ≥ ωdRd
"
|x−y|≤ ε0

R

dρ(x) dρ(y)

≥ ωdRd
"

1{|x−y|≤ ε0
R }

1{x∈γk0 , y∈γk0 } dρ(x) dρ(y)

= ωdRd
∫
γk0

∫
γk0

1{|x−y|≤ ε0
R }

dx dy

= ωdRd

Lk0∫
0

Lk0∫
0

1{|γk0 (s)−γk0 (t)|≤ ε0
R }

ds dt.

Since γk0 is arc-length parametrizations of curve seg-
ments, we have |γ′k0

(s)| ≡ 1 and |γk0(s) − γk0(t)| ≤ ε0
R when

|s − t| ≤ ε0
R . By simple calculation, we can get

Lk0∫
0

Lk0∫
0

1{|γk0 (s)−γk0 (t)|≤ ε0
R }

ds dt ≥
"

s,t∈[0,Lk0 ]

|s−t|≤ ε0
R

ds dt

=

L2
k0
, ε0

R ≥ Lk0 ,

2ε0Lk0
R − ( ε0

R )2, ε0
R < Lk0 .

When R > ε0
Lk0

, we can obtain∫
|t|<R

|ρ̂(t)|2 dt ≥ ωdε0Lk0R
d−1.

Taking R0 = max{1, ε0
Lk0
} and C = ωdε0Lk0, we have∫

|t|<R
|ρ̂(t)|2dt ≥ CRd−1 for all R ≥ R0. This completes the

proof.
□

4.2. Ahlfors–David regular measures. We present
another approach to Theorem  6 based on the second au-
thor’s arguments in [  18 ]. In fact, we prove more general
results on Ahlfors–David regular measures in any dimen-
sion (not just for one-dimensional measures).
We first recall several definitions and results in [  18 ]. We
define the n-th dyadic partition of R by

D(1)
n :=

{[
k
2n ,

k + 1
2n

)
: k ∈ Z

}
, n ∈ Z.
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The n-th dyadic partition of Rd is then defined by

D(d)
n :=

{
I1 × I2 × · · · × Id : I j ∈ D(1)

n

}
.

If there is no confusion, we usually omit the superscript
and write Dn for the n-th dyadic partition of Rd. Let
µ ∈ P(Rd), where P(Rd) stands for the space of probability
measures on Rd. For a Borel set K ⊂ Rd, we denote by

µK(·) := µ(· ∩ K),

the measure µ restricted on K. Moreover, if K is a dyadic
cube in [0, 1]d with µ(K) > 0, we denote by

µ□K(·) :=
1

µ(K)
(SK)∗µK(·),

where SK is the affine bijective map from K to [0, 1]d and
(SK)∗µK(·) is the pushforward of µK, i.e. the measure
µK(S−1

K (·)). Obviously, we have µ□K ∈ P([0, 1]d).

Lemma 10 ([ 18 ], Lemma 4.2). Let µ ∈ P(Rd). Then for
any 0 < ϵ < 1, there exists δ = δ(ϵ, µ) > 0 such that for any
|ξ| < δ and for any D ∈ Dn with µ(D) > 0, we have∣∣∣∣µ̂□D(ξ)

∣∣∣∣ > ϵ.
For µ ∈ P([0, 1]d) and t, λ ∈ Rd, we write the inner products

⟨t, λ⟩µ =
∫

[0,1]d

e2πi(t−λ)·xdµ(x).

We will only use the upper (Bessel-type) estimate from
[ 18 , Lemma 4.1]. While [  18 , Lemma 4.1] is proved in the
frame spectral setting and yields two-sided bounds, our
proof only requires the upper estimate (the Bessel side).
We therefore state the result below in the form needed
here, assuming only that Λ is an orthogonal set for µ.

Lemma 11 ([ 18 ], Lemma 4.1). Let µ ∈ P(Rd) and Λ ⊂ Rd

be an orthogonal set for µ, i.e.

(10)
∑
λ∈Λ

∣∣∣⟨t, λ⟩µ∣∣∣2 ≤ µ(D).

Let n > 0. Then for any D ∈ Dn with µ(D) > 0, and for any
t ∈ Rd, we have ∑

λ∈Λ

∣∣∣∣∣∣〈 1
2n t,

1
2nλ
〉
µ□D

∣∣∣∣∣∣
2

≤ 1
µ(D)

.
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The following theorem follows the same proof as [  18 , The-
orem 1.2]. It also works for frame spectral measures, but
we state it here for any measures in P(Rd).
Theorem 13. For any measure µ ∈ P(Rd) and any orthog-
onal set Λ for µ, there exist constants C and ϱ such that
t ∈ Rd and h > 0, we have
(11) #(Λ ∩ B(t, h)) ≤ C2

∑
D∈Dn −µ(D) logµ(D),

where 2n−1+ϱ < h ≤ 2n+ϱ.

Proof. Notice that

(12) 2
∑

D∈Dn −µ(D) logµ(D) =
∏

D∈Dn,µ(D)>0

µ(D)−µ(D).

Let h > 0. Then there exists a positive integer nh such
that 2nh−1 < h ≤ 2nh . Let ϵ > 0 and let δ = δ(ϵ, µ), which is
defined in Lemma  10 . Let ϱ be the minimal integer such
that 2−ϱ < δ. For any t ∈ Rd and any D ∈ Dnh+ϱ, noticing
that ∣∣∣∣∣ 1

2nh+ϱ
t − 1

2nh+ϱ
λ

∣∣∣∣∣ < δ, for any λ ∈ Λ ∩ B(t, h),

by Lemma  10 , we have

ϵ2 · #(Λ ∩ B(t, h)) ≤
∑

λ∈Λ∩B(t,h)

∣∣∣∣∣∣〈 1
2nh+ϱ

t,
1

2nh+ϱ
λ
〉
µ□D

∣∣∣∣∣∣
2

≤
∑
λ∈Λ

∣∣∣∣∣∣〈 1
2nh+ϱ

t,
1

2nh+ϱ
λ
〉
µ□D

∣∣∣∣∣∣
2

≤ 1
µ(D)

.

(13)

The last inequality is due to Lemma  11 . Since∑
D∈Dnh+ϱ

µ(D) = 1 and (  13 ) holds for all D ∈ Dnh+ϱ with
µ(D) > 0, we have

#(Λ ∩ B(t, h)) =
∏

D∈Dnh+ϱ,µ(D)>0

(#(Λ ∩ B(t, h)))µ(D)

≤ ϵ−2
∏

D∈Dnh+ϱ,µ(D)>0

µ(D)−µ(D)

= ϵ−22
∑

D∈Dnh+ϱ
−µ(D) logµ(D)

.

(14)

The proof is complete.
□
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The measure µ is called Ahlfors–David regular (or sim-
ply Ahlfors regular) of dimension s ≥ 0 if there exist con-
stants c,C > 0 such that for every ball B(x, r) with center
x ∈ supp(µ) and radius 0 < r < diam(supp(µ)), we have

c rs ≤ µ
(
B(x, r)

)
≤ C rs.

By applying Theorem  13 , we have the following theorem.
Theorem 14. For any orthogonal set Λ of Ahlfors–David
regular measures of dimension s, we have the estimate

#(Λ ∩ B(t, h)) = O(hs), for t ∈ Rd and h > 0.

In particular, we have the following estimates
(1) #(Λ ∩ B(t, h)) = O(h) for any orthogonal set Λ of

any finite union of C1 curves (for example, line seg-
ments).

(2) #(Λ∩B(t, h)) = O(hn) for any orthogonal set Λ of any
finite union of n-dimensional polyhedrons.

Proof. We prove it for an Ahlfors–David regular measure
µ of dimension s ≥ 0. For any such measure there exist
constants c,C > 0 such that for every n-th dyadic set D ⊂
Rd with center in suppµ, we have

c 2−ns ≤ µ
(
D
)
≤ C 2−ns.

By
∑

D∈Dn
µ(D) = 1, we have

2
∑

D∈Dn −µ(D) logµ(D) ≤ 2
∑

D∈Dn −µ(D) log c2−ns
= c2ns ≤ Ĉhs,

for some constant Ĉ. Then by Theorem  13 , we have #(Λ∩
B(t, h)) = O(hs).

□
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