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Abstract. We refine the method by Greenfeld and
Lev for the product spectral set problem and gen-
eralize the theorem to a singular measure setting.
Furthermore, we establish a new class of spectral
unions of intervals for which the product spectral
set question has a positive answer. More precisely,
if A is a subset of the natural numbers such that
A ⊕ B = {0, 1, · · · ,N − 1} for some B ⊂ N and N > 1
then the product measure L|A+[0,1] × ν is a spectral
measure (that may be singular) if and only if ν is a
spectral measure.
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1. Introduction
1.1. Spectral sets and spectral measures. LetΩ ⊆ Rd

be a bounded, measurable set of positive Lebesgue mea-
sure. We say thatΩ is a spectral set if there exists a count-
able set Λ ⊆ Rd such that the set of exponential functions
E(Λ) := {e2πiλ·x : λ ∈ Λ} forms an orthogonal basis for L2(Ω).
Such a set Λ is called a spectrum for Ω. It is well-known
that the classical example of a spectral set is the unit cube
[0, 1]d with a spectrumZd. The study of spectral sets dates
back to Fuglede [  4 ], who conjectured that a set Ω ⊂ Rd is
a spectral set if and only if it tiles Rd by translations, i.e.,
there is a discrete setT ⊂ Rd such that {Ω+t, t ∈ T } consti-
tutes a partition of Rd up to measure zero. Fuglede’s con-
jecture remains open in dimension one and two although
it was disproved for three or higher dimensions ([  11 ], [ 12 ],
[ 16 ], [ 20 ]).

The concept of spectral sets was naturally generalized
to spectral measures. A finite positive Borel measure µ on
Rd is said to be a spectral measure if there exists a count-
able setΛ ⊂ Rd, called a spectrum of µ, such that the set of
exponential functions E(Λ) = {e2πi⟨λ,x⟩ : λ ∈ Λ} forms an or-
thogonal basis for L2(µ). It is not hard to see that there are
purely atomic spectral measures, which has led to the ex-
tensive study of the Fuglede’s conjecture on finite abelian
groups. The first non-atomic, singular continuous spec-
tral measure was found by Jorgensen and Pedersen [  8 ].
Denote by δa the Dirac mass at the point a. Jorgensen
and Pedersen [  8 ] proved that the standard Cantor mea-
sure with contraction ratio 1/4 and digit sets {0, 2}, which
can be written as an infinite convolution of normalized
Dirac probability measures:

ν = ν1 ∗ ν2 ∗ · · · where νn =
1
2

(δ0 + δ2·4−n) (1.1)

is a spectral measure with a spectrum

Λ =

 n∑
k=0

4kℓk : ℓk ∈ {0, 1},n ≥ 0

 .
Jorgensen and Pedersen’s seminal work opened up a new
field in researching the orthogonal harmonic analysis of
fractal measures. Since then, singularly continuous spec-
tral measures have been extensively studied, see [  3 ] and
the references therein.
1.2. Product Spectral set problem. Product spectral
set problem can be stated as follows:
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Problem 1.1. Let Ω1 ⊂ Rn and Ω2 ⊂ Rm be two bounded,
measurable sets of positive Lebesgue measure. Is it true
that Ω = Ω1 ×Ω2 is a spectral set if and only if Ω1 and Ω2
are both spectral sets?

The problem was first studied by Greenfeld and Lev
[ 6 ] who showed that the problem is true if Ω1 = [0, 1]n.
In [  9 ], by a different method, Kolountzakis showed that
the problem also holds if Ω1 ⊂ R is a union of two in-
tervals. Moreover, the problem is also true when Ω1 is a
convex polygon in two dimensions by Greenfeld and Lev
[ 7 ]. It was shown to be true if Ω1 is a convex set [  10 ] after
the breakthrough result of Lev and Matolcsi [ 13 ]. Re-
cently, Chen, Liu and Zheng [  2 ] proved that the problem
is true if Ω1 is the classical Sierpinski self-affine tile and
the Lebesgue measure of Ω2 is equal to 1. Ramabadran
and Van Vilet [  18 ] showed that the problem is true ifΩ1 is
a measurable set of measure 1 supported inside [0, 3/2−ε]
for some ε > 0.

Using the non-spectral tile in [ 12 ], Somlai [ 19 ] con-
structed two bounded measurable sets Ω1,Ω2 ⊂ R3 such
that Ω1 is not spectral, but the product set Ω = Ω1 ×Ω2 is
a spectral set in R6. Therefore the problem is not true for
n = m ≥ 3.However, this problem is still open when one of
the factors lies in dimension 1 or 2. Indeed, if the problem
is false, then one side of the Fuglede’s conjecture will be
false as well (see [  9 ]). The problem is also unknown if we
assume one of the factors is spectral in R1. We are going
to make some new progress under this assumption.

1.3. Main Results. Product spectral set problem can be
naturally generalized to product spectral measures. It
is direct to prove that if µ, ν are spectral measures with
their respective spectra Λ1,Λ2, then Λ1×Λ2 is a spectrum
for ρ = µ × ν, see, for example, [  14 , Proposition 2.2]. The
converse is the only difficult part. Denote the zero set of
the Fourier transform of µ by Z(µ̂).

Z(µ̂) = {ξ : µ̂(ξ) = 0}.
Our general main result, that will lead to other special
cases, is presented below:
Theorem 1.2. Let µ, ν be two finite Borel measures de-
fined respectively on Rn and Rm and let Γ be an additive
subgroup of Rn. Let ρ = µ × ν be its product measure de-
fined on Rn+m. Suppose that µ satisfies

Z(µ̂) ∪ {0} ⊂ Γ. (1.2)
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Then
(1) if ρ is a spectral measure, then ρ admits a spectrum
Λ such that

Λ ⊂ Γ ×Rm.

(2) If (  1.2 ) is an equality, then ν is a spectral measure
and µ is a spectral measure with a spectrum Γ.

The proof of this theorem is a refinement of the proof
by Greenfeld and Lev [  6 ] and it generalizes their main
theorem in two ways. First, none of the measures are as-
sumed to be Lebesgue measure supported on a set and
they can even be singular measures of fractal type. Sec-
ond, (  1.2 ) is assumed only to be contained in an additive
subgroup and this subgroup does not even need to have
any topological structure, while their original proof was
only concerned with µ being the Lebesgue measure on an
interval which means that (  1.2 ) is an equality. One of the
key ingredients for the proof in [  6 ] used the fact that weak
limit of spectra of a measurable set of finite positive mea-
sure preserves to be a spectrum. We will see that this
is not the case for singular measures in Section  4.1 . We
will bypass the weak convergence problem by carefully
exploiting the structure of the spectrum under piecewise
local translations.

Let us now discuss some immediate corollaries of The-
orem  1.2 (2). First, by an induction on k, we have
Corollary 1.3. Let ρ = µ × ν where µ = µ1 × · · · × µk and
for each i = 1, · · · , k, Z(µ̂i) ∪ {0} is an additive subgroup in
Rdi. Then ρ is spectral in Rd1+···+dk+d implies that ν is also
spectral in Rd.

Denote by L|Ω the Lebesgue measure on a measurable
set Ω. Since Z(L̂|[0,1]) = Z \ {0}, we have
Corollary 1.4. Let ν be a finite Borel measure on Rm with
compact support. Then L|[0,1]d × ν is a spectral measure on
Rd+m if and only if ν is a spectral measure on Rm.

This generalizes the result of Greenfeld and Lev from
spectral sets to spectral measures in the second compo-
nent. Moreover, this also immediately recovers the result
by Chen, Liu and Zheng [  2 ] since the zero of the Fourier
transform of the classical Sierpinski self-affine tiles is
equal to Z2 \ {0}, which was computed on [  2 , p.26].

We say that (A,B) is a complementary pair for N if
A ⊕ B = {0, 1, · · · ,N − 1}

4



under the addition of integers and every integer in
{0, 1, · · · ,N − 1} can be written uniquely as a + b for a ∈ A
and b ∈ B. The structure of A and B has been completely
classified by C. Long in 1967 [  15 ] . It is also well-known
that A + [0, 1] is a spectral set (see also [  5 ,  17 ]). Using
Theorem  1.2 , we will prove the following theorem for the
product spectral measures.
Theorem 1.5. Let µ be the Lebesgue measure for the set
A + [0, 1] where A forms a complementary pair for N with
some subset B. Suppose that µ×ν is spectral inR1+m. Then
ν is spectral in Rm.

A simple example of complementary pair is A = {0, 2}
and B = {0, 1}, so product spectral set problem (Problem

 1.1 ) is true if one of the factors is the Lebesgue measure
supported on [0, 1] ∪ [2, 3]. The above theorem asserts a
wide class of finite unions of intervals also satisfies the
product spectral set problem. This is new even in the or-
dinary product spectral set problem.
1.4. Notations and organization. In this paper, we
will write

eλ(x) = e2πiλ·x

For a finite positive Borel measure τ, we denote by ∥τ∥ :=
τ(Rn) its total measure in Rn. Then the exponential func-
tions {eλ : λ ∈ Λ} is an orthogonal basis for L2(τ) if and only
if it is mutually orthogonal and the Parseval identity of
the following form holds:∑

λ∈Λ
|⟨ f , eλ⟩L2(τ)|2 = ∥τ∥ · ∥ f ∥2L2(τ).

A basic criterion for determining whether Λ ⊂ Rd is a
spectrum for µ was given by Jorgensen and Pedersen [ 8 ]
and will be used throughout the paper. In the original
version, µ was a probability measure, but it is direct to
see that it holds in the following form by normalizing the
total mass.
Theorem 1.6 ([ 8 ]). Let µ be a finite Borel measure with
compact support in Rd, Λ be a countable subset of Rd. Let

Q(ξ) :=
∑
λ∈Λ
|µ̂(ξ + λ)|2.

Then
(1) E(Λ) is an orthogonal set of L2(µ) if and only if

Q(ξ) ≤
∥∥∥µ∥∥∥2 for ξ ∈ Rd. In this case, Q(ξ) has an

entire analytic extension to Cd.
5



(2) E(Λ) is an orthogonal basis for L2(µ) if and only if
Q(ξ) ≡

∥∥∥µ∥∥∥2 for ξ ∈ Rd.
We will prove Theorem  1.2 in Section  2 and Theorem

 1.5 in Section  3 . Finally, we will give some examples and
the examples that fail the weak convergence in Section  4 .

2. The Proof of Theorem  1.2 

2.1. Setup of the proof. Throughout the section, we let
ρ = µ × ν (2.1)

be a finite Borel measure in Rn+m where µ and ν are re-
spectively the finite Borel measures in and Rn and Rm.
Moreover,Z(µ̂)∪ {0} is contained in an additive subgroup
of Rn, which we will denote by Γ.

Assume that Λ1 and Λ2 are two discrete sets in Rn+m

and Λ2, Λ2 + γ and Λ2 − γ are disjoint from Λ1, where γ is
a vector in Rn+m. Define
Λ := Λ1∪Λ2, Λ

+
γ := Λ1∪(Λ2+γ), Λ−γ := Λ1∪(Λ2−γ). (2.2)

We begin by recalling a simple lemma in [ 6 , Lemma 4.1].
Lemma 2.1. Let Λ, Λ+γ and Λ−γ be the sets defined in ( 2.2 ),
ρ = µ × ν be the measure defined in ( 2.1 ). Suppose that
E(Λ) is an orthogonal basis for L2(ρ), and both E(Λ+γ) and
E(Λ−γ) are orthogonal sets of L2(ρ), then each one of the sets
E(Λ+γ) and E(Λ−γ) is an orthogonal basis for L2(ρ).

For a vector ξ in Rn+m, we write ξ = (ξ1, ξ2), where ξ1 ∈
Rn and ξ2 ∈ Rm. It is direct to see that

ρ̂(ξ) = µ̂(ξ1) · ν̂(ξ2).

This implies that
Z(ρ̂) = {ξ = (ξ1, ξ2) ∈ Rn+m : ξ1 ∈ Z(µ̂) or ξ2 ∈ Z(̂ν)}.

The following lemma is immediate from the definition of
orthogonal sets.
Lemma 2.2. Let λ = (λ1, λ2) and λ′ = (λ′1, λ

′
2) be two dis-

tinct points in Rn+m, and ρ = µ × ν be the measure defined
in ( 2.1 ). The exponential functions eλ and eλ′ are orthogo-
nal in L2(ρ) if and only if λ1 − λ′1 ∈ Z(µ̂), or λ2 − λ′2 ∈ Z(̂ν).

Let Λ ⊂ Rn+m be a spectrum for ρ. Let us write λ =
(λ1, λ2) ∈ Rn+m. Given t ∈ Rn we define a mapping ϕt on Λ
by

ϕt(λ) :=
{
λ, λ1 ∈ Γ,
λ + τ(t), λ1 < Γ,

(2.3)

where τ(t) := (t, 0) ∈ Rn+m.
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Proposition 2.3. Given t ∈ Rn. Let ϕt be the mapping
defined by ( 2.3 ), ρ = µ × ν be the measure defined in ( 2.1 ),
andZ(µ̂)∪ {0} is a subset of the additive subgroup Γ. If Λ
is a spectrum of ρ, then ϕt(Λ) is also a spectrum of ρ.
Proof. We first prove that E(ϕt(Λ)) is mutually orthogonal
in L2(ρ). Given distinct λ = (λ1, λ2) and λ′ = (λ′1, λ

′
2) in Λ.

We have three cases to consider according to the definition
of ϕt.

(1) λ1, λ′1 ∈ Γ;
(2) λ1, λ′1 < Γ;
(3) λ1 ∈ Γ and λ′1 < Γ or vice versa.

In the first two cases, ϕt(λ) − ϕt(λ′) = λ − λ′. As eλ,
eλ′ are mutually orthogonal in L2(ρ), we know the same is
also true for eϕt(λ), eϕt(λ′).

In the last case, we only need to consider one situation
since the role of λ1, λ′1 is symmetric. Now,

ϕt(λ) − ϕt(λ′) = (λ1 − λ′1 − t, λ2 − λ′2). (2.4)
From our assumption, λ1 ∈ Γ, while λ′1 < Γ. As Γ is an
additive group, we have λ1 − λ′1 < Γ. By Lemma  2.2 and
Z(µ̂) ⊂ Γ, it means that λ1 − λ′1 < Z(µ̂) and thus λ2 −
λ′2 ∈ Z(̂ν). Hence, ϕt(λ) − ϕt(λ′) ∈ Z(ρ̂) in view of the
second component in ( 2.4 ). This completes the proof of
the mutual orthogonality. A similar argument also shows
that E(ϕ−t(Λ)) is also a mutually orthogonal set.

We next show that ϕt(Λ) is indeed a spectrum of ρ. To
this end, we divide the set Λ into two subsets, Λ1 and
Λ2, such that they satisfy ( 2.2 ) and the assumptions in
Lemma  2.1 .

Let
Λ1 := {λ ∈ Λ : λ1 ∈ Γ}, Λ2 := {λ ∈ Λ : λ1 < Γ}.

We have immediately that
ϕt(Λ) = Λ1 ∪ (Λ2 + τ(t)), ϕ−t(Λ) = Λ1 ∪ (Λ2 − τ(t)).

Moreover,
Λ1 ∩ (Λ2 + τ(t)) = ∅, Λ1 ∩ (Λ2 − τ(t)) = ∅.

Indeed, if either one of the the intersections is not dis-
joint, we will find some (λ1, λ2) = (λ′1 + t, λ′2) or (λ′1 − t, λ′2)
where (λ′1, λ

′
2) ∈ Λ2. In both cases, it implies that λ2 = λ′2.

Since (λ1 − λ′1, λ2 − λ′2) ∈ Z(ρ̂), λ1 − λ′1 ∈ Z(µ̂) ⊂ Γ by the
mutually orthogonality of E(Λ) and Lemma  2.2 . As λ1 ∈ Γ,
this forces λ′1 ∈ Γ which is a contradiction since λ′1 ∈ Λ2.

Finally, we can invoke Lemma  2.1 to conclude that each
of ϕt(Λ) and ϕ−t(Λ) is a spectrum of ρ. □
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The following lemma shows that if we can construct a
spectrum Λ such that there is only one equivalence class,
then ν must be spectral.
Lemma 2.4. Assume that ρ = µ×ν is the product measure
defined in ( 2.1 ), and Υ is a mutually orthogonal set for
µ (here Υ is not necessarily an additive subgroup). If ρ
admits a spectrum

Λ ⊂ Υ ×Rm,

then each set
Λγ := {λ ∈ Rm : (γ, λ) ∈ Λ}, γ ∈ Υ,

is a spectrum of ν and µ is a spectral measure with spec-
trum Υ.
Proof. Write Λ =

⋃
γ∈Υ{γ} × Λγ. Moreover, each Λγ must

be mutually orthogonal for ν and Υ is also mutually or-
thogonal for µ. Therefore,∥∥∥ρ∥∥∥2

=
∑

(γ,λ)∈Λ
|ρ̂((ξ1 − γ, ξ2 − λ))|2

=
∑
γ∈Υ

∑
λ∈Λγ

|̂µ(ξ1 − γ)|2 · |̂ν(ξ2 − λ)|2

≤ ∥ν∥2
∑
γ∈Υ
|̂µ(ξ1 − γ)|2 ≤

∥∥∥µ∥∥∥2∥ν∥2 =
∥∥∥ρ∥∥∥2
.

This forces that all inequalities hold as equalities. In par-
ticular, all Λγ are spectra for ν and Υ is a spectrum for
µ. □

2.2. Completion of the proof. SupposeΛ is a spectrum
for ρ and Γ is an additive group inRn. We define an equiv-
alence relation on Λ by

λ ∼ λ′ ⇐⇒ π1(λ) − π1(λ′) ∈ Γ,
where π1 is the orthogonal projection to the first n co-
ordinates. Let {[λn] : n ∈ N} be the collection of all
the equivalence classes under this equivalence relation
where λn ∈ Λ for all n ∈ N. We can choose λ1 = 0 since
0 ∈ Λ. From here, for each γ ∈ Γ, we let

Λn,γ = {y2 : λ = (π1(λn) + γ, y2) ∈ Λ}.
Then Λ admits a natural decomposition according to the
equivalence class.

Λ =

∞⋃
n=1

Λn, where Λn =
⋃
γ∈Γ
{xn + γ} ×Λn,γ (2.5)
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where we let xn = π1(λn) and x1 = 0. We can now prove
Theorem  1.2 .

Proof of Theorem  1.2 (1). We first take a spectrum Λ for ρ
and we decompose Λ according to its equivalence class as
in ( 2.5 ):

Λ =

∞⋃
n=1

⋃
γ∈Γ
{xn + γ} ×Λn,γ

 . (2.6)

We have the following simple observations:

ϕ−x2(Λ) =

 2⋃
n=1

⋃
γ∈Γ
{γ} ×Λn,γ

 ∪
 ∞⋃

n=3

⋃
γ∈Γ
{xn − x2 + γ} ×Λn,γ


ϕ−(x3−x2)◦ϕ−x2(Λ) =

 3⋃
n=1

⋃
γ∈Γ
{γ} ×Λn,γ

∪
 ∞⋃

n=4

⋃
γ∈Γ
{xn − x3 + γ} ×Λn,γ


Inductively, if we define Λ(m) = ϕ−(xm−xm−1) ◦ · · · ◦ ϕ−(x3−x2) ◦
ϕ−x2(Λ), we have

Λ(m) =

 m⋃
n=1

⋃
γ∈Γ
{γ} ×Λn,γ

 ∪
 ∞⋃

n=m+1

⋃
γ∈Γ
{xn − xm + γ} ×Λn,γ


All these are spectra for ρ by Proposition  2.3 . Finally, we
apply ϕxm to Λ(m) and obtain

Λ′m =

 m⋃
n=1

⋃
γ∈Γ
{γ} ×Λn,γ

 ∪
 ∞⋃

n=m+1

⋃
γ∈Γ
{xn + γ} ×Λn,γ


:=Am ∪ Bm

where

Am =

m⋃
n=1

⋃
γ∈Γ
{γ} ×Λn,γ, Bm =

∞⋃
n=m+1

⋃
γ∈Γ
{xn + γ} ×Λn,γ.

For each m ≥ 1, Λ′m is also a spectrum for ρ. Note that Bm
is a part of the orthogonal set in Λ. In view of (  2.6 ) and
|ρ̂|2 is non-negative, we have∑

λ∈Bm

|ρ̂(ξ − λ)|2 → 0, as m→∞. (2.7)

Finally, we let

Λ′ =

∞⋃
m=1

Am ⊂ Γ ×Rm.
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As Λ′m is a spectrum for ρ, we have∥∥∥ρ∥∥∥2
=

∑
λ∈Λ′m

|ρ̂(ξ − λ)|2 =
∑
λ∈Am

|ρ̂(ξ − λ)|2 +
∑
λ∈Bm

|ρ̂(ξ − λ)|2.

Using ( 2.7 ), we see that∑
λ∈Λ′
|ρ̂(ξ − λ)|2 = lim

m→∞

∑
λ∈Am

|ρ̂(ξ − λ)|2

= lim
m→∞

∥∥∥ρ∥∥∥2 −
∑
λ∈Bm

|ρ̂(ξ − λ)|2
 = ∥∥∥ρ∥∥∥2

.

This shows that Λ′ is our desired spectrum for ρ and com-
pletes the proof. □

Proof of Theorem  1.2 (2). Suppose thatZ(µ̂)∪ {0} = Γ and
Γ is an additive subgroup of Rn. Then Γ is a mutually
orthogonal set for µ. By Theorem  1.2 (1), we can always
find a spectrum Λ′ such that

Λ′ ⊂ Γ ×Rm.

But Γ is mutually orthogonal for µ. The desired conclu-
sion follows from Lemma  2.4 . □

3. The proof of Theorem  1.5 

To prove Theorem  1.5 , letNn = {0, 1, · · · ,n−1} for conve-
nience and recall the classical result of C. Long [ 15 ] (see
also [  5 , Corollary 2.6]). Indeed, A,B is a complementary
pair for N if and only if after possibly interchanging the
role of A and B, we can decompose N = n0 · · · nk−1 for some
integers n j > 1, and writing m j = n0 · · · n j, one has

A = n0Nn1 +m2Nn3 + . . . +mk−2Nnk−1

B =Nn0 +m1Nn2 + . . . +mk−3Nnk−2 .

As a simple example, readers can consider A = {0, 2} =
2N2 and B = {0, 1} =N2 for the proof. In this case, A⊕B =
{0, 1, 2, 3} and (A,B) is a complementary pair for 4.

Let
On = Z \ nZ

which is the set of integers that are not multiples of n.
Let us first compute the zeros of the Fourier transform of
µ. Indeed,

δ̂Nn(ξ) =
1
n

n−1∑
j=0

e−2πi jξ =
e−2πinξ − 1

n(e−2πiξ − 1)
.
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This shows that
Z(δ̂Nn) =

1
n
On.

In particular,

Z(δ̂A) =
1

m1
On1 ∪

1
m3
On3 ∪ · · · ∪

1
mk−1

Onk−1

and
Z(δ̂B) =

1
m0
On0 ∪

1
m2
On2 ∪ · · · ∪

1
mk−2

Onk−2

(notice that mk−1 = N). Observe that
On j−1 ∪ n j−1On j−2 = On j−1n j−2 .

Combining the union into the same denominators, and
iterating the above relationship, we see that

Z(δ̂A) ∪Z(δ̂B) =
1
N

(
Onk−1 ∪ nk−1Onk−2 ∪ nk−1nk−2Onk−3 ∪ · · · ∪ n1 · · · nk−1On0

)
=

1
N
ON.

(3.1)
Moreover, using the uniqueness of the representation of
the integers in {0, . . . ,N − 1} using the basis n0, · · · ,nk−1
(i.e. each n ∈ ON can be uniquely represented as

ε0 + ε1n0 + · · · εk−1n0 · · · nk−2

for unique ε j ∈Nn j), we can show that

Z(δ̂A) ∩Z(δ̂B) = ∅. (3.2)
( 3.1 ) and (  3.2 ) leads us to conclude the following lemma:
Lemma 3.1. Suppose that (A,B) forms a complementary
pair for N. Then the zero sets of δ̂A and δ̂B form a partition
of 1

NON.
Furthermore, (see e.g. [  5 ]), the measure δA and δB are

spectral measures with spectrum

ΛA =
1

m1
Nn1 +

1
m3
Nn3 + . . . +

1
mk−1

Nnk−1 (3.3)

and
ΛB =

1
m0
Nn0 +

1
m2
Nn2 + . . . +

1
mk−2

Nnk−2 , (3.4)

respectively. We first prove a general lemma concerning
completeness of exponentials in direct sums.

For a finite set D ⊂ Rn, we denote by

δD :=
∑
d∈D

δd

11



the discrete measure associated with D. We first have the
following lemma about the completeness of the exponen-
tials when combining different translates of the spectrum
for convolutions of measures.

Lemma 3.2. Suppose that
(1) ϱ is a finite nonnegative measure on Rn with the

frequencies Λ ⊆ Rn being a spectrum for ϱ,
(2) D ⊆ Rn is a finite set such that (supp ϱ) + D is a

packing (i.e. the intersections of the support of any
two different measures ϱ1 = δd1 ∗ ϱ and ϱ2 = δd2 ∗ ϱ
have measure zero in each ϱi).

(3) T is a finite set with |T| = |D| such that Λ + T is
a direct sum (all sums are different) and is an or-
thogonal set for L2(ϱ ∗ δD).

Then Λ + T is also complete for L2(ϱ ∗ δ̃D).

Proof. Let {en : n ∈ N} = {eλ+t : λ ∈ Λ, t ∈ T}. Since {en}
is orthogonal we can complete it to an orthogonal basis
D adding the vectors {υm : m ∈ N} with ∥υm∥ = ∥en∥. Let
f ∈ L2(ϱ ∗ δD), we can write f =

∑
d∈D fd for some unique

fd ∈ L2(ϱ∗δD) which is non-zero only on the set (supp ϱ)+d,
for some d ∈ D. For such an fd we have

∥∥∥ fd

∥∥∥2

L2(ϱ∗δD)
=

∥∥∥ fd

∥∥∥2

L2(ϱ∗δd)
(3.5)

since fd = 0 off (supp ϱ) + d and the assumption (2). More-
over, we have∑
λ∈Λ,t∈T

∣∣∣∣⟨ fd, eλ+t⟩L2(ϱ∗δD)

∣∣∣∣2 =∑
t∈T

∑
λ∈Λ

∣∣∣∣⟨ fd, eλ+t⟩L2(ϱ∗δd)

∣∣∣∣2 (since fd = 0 off (supp ϱ) + d)

=
∑
t∈T

∥∥∥ϱ∥∥∥ · ∥∥∥ fd

∥∥∥2

L2(ϱ∗δd)
(since Λ + t a spectrum for ϱ ∗ δd)

= |D| ·
∥∥∥ϱ∥∥∥ · ∥∥∥ fd

∥∥∥2

L2(ϱ∗δd)
(since |T| = |D|)

= |D| ·
∥∥∥ϱ∥∥∥ · ∥∥∥ fd

∥∥∥2

L2(ϱ∗δD)
(since (  3.5 ))

=
∥∥∥ϱ ∗ δD

∥∥∥ · ∥∥∥ fd

∥∥∥2

L2(ϱ∗δD)
.

But we also have∥∥∥ϱ ∗ δD

∥∥∥ · ∥∥∥ fd

∥∥∥2

L2(ϱ∗δD)
=

∑
n

∣∣∣∣⟨ fd, en⟩L2(ϱ∗δD)

∣∣∣∣2 +∑
m

∣∣∣∣⟨ fd, υm⟩L2(ϱ∗δD)

∣∣∣∣2
using Parseval with respect to D. This implies that
⟨ fd, υm⟩L2(ϱ∗δD) = 0 for all m and we can write fd =

12



∑
n

1
∥ϱ∗δD∥⟨ fd, en⟩L2(ϱ∗δD)en. Hence,

f =
∑
d∈D

fd =
∑

n

1∥∥∥ϱ ∗ δD

∥∥∥
∑

d∈D

⟨ fd, en⟩L2(ϱ∗δD)

 en =
∑

n

1∥∥∥ϱ ∗ δD

∥∥∥⟨ f , en⟩L2(ϱ∗δD)en,

which implies that Λ + T is complete for L2(ϱ ∗ δD). □

Proof of Theorem  1.5 . Recall that µ is the Lebesgue mea-
sure supported on A + [0, 1] with (A,B) forming a comple-
mentary pair for N.

η := 1[0,N] × ν

Claim: η is a spectral measure.

If the claim holds. Since µ = δA ∗ 1[0,1], so we have 1[0,N] =
µ ∗ δB and

{0} ∪ Z(µ̂) ∪Z(δ̂B) = {0} ∪ Z(1̂[0,N]) =
1
N
Z,

which is an additive subgroup of R. Applying Theorem
 1.2 (2), ν is also spectral, thereby completing the proof.

We now justify the claim. First we notice that we can
rewrite η as follows:

η = δB×{0} ∗ (µ × ν).

By (  3.1 ), Z(δ̂A) ⊂ 1
NZ. As µ × ν is spectral, Theorem  1.2 

(1) shows that there is a spectrum Λ for µ × ν such that

Λ ⊂ (
1
N
Z) ×Rm. (3.6)

Recall that δA, δB are spectral with spectrum ΛA and ΛB
respectively in ( 3.3 ) and (  3.4 ). We will show that

L := Λ + (ΛB × {0})
is a spectrum of η, where Λ is a spectrum of µ×ν given in
( 3.6 ) and ΛB is given by (  3.4 ).

This can be done by applying Lemma  3.2 with T = ΛB×
{0}, ϱ = µ × ν and D = B × {0}. Condition (1) in Lemma  3.2 

is clearly satisfied. (2) is also satisfied because (A,B) is a
complementary pair, so ((A + b) + [0, 1]) ∩ ((A + b′) + [0, 1])
intersects only at the boundary. Thus, µ((A+b)+[0, 1]∩(A+
b′)+ [0, 1]) = 0, so is the ϱmeasure of its cartesian product
with R. Finally, it remains to verify that L is orthogonal
for η. Then we can apply Lemma  3.2 to conclude that η is
spectral and the claim will be justified.

13



Take λ, λ′ ∈ Λ and ℓ, ℓ′ ∈ ΛB are given so that λ+ (ℓ, 0) ,
λ′ + (ℓ′, 0) and write λ = (λ1, λ2), λ′ = (λ′1, λ

′
2) respectively.

Let
∆ = λ + (ℓ, 0) − (λ′ + (ℓ′, 0)) = (λ1 − λ′1 + ℓ − ℓ′, λ2 − λ′2)

and note that
η̂(ξ1, ξ2) = δ̂B(ξ1)µ̂(ξ1)̂ν(ξ2) = 1̂[0,N](ξ1)̂ν(ξ2) = δ̂B(ξ1)ϱ̂(ξ).

(3.7)
We aim to show that η̂(∆) = 0. This conclusion is imme-
diate if λ = λ′ (where δ̂B(ℓ − ℓ′) = 0) or ℓ = ℓ′ (where
ϱ̂(λ − λ′) = 0). Assume therefore that λ , λ′ and ℓ , ℓ′.

When λ , λ′, we have ν̂(λ2 − λ′2) = 0 or µ̂(λ1 − λ′1) = 0. If
ν̂(λ2 − λ′2) = 0 then η̂(∆) = 0 in view of (  3.7 ). If ν̂(λ2 − λ′2) ,
0, we must have µ̂(λ1 − λ′1) = 0. We need to show that
1̂[0,N](λ1 − λ′1 + ℓ − ℓ′) = 0. By ( 3.4 ) and (  3.6 ), λ1, λ′1, ℓ and
ℓ′ ∈ 1

NZ. The only way this can fail is if λ1 − λ′1 + ℓ − ℓ′ = 0
which is equivalent to λ1 − λ′1 = ℓ′ − ℓ. We have

λ1 − λ′1 ∈ {0} ∪ Z(µ̂) and ℓ′ − ℓ ∈ {0} ∪ Z(δ̂B).

From Lemma  3.1 , By the disjointness ofZ(δ̂A) andZ(δ̂B),
we also have the disjointness of the set Z(µ̂) and Z(δ̂B).
This forces that λ1 = λ′1 and ℓ = ℓ′. But then µ̂(λ1 − λ′1) ,
0. This results in a contradiction. Hence, L must be a
spectrum for η. The proof is therefore complete. □

4. Examples.
We now illustrate some examples in which Theorem  1.2 

and Corollary  1.3 applies. Our theorem applies to all par-
allelepiped P in Rd. Indeed, we can write P = A([0, 1]d) for
some invertible matrix A. Hence, L|P × ν is spectral if
and only if L|[0,1]d × (ν ◦ A−1) is spectral. Hence, L|P × ν is
spectral implies ν must be spectral. The following gives
an example for which the measure can be applied to some
other general disconnected domains that may not tileNn
for any positive integers n.

Example 4.1. Let Ω = [0, 1
3 ] ∪ [ 5

3 , 2] ∪ [7
3 ,

8
3 ]. Then Ω is a

fundamental domain of Z. Its Fourier transform is given
by

χ̂[0, 13 ](ξ) ·
(
1 + e2πi 5

3ξ + e2πi 7
3ξ
)
.

One can solve the zeros using the fact that 1 + z1 + z2 = 0
for some |z1| = |z2| = 1 if and only if z1, z2 is a permutation
of e±i2π/3. Its zero is exactly Z \ {0}. Hence, by Theorem

 1.2 , L|Ω × ν is spectral if and only if ν is spectral.
14



Example 4.2. In this example, we construct a measure
µ0 that has lattice Fourier zeros without full rank. Let
µ0 = L|[0,1]2 ∗ L|−[0,1]2. It is well-known that

Z(L̂|[0,1]2) =
{
(ξ1, ξ2) ∈ R2 | ξ1 ∈ Z \ {0} or ξ2 ∈ Z \ {0}

}
.

Note that
µ̂0(x) = |L̂|[0,1]2(x)|2 ≥ 0, x ∈ R2, (4.1)

and Z2 ⊆ (Z(µ̂0) ∪ {0}). Let

A1 =

(
1 0
0 1

)
,A2 =

(
1 0
1 1

)
,A3 =

(
1 1
0 1

)
,A4 =

(
1 +
√

2 1√
2 1

)
.

For each i = 1, 2, 3, 4, we define the measure µi(E) =
µ0(Ai(E)), and let Si be the zero set of the Fourier trans-
form µi. Then we have
S1 = {(x1, x2) ∈ R2 : x1 ∈ Z \ {0} or x2 ∈ Z \ {0}}
S2 = {(x1, x2) ∈ R2 : x1 − x2 ∈ Z \ {0} or x2 ∈ Z \ {0}}
S3 = {(x1, x2) ∈ R2 : x1 ∈ Z \ {0} or x2 − x1 ∈ Z \ {0}}
S4 = {(x1, x2) ∈ R2 : x1 −

√
2x2 ∈ Z \ {0} or (1 +

√
2)x2 − x1 ∈ Z \ {0}}.

In particular, S1 ∩ S2 ∩ S3 = Z2 \ {0} and hence
S = S1 ∩ S2 ∩ S3 ∩ S4 = (Z2 \ {0})∩ S4 = {(x1, 0) : x1 ∈ Z \ {0}}.
Define µ(E) =

∑4
i=1

1
4µ0(Ai(E)) for all Borel E, by (  4.1 ), we

obtain

µ̂(x) =
4∑

i=1

1
4
µ̂0(A−T

i x) = 0 iff x ∈ S.

This shows that
Z(µ̂) ∪ {0} = {(x1, 0) : x1 ∈ Z}.

In this example the Fourier zeros of µ form the rank-one
lattice (Z \ {0}) × {0} in R2. Indeed, µ is absolutely con-
tinuous with respect to the Lebesgue measure. µ cannot
be a spectral measure with spectrum Z× {0}. In this case
the conclusion of Theorem  1.2 is false. This shows that, by
the contrapositive of Theorem  1.2 , µ×ν is never a spectral
measure for all ν.

4.1. Failure of weak convergence in singular mea-
sures. We say that a sequence of uniformly discrete sets
Λn converges weakly to Λ if for all ε > 0 and for all R > 0,
there exists N ∈N such that for all n > N,
Λn ∩ B(0,R) ⊂ Λ + B(0, ε), Λ ∩ B(0,R) ⊂ Λn + B(0, ε).
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An important result about weak convergence is that if
Λn are spectra for a spectral set Ω and Λn converges to
Λ weakly, then Λ is also a spectrum for Ω (see e.g. [  6 ,
Lemma 3.1]). We now illustrate that this is indeed false
if we consider singular measures.

Example 4.3. Let µ be the arc-length measure on the line
segment (0, 0) to (1, 0) in R2. Let vn = (1,n)T and then
Λn = {vnk : k ∈ Z} are spectra of the measure µ. For any
R > 0, for all sufficiently large n, Λn∩B(0,R) contains only
the origin, so Λn weakly converges to Λ = {0}, which is not
a spectrum.

More generally, if a continuous measure µ admits arbi-
trarily sparse spectra Λn such that 0 ∈ Λn and

min{|λ| : λ ∈ Λn \ {0}} → ∞, as n→∞,

then Λn converges weakly to Λ = {0}, which is a not a
spectrum for µ (since µ is continuous, so L2(µ) is infinite
dimensional). By [ 1 ], any self-affine spectral measure ad-
mits such a sequence of spectra.

The above example exploited the arbitrary sparseness
to construct the counterexample whose weak limit can
only be a singleton. One may ask if the weak conver-
gence result can still hold if Λn does not become arbitrar-
ily sparse. In the following, we give a non-trivial fractal
example in R1 such that the spectra Λn converges weakly
to an infinite set Λ which is mutually orthogonal but it is
not a spectrum.

Example 4.4. Let ν be the one-quarter Cantor measure
defined in ( 1.1 ) in the introduction. Consider

Λn =

3 ·
n−1∑
j=0

4 jε j +

n+M∑
j=n

4 jε j : ε j ∈ {0, 1}, M ≥ 0

 .
For any k ≥ 1, we define

Λn,k = {0, 3}+4{0, 3}+ · · ·+4n−1{0, 3}+4n{0, 1}+ · · ·+4n+k{0, 1}.

Then Λn = ∪∞k=1Λn,k. We claim that all Λn are spectra for
ν. Note that Λn converges weakly to the countable set

Λ = {0, 3} + 4{0, 3} + · · · + 4n{0, 3} + · · · .

However, it is a well-known fact that Λ is not a spectrum
for ν [ 8 ]. Therefore, weak convergence fails to preserve
the spectrality of the set in the limit.
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It remains to see that Λn is a spectrum for ν. Indeed,
by Theorem 4.4 in [  3 ], it suffices to show that

inf
k≥1

inf
λ∈Λn,k

∣∣∣∣∣ν̂ ( λ

4n+k+1

)∣∣∣∣∣2 > 0. (4.2)

To this end, we notice that if λ ∈ Λn,k, we have

0 ≤ λ

4n+k+1
≤

∑n−1
j=0 4 j3 +

∑k
j=0 4n+ j

4n+k+1
=

2
3 · 4k+1

+
1
3
− 1

4n+k+1
<

3
8
,

that is, for any k ≥ 1 and λ ∈ Λn,k, we have 0 ≤ λ
4n+k+1 <

3
8 .

Hence, for any k ≥ 1, λ ∈ Λn,k, we have using the Fourier
transform formula for ν (see e.g. [  8 ]),∣∣∣∣∣̂ν ( λ

4n+k+1

)∣∣∣∣∣ = ∞∏
j=1

∣∣∣∣∣cos
(
2π

λ

4n+k+1+ j

)∣∣∣∣∣
≥

∞∏
j=1

(
1 − 1

2

(
2π

λ

4n+k+1+ j

)2)
(by cos x ≥ 1 − x2/2)

>
∞∏
j=1

(
1 − 1

2

( 3π
4 j+1

)2)
.

By taking the infimum, ( 4.2 ) holds. Thus, Λn is a spec-
trum for ν.
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