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AgstracT. We refine the method by Greenfeld and
Lev for the product spectral set problem and gen-
eralize the theorem to a singular measure setting.
Furthermore, we establish a new class of spectral
unions of intervals for which the product spectral
set question has a positive answer. More precisely,
if A is a subset of the natural numbers such that
A®B=1{0,1,---,N—1} for some BCc Nand N > 1
then the product measure L|a.[01] X v is a spectral
measure (that may be singular) if and only if v is a
spectral measure.
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1. INTRODUCTION

1.1. Spectral sets and spectral measures. Let ) C IR?
be a bounded, measurable set of positive Lebesgue mea-
sure. We say that Q is a spectral set if there exists a count-
able set A C R such that the set of exponential functions
E(A) := {¢2™** : A € A}forms an orthogonal basis for L*(Q).
Such a set A is called a spectrum for Q. It is well-known
that the classical example of a spectral set is the unit cube
[0,1]¢ with a spectrum Z?. The study of spectral sets dates
back to Fuglede [4], who conjectured that a set Q ¢ R? is
a spectral set if and only if it tiles IR? by translations, i.e.,
there is a discrete set 7~ ¢ R? such that {Q+f,t € 77} consti-
tutes a partition of R? up to measure zero. Fuglede’s con-
jecture remains open in dimension one and two although
it was disproved for three or higher dimensions ([11], [12],
[16], [20]).

The concept of spectral sets was naturally generalized
to spectral measures. A finite positive Borel measure 1 on
RY is said to be a spectral measure if there exists a count-
able set A C RY, called a spectrum of u, such that the set of
exponential functions E(A) = {2 : A € A} forms an or-
thogonal basis for Lz(y). It is not hard to see that there are
purely atomic spectral measures, which has led to the ex-
tensive study of the Fuglede’s conjecture on finite abelian
groups. The first non-atomic, singular continuous spec-
tral measure was found by Jorgensen and Pedersen [8].
Denote by 6, the Dirac mass at the point a. Jorgensen
and Pedersen [8] proved that the standard Cantor mea-
sure with contraction ratio 1/4 and digit sets {0, 2}, which
can be written as an infinite convolution of normalized
Dirac probability measures:

1
V=V %Vy*--- where Vy = 5(60 + 62-4’”) (11)

is a spectral measure with a spectrum

A= {Zwk L6 €10,1),n > o}.

k=0

Jorgensen and Pedersen’s seminal work opened up a new
field in researching the orthogonal harmonic analysis of
fractal measures. Since then, singularly continuous spec-
tral measures have been extensively studied, see [3] and
the references therein.

1.2. Product Spectral set problem. Product spectral

set problem can be stated as follows:
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Problem 1.1. Let Q); c R" and Q, C R™ be two bounded,
measurable sets of positive Lebesgue measure. Is it true
that Q) = Q1 X (), is a spectral set if and only if QQ; and (),
are both spectral sets?

The problem was first studied by Greenfeld and Lev
[6] who showed that the problem is true if (Q; = [0, 1]".
In [9], by a different method, Kolountzakis showed that
the problem also holds if Q; € R is a union of two in-
tervals. Moreover, the problem is also true when (), is a
convex polygon in two dimensions by Greenfeld and Lev
[7]. It was shown to be true if Q3; is a convex set [10] after
the breakthrough result of Lev and Matolcsi [13]. Re-
cently, Chen, Liu and Zheng [2] proved that the problem
is true if Q; is the classical Sierpinski self-affine tile and
the Lebesgue measure of (), is equal to 1. Ramabadran
and Van Vilet [18] showed that the problem is true if Q; is
a measurable set of measure 1 supported inside [0,3/2—¢]
for some ¢ > 0.

Using the non-spectral tile in [12], Somlai [19] con-
structed two bounded measurable sets O;,Q, ¢ R® such
that (), is not spectral, but the product set Q = Q; X, is
a spectral set in IR®. Therefore the problem is not true for
n = m > 3. However, this problem is still open when one of
the factors lies in dimension 1 or 2. Indeed, if the problem
is false, then one side of the Fuglede’s conjecture will be
false as well (see [9]). The problem is also unknown if we
assume one of the factors is spectral in R'. We are going
to make some new progress under this assumption.

1.3. Main Results. Product spectral set problem can be
naturally generalized to product spectral measures. It
is direct to prove that if i, v are spectral measures with
their respective spectra A, Ay, then A; X A, is a spectrum
for p = u X v, see, for example, [14, Proposition 2.2]. The
converse is the only difficult part. Denote the zero set of
the Fourier transform of u by Z(u).

Z(w) = {&:u(&) =0}

Our general main result, that will lead to other special
cases, is presented below:

Theorem 1.2. Let u,v be two finite Borel measures de-
fined respectively on R" and R™ and let T be an additive
subgroup of R". Let p = u X v be its product measure de-
fined on R"™™. Suppose that |1 satisfies

Z@UuojcT. (1.2)
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Then

(1) if pis a spectral measure, then p admits a spectrum
A such that

AcT xR™

(2) If (1.2) is an equality, then v is a spectral measure
and i is a spectral measure with a spectrum T.

The proof of this theorem is a refinement of the proof
by Greenfeld and Lev [6] and it generalizes their main
theorem in two ways. First, none of the measures are as-
sumed to be Lebesgue measure supported on a set and
they can even be singular measures of fractal type. Sec-
ond, (1.2) is assumed only to be contained in an additive
subgroup and this subgroup does not even need to have
any topological structure, while their original proof was
only concerned with u being the Lebesgue measure on an
interval which means that (1.2) is an equality. One of the
key ingredients for the proofin [6] used the fact that weak
limit of spectra of a measurable set of finite positive mea-
sure preserves to be a spectrum. We will see that this
is not the case for singular measures in Section 4.1. We
will bypass the weak convergence problem by carefully
exploiting the structure of the spectrum under piecewise
local translations.

Let us now discuss some immediate corollaries of The-
orem 1.2 (2). First, by an induction on k, we have

Corollary 1.3. Let p = u X v where u = py X -+ X ly and
foreachi=1,--- ,k Z(u) U {0} is an additive subgroup in
R%. Then p is spectral in R+ implies that v is also
spectral in RY.

Denote by L], the Lebesgue measure on a measurable
set Q. Since Z(L|jo1)) = Z \ {0}, we have

Corollary 1.4. Let v be a finite Borel measure on R" with
compact support. Then L]y« X v is a spectral measure on
R™ if and only if v is a spectral measure on R™.

This generalizes the result of Greenfeld and Lev from
spectral sets to spectral measures in the second compo-
nent. Moreover, this also immediately recovers the result
by Chen, Liu and Zheng [2] since the zero of the Fourier
transform of the classical Sierpinski self-affine tiles is
equal to Z? \ {0}, which was computed on [2, p.26].

We say that (A, B) is a complementary pair for N if
Ae®B=1{0,1,--- ,N -1}
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under the addition of integers and every integer in
{0,1,--- ,N — 1} can be written uniquely asa + b fora € A
and b € B. The structure of A and B has been completely
classified by C. Long in 1967 [15] . It is also well-known
that A + [0,1] is a spectral set (see also [5, 17]). Using
Theorem 1.2, we will prove the following theorem for the
product spectral measures.

Theorem 1.5. Let 1 be the Lebesgue measure for the set
A +[0,1] where A forms a complementary pair for N with
some subset B. Suppose that uxvis spectral in R™*". Then
v is spectral in R™.

A simple example of complementary pair is A = {0,2}
and B = {0, 1}, so product spectral set problem (Problem
1.1) is true if one of the factors is the Lebesgue measure
supported on [0,1] U [2,3]. The above theorem asserts a
wide class of finite unions of intervals also satisfies the
product spectral set problem. This is new even in the or-
dinary product spectral set problem.

1.4. Notations and organization. In this paper, we
will write

EA(X) — eZni/\~x
For a finite positive Borel measure 7, we denote by ||7]| :=
7(IR") its total measure in IR". Then the exponential func-
tions {e, : A € A}is an orthogonal basis for L?(7) if and only
if it is mutually orthogonal and the Parseval identity of

the following form holds:
Y KfendioP = el Il
AEA

A basic criterion for determining whether A ¢ R is a
spectrum for y was given by Jorgensen and Pedersen [8]
and will be used throughout the paper. In the original
version, u was a probability measure, but it is direct to
see that it holds in the following form by normalizing the
total mass.

Theorem 1.6 ([8]). Let u be a finite Borel measure with
compact support in R?, A be a countable subset of R?. Let

Q) = )1 + M

AeA

Then
(1) E(A) is an orthogonal set of L*(u) if and only if
Q) < ||[u||2 for & € R% In this case, Q(&) has an

entire analytic extension to C°.
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(2) E(A) is an orthogonal basis for L*(u) if and only if
2
Q) = [|u|[" for & e R

We will prove Theorem 1.2 in Section 2 and Theorem
1.5 in Section 3. Finally, we will give some examples and
the examples that fail the weak convergence in Section 4.

2. Tue ProorF oF THEOREM 1.2

2.1. Setup of the proof. Throughout the section, we let
p=uxv (2.1)

be a finite Borel measure in R"™*" where p and v are re-
spectively the finite Borel measures in and R" and R™.
Moreover, Z (i) U{0} is contained in an additive subgroup
of R", which we will denote by I'.

Assume that A; and A, are two discrete sets in R"*"
and Ay, Ay +y and A, — y are disjoint from A, where y is
a vector in R"*", Define

A= AJUA,, A; = A1U(A2+]/), A; = A1U(A2—)/). (2.2)
We begin by recalling a simple lemma in [6, Lemma 4.1].
Lemma 2.1. Let A, A; and A be the sets defined in (2.2),
p = u X v be the measure defined in (2.1). Suppose that
E(A) is an orthogonal basis for L*(p), and both E(A)) and
E(A}) are orthogonal sets of L*(p), then each one of the sets
E(A)) and E(A)) is an orthogonal basis for L*(p).

For a vector & in R"*", we write & = (§1,¢&,), where & €
R" and &, € R™. It is direct to see that
5(5) = ﬁ(él) '7(52)-
This implies that

Z(ﬁ) ={E=(&, &) eR™ & € Z@ or & € Z(v)}.

The following lemma is immediate from the definition of
orthogonal sets.

Lemma 2.2. Let A = (A, A;) and A’ = (A}, A)) be two dis-
tinct points in R"™™, and p = 4 X v be the measure defined
in (2.1). The exponential functions e, and e, are orthogo-
nal in L*(p) if and only if Ay — A} € Z(u), or A, — A € Z([v).

Let A ¢ R™" be a spectrum for p. Let us write A =
(A1, A2) € R™™. Given t € R" we define a mapping ¢; on A
by

A, AMeT,
PilA) = {A +r(t), A gr,

where 7(t) := (t,0) € R"*™.

(2.3)

6



Proposition 2.3. Given t € R". Let ¢, be the mapping
defined by (2.3), p = u X v be the measure defined in (2.1),
and Z(u) U {0} is a subset of the additive subgroup T'. If A
is a spectrum of p, then ¢(A\) is also a spectrum of p.

Proof. We first prove that E(¢:(A)) is mutually orthogonal
in L*(p). Given distinct A = (A1, A5) and A’ = (A, A}) in A.
We have three cases to consider according to the definition
of (Pt.

(1) Ay, A} €T

(2) Ay, AL ¢ T

(3) Ay €T'and A} ¢ T or vice versa.

In the first two cases, ¢;(A) — (1) = A = A". As ¢y,
ey are mutually orthogonal in L?(p), we know the same is
also true for 6@@), 6@0\/).

In the last case, we only need to consider one situation
since the role of A;, A] is symmetric. Now,

Or(A) = pi(A) = (A = AL =1, A, = A)). (2.4)
From our assumption, A; € I', while A] ¢ I. AsT is an
additive group, we have A; — A} ¢ I'. By Lemma 2.2 and
Z(u) c T, it means that A; — A} ¢ Z(u) and thus A; —
A, € Z(). Hence, ¢(A) — $(A') € Z(p) in view of the
second component in (2.4). This completes the proof of
the mutual orthogonality. A similar argument also shows
that E(¢_¢(A)) is also a mutually orthogonal set.

We next show that ¢(A) is indeed a spectrum of p. To
this end, we divide the set A into two subsets, A; and
A,, such that they satisfy (2.2) and the assumptions in
Lemma 2.1.

Let

A ={AeA: N eT}, Ay ={AeA: A ¢T}.
We have immediately that
Pr(A) = AU (N2 +7(1), P-(A) = AU (A2 — 7(F)).
Moreover,
AN +1(t) =02, Ain(A—1(t) =@.

Indeed, if either one of the the intersections is not dis-
joint, we will find some (A1, A;) = (A] +¢t,A}) or (A] —t, A7)
where (A}, A}) € A,. In both cases, it implies that A, = A).
Since (A1 — A}, A, — A)) € Z(p), A — Ay € Z(u) T by the
mutually orthogonality of E(A) and Lemma 2.2. As A, €T,
this forces A} € I which is a contradiction since A] € A,.
Finally, we can invoke Lemma 2.1 to conclude that each

of ¢;(A) and ¢_,(A) is a spectrum of p. O
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The following lemma shows that if we can construct a
spectrum A such that there is only one equivalence class,
then v must be spectral.

Lemma 2.4. Assume that p = uXv is the product measure
defined in (2.1), and Y is a mutually orthogonal set for
u (here Y is not necessarily an additive subgroup). If p
admits a spectrum

AcCYxR",
then each set
A, ={AeR":(y,A) e A}, y €7,

is a spectrum of v and u is a spectral measure with spec-
trum Y.

Proof. Write A = U,er{y} X A,. Moreover, each A, must
be mutually orthogonal for v and Y is also mutually or-
thogonal for u. Therefore,

ol = Y & -, & - )P

(y, A)eA
=2 ) & =P W& - P
V€Y A€A,
<MY E =P <l i = o]l
yeY

This forces that all inequalities hold as equalities. In par-
ticular, all A, are spectra for v and Y is a spectrum for

L. m

2.2. Completion of the proof. Suppose A is a spectrum
for p and I' is an additive group in R". We define an equiv-
alence relation on A by

A~A = mA)-m)erl,

where 7; is the orthogonal projection to the first n co-
ordinates. Let {[A,] : n € IN} be the collection of all
the equivalence classes under this equivalence relation
where A, € A for all n € IN. We can choose A; = 0 since
0 € A. From here, for each y € T, we let

An,)/ = {yZ . A = (nl(An) + 7/1 y2) € A}

Then A admits a natural decomposition according to the
equivalence class.

A =[] A, where A, = Jix, + ) x Ay (2.5)
n=1 yer
8



where we let x, = ;(A,) and x; = 0. We can now prove
Theorem 1.2.

Proof of Theorem 1.2 (1). We first take a spectrum A for p
and we decompose A according to its equivalence class as

in (2.5):
A= U{U Xy + V) X Ny |-

(2.6)

n=1 \ yel

We have the following simple observations:

O U{xn — X+ Y XAy

OE U i x Ay
n=1 yel n=3 yel
3 o0
¢—(x3—xz)o¢—xz(A) = U U{V} X An,y U U U{Xn — X3+ )/} X A
n=1 yel n=4 yel

Inductively, if we define A™ = ¢_(y,x, ) O " © O(ryony) ©
¢_r,(A), we have

Lmj o x Ay

n=1 yel

Al —

n=m+1 yer

[U i =0+ )

All these are spectra for p by Proposition 2.3. Finally, we
apply ¢., to A™ and obtain

= 6 ot x Ay | U [ O | + 71 x Ay
n=m+1 yel

n=1 yel
:=A,, UB,,
where
A = OU{y}wa, B, U |t + 71
n=1 yer n=m+1 yel'

For each m > 1, A}, is also a spectrum for p. Note that B,,
is a part of the orthogonal set in A. In view of (2.6) and
[pl* is non-negative, we have

Z [p(E = A)? = 0, as m — oo. 2.7
A€B;,

Finally, we let

:CJAmch]R’”.

m=1
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As A}, is a spectrum for p, we have

loll* = Y B - R = Y I - R + Y, [ptE - D

AeA], AEA, A€EB,
Using (2.7), we see that

Y Ipte = AP = Tim Y p(E - AP

AeN AEA,

_hm[upu - Y el ] el

A€EBy,

This shows that A’ is our desired spectrum for p and com-
pletes the proof. O

Proof of Theorem 1.2 (2). Suppose that Z(1) U{0} =T and
I' is an additive subgroup of R". Then I is a mutually
orthogonal set for u. By Theorem 1.2 (1), we can always
find a spectrum A’ such that

N cT xR™

But I' is mutually orthogonal for u. The desired conclu-
sion follows from Lemma 2.4. O

3. THE PROOF OF THEOREM 1.5

To prove Theorem 1.5,let N, = {0,1,--- ,n—1} for conve-
nience and recall the classical result of C. Long [15] (see
also [5, Corollary 2.6]). Indeed, A, B is a complementary
pair for N if and only if after possibly interchanging the
role of A and B, we can decompose N = 1 - - - 1n;,_; for some
integers n; > 1, and writing m; = ny - - - n;, one has

A= Tloan + mZ]an + ...+ m_IN
B = Nno + manz + ...+ m_3IN

Mg—1
Mg—2*
As a simple example, readers can consider A = {0,2} =
2N, and B = {0,1} = IN, for the proof. In this case, A®B =
{0,1,2,3} and (A, B) is a complementary pair for 4.

Let

O, =2Z\nZ

which is the set of integers that are not multiples of n.

Let us first compute the zeros of the Fourier transform of
p. Indeed,

n-1 —Zm'né 1

€ —_— T
—2mi& _
= n(e 1)

O, (8) =

S



This shows that
Z(n) =50
In particular,
1 1 1

5,) = —0, U—0,.U---U—0,
Z( A) m, 1 ms 3 m;_ k-1
and .
2(63) = E‘Dno U (Dnz U---u m@nk_z
(notice that m;_; = N). Observe that
Oy, Unj10,, = On i,

Combining the union into the same denominators, and
iterating the above relationship, we see that

_ ~ 1
Z(64) U Z(6p) =N (‘an_l U 110y, , U 1im112Op , U -+ - Uiy -

1
—N‘DN.
(3.1)

Moreover, using the uniqueness of the representation of
the integers in {0,...,N — 1} using the basis ng, -+, nx1
(i.e. each n € Oy can be uniquely represented as

Eot+ ENg + -+ E1Ng * - Nk
for unique ¢; € N,,;), we can show that
Z(64) N Z(05) = @. (3.2)
(3.1) and (3.2) leads us to conclude the following lemma:

Lemma 3.1. Suppose that (A, B) forms a complementary
pair for N. Then the zero sets of 64 and 0 form a partition

Of %ON

Furthermore, (see e.g. [5]), the measure 64 and 6p are
spectral measures with spectrum

1 1 1
Aa=—N,, + le +...+ —N,, (3.3)
m my_q
and .
Ap INnO + ]an +...+—N,_,, (3.4)
my_;

respectively. We ﬁrst prove a general lemma concerning
completeness of exponentials in direct sums.
For a finite set D c IR”, we denote by

5o ::Zéd

deD
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the discrete measure associated with D. We first have the
following lemma about the completeness of the exponen-
tials when combining different translates of the spectrum
for convolutions of measures.

Lemma 3.2. Suppose that

(1) o is a finite nonnegative measure on R" with the
frequencies A C R" being a spectrum for g,

(2) D € R" is a finite set such that (suppo) + D is a
packing (i.e. the intersections of the support of any
two different measures g1 = 04, * p and g, = 04, * 0
have measure zero in each g,).

(3) T is a finite set with |T| = |D| such that A + T is
a direct sum (all sums are different) and is an or-
thogonal set for L*(o * Op).

Then A + T is also complete for L*(p * 5[)),

Proof. Let {e, : n € N} = {eyys : A € A,t € T}. Since {e,}
is orthogonal we can complete it to an orthogonal basis
P adding the vectors {v,, : m € IN} with ||v,|| = |le.||. Let
f € L*(p* 6p), we can write f = Y, fs for some unique
fa € L*(0*6p) which is non-zero only on the set (supp ) +4,
for some d € D. For such an f; we have

il = Vil (3.5)

since f; = 0 off (supp ) + d and the assumption (2). More-

over, we have
2 2
|<fd/ eA+t>L2(@*(SD) = Z Z '(fd/ eA"'t)Lz(g*éd)

AEALET teT AeA

= Z ”Q” . “fd”;(@*(sd) (since A +t a spe

teT

=1D1-[lel| [|£ll52,5,, (e ITI = DD
= 1D1-[lel|- [|£ll52,.5,, (Since (3.5)

= “Q* 5DH : ”fd”iz(g*én)'

(since f; =0

But we also have
2 2
H@* 5D|| ' ||fd||i2(@*5,3> - Z ’<fd' endixgon)| + Z |<fd' V) L2(p5p)
n m

using Parseval with respect to 9. This implies that
<fdfvm>L2(@*aD) = 0 for all m and we can write f; =
12




Y

(fi, €n)12(pusyen- Hence,

" IIWS [
1
f= Z fi= [Z {fae ">LZ<@>«>D>J
deD 6D|| deD
which implies that A + T is complete for L2(p * 5p). O

Proof of Theorem 1.5. Recall that u is the Lebesgue mea-
sure supported on A + [0, 1] with (A, B) forming a comple-
mentary pair for N.

n:= ]l[O,N] XV

Claim: 7 is a spectral measure.

If the claim holds. Since pu = 64 * 191}, so we have 1jn; =
u = 6p and

01U Z() U Z(65) = 101U Z(Tgm) = 1.7,

which is an additive subgroup of R. Applying Theorem
1.2 (2), v is also spectral, thereby completing the proof.

We now justify the claim. First we notice that we can
rewrite 1 as follows:

1 = Oxoy * (1 X V).

By (3.1), Z(;S\A) C %Z. As p x v is spectral, Theorem 1.2
(1) shows that there is a spectrum A for u X v such that

AC (%Z) x R™. (3.6)

Recall that 64,065 are spectral with spectrum A, and Ap
respectively in (3.3) and (3.4). We will show that

L:= A+ (Agx{0})

is a spectrum of 17, where A is a spectrum of u X v given in
(3.6) and Ag is given by (3.4).

This can be done by applying Lemma 3.2 with T = Ap X
{0}, 0= uxvand D = B x {0}. Condition (1) in Lemma 3.2
is clearly satisfied. (2) is also satisfied because (A, B) is a
complementary pair, so (A +b) +[0,1]) N (A + ') +[0,1])
intersects only at the boundary. Thus, u((A+b)+[0, 1]N(A+
b’)+10,1]) = 0, so is the p measure of its cartesian product
with R. Finally, it remains to verify that L is orthogonal
for . Then we can apply Lemma 3.2 to conclude that 7 is

spectral and the claim will be justified.
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Take A,\’ € Aand ¢,{’ € Ap are given so that A+ (£,0) #
A"+ (¢',0) and write A = (A1, A,), A" = (A}, A)) respectively.
Let

A=A+0) -\ +(,0)=AN=-A+=0, A= A))
and note that

(&1, &) = 0p(ENTEN(E) = Tom(ED)V(E) = 53(51)@?)- :
3.7

We aim to show that 7(A) = 0. This conclusion is imme-
diate if A = A’ (where 5;(5 —{') = 0)or £ = ¢ (wWhere
oA = A’) = 0). Assume therefore that A # A’ and ¢ # ¢'.

When A # A/, we have (A, — 1)) = 0 or (A, — A7) = 0. If
V(A, = A}) = 0 then 7(A) = 0 in view of (3.7). If v(A, — 1)) #
0, we must have (A, — A7) = 0. We need to show that
Ton (A — A} + €= ') = 0. By (3.4) and (3.6), A, A!, £ and
' € +Z. The only way this can fail isif A - A+ (- ¢ =0
which is equivalent to A; — A} = ¢’ — £. We have

A=A, € {0} U Z(@) and £ — £ € {0} U Z(55).

From Lemma 3.1, By the disjointness of Z(64) and Z(@\;),
we also have the disjointness of the set Z(i) and Z(05).
This forces that A; = A} and ¢ = ¢’. But then (A, — 1) #
0. This results in a contradiction. Hence, L must be a
spectrum for 1. The proof is therefore complete. O

4. ExAMPLES.

We now illustrate some examples in which Theorem 1.2
and Corollary 1.3 applies. Our theorem applies to all par-
allelepiped P in R?. Indeed, we can write P = A([0, 1]) for
some invertible matrix A. Hence, L|p X v is spectral if
and only if Ljg;. X (v 0 A™") is spectral. Hence, L|p X v is
spectral implies v must be spectral. The following gives
an example for which the measure can be applied to some
other general disconnected domains that may not tile IN,,
for any positive integers n.

Example 4.1. Let Q = [0,3]U[2,2]U[5,3]. Then Qis a
fundamental domain of Z. Its Fourier transform is given
by

X/[OE(‘S) . (1 T ezm%é) :
One can solve the zeros using the fact that 1 +z; +2, =0
for some |z;| = |zo| = 1 if and only if z1, z, is a permutation
of e*2™/3, Tts zero is exactly Z \ {0}. Hence, by Theorem

1.2, L|o X v is spectral if and only if v is spectral.
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Example 4.2. In this example, we construct a measure
po that has lattice Fourier zeros without full rank. Let
to = Ll * Ll_jo1p- It is well-known that

Z(Lhoap) = {61, &) € R? [ & € Z\ {0} or & € Z\ (0}).
Note that
() = | Lpp@P =0, x € R?, (4.1)
and Z* C (Z(po) U {0}). Let

el el Y e )

For each i = 1,2,3,4, we define the measure u;(E) =
to(Ai(E)), and let S; be the zero set of the Fourier trans-
form p;. Then we have

={(x1,x) ER*:x; € Z\ {0} or x, € Z \ {0}}

{1, %) €eR?: x5y —x, € Z\ {0} or x, € Z \ {0}}

{(x1,%) €ER*>:x; € Z\ {0} or x, —x1 € Z\ {0}}

[, %) €ER%: 1 — V2x, € Z\ {0} or (1 + V2)x, —x; € Z\
In particular, S; NS, N S; = Z?\ {0} and hence

S=5,NS NSNS, = (Z2\ {0 NSy = {(x1,0) : 11 € Z\ {O}}.

Define u(E) = Y.\ 1o(Ai(E)) for all Borel E, by (4.1), we
obtain

51
52
53
S4

4
() = Z i[f()(Ai‘Tx) = 0iffxeS.
i=1

This shows that
Z(p) U {0} = {(x1,0) : x € Z).

In this example the Fourier zeros of y form the rank-one
lattice (Z \ {0}) x {0} in R?. Indeed, u is absolutely con-
tinuous with respect to the Lebesgue measure. u cannot
be a spectral measure with spectrum Z x {0}. In this case
the conclusion of Theorem 1.2 is false. This shows that, by
the contrapositive of Theorem 1.2, uXv is never a spectral
measure for all v.

4.1. Failure of weak convergence in singular mea-
sures. We say that a sequence of uniformly discrete sets
A, converges weakly to A if for all ¢ > 0 and for all R > 0,
there exists N € N such that for all n > N,

Ay NB(O,R) C A+ B(0,¢), ANB(0,R) C A, + B, ¢).
15



An important result about weak convergence is that if
A, are spectra for a spectral set () and A, converges to
A weakly, then A is also a spectrum for Q) (see e.g. [6,
Lemma 3.1]). We now illustrate that this is indeed false
if we consider singular measures.

Example 4.3. Let u be the arc-length measure on the line
segment (0,0) to (1,0) in R% Let v, = (1,n)! and then
Ay = {v,k : k € Z} are spectra of the measure p. For any
R > 0, for all sufficiently large n, A, N B(0, R) contains only
the origin, so A, weakly converges to A = {0}, which is not
a spectrum.

More generally, if a continuous measure y admits arbi-
trarily sparse spectra A, such that 0 € A, and

min{|A|: A € A, \ {0}} = o0, asn — oo,

then A, converges weakly to A = {0}, which is a not a
spectrum for y (since u is continuous, so L*(u) is infinite
dimensional). By [1], any self-affine spectral measure ad-
mits such a sequence of spectra.

The above example exploited the arbitrary sparseness
to construct the counterexample whose weak limit can
only be a singleton. One may ask if the weak conver-
gence result can still hold if A, does not become arbitrar-
ily sparse. In the following, we give a non-trivial fractal
example in R! such that the spectra A, converges weakly
to an infinite set A which is mutually orthogonal but it is
not a spectrum.

Example 4.4. Let v be the one-quarter Cantor measure
defined in (1.1) in the introduction. Consider

n—1 n+M
An={3-24fsj+24fej:e]-e (0,1}, Mzo}.

j=0 j=n
For any k > 1, we define
Api = 10,3} +4{0,3} +--- +4"7H0,3} +4™{0, 1} +- - - +4""{0, 1}.

Then A, = U2, Ay r. We claim that all A, are spectra for
v. Note that A,, converges weakly to the countable set

A=1{0,3}+4{0,3} +---+4"{0,3} +---.

However, it is a well-known fact that A is not a spectrum
for v [8]. Therefore, weak convergence fails to preserve

the spectrality of the set in the limit.
16



It remains to see that A, is a spectrum for v. Indeed,
by Theorem 4.4 in [3], it suffices to show that

A
v (4n+k+1 )

To this end, we notice that if A € A, we have

A T4B+Yi4 2 1 1 3
0< An+k+1 S An+k+1 - 3. 4k+1 + § - An+k+1 < g’

2

inf inf > 0. 4.2)
k>1 /\EAn,k

that is, for any k > 1 and A € A,x, we have 0 < ;4= < 2.
Hence, for any k > 1, A € A, x, we have using the Fourier
transform formula for v (see e.g. [8]),

AN TT A
V(4n+k+1) =11 COS(ZNW)
j=1
T 1 Ay
2_“ 1—5(2nm) (by costl—xz/Z)
j=1
T1(. 1(3nY
~11 1_5(4f+1))'
j=1

By taking the infimum, (4.2) holds. Thus, A, is a spec-
trum for v.
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