NON-SPECTRALITY OF SOME PIECEWISE
SMOOTH CURVES AND UNIONS OF LINE
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Agstract. We develop a systematic study about
the spectrality of measures supported on piecewise
smooth curves by studying the support of the tem-
pered distributions arising from the tiling equation
of some singular spectral measures. In doing so, we
show that the arc-length measures of all closed polyg-
onal lines are not spectral. In particular, the bound-
ary of a square is not spectral. We also show that
the “plus space” (two crossing line segments) is not
spectral. Furthermore, our theory also shows that
the arc length measures on smooth convex curves
with finitely many transverse self-intersections are
not spectral. Finally, several natural open questions
about the spectrality of singular measures and piece-
wise smooth curves will also be discussed.
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1. INTRODUCTION

In this paper, a measure u is always referring to a com-
pactly supported probability measure in IRY. We say that
u is a spectral measure if there exists a countable set
A < RY such that E(A) := {7~ : A € A} forms an or-
thonormal basis for L?(). A measurable set Q with finite
positive Lebesgue measure is a spectral set if the nor-
malized Lebesgue measure on Q is a spectral measure.
The study of spectral sets of was first initiated by Fuglede
in 1974 [Fug74], who famously proposed the conjecture
that spectral sets are equivalent to translational tiles on
R?. The conjecture was disproved in both directions on
R? with d > 3 [Tao04, KM06b, KM06a, FMMO06, FR06],
but the research effort to explore the exact geometric re-
lationships between spectral sets and translational tiling
has not declined. In one recent major result, Lev and Ma-
tolesi [LM22] showed that Fuglede’s conjecture holds for
convex domains. Readers can refer to the survey [Kol24]
for different aspects about the Fuglede’s conjecture.

The generalized concept of spectral measures gained
its popularity when Jorgensen and Pedersen discovered
that the self-similar Cantor measure generated by divid-
ing [0,1] into 4 sub-intervals of equal length and keeps
the first and third one is a spectral measure, while the
standard middle-third Cantor measure is not a spectral
measure in 1998 [JP98]. This work was followed up by
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Strichartz [StrO00] and Laba and Wang [LW02]. There is
now a vast literature in this direction. Readers can refer
to the survey [DLW17] for more recent advances about
fractal spectral measures. The connection with tiling ap-
pears to be weaker, but it exists. Gabardo and Lai [GL14]
showed that if the pair of measures (u,v) “tiles" [0,1]? in
the sense that y1+v = 1}y« dx, then both y and v are spec-
tral measures. In the same paper, they also proposed a
version of the generalized Fuglede’s conjecture for singu-
lar spectral measures. A verification of this conjecture
in a special case of Cantor-Moran measures was recently
given in [ALZ25].

The purpose of this paper is to study the spectral-
ity of singular measures supported on piecewise smooth
curves. This first appeared in Lev’s paper [Lev18]. Io-
sevich, Lai, Liu and Wyman showed that boundary of
the unit disk never admits a Fourier frame (generaliza-
tion of the orthonormal basis of exponentials), hence it
is non-spectral [ILLW22]. In the same paper, they also
showed that the boundary of any polygons always admit
a Fourier frame. This naturally led to the question to de-
termine if the boundary of a square, equipped with the
1-dimensional Lebesgue measure, is a spectral measure.
Notice a well-known fact that the square domain is spec-
tral, thus it becomes an interesting question to determine
if the spectrality of the domain can induce a spectrum on
its boundary. We will answer these questions in this ar-
ticle in the negative.

Lai, Liu and Prince [LLP21] initiated a new study
about the spectrality of symmetric additive spaces with
measure supported on two orthogonal lines defined

1
(1) U= E(l[trﬂrl] dx x 60 + 60 X ﬂ[t,t+1] dX)

They proved that u is a spectral measure when t = 0.
However, the case where the two lines overlap,i.e. —1/2 <
t < 0, is much more subtle. With a series of works by
Ai-Lu-Zhou [ALZ23], Kolountzakis and Wu [KW25] and
recently by Lu [Lu25], it is now shown that all are not
spectral when —1/2 <t < 0. See Fig. 1.

Apart from spectra, our results also deal with tight
frames of exponentials, a slightly more general notion of
basis. We say that y is a tight-frame spectral measure
if there exists a countable set A « R? which we call a
tight-frame spectrum, such that E(A) := {7 : A e A}
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Ficure 1. The measure that is arc-length
on two equal-length line-segments. Some of
the measures on the left are spectral, de-
pending one where the starting points of the
segments are compared to their length. In
the crossing case on the right they are never
spectral. The symmetric crossing case, t =
—1/2, is called the “plus-space”.

forms a tight frame for L?(u) in the sense that there exists
a constant A > 0 such that

(2)
)
AEA

Clearly an orthonormal basis is a tight frame. But the
converse is not true. For example, we can take union of
two orthonormal basis to form a tight frame of constant
2. For general frame theory, readers can refer to [Heill].
For tight frame spectral measures, general theory was
established in [HLL13] and [DL14]. In [DL14], it was
shown that if u is tight-frame spectral and absolutely con-
tinuous with respect to the Lebesgue measure, then u
must be a constant multiple of the Lebesgue measure on
its support. The consideration of tight-frame spectrality
allows us to deal with spectrality of curves by focusing on
a subset of the curve (see Corollary 1 below).

2
| ez aui) = a [1fF dut, vf < L),

We say that a finite union of line segments is (tight-
frame) spectral if the naturally induced one-dimensional
Lebesgue measure is a (tight frame) spectral measure.
Our main result in this paper is to settle the spectrality
questions we mentioned. Moreover, we determine non-
spectralities for much more general classes of line seg-
ment collections.

Theorem 1. (1) A finite union of line segments that
forms a closed curve, self-intersecting or not, can-
not be tight-frame spectral.
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(2) A finite union of line segments containing three
lines that starts at the same point and points in
distinct directions cannot be tight-frame spectral.

In the second part, we remark that the theorem also
includes cases in which two of the three vectors are in
opposite directions to each other. Hence, it shows that
the “plus space” corresponding to t = —1/2 (refer to Fig.
1) cannot be tight-frame spectral, providing another in-
dependent proof after Lu’s proof [Lu25]. Some more ex-
amples following from our Theorem 1 are shown in Fig.
2.

Clearly, the first part of the theorem showed that the
boundary of a square cannot admit a tight frame of expo-
nentials. Closed polygonal curves can be generalized to
certain smooth curves of positive curvature.

< (w4 T

Ficure 2. Some examples of non-spectral
collections of line segments. All but the first
one from the left, the “Il-shape”, are covered
by Theorem 1. The IT-shape is explained in
Section 4.4

Theorem 2. Let y be a smooth closed planar curve with
positive curvature such that there are only finitely many
self-intersections all of which are transverse. Then the in-
duced arc-length measure on vy is not a tight-frame spec-
tral measure.

Transverse intersections mean that the tangent vectors
from different times visiting the intersection point are not
parallel to each others (see Section 5 for the precise defini-
tion). This result is slightly more general than the results
in [ILLW22] in the sense that the curves we deal with can
be self-intersecting, such as the one in Fig. 3.

Finally, we observe a simple property about tight frame
spectral measures. Suppose that E(A) = {7 : A e A}
is a tight frame for the measure 3 (u +v) and assume that
supp i N supp v has zero p-measure and v-measure. By
restricting only to functions on L?(u) (i.e. extended by 0
off supp ), we immediately see that E(A) is also a tight
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Ficure 3. A smooth closed curve in the
plane with positive curvature everywhere
and a transverse self-intersection.

frame spectrum for L?(u) with another positive constant.
Because of this, the following corollary is immediate:

Corollary 1. Let u be the arc length measure supported
on a finite union of smooth curves (not necessarily con-
nected). Suppose that the union contains curves described
in Theorem 1 and 2. Then u is not tight-frame spectral.

1.1. Idea of the proof and function tilings. The proof
of our theorems requires a generalization of a well-known
fact in the tiling theory of integrable functions to a non-
integrable setting. Let us denote [i the measure [i(E) =
u(—E) and define the Fourier transform of the measure u
to be

() = [ dua).

The convolution between two measures p and v is given
by

e (E) = [ 1p(x + uidv(y)

Recall that if f € L'(RY) and A is a countable discrete set
such that

(3) Oa = f(x) fo— ) =w a.e.

AEA

for some w, then we can conclude that suppg,: with 6,
regarded as a tempered distribution, satisfies

supp O, © {0} U {£e R?: £(&) = 0}.
This can be formally deduced by takmg the Fourier trans-

form of both sides of (3) to obtain N A f = wdy. A rigorous
proof of this fact can be found in [KLL16, Theorem 4.1]. Re-
call that [JP98] i is a spectral measure with a spectrum
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A if and only if

If u admits a tight frame {e*™* : A € A}, by taking f(x) =
e2™¢¥ into (2), we obtain also a tiling equation

(5) 6/\* |ﬁ|2 IA.

Notice that the distributional Fourier transform of |ii|* is
equal to the measure y + fi. By formally taking Fourier
transform to the convolutional equation (4) and (5), the
following conjecture may be true:

Conjecture 1. Let A be a tight-frame spectrum for a mea-
sure uin RY. Then

supp o < {0} U (supp (1 + [i))<.

Above, the support of a measure u is the unique closed
support of u, which is the set of points x such that
u(B(x,r)) > 0 for all ¥ > 0. When u is an absolutely contin-
uous measure with respect to Lebesgue measure, [DL14]
showed that the density must be constant function, so it
must be in L?>(RY). It follows that |i|? is integrable and
this conjecture is correct. We are unable to prove this con-
jecture in general. Instead, we have the following weaker
version of the conjecture:

Theorem 3. Suppose u is a tight-frame spectral measure
on R? with a tight-frame spectrum A such that p = [i is
absolutely continuous in the open set U and has a smooth,
strictly positive density therein. Then supp danlUc {0}.

By a spectral gap a > 0 for a tempered distribution
T, we mean that T vanishes on a punctured open ball
B(0,a)\{0}. If a spectral gap does not exist, then we say
that T has a zero spectral gap.

Theorem 4. Let A be a countably discrete set and A be a
tight-frame spectrum for a singular measure . Then the
spectral gap of 64 is zero.

Conjecture 1 and Theorem 4 suggest a strategy of show-
ing that a singular measure is non-spectral or non-tight-
frame spectral.

Proposition 1. Let 1 be a singular measure. Suppose
that Conjecture 1 holds and the support of | = [i covers a
neighborhood of the origin. Then u cannot be tight-frame
spectral.
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Proof. Suppose that A is a tight-frame spectrum for u.
From Conjecture 1 and the assumption of the support, a
spectral gap for 6, exists. However, this is a contradiction
to Theorem 4 since u is a singular measure. |

Despite Conjecture 1 being open, we are able to adopt
the same strategy to prove Theorem 2 via Theorem 3. We
will show that under the assumption of Theorem 2, p = i
has a smooth density around a punctured neighborhood
of the origin (see Theorem 7). To prove Theorem 1, we
will also adopt the same strategy. However, we will see
that the measure p + i contains a singular part supported
on some lines, and we will need a characterization of dis-
tributions supported on the lines to handle this situation
(see Subsection 2.3).

We organize the paper as follows: In Section 2, we will
lay out our tools and previous results required for our
study. In Section 3, we will prove Theorem 3 and The-
orem 4. These two sections laid down the foundation to
prove Theorem 1 in Section 4 and Theorem 2 in Section
5. Finally, we will discuss some open problems in Section
6

2. PRELIMINARIES

We will provide all the basic tools required in this pa-
per. In particular, we will provide the background on tem-
pered distributions required for the study of the spectral
measures, the properties about distributions supported
on 1-dimensional subspaces and finally a change of vari-
able formula.

2.1. Densities of countably discrete sets. For a
countably discrete set A — R? the upper and lower
Beurling densities are defined to be
#(A N B(x,
D*(A) = limsup sup AN B 1)

d 7
r—0  yeR? r

and
D (A) = liminf inf #(Am—f(“))
r—00  xeR4 4
A has a uniformly bounded density if dens(A) =
D*(A) = D (A) < w. A is called translationally-
bounded if

sup#(A nB(x, 1)) < .

xeR4
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It is known that A is translationally-bounded if and only
if D*(A) < co. We also recall that A is called separated
if there exists 6 > 0 such that |1 — A’| > 6 for all distinct
A, A" e A. We begin with a simple lemma.

Lemma 1. Let ¢ be a Schwartz function and let A be
translationally bounded. Then

Saxp(x) = > Plx—A)

AEA

is a bounded function in R

Proof. Note that D*(A) < . Then
#(A N B(x,2")) < 2™

where the implicit constant is independent of n and x. As
¥ has a rapid decay, |(x)| < (1 + |x|)~(1%9), Hence,

D= = Y x-A !+Z > [P(x—A)|
AeA AeB(x,1) n=1 AeB(x,2")\B(x,2"~1)

The first term is clearly bounded independent of x since
sup, re #(A N B(x,1)) < co. For the second sum,

1
Z Z [l Z (1 _|_2n 1y100d ~ 2 299dn

n=1 AeB(x,2")\B(x,2"~1) n=1

This completes the proof. O

For A < IRY of bounded density we write

oa =), 0n.

AeA
This is a tempered distribution which is locally a measure

and we can therefore speak of its Fourier Transform, 5X,
which is also a tempered distribution, but we notice that it
is not necessarily locally a measure. Readers can refer to
[Rud73] for more detailed theory about distributions. We
will also use some deeper results presented in [Kna05].

For the basic terminology, recall that by the support of
a tempered distribution T, denoted by supp(T), we mean
the complement of the largest open set U such that if ¢ is
a Schwartz function supported on U, then T(p) = 0. We
need the following result, which can be found in [Gab09,
Lemma 4.5] and [Kol00, Theorem 5] (see also [Kol00, The-
orem 7]).

Lemma 2. Let A be translationally-bounded.
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(1) Suppose that for some © > 0,
supp(dx) n B(0,7) = {0}.

Then SA = ady in B(0, 1) for somea >0
(2) Suppose Athat O Is a measure in a neighborhood of
0. Then 6,({0}) = dens(A).

Around 2010, Gabardo initiated a series of general
study on Beurling densities with bounds of the convolu-
tional inequality of the form 0, = f [Gabl2, Gab13]. In
particular, among many other results he proved, we need
the following:

Theorem 5. [Gabl3, Proposition 3, Theorem 1 and
Corollary 3]

(1) D*(A) < o if and only if A is translationally-
bounded.

(2) Let 0 <f € LY(R?). Suppose that there exists C > 0
such that 5, * f(x) < C for almost all x € R?. Then

D*(A) - ( f f(x) dx) <C

2.2. Density properties of tight-frame spectrum.
Suppose i is a probability measure on R? which is spec-
tral with A < R? being a spectrum. By a well-known re-
sult in [JP98], this is equivalent to

(6) AP = oa(x) = D AF(r = 2) =1,

AeA
for all x € R?. Note that a spectrum A must be separated
by the continuity of i, f(0) = 1 and (A — A’) = 0 for
distinct A, A’ € A. This also implies that A must be trans-
lationally bounded.

If |i|” € L'(IR?), then u is an absolutely continuous mea-
sure with a density in L?(R?). On the other hand, if the
support of u has Lebesgue measure 0, then {|i> = +co.
The following proposition shows that the density of A
must be zero.

Proposition 2. Suppose that u is a singular spectral
measure with a tight-frame spectrum A. Then the density
of Ais zero. i.e. D*(A) = 0.

Proof. In [HLL13], it was proved that if A is a spectrum
of 1 we have that D~ (A) = 0. However, to show that it has
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density zero, we need to show a stronger statement that
D*(A) =0.!

To prove our conclusion. We first notice that |fi|* « 6, =
A. Let f, = |fi|* - 13,(0) which is in L' since || < 1. Since
fu < |fi* we have f, » 5, < A. By Theorem 5, we conclude

that D*(A) - § f, < A. Since { f, — §|f]> = +co, it follows
that D*(A) = 0. o

Proposition 3. Suppose that 1 admits a tight frame of ex-
ponentials with tight-frame spectrum A. Then A is trans-
lationally bounded.

Proof. The previous proposition already showed that
D*(A) = 0 and hence translationally bounded by Theo-
rem 5(1). Suppose that u is absolutely continuous with
respect to the Lebesgue measure, the fact that y admits
a tight frame of exponentials with tight-frame spectrum
A implies that we have |[i]* =55 (x) = A. By Theorem 5 (2),
D*(A) < o0. O

2.3. Distributions supported on straight lines. The-
orem 3 requires u + i to have a smooth density. This is
useful if u is supported on a smooth curve. However, this
is not the case for measures supported on closed polygo-
nal lines. In this subsection, we will prove a lemma about
distributions supported on a straight line.

Lemma 3. Suppose F € L°(R?) and T = F a tempered
distribution, has supp T < R x {0}. Then

(a) there exists a distribution T on R such that for any h e
S(R?) we have

T(h) = T(h(-,0)), and
(b) F does not depend on x,.

Proof. We can write [Kna05, Problem 5.6.10]

J
(D T(1) = 2, Tj(o,le-0)
=0
for any Schwartz function 7 on R?. Here T; are tempered
distributions on R and ] is a finite number. To prove the
Lemma it suffices to show that | = 0.

1A sketch of this proof was first shown to the second-named author
by J.P Gabardo back in 2012.
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Let ¢ be a smooth compactly supported function of in-
tegral 1 and write

Pe(x1,X2) = P(x1, x2/€),

which implies

(75:(51,52) = €$(51,€52)-
We have
® [T = |[F(@0)

-|f,
R2
independent of €.
Using (7) and the fact that

60,]‘ ((P€<X1,XZ)) = 67]'(60,]'@) (xl,xz/e)

4

< [Fllo|(0)

we get

J
T(¢e) = Y, €/ Ti((Co)(x1,0)).

j=0
Assume now that | > 0 and ¢;T; # 0 (otherwise the term

does not exist) and choose a Schwartz function ¢ for which
T;((0o,jp)(x1,0)) # 0. It follows that as e — 0+ the quantity

\T((j)e)\ grows as €/, which contradicts (8), and concludes
the proof of (a).

To prove (b) it is enough to show that 7 F = F, where
the translation operator 7, acts on a distribution S as fol-
lows:

(T ) S)(P(x1,%2)) = S(Pp(x1 — I, x2 — ha).
From part (a) we have
’Zf/(o/—(s)\F (h) = (ezm‘ang) (h) (translation becomes modulation)
ﬁ(eZnibézh(éll &)
T(h(&,0))
F(h).

By Fourier uniqueness we thus conclude that 7 F = F.
O

2.4. A change of variable formula. Let F : RY — R
be a Lipschitz function. The Jacobian of F is defined al-
most everywhere as usual and will be denoted by Jr. We
need the following change of variable formula in geomet-

ric measure theory, which is known as the area formula
(see [EG9I2, §3.3.3]).
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Theorem 6. Let F : R? — R? be a Lipschitz function.
Then for all g € L'(R%).

| sl df( e )

xeF~Hu}

In particular, If F is a bijective function, we have the
change-of-variable formula of the following forms:

©) | sFNIE dx = | g0 du

and

10) [ gF@) dx = | g0l ) du

(9) is our usual change of variable formula, which can be
seen from the area formula. (10) follows from (9) by noting
that ‘]F‘_luF‘ = 1.

3. Proors orF THEOREMS g AND 4

We will give the proof for Theorem 3 and 4 in the intro-
duction. Combined with the preliminary tools, they form
the basic framework to the proof of Theorem 1 and 2

Proof of Theorem 3. Let ¢ be a smooth function of com-
pact supportin U and define h = ¢-(u* y) which is smooth

everywhere by our assumption. Then h= tp x| {.1\ SO

B dn = A 5 05 = 1 = (0),
It follows that /i - 5, = 1(0)69 which implies that

supp 5 n {h # 0} < {0}

Since {h # 0} = {¢ # 0} and the latter set can be taken
to be an open neighborhood of any point in U the desired
inclusion follows. O

Proof of Theorem 4. . We argue by contradiction. Sup-
pose that A is a tight-frame spectrum for some singular
measure p and O, has a spectral gap. Then there exists
an open set U such that

(11) supp o4 ~ U < {0}.

Note that a spectrum A must be translationallAy bounded.
By Lemma 2 (1) and equation (11), we have 6, = ady in
B(0, 7). This shows that 0, is locally a measure. Lemma
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2 (2) implies that a = dens (A) and this is equal to zero by
Proposition 2. Hence, 0, is locally zero around the origin.

Ficure 4. A test function ¢ near the origin
with {¢ > 0 leads to a contradiction in the
proof of Theorem 4.

However, this contradicts the fact that 6, is a nonneg-
ative measure. Indeed take a smooth function ¢, with
{ ¢ > 0, compactly supported in a sufficiently small neigh-

borhood of the origin (see Fig. 4) Then we have 6A(qb) = 0.

On the other hand, 5A(¢) = 6A(qb) D reA (P( ) = qb( ) >0,
a contradiction. .

We also notice that Theorem 4 can also be deduced from
a result in [LO15, Proposition 4].

4. NON-SPECTRALITY OF COLLECTIONS OF LINE SEGMENTS

4.1. Geometric setup. We need to set up some notation
for our discussions. Let v and w be two linearly indepen-
dent vectors in IR?>. The parallelogram generated by v and
w will be denoted by
Quw = {tv+sw: t,se[0,1]}.
For a given x; € R?, the line segment beginning with x, in
the direction of v is given by
Lyv={xo+tv:te[0,1]}.

We will endow L,,, with the 1-dimensional Hausdorff
measure (i given by

(12) ff ) du(x) fo0+tv

for all integrable functions f.

Lemma 4. Let u,v be the line measure supported respec-
tively on the line xo + tv and y, + tw, with t € [0,1], given
by (12).
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(1) Suppose that v and w are not parallel. Then u v
is, up to a constant, the 2-dimensional Lebesgue
measure supported on Xo — yo + Qv,—w-

(2) Suppose that v and w are parallel and write w =
av. Then u=vis supported on the line {(xo—yo) +1v :
t € R} with a continuous density with respect to the
one-dimensional Hausdorff measure on the line.

Proof. (1). By the definition of convolution and (12),
[ st = [[ e ypuoaniy)
1,1
- J J f(xo — yo + tv — sw) dtds.
0 Jo

Applying the change of variable formula (10) we see that
the above is equal to

c! ff(u)du, where ¢ = det (v, —w) # 0.

By checking f = 1g, we see that u = V(E) > 0 if and only if
E < xo—yo+Qy, w, and it is equal to ¢! times the Lebesgue
measure of E whenever E is a subset of the parallelogram.
This shows (1).

(2). In a similar calculation, if w = av,
[ st = [[ e ypduoaniy)
1 p1
= J f f(xo —yo + (t —as)v) dtds.
0 Jo

Checking with characteristic functions, the measure is
supported on the line Ly, _y;_av,(1+av. We now compute its
density. Letting g(x) = f(xo — yo + xv) and m, to be the
Lebesgue measure on [0, a], we see that the above integral
can be rewritten as

11
J f g(t —as) dtds = fg dmy = m,.
0 Jo

As mq = m, has a continuous density, the conclusion of (2)
follows. a

In the following, a closed half-plane H in R? is the set
{x e R?: {u,x) > 0} for some vector u # 0.

Lemma 5. Let N > 3and let vy, - - - , vy be non-zero vectors
such that there does not exist a closed half-plane H such
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that vie H for all 1 <i < N. Then

U Quy,

1<i#j<N

covers an open set containing the origin.

Proof. We will prove it by induction on N. First, we prove
the case when N = 3. Let vy, vy, v3 be three non-zero vec-
tors. By our assumption, none of the two vectors can be
parallel since otherwise, it will be contained in the same
half-plane. Taking v, v,. Then they are linearly indepen-
dent and
vs € {tvy +svy : t,5 < 0}.

Otherwise, v{,v,, vz will lie on the same half-plane. Now,
it is a routine check that the parallelograms these three
vectors generated cover a neighborhood of origin.

Suppose that the statement is true for N — 1. We now
prove it also holds for N. Indeed, given non-zero vectors
vy, -+, Vy. Suppose that the first N —1 vectors does not lie
on any half plane. Then we can apply induction hypoth-
esis to obtain our desired conclusion. Thus, we assume
that the first N — 1 vectors lies in some half-plane. By
a rotation, we can assume that the half-plane is y > 0
and assume that the vectors vy, - - ,vy_; are arranged in
anticlockwise directions from the positive x-axis.

Case (1). Suppose that the angle between v, and vy_;
is strictly less than 7. Then all v;, i = 2,--- N — 2 will lies
in the quadrant {tv; + sv, : f,5 > 0}. Hence,

vy € {tv; +svy_1: t,5 < 0}.

Otherwise, all vectors will lie in the same half plane.
Then we consider the three vectors v;,vy_i, vy and ap-
ply the case for three vectors, we conclude that Qy, v, , U
Qvy_1vy Y Quy vy covers a neighborhood of the origin.

Case (2). Suppose that the angle between v, and vy_;
is . In this case, vy must belong to y < 0. We can also
find v; for some 1 < j < N — 1 such that v, lies in the
plane y > 0. Hence, the parallelograms generated by
V1, Vj, VN_1, VN Provides a covering of the neighborhood of
the origin. This completes the whole proof.

O

Alternatively, we notice that the assumption about the
half-plane is equivalent to 0 being in the convex hull of
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the points. After finishing the proof of three vectors, by
the Caratheodory’s theorem in convex geometry, 0 must
belong to the convex hull of three of the vectors, and since
the union in this lemma contains the corresponding union
for the 3 vectors, we conclude the desired result.

4.2. Closed polygonal lines. Let v{,---,vy be N non-
zero vectors in IR? such that

N
ZVZ' =0.
i=1

Since we can combine two adjacent parallel vectors to-
gether, we may assume without loss of generality that
successive v; are not parallel. Let xo =0, x; = v{ +--- + v,.
Define the line

Li={x+tvi:te[0,1]},i=1,---,N.

These line segments form a closed polygonal curve (which
may cross itself). Endow each L; with Lebesgue measure
i so that

ff (x)dui(x) J f(xi—1 + tv;) dt.

Define the measure on the closed polygonal line

1 N
u=ﬁ§;ui-

Let £L; := {—v;t : t > 0} be the half-line. Note that the
vectors v; and v; may be in the same parallel vectors. £L; =
L; is the same if and only if v; = av; for some a > 0. Let M
be the number of all these distinct half-lines. Define also

W, = {tv;: t e R}.

Lemma 6. Let 1 be the measure defined above. Then there
exists a bounded open neighborhood of the origin U such
that U is divided into M regions by the half-lines L;,i =
1,---,M, and

pr i =F@) +vi+ 4o
where

(1) v; is a singular measure compactly supported on
the subspace W; with 0 is in the support; and

(2) F is a piecewise constant function, which is a con-
stant in each of the regions.
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Proof. First we know that

U B S | N
i = ﬁ;#i*yi+ﬁl<z i * fij.
1= \li]SN
By Lemma 4(2), y; = i; is a singular measure supported
on the subspace W; with 0 is in the support. This gives
the measure v;.

We look at y; = (i; for i # j. In particular, let us consider
j = i+ 1 in which the vectors v;, vi;; are not parallel. By
Lemma 4 (1), y; * li;+1 is a constant function on

Xj—1 — X;j + Qv,—,—V,'+1 = Q—v,-,—v,-+1;
where the last set equality follows from the definition of x;.
We notice that as the sum of —v; is a zero vector, {—v;}},
cannot lie on the same half-plane. By Lemma 5, the union
of Q_v, v, covers a neighborhood of the origin, denoted by
U. As in each region determined by the lines £, it is cov-
ered by finitely many Q_y, —v,. It must therefore be a con-
stant function. O

Proof of Theorem 1(1). We are now ready to show that p
cannot be a tight-frame spectral measure. We consider
the open neighborhood U in Lemma 6. Away from the
subspaces W, u = i is a constant function. By Theorem
3
’ R N
suppoa N U < U(Wi.

i=1

Claim: 5 A has no support on all ‘W, except possibly at
the origin.

To see this claim, we fix a subspace W, and by a rota-
tion, we may assume that W, is the x-axis. By taking the
function f € L?(u) so that f(x,0) = ¢*™ and be equal to 0
on the other sides, and applying the Parseval’s identity,
we obtain that

Y
> ‘1[0,1]‘ (t—Ay) =N.

/\=(}\1,/\2)EA
This tiling condition implies that A; = 71 A (the projection
of A onto the first axis, a multiset) has density N.

Let € > 0 be sufficiently small and take a smooth ¢ sup-
ported in an e-disk around the origin. Define ¢(x1,x;) =
¢((x1,x2) — (€,0)). The claim will follow if we can show
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that ybg,\\ is the zero distribution. Suppose it is not, so
that its inverse Fourier transform F = ¢« 6, is a non-zero

bounded function on RR? since 1,5 is a Schwartz function
and A is translationally bounded (see Lemma 1).

Since F is a complex function that we assume not to be
identically O there is no loss of generality to assume that
ReF(x1,0) = ¢ > 0 for x; € E < (—M, M), some bounded
measurable subset of R of positive measure. By Lemma
3 (b), F is constant in x,. Then §, ReF = +o. We have

+o0 = ReF:f |ReF|<J |F|.
ExR ExR ExR

Expanding out the definition of F, this implies that

J ‘F| < JJ Z |1,E(x1 — A1,X2 — Az)‘d?ﬁdxz.
ExR (_M’M)X]R(/\l,/\z)eA

Recall that Ay = m(A) and we define h(x;) =

Sr (x1,y)|dy. Then using the translatioal invariance of
Lebesgue measure in the x, coordinates,

JJ ’J(xl - /\1/ Xy — /\2)|dX]de
MM) xR (M

AZ)EA

J Z |h X1 — )\1 ]dxl

MM /\16/\1

Finally, notice that / is a Schwartz function and A; has a
translationally bounded, so >, .. [i(x1—A1)|is a bounded
function with some bound C < o« (by Lemma 1). This
shows that the above integral is at most 2CM. This is a
contradiction and this justifies the claim.

With the claim justified, we can conclude that supp dan
U < {0}. Hence, 0, has a spectral gap. This contradicts
Theorem 4. Hence, u cannot be a spectral measure and
this completes the proof. O

4.3. Line segments from the same points. We will
prove Theorem 1 (2) in this subsection. Fix xo € R? and
let v4,---, vy be non-zero vectors. We consider the line
segments

L= {XO +tv;:te [0,1]}
and p; is the Lebesgue measure on L;. Theorem 1 (2) re-

quires us to show that the measure y = %ZL i is not a
spectral measure. The proof follows from the same strat-
egy as in Theorem 1 (1).
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Lemma 7. Let vy, vy, v3 be non-zero vectors such that ei-
ther

(1) vy = avy for some a < 0 and v, and v, are not par-
allel or
(2) they are not pairwise parallel,

Then

U Q-

1<i#j<3

covers an open set containing the origin and the interior
of all Qy, ., are pairwise disjoint.

Proof. We use v; and v, to span R%. It divides R? into
4 quadrants. We notice that Q,, v, and Q,,_,, already
cover the first and the third quadrant around the origin.
If v; = av; for some a < 0, then Q,, , and Qy, , cover
the second and the fourth quadrants. Hence, their union
covers a neighborhood of the origin and they are pairwise
disjoint. This proves the first case.

In the second case, we subdivide into four cases accord-
ing to v lying strictly inside each quadrant. By a stan-
dard check, the conclusion also holds. O

Proof of Theorem 1 (2). Suppose that the union of lines
contains three non-parallel lines from x, or two paral-
lel vectors in opposite directions and the last one non-
parallel. Suppose that this measure is a spectral measure
with a spectrum A — R?. By restricting to the three lines
generated by vy, v, v, we consider p = %(yl + U + Us)
where p; is the measure supported on the line segment
{xo +tv;: t€]0,1]}. As A is a spectrum for u, considering
only functions supported on these three lines,

2

| [ Fee o))

AEA

AT

By taking f = ¢*™*, we have 6, +|p|* = w, where w = N?/9.
We now compute

1 N
prp=3 2P vy X ped
i=1 1<z¢]<3

By Lemma 4 (2), p;  p; is a singular measure supported
on the subspace W; = {tv; : t € R} with 0 in the support.
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Using Lemma 7, the support of Zl<i¢j<3 pi * pj is exactly

U Q-

1<i#j<3

and the measure p; = p; is absolutely continuous with a
constant density on each Qy, . Hence, Using Theorem
3, we conclude that in an open set U containing 0

suppgmeC {0} U W1 U WU Ws.

We see that the claim in the proof of Theorem 1 (1) in the
previous sgl\)section works analogously here. We conclude
that supp 6, n U < {0}. This leads to a contradiction to
Theorem 4 as we now have a spectral gap for 6,. O

4.4. Two particular cases of shapes and their u « i
measure. It is also instructive to exhibit one case where
our technique does not apply and the measure is indeed
spectral. It is the “L-shape”, shown in Fig. 5.

_

_

Ficure 5. The “L-shape”, the union of the
two line segments from the origin to (1,0)
and to (0,1), is spectral [LLP21].

—~

The measure u = i when u is arc-length on the L-shape,
is supported on the shaded area in Fig. 5 and it also has
a singular part supported on the two line segments from
(—1,0) to (1,0) and from (0, —1) to (0,1). Thus u * i does
not cover a neighborhood of the origin and the proof of
Theorem 1 does not apply.

Having seen the measure p « [i for the L-shape we can
easily see from this that the corresponding convolution
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measure for the IT-shape of Fiig. 2 (the polygonal line join-
ing (0,0) to (0,1) to (1,1) to (1,0)) has a smooth part sup-
ported on the open set that we get if we remove the coor-
dinate axes from (—1,1)? plus a singular part supported
on the same two line segments as the L-shape, namely
the line segments from (—1,0) to (1,0) and from (0, —1) to
(0,1). It follows from the same proof as that of Theorem 1
(1) that the I'T-shape is not spectral.

5. Non-sPECTRALITY OF CURVES

A smooth closed curve is an infinitely differentiable
function y : [a,b] — R? such that all derivatives " (a) =
vy (b) for all n = 0. We can always parametrize y by arc
length so that y : [0,L] — R* be a smooth curve with the
arc length parametrization (L is the arclength of ). Let n
be the unit normal vector so that n is orthogonal of " and
{y’,n} is of positive orientation. Note that )" is parallel to
n. The curvature of y is defined to be

K(s) = £[y"(s)]
where the sign is determined by whether y”(s) is in same
or opposite direction of n. We say that a curve has positive
curvature if its curvature never vanishes. A consequence
of this is that, as the parameter s increases, the tangent
vector y/(s) is always turning in the same direction, either
clockwise or counterclockwise. For more detailed theory

about the geometry of curves, readers are invited to con-
sult [dC76].

In our study of curves, we do not assume the curve is
simple (i.e. not self-intersecting). Suppose that x; is an
intersection point of the curve with itself. We say that
the intersection point xj is transverse if there exists only
finitely many preimages of xo under y and y/(s) # y/(t) for
all distinct s, t such that y(s) = y(t) = xo.

The arc-length measure of y is the measure such that

| £ due = | st a

for all continuous functions f in IR?. Without loss of gen-
erality, by rescaling the curve, we may assume that L = 1,
so that u is a probability measure.

(13) ff (= )( f J fly (s)) dtds
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Let the function I : [0,1]> — R? be defined by

(14) L(s,t) = y(s) = y(®).

Suppose that y(s) = (x(s),y(s)). Then the Jacobian of I'
can be computed easily as

(15) Je(s,t) — det (;EZ; :;8) — X(DY(5) — ¥ (5)Y (B).

The determinant is non-zero if and only if )’(s) is not par-
allel to y'(#).

Lemma 8. Let y be a curve with positive curvature. There
exists 69 > 0 such that for all intervals I of length less than
oo, I is injective on (I x I)\{(s,s) : s € I}.

Proof. Let us partition [0, 1] into intervals of length N—!
for some large N so that the angle formed by y’(s) and
y'(s') is less than % for all 5,5’ inside an interval of length
N~1. Then for all intervals I = (a,b) of length & less than
(2N)~1, 6(s) is strictly increasing over [ with an angle at
most 71/4, where O(s) denotes the angle formed by )/(s)
with y/(a).

By the generalized mean value theorem and the fact
that O(s) strictly increasing over I, for all (s,t) € I x [ and
s # t, there exists a unique ¢ € I, such that y(s) — y(f) is
in the same direction as y’(&). This shows that I' must be
injective. i

Lemma 9. Let y be a smooth closed curve with positive
curvature and let xo = y(so) = y(ty) be a transverse in-
tersection point. Then there exist intervals Iy, = (So —
Osoter S0 + Osyty) 3 So and Js 1, = (to — Osy o, to + Osyty) 2 fo SUCh
that I is injective on I x | and the image I'(I;, 1, x J5,+,) covers
B(0, €5, ,) for some &5,4, > 0.

Proof. As the intersection is transverse, det Jr(sg, ty) # O.
It follows that I' is locally bijective around (so, ty), which is
exactly the lemma required. O

Lemma 10. Let y be a smooth closed curve with positive
curvature. Then there exists €, > 0 such that T’ maps onto
B(O, 81).

Proof. Assume the curve y : [0,1] — R? parametrized
by arc-length. Because of the non-zero curvature as-
sumption the unit tangent vector y’(t) of y is turning
strictly monotonically counterclockwise when we traverse
the curve in one of its two orientations, say when ¢ goes



NON-SPECTRALITY OF SOME CURVES AND LINES SEGMENTS 24

from 0 to 1. Thus y/(t) takes all possible orientations at
least once. We also remark that the curvature is bounded
by compactness.

Ficure 6. A chord of the right length paral-
lel to a given tangent.

Fix a point p = y(ty) with tangent line T. We may as-
sume that p = (0,0) and that the line T is the x-axis. Let
t_1 < ty < t be the first points to the left and right of
to where the tangent has slope +1. Between t_; and £
the curve y is the graph of a function f : [x_q,x;] — R",
where p(t_1) = (x_1,y-1) and p(t;) = (x1,1). The upper
and lower bounds on the curvature of y, given by

TE)]
(1+1FeF)

translate to positive upper and lower bounds on f”, inde-
pendent of t; (since |f’| < 1). By the upper bound on f”
we obtain a lower bound ¢ for |x_;|,x; independent of t,.
By the lower bound on f” we obtain a lower bound of the
form |f'(x)| > c|x|, with ¢ independent of #, and this in
turn gives positive lower bound / on y_; and y; indepen-
dent of ty. By looking at the chord of the curve defined by
the horizontal line at height y we obtain that all horizon-
tal chords of length from 0 to 2¢ (which is bounded below
independent of t;) are realized. This implies that chords
of every orientation and length up to ¢; are achievable on
the curve . |

K(x) = 3/27

Theorem 7. Let y : [0,1] — R? be a closed smooth curve
of positive curvature and assume that y has finitely many
self-intersections, all of them transverse. Let | be the arc-
length measure on y. Then u = [i is absolutely continuous
with a smooth density in a punctured neighborhood of 0
in R%
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Proof. We first note that since the curve is closed and all
derivatives agree on the end-points, we may assume that
the domain of the interval is the circle T where 0 and 1
are identified as the same point, so that it is a compact
set.

Let 0 be the minimum of §; in Lemma 8 and all §;,;, in
Lemma 9 so that the conclusion for Lemma 8 and 9 holds.
Since there are only finitely many transverse intersection
points we have 6 > 0. The union over all t € T of [; =
(t —0/4,t + 6/4) covers T. By compactness, we can find
finitely many points t;,-- -ty so that T is covered by the
union of I; = (t; — 0/4,tj + 6/4),for j=1,--- ,N.

We introduce a partition of unity subordinate to this
covering. Namely, we can find smooth functions ¢;> 0,
for j=1,---,N, such that ¢; is supported on I; and

N
Z(pj(t) =1,vteT.

j=1

Using (13) and (14) and the partition of unity we obtain
(16)

| st =ii] p,(s)pt) dids.

j=1k

Let ¢’ > Obe such thatify(I )m (I.) = @, then the distance
between the compact sets y(I_) y(I;) satisfies

dist(y(I;), y(Ix)) > ¢ > 0.

This ¢ > 0 guarantess that if u € I'(I; x Iy) and |u| < &’,
then y(I; i) 0 y(Iy) # @.

We now define ¢ be the minimum of all ¢, in Lemma
9, ¢1 defined in Lemma 10 and ¢’ just defined.

Let u € B(0,¢)\{0}. Lemma 10 shows that it is possible
to find s, t such that I'(s,f) = u. We now claim that u »
has a smooth density function at u. This requires us to
show that there exists a smooth function g supported in
an open neighborhood of u such that

| et e = [ rogeos
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for all continuous functions f supported in that neighbor-
hood. From (16) and our definition of &,
(17)

[rwaeme - ¥ f 01(5)pult) dids.

{(jk):uel (I x L)}

It suffices to show that each of the integrals above can be
written as § f(u)g;c(u)du for some smooth functions gjp.
There will be three cases:

Case 1: Same interval. [; = ;.
Case 2: Adjacent interval. I; n [; # @
Case 3: Far away interval. [; n I, =

Case 1: Consider the function F : I; x I; x B(0,¢) — R?,
defined by

(18) F(s,t,x) =T(s,t) —

By Lemma 8, I’ is injective on I; x I; removing the diago-
nal for any x. Let (sy, fy) be such that I'(sy, ;) = u. Then
F(so, to,u) = 0. Note that the Jacobian of F with respect
to (s,t) is equal to Jr, which is not zero at (s, tp). By the
implicit function theorem, there exists a smooth function
g = (g1,%2) from a neigborhood of u, denoted by U, to
a neighborhood of (sy, ty) such that s = ¢1(x), t = g(x),
(so,to) = g(u) and F(g(x),x) = 0. By the change of vari-
able formula,

(19)
L L,f (T(s, 1) @j(s)q;(t) dtds

= ff (%) - (@j(81(%));j(82(X))1Jr(g1(x), &2(x))| ") dx

whenever f is supported on U. The function in the bracket
provides the smooth density in a neighborhood of u.

Case 2: Suppose that u € I'(I; x ) and I; n Iy # @. Then
the length of of the interval I = I; U I; is at most 6 < 0;.
Lemma 8 shows that I is injective on I; x I; removing the
diagonal points. We can apply the same argument as in
Case 1on F: I; x I x B(0,¢)\{0} — IR* with the same F in
(18) to obtain a smooth function.

Case 3: Suppose that u e I'(I; x Iy) and I; n Iy = @. Let
us write u = I'(sy,t;). By our choice of ¢ < ¢”, there must
be some sy € I; and t; € I; such that y(sy) = y(ty). By our
choice of 6 < 0,4, Ij < I, and Iy < Jg 4, Wwhere I, and
Jsot, are defined in Lemma 9. Hence, Jr(s1,t1) # 0. By the
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implicit function theorem, there exists ¢ = (g1, ) from
a neighborhood of u, denoted by U, to a neighborhood of
(s1,t1) such that

I'(g(x) = x.

Hence, we have a formula as in (19), which provides us a
smooth density.

Combining three cases and (17), we obtain a smooth
density at u € B(0,¢)\{0}. Since u is arbitrary, we estab-
lish a smooth density function for all u € B(0,¢)\{0}. O

The proof of Theorem 7 uses a partition of unity to
produce a local density formula. We can also use Area
formula (Theorem 6) to obtain a global density function.
However, this function has multiple preimages and it is
unclear how to show that the density function is smooth.
With Theorem 7, we are now ready to complete the proof
for Theorem 2 using the same strategy we mentioned in
the introduction.

Proof of Theorem 2. Theorem 7 showed that u « /i has a
smooth density in a punctured neighborhood of 0. Sup-
pose that the arc length measure u is tight-frame spec-
tral. Then Theorem 3 implies that 6, has a positive spec-
tral gap. However, u is a singular measure in R?, so any
spectra must have a zero spectral gap by Theorem 4. This
is a contradiction. Hence, the proof is complete. O

6. Discussions AND OPEN QUESTIONS.

6.1. Closed smooth curves. This paper answered sev-
eral natural questions about the spectrality of boundary
of polygons and some other more general cases, but we did
not completely classify all piecewise smooth curves that
are spectral. Concerning closed curves, it is natural to
conjecture that

Conjecture 2. The arc length measure of any piecewise
smooth closed curve is not spectral.

Intuitively, closed curves would not be able to “tile” the
space, so it should not be spectral (if one believes that
Fuglede’s conjecture is a guiding principle for determin-
ing the spectrality). In a simlar spirit, A domain with a
“hole" inside is known to be non-spectral [LM22, Theo-
rem 3.5]. We can attempt to prove this conjecture via a
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similar strategy in this paper. It is not hard to see that
the support of u = fi covers a neighborhood of the origin.
However, the existence of points with zero curvature or
tangential self-intersections will destroy the smoothness
of the density u = i, while a flat line segment will create a
singular part for the measure p +[i. Theorem 1 and 2 deal
with two extreme cases for Conjecture 2. We anticipate
that proving the conjecture will require a delicate study
to interpolate the two scenarios. On the other hand, if
Conjecture 1 is correct, Conjecture 2 is also automatically
true.

6.2. Line spectra only?. There are spectral measures
supported on other non-closed curves. As mentioned in
the introduction, the measure p in (1) with t = 0, called
the “L-space" in [LLP21], is spectral. Indeed, when pro-
jecting to the subspace y = —x, the measure projects to a
Lebesgue measure of a interval of length 2. From there,
we obtain a spectrum {(n/2, —n/2) : n € Z}. This obser-
vation was generalized in [KW25, Theorem 1.2]. In the
same paper, it was also observed that all spectral mea-
sures supported on curves, to the best of our knowledge,
are arising from a line spectrum in the same fashion as
the L-space. This leads us naturally to the following ques-
tion:

Question 1. Is there a spectral curve in the plane (or col-
lection of curves), under the arc length measure, that does
not have a line spectrum?

Since an absolutely continuous spectral measure must
have a constant density [DL14], the question also asked
for a spectral measure such that none of its projections
are a constant multiple of Lebesgue measure on a set that
tiles the line.

We further illustrate this question with two examples.

Example 1. First, consider the arc-length measure on
the two line segments connecting (0,0) to (1,0) and (0,1)
to (1,1). This measure can be expressed as 1 1dx x 0,1}-
Hence, it has a spectrum A = Z x {0,1}. See Fig. 7.

It is however also true that y has many line spectra.
These are necessarily obtained by appropriate lines onto
which u projects to a spectral measure. There are many
such lines (see Fig. 8).
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Ficure 7. The arc-length measure p on the
two line segments shown left has the set Z x
{0,1} show on the right as a spectrum

For instance, we can project onto the line perpendicular
to the line joining points (0, 1) and (1, 0), in which case the
projected measure is a constant on an interval. This is of
course spectral and one spectrum of this interval (and,
therefore of u as well) is an arithmetic progression on the
line of projection of spacing the reciprocal of the projected
interval’s length.

There are more spectra, which are line spectra that can
be arbitrarily sparse in all directions (arbitrary sparse-
ness of spectra is well-known for self-affine fractal mea-
sures [AL23]). Tilting the line of projection we can
achieve that the projected measure will be a constant on
the union of two intervals of the same length 6 (this is
always the case) and their gap is an integral multiple of
0. Such a set of two intervals tiles the line and is there-
fore [Lab01] also spectral in the line. Its spectrum, con-
tained again in the line of projection, will again also be
a spectrum of u. Notice though that the density of the
spectrum is equal to 26 (the same as the projected set’s
measure) which can be arbitrarily small as 6 can take ar-
bitrarily small values.

Example 2. Let us now consider the semi-circle of radius
1. There is a spectral measure supported on the semi-
circle. Namely, the push-forward of the Lebesgue mea-
sure of [—1,1]:

ff dv = %flf(x, V1= 22) dx

It is easy to see that %Z x {0} is a spectrum for v, which is
a spectrum inside a line. However, the natural arc length
measure ( is defined as follows:

ff du = %Lﬂ f(cosx,sinx) dx.

Note that since the projection of u onto any subspaces
are no longer Lebesgue measure with constant densities,
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Ficure 8. The arc-length measure p on the
two line segments is projected, on the left,
onto a single line segment, which gives a
spectrum along the direction onto which we
project. On the right, the same two line seg-
ments project to another spectral measure,
as long as the gap of the projection is an in-
teger multiple of the projected intervals.

there is no line spectrum. However, there may still be a
chance for other spectra. Therefore, we ask:

Question 2. Is the arc length measure on the semi-circle
a spectral measure?

We remark that the support of u « [i does not cover the
origin in this case (see Fig. 9), so our method in this paper
is not directly applicable.

Ficure 9. The arc-length measure u on a
semicircle gives rise to a measure p i which
is supported on the shaded region on the
right. Thus it does not cover a neighborhood
of the origin and our method is not applica-
ble.

6.3. Riesz bases of exponentials. In [ILLW22], we
know that all boundary of polygons (more generally poly-
topes in R?) admits a frame of exponentials. In this paper,
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we show however that boundaries of polygons are all non-
spectral. Frames are overcomplete in general, an exact
frame/ Riesz basis is the frame that cease to be complete
when one element is removed. The natural question is
this regard is now

Question 3. Does the boundary of a polygon admit a
Riesz bases of exponentials?

A partial result was obtained in [LLS23], in which the
boundary of square does not admit a type of structured
exponentials as Riesz bases.

6.4. Fractal spectral measures. Finally, our paper
sheds some light into fractal spectral measures. Conjec-
ture 1 in the introduction can provide some far reaching
consequence in fractal spectral measures. As a simple ex-
ample, we can prove the following.

Proposition 4. Suppose that Conjecture 1 holds. Let i be
a singular measure whose support has a positive Lebesgue
measure. Then | cannot be a spectral measure.

Proof. Suppose that u is spectral with a spectrum A. Let
K be the support of u, which has positive Lebesgue mea-
sure. Notice that the support p =i is K— K, which contains
an open set around the origin by the well-known Stein-
haus theorem. If Conjecture 1 holds, it means that 6, has
a positive spectral gap. However, this is a contradiction
to Theorem 4. O

A typical example of singular measures without atoms
whose support is [0, 1] is the Bernoulli convolution asso-
ciated with the golden ratio. It was not an easy proof in
classifying the contraction ratios for which the Bernoulli
convolution is a spectral measure [HL08,Dail12]. Conjec-
ture 1 leads to a much more natural and general approach
to these problems.
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