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Abstract. We study weak tiling by finite unions of
pairwise non-overlapping unit cubes in Rd that are
not necessarily axis-parallel. We obtain a weak-tiling
analogue of Kellers classical theorem, which gives
a structural restriction on the support of any weak
tiling measure associated with the unit cube. This
allows us to derive geometric restrictions on config-
urations of cubes whose union admits a weak tiling.
As an application, we prove Fuglede’s conjecture for
unions of three non-overlapping unit squares in R2

as well as unions of two non-overlapping axis-parallel
unit cubes in any dimension.
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1. Introduction

Let Ω ⊂ Rd be a bounded, measurable set with finite
positive Lebesgue measure. We say that Ω is a spectral
set if there exists a countable set Λ ⊂ Rd such that the
system of exponential functions {e2πi〈λ,x〉}λ∈Λ forms an or-
thogonal basis in L2(Ω). In this case, the pair (Ω,Λ) is
called a spectral pair, and Λ is referred to as a spec-
trum for Ω. We say that Ω is a translational tile of Rd

if there exists a countable set T ⊂ Rd such that∑
t∈T

1Ω(x − t) = 1, a.e. x ∈ Rd.

T is called a tiling set of Ω.
Fuglede [  5 ] conjectured that Ω is a spectral set if and

only if Ω is a tile. Fuglede proved the equivalence under
the additional assumption that the spectrum or the tiling
set ofΩ is a lattice. Later on, several partial results were
established, for example, for 2-dimensional convex bod-
ies [ 10 ], unions of two intervals [  19 ], certain unions of
three intervals [  1 ,  2 ] and three-dimensional convex poly-
topes [ 7 ]. The general conjecture has been shown to fail
in both directions when d ≥ 3 (see [  3 ,  4 ,  16 ,  17 ,  21 ,  24 ]).
Recently, it was also disproved in R2 [ 25 ], leaving it open
only for R1.

On the other hand, Fuglede’s conjecture was also con-
firmed under extra assumptions. One prominent result
was due to Lev and Matolcsi [  20 ] who proved the conjec-
ture for convex bodies in all dimensions. A central tool in
their proof is the concept of weak tiling. Let Σ ⊂ Rd be
a measurable set. We say that Σ admits a weak tiling
by translates of Ω if there exists a positive, locally finite
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measure µ on Rd such that

1Ω ∗ µ = 1Σ a.e.

And we say thatΩ is a weak tile ofRd ifΩc admits a weak
tiling by translates of Ω. In other words, there exists a
positive, locally finite measure µ such that

1Ω ∗ µ = 1Ωc a.e.

Using [ 20 , Corollary 2.6], one obtains the following equiv-
alent formulation: a bounded measurable set Ω ⊂ Rd is a
weak tile of Rd if and only if there exists a non-negative,
locally finite measure ν satisfying

1Ω ∗ ν = 1 a.e. and ν({0}) = 1.

The following theorem establishes a link between spec-
trality and weak tiling.

Theorem 1.1 ([ 20 ]). SupposeΩ is a bounded, measurable
set in Rd. If Ω is spectral, then it is a weak tile.

Clearly, every tile is a weak tile. Together with Theo-
rem  1.1 , we know that both spectral sets and tiles belong
to the class of weak tiles. Due to the counterexamples of
Fuglede’s conjecture in both directions, the class of weak
tiles forms a strictly larger class than each of the classes
of spectral sets and tiles. Kiss, Londner, Matolcsi, and
Somlai [ 12 ] constructed an example of a “lonely" weak tile
which is neither a spectral set nor a tile, showing that the
class of weak tiles is genuinely a broader class than the
other two.

This now opens up new questions to decide if all these
three classes of sets are the same under some more as-
sumptions on the sets. Lev and Matolcsi pioneered this
study by showing that every spectral set weakly tiles its
complement and using this necessary condition to estab-
lish Fuglede’s conjecture for convex bodies [ 20 ]. Together
with the subsequent result of Kolountzakis, Lev, and Ma-
tolcsi [  14 ] that every convex weak tile is a tile, this shows
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that spectrality, weak tiling, and translational tiling are
equivalent for convex bodies. Another such class is given
by unions of at most two intervals in R: weak tiling im-
plies proper translational tiling for these sets, and, to-
gether with Łaba’s result [ 19 ], this yields the equivalence
of the three notions [ 15 ].

1.1. Main Results. In this paper, we aim to explore the
equivalence of these concepts for some finite unions of
cubes in Rd. We find two general results that may be
of independent interest in further study. They include a
generalization of Keller’s classical criterion and the non-
spectrality of a union of non-parallel convex polytopes.

To begin, let us set up some notation for this paper. The
open unit cube (0, 1)d in Rd will be denoted by Qd. We will
write Z∗ = Z \ {0}, and

L = {x = (x1, · · · , xd) ∈ Rd : ∃i such that xi ∈ Z∗}. (1.1)

In 1930, Keller [ 11 ] showed that if Qd tiles Rd by transla-
tions with a tiling set J , then for all t , t′ ∈ J , at least
one of the coordinates of t−t′must belong toZ∗. Assuming
0 ∈ J , Keller’s theorem can be rephrased as J ⊂ L ∪ {0}.
Our first result is that Keller’s theorem is also true for
the weak tiling measures of Qd.

Theorem 1.2 (Keller’s theorem for weak tiling). Let µ be
a positive locally finite measure such that

1Qd ∗ (µ + δ0) = 1 a.e.

Then supp(µ) ⊂ L.

We say that a family of measurable sets is pairwise
non-overlapping if every two distinct sets intersect only
on a set of measure zero. Now we consider the pairwise
non-overlapping union

Ω = Q ∪ P1 ∪ · · · ∪ PN ⊂ Rd,
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R0
d = 1 : L = Z∗

x1

x2

0

d = 2 : L = (Z∗ ×R) ∪ (R ×Z∗)

Figure 1. The support restriction in
Keller’s theorem for weak tiling measures.
When d = 1, the support of µ is contained
in Z∗; in fact, µ = δZ∗. When d = 2, it is
contained in L = (Z∗ × R) ∪ (R × Z∗), the
union of all horizontal and vertical lines on
which one coordinate is a nonzero integer.
In particular, the origin does not belong to
L.

where we write Q := Qd for brevity and the Pi are full-
dimensional convex polytopes (i.e. they have positive vol-
ume). A facet is a (d − 1)-dimensional face of a polytope.
When we say that F is a facet of Ω, we mean that F is a
facet of one of the polytopes in the union. Each facet F
lies in a (d − 1)-dimensional hyperplane with a unit out-
ward normal vector nF. The standard unit vectors in Rd

are denoted by e1, . . . , ed.
Our second general result shows that if none of the poly-

topes Pi has a facet whose outward normal vector is par-
allel to any coordinate axis, then Ω cannot be a spectral
set. This extends our understanding of the Fuglede con-
jecture beyond the axis-parallel setting. See Figure  2 .

Theorem 1.3. LetΩ = Q ∪P1 ∪· · ·∪PN as above. Suppose
that for all facets in Pi, i = 1, · · · ,N, the unit normal vectors
are not equal to ±e j, j = 1, · · · , d. Then Ω is not a spectral
set.
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Q P1

P2

Q ∪ P1 ∪ P2 is not spectral

Q P

Q ∪ P is not spectral

Figure 2. Two non-spectral sets covered by
Theorem  1.3 . In both examples, none of the
facets of the additional polytopes is parallel
to a coordinate axis.

(i) Axis-parallel cubes. We now use our general theo-
rems to discuss our findings concerning unions of several
unit cubes. Using the Keller criterion (Theorem  1.2 ), we
can establish the validity of the Fuglede spectral set con-
jecture for the union of two non-overlapping axis-aligned
cubes.

Theorem 1.4. Let A = {0, a} ⊂ Rd and Ω = A + Qd with
Qd ∩ (Qd + a) = ∅. Then the following are equivalent.

(1) Ω is a weak tile.
(2) Ω is a tile.
(3) Ω is a spectral set.
(4) a ∈ L.

We can move on to discuss results with three unit in-
tervals in R1 or squares in R2.

Theorem 1.5. Suppose that Ω is a union of three disjoint
unit intervals in R1 or is a union of three disjoint axis-
parallel unit squares in R2. If Ω is a weak tile in Rd, then
it is both a tile and a spectral set in Rd for d = 1, 2.

Combining this with Theorem  1.1 , we conclude that
weak tiles, tiles and spectral sets are in the same class for
a union of three disjoint unit intervals in R1 or a union of
three disjoint axis-parallel unit squares in R2.

In R, the spectral set conjecture for three intervals of
the same length was solved in [  1 ], and it was recently
solved by Shi [  23 ] for three intervals of arbitrary lengths.
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Neither of these works addresses weak tiling for unions
of three intervals. Theorem  1.5 gives a new proof for the
result in [ 1 ] by completely classifying weak tiles that are
unions of three intervals of equal length.

We now briefly talk about the proof strategy in R2. A
structural consequence of Theorem  1.2 , stated in Corol-
lary  4.3 , shows that, after possibly interchanging the co-
ordinate axes, the three squares lie in horizontal strips
at integer heights. We may therefore apply the following
reduction principle for layered sets, which preserves the
three properties relevant to our argument: translational
tiling, weak tiling, and spectrality.

Theorem 1.6. Let S ⊂ Z be finite, and let

Ω =
⋃
j∈S

Ω j × ( j, j + 1) ⊂ R2, Ω̃ =
⋃
j∈S

Ω j × { j} ⊂ R ×Z,

where each Ω j ⊂ R is bounded and measurable with fi-
nite positive Lebesgue measure. Then Ω is a tile/weak
tile/spectral set in R2 if and only if Ω̃ is a tile/weak
tile/spectral set in R ×Z.

Theorem  1.6 reduces the parallel-square problem to the
study of unions of three pairwise non-overlapping unit in-
tervals in R × Z. In Theorem  7.1 , we completely charac-
terize the weak tiles in R × Z that are unions of three
pairwise non-overlapping unit intervals and prove that
every such set is both a translational tile and a spectral
set. Applying Theorem  1.6 once more transfers these con-
clusions back to R2, thereby completing the parallel case
of Theorem  1.10 .

Remark 1.7. The conclusions of Theorems  1.4 and  1.5 

do not extend to an arbitrary number of cubes due to the
counterexamples of Fuglede’s conjecture, which are finite
unions of unit cubes. However, [  16 , Theorem 2.4] shows
that ifΩ := A+[0, 1)d is spectral, where A ⊂ Zd and |A| ≤ 5,
then Ω tiles Rd. It will be interesting to determine the
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minimal number of cubes for which the conjecture starts
to fail.

(ii) Non-Axis-parallel cubes. Because of Theorem  1.3 ,
we can also say something about non-overlapping unit
squares that are not necessarily parallel to the coordinate
axes. Indeed, by Theorem  1.3 , we know that if a union
of two non-overlapping unit squares in R2 is a spectral
set, then the two squares must be parallel to each other.
Therefore, by Theorem  1.4 and Proposition  8.1 , we can
conclude that Fuglede’s conjecture holds for the union of
two non-overlapping unit squares in R2.

Corollary 1.8. Fuglede’s conjecture holds for the union of
two non-overlapping unit squares in R2.

Remark 1.9. We have not resolved a similar version of the
corollary in higher dimensions because Theorem  1.3 does
not cover the case where one of the additional polytopes has
even a single facet parallel to a coordinate hyperplane. See
Figure  3 .

x

yz

Figure 3. The union Ω = Q ∪Q′ of two unit
cubes in R3. The cube Q is the standard
unit cube, while Q′ is a translate of a unit
cube rotated by 45◦ about the vertical line
through its center.

We can also further extend Corollary  1.8 to unions
of three pairwise non-overlapping unit squares in R2.
We prove that Fuglede’s conjecture holds for every such
union, without assuming that the squares are parallel.
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Theorem 1.10. Let Ω ⊂ R2 be a union of three pairwise
non-overlapping unit squares, not necessarily parallel to
each other. Then Ω is a spectral set if and only if Ω tiles
R2 by translations.

The paper is organized as follows: In Section  2 , we
prove Theorem  1.2 , Keller’s criterion for weak tiling mea-
sures. In Section  3 , we prove Theorem  1.3 for the non-
spectrality of non-parallel polytopes. In Section  4 , we
prove Theorem  1.4 . In Section  5 , we prove Theorem  1.5 

in R1. In Section  6 , we prove the reduction principle The-
orem  1.6 . In Section  7 , we provide a complete character-
ization of weak tiles that are unions of three intervals in
R×Z. In Section  8 , we prove Theorem  1.5 in R2 and The-
orem  1.10 .

2. Keller’s criterion for weak tiling measures of the
unit cube

In the following, we present a complete proof of Theo-
rem  1.2 . The proof is based on modifying the Fourier an-
alytic proof for Keller’s theorem discovered by Kolountza-
kis [ 13 ].

2.1. Measures and distributions. By a measure we
mean a Borel measure on Rd. We write supp(µ) for the
closed support of a measure µ, and δλ for the Dirac mea-
sure at λ. For a locally finite set Λ, we write δΛ :=

∑
λ∈Λ δλ

for its counting measure. We denote bym(A) the Lebesgue
measure of a measurable set A ⊂ Rd. If needed, mk(A) de-
notes the k-dimensional Lebesgue measure of A. We use
the following terminology and standard facts as in [  20 ,
Section 2.2].

If α is a tempered distribution on Rd, and if φ is a
Schwartz function on Rd, then we use 〈α, φ〉 to denote the
action of α on φ. A tempered distribution α is positive if
we have 〈α, φ〉 ≥ 0 for any Schwartz function φ ≥ 0. If
a tempered distribution α is positive, then α is a positive
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measure [ 9 , Theorem 2.1.7]. The Fourier transform α̂ of
a tempered distribution α is defined by

〈α̂, φ〉 := 〈α, φ̂〉.

If µ is a measure onRd, then µ is said to be locally finite
if we have |µ|(B) < ∞ for every open ball B.

A measure µ on Rd is said to be translation-bounded if
for every (or equivalently, for some) open ball B we have

sup
x∈Rd

|µ|(B + x) < ∞.

If a measure µ on Rd is translation-bounded, then it is a
tempered distribution.

A sequence of measures {µn} on Rd is said to be uni-
formly translation-bounded if there exists a constant C >
0, independent of n, such that for every n,

sup
x∈Rd

|µn|(x + [0, 1]d) ≤ C.

We say that µn converges vaguely to a measure µ if,
for every continuous compactly supported function φ, one
has ∫

Rd
φ dµn −→

∫
Rd
φ dµ.

In this case, if {µn} is uniformly translation-bounded, then
the limit µ is also translation-bounded. Moreover, for
a uniformly translation-bounded sequence of measures
{µn}, vague convergence is equivalent to convergence in
the space of tempered distributions.

2.2. Keller’s theorem for weak tiling measures of
cubes. For a locally finite measure µ, the upper and
lower Beurling densities of µ are defined to be

D+(µ) = lim sup
R→∞

sup
x∈Rd

|µ|(B(x,R))
|B(x,R)| , D−(µ) = lim inf

R→∞
inf
x∈Rd

|µ|(B(x,R))
|B(x,R)|

and µ is said to have a uniform density if D+(µ) = D−(µ),
in which case their common value is denoted by D(µ) and
is called the uniform density of µ. The definition of uni-
form density is unchanged if balls are replaced by cubes;
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in particular, the same density D is obtained with either
choice of averaging sets. We define the Fourier transform
of f ∈ L1(Rd) by

f̂ (ξ) =
∫

f (x)e−2πiξ·x dx.

Throughout this section we take Q := (−1/2, 1/2)d. In par-
ticular,

1̂Q(ξ) =
d∏

i=1

sin(πξi)
πξi

and thus
{ξ ∈ Rd : 1̂Q(ξ) = 0} = L (2.1)

We first recall a fact in [ 6 ].

Lemma 2.1. [ 6 , Lemma 4.5] Let µ be a complex Borel
measure on Rm with the property that its total variation,
|µ|, is translation-bounded. Suppose that for some r > 0
and some τ ∈ Rm,

supp(µ̂) ∩ Br(τ) = {τ},

where
Br(τ) = {ξ ∈ Rm : |ξ − τ| < r}.

Then, there exists a ∈ C such that

µ̂ = aδτ on Br(τ).

Proposition 2.2. The following assertions hold.
(1) Let f ∈ L1(Rd) with

∫
f dx , 0, and let µ be a

translation-bounded measure on Rd such that

f ∗ µ = 1 a.e.

Then

supp(µ̂) ⊂ {0} ∪ {ξ ∈ Rd : f̂ (ξ) = 0}. (2.2)

(2) Conversely, suppose that 0 ≤ f ∈ L1(Rd) and
that µ is a non-negative, translation-bounded mea-
sure with uniform density D(µ). Assume that ( 2.2 )
holds. Suppose further that for every ε > 0 there
exists a non-negative function fε ∈ L1(Rd) such that
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(a) f̂ε ∈ C∞c (Rd);
(b) supp( f̂ε) ⊂ (supp(µ̂) \ {0})C;
(c) ‖ fε − f ‖L1 → 0.

Then f ∗ µ = c a.e., where c = D(µ)
∫
Rd f (x) dx ≥ 0.

Proof. (1) This is well-known. See e.g. [  15 , Theorem 2.4].
(2) Suppose that fε is as in the statement. If f = 0 a.e.,

the conclusion is immediate. We may therefore assume
that

∫
f > 0. Then

∫
fε > 0 for all sufficiently small ε.

First we show that (
∫

fε)−1 fε ∗ µ is a constant. Let φ be a
C∞c function. Then

〈 fε ∗ µ,φ〉 =
〈

f̂εµ̂,F −1φ
〉
=
〈
µ̂, f̂εF −1φ

〉
,

whereF −1 denotes the inverse Fourier transform. But the
function f̂εF −1φ is a C∞c function whose support intersects
supp(µ̂) only at 0. By ( 2.2 ) and Lemma  2.1 , there exists
a ∈ C such that µ̂ = aδ0 in a neighborhood of 0. Thus,

〈
fε ∗ µ,φ

〉
=
〈
µ̂, f̂εF −1φ

〉
= a ·

(
f̂εF −1φ

)
(0) = a ·

∫
fε

∫
φ,

and, since this is true for an arbitrary C∞c function φ, we
conclude that fε ∗ µ = a ·

∫
fε.

We next identify the constant a. Averaging over a ball
BR and applying Tonelli’s theorem, we obtain

a
∫
Rd

fε =
1
|BR|

∫
BR

( fε ∗ µ)(x) dx =
∫
Rd

fε(u)
µ(BR − u)
|BR|

du.

Since µ has uniform density D(µ), letting R→∞ gives

a
∫
Rd

fε = D(µ)
∫
Rd

fε.

Hence, if
∫

fε > 0, then

a = D(µ).
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For any ball B ⊂ Rd and g ∈ L1(Rd), Tonelli’s theorem
and the change of variables u = x − y give∫

B
|g ∗ µ(x)| dx ≤

∫
Rd

∫
B
|g(x − y)| dx d|µ|(y)

=

∫
Rd
|g(u)| |µ|(B − u) du

≤ CB,µ‖g‖L1 ,

where CB,µ := supt∈Rd |µ|(B − t) < ∞. Applying this to g =
f − fε, we obtain that

fε ∗ µ→ f ∗ µ, in L1(B).

Since B is arbitrary, we conclude that

f ∗ µ = a
∫

f dx a.e.

□

Proof of Theorem  1.2 . Let ν = δ0 + µ be a locally finite
measure such that 1Q ∗ ν = 1 a.e. Then ν is translation-
bounded and has uniform density 1. By Proposition  2.2 

(1), we see that

supp(̂ν) ⊂ {0} ∪ {ξ ∈ Rd : 1̂Q(ξ) = 0} = {0} ∪ L

by ( 2.1 ). In [  13 , Page 596], it has been proved that if f =
|1̂Q|2, one can construct for each ε > 0, f̂ε ∈ C∞c such that
fε ≥ 0, ‖ fε − f ‖L1 → 0 and

supp f̂ε ⊂ Q −Q = (−1, 1)d.

However, (−1, 1)d ∩ L = ∅. We can guarantee all assump-
tions in Proposition  2.2 (2) are satisfied. Hence, we have
|1̂Q|2 ∗ (δ0+µ) = c a.e. for some constant c. Since δ0+µ has
uniform density 1, the level of the functional tiling is

c = D(ν)
∫
Rd

∣∣∣1̂Q(ξ)
∣∣∣2 dξ = 1.

For every compact set K ⊂ Rd, the decay of |̂1Q|2 gives

sup
ξ∈K
|̂1Q|2(ξ − y) ≤ CK

d∏
j=1

(1 + |y j|)−2.
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The right-hand side is integrable with respect to δ0 + µ

by translation-boundedness. Since f is continuous, dom-
inated convergence shows that |̂1Q|2 ∗ (δ0 + µ) is contin-
uous. Hence the functional tiling identity holds every-
where, and in particular,

|̂1Q(0)|2 +
(
|̂1Q|2 ∗ µ

)
(0) = 1.

But |1̂Q(0)|2 = 1. This forces that |1̂Q|2 ∗ µ(0) = 0. This
means that µ has no support on |1̂Q(ξ)|2 > 0. Thus,
supp(µ) ⊂ {ξ : 1̂Q(ξ) = 0} = L, completing the proof. □

In the next proposition we show that if a non-negative,
locally finite Borel measure ν on R satisfies that the con-
volution of ν with the indicator function of a bounded in-
terval is a constant almost everywhere, then ν is neces-
sarily periodic with a period related to the length of the
interval.

Proposition 2.3. Let ν be a non-negative, locally finite
Borel measure on R. Then there exists a constant c ≥ 0
such that

1(0,1) ∗ ν = c a.e. on R

if and only if ν is 1-periodic, i.e. ν = ν ∗ δ1.

Proof. Assume first that 1(0,1) ∗ ν = c a.e. for some c ≥ 0.
Then ν is translation-bounded. If c = 0, then we have im-
mediately ν = 0. Now we suppose c > 0. Taking Fourier
transforms in the sense of tempered distributions, we ob-
tain 1̂(0,1) · ν̂ = cδ0. By Proposition  2.2 (1), we have

supp(̂ν) ⊂ Z = {0} ∪ {ξ : 1̂(0,1)(ξ) = 0}.

Since 1̂(0,1) has simple zeros precisely at the nonzero inte-
gers, the identity 1̂(0,1) ν̂ = cδ0 rules out derivative terms
in ν̂ at every k ∈ Z. Hence ν̂ is a pure point measure sup-
ported onZ and we can write ν̂ =

∑
k∈Z akδk for some ak ∈ C.
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For any φ ∈ C∞c (R), we have

〈ν ∗ δ1, φ〉 = 〈ν, φ( · + 1)〉 =
〈̂
ν, e−2πiξF −1φ(ξ)

〉
=
∑
k∈Z

ake−2πikF −1φ(k) =
〈̂
ν,F −1φ

〉
= 〈ν, φ〉.

This implies that ν = ν ∗ δ1.
Conversely, suppose that ν = ν ∗ δ1. By periodicity, for

any x ∈ R, we have

ν([x − 1, x)) = ν([0, 1)) =: c.

Since ν has at most countably many atoms, we obtain

(1(0,1) ∗ ν)(x) = ν((x − 1, x)) = c for a.e. x ∈ R.

□

As an immediate consequence of Proposition  2.3 , we
have the following.

Corollary 2.4. Let ν be a non-negative, locally finite Borel
measure on R such that

1(0,1) ∗ ν = c a.e. on R

for some c ≥ 0. Then for any a ∈ R, we have

ν({a + k}) = ν({a}) for all k ∈ Z.

Moreover, if c = ν({0}) = 1, then ν = δZ.

3. Non-Spectrality of non-parallel polytopes

The goal of this section is to prove Theorem  1.3 . The
proof of the theorem requires us to note that some results
about the spectrality of convex polytopes can be extended
to finite unions [  7 ,  8 ]. First, we recall that (see [ 7 , Lemma
2.4]), by the divergence theorem, a convex polytope P sat-
isfies the following:

−2πiξ1̂P(ξ) =
∑

F

nF σ̂F(ξ)

where σF is the surface measure on the facet F and the
sum is taken over all facets of P. Hence, by summing up
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all polytopes, the following also holds:

−2πiξ1̂Ω(ξ) =
∑

F

nF σ̂F(ξ)

where the sum is taken over all facets inΩ. In the sequel,
all estimates provided in [  7 , Section 2] continue to hold.
In particular, Lemma 2.7 in [ 7 ] holds in the following ver-
sion.

Lemma 3.1. LetΩ be a union of pairwise non-overlapping
polytopes. Let A+,A− be the collections of all facets F
whose outward pointing normal is e1 and −e1, respectively.
Then there exists α > 0 such that

−2πiξ11̂Ω(ξ) =
∑

A∈A+

σ̂A(ξ)−
∑

A∈A−

σ̂A(ξ)+O(|ξ1|−1), as |ξ1| → ∞

in the cone

K(α) = {ξ = (ξ1, · · · , ξd) : |ξ j| ≤ α|ξ1|, ∀ j > 1}.

This implies the following lemma that we need. In the
following, by a translation, we assume Q = (− 1

2 ,
1
2 )d. Let

also Qd−1 = (−1
2 ,

1
2 )d−1. The following lemma is essentially

[ 7 , Lemma 6.1].

Lemma 3.2. LetΩ = Q∪P1∪· · ·∪PN be a non-overlapping
union of polytopes with the unit cube Q. Suppose that the
only facets with normal vector ±e1 are the two correspond-
ing facets of Q. Write ξ = (ξ1, ξ′) where ξ′ ∈ Rd−1. Let C > 0.
Then there exists D > 0 such that

πξ11̂Ω(ξ) = sin(πξ1)̂1Qd−1(ξ
′) +O(|ξ1|−1), (3.1)

for all |ξ1| ≥ D and |ξ′| ≤ C.

Proposition 3.3. Let Ω = Q ∪ P1 ∪ · · · ∪ PN be a union of
non-overlapping polytopes with the unit cube Q. Suppose
that for each 1 ≤ i ≤ d, the only facets of Ω with normal
vector ±ei are the corresponding facets of Q. Suppose that
Ω is spectral. Then Ω admits a spectrum Λ such that

Λ −Λ ⊂ L ∪ {0}

where L is as defined in (  1.1 ).
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Proof. Let Γ be a spectrum for Ω and let Γk = Γ −
(k, 0, · · · , 0). Since all Γk are spectra forΩ and they are uni-
formly discrete, we can find a subsequence k j such that Γk j

converges weakly to a spectrum Λ1 (see [  8 , Section 3.3]).

Claim: Λ1 − Λ1 ⊂ (Z × Rd−1) ∪
(
R ×Z(̂1Qd−1)

)
= (Z ×

Rd−1) ∪ (R × Ld−1) =: H,

where Ld−1 is the set of points in Rd−1 having at least
one coordinate that is a nonzero integer, which is also
Z(̂1Qd−1), i.e., the zero set of 1̂Qd−1.

Assuming this claim, we can take the weak limits of
translates of Λ1 to obtain Λ2 such that

Λ2 −Λ2 ⊂ τ2 (H)

where τ2 is the linear map that interchanges the
first and the second coordinates i.e. τ2(x1, x2, · · · , xd) =
(x2, x1, · · · , xd) . Moreover, Λ2 − Λ2 is in the closure of
Λ1 − Λ1 ⊂ H, which is a closed set. Hence, Λ2 − Λ2 ⊂
H∩τ2(H). Continuing the process to all other coordinates,
we obtain a spectrum Λ such that

Λ −Λ ⊂
d⋂

j=1

τ j(H)

where τ j is the linear map that interchanges the first and
jth coordinates, and τ1 is the identity map. We notice that⋂d

j=1 τ j(H) is exactly equal toL∪{0} and this will complete
the proof.

To justify the claim, we let (u1, v1), (u2, v2) ∈ R×Rd−1 and
they belong to Λ1. To show that (u1 − u2, v1 − v2) ∈ H, we
assume that v1 − v2 < Z(̂1Qd−1). The claim requires us to
show that u1−u2 ∈ Z. The rest of the proof is basically the
same as [ 8 , Lemma 6.2]. We present the argument here
for the sake of completeness.

We can choose two subsequences k′j and k′′j of k j such
that they go to infinity and k′j−k′′j →∞. Moreover, we can
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find sequences (u′j, v
′
j) and (u′′j , v

′′
j ) in Γ such that

(u′j − k′j, v
′
j)→ (u1, v1), (u′′j − k′′j , v

′′
j )→ (u2, v2).

As k′j − k′′j →∞, u′j − u′′j →∞. This means that (u′j, v
′
j) and

(u′′j , v
′′
j ) must be distinct. Hence,

1̂Ω(u′j − u′′j , v
′
j − v′′j ) = 0.

As v′j − v′′j converges, |v′j − v′′j | is bounded by some constant
C. Using ( 3.1 ), we must have

sin(π(u′j − u′′j ))̂1Qd−1(v
′
j − v′′j )→ 0

Our assumption that v1 − v2 < Z(̂1Qd−1) and the continuity
of 1̂Qd−1 imply that there exists c > 0 such that |̂1Qd−1(v

′
j −

v′′j )| ≥ c for all sufficiently large j. This forces sin
(
π(u′j −

u′′j )
)
→ 0. On the other hand,

| sin(π(u′j−u′′j ))| = | sin(π((u′j−k′j)−(u′′j −k′′j )))| → | sinπ(u1−u2)|.

This implies that sinπ(u1 − u2) = 0 and thus u1 − u2 ∈ Z.
This justifies the claim. □

Proof of Theorem  1.3 . Suppose Ω is spectral. Proposi-
tion  3.3 shows us that there exists a spectrumΛ such that

Λ −Λ ⊂ L ∪ {0}.

However, this implies that Q + (λ − λ′) and Q must be
non-overlapping for distince λ, λ′ ∈ Λ and thus Q +Λ is a
packing of Rd. However, this is a contradiction since the
upper density of Λ is now at most one, but Ω is a union of
Q with other polytopes, a spectrum must have a density
equal to |Ω| > 1. The proof is complete. □

4. Unions of pairwise non-overlapping translates of
the unit cube

Having studied the weak tiling of the set Q, we can fur-
ther establish a necessary condition for a finite union of
pairwise non-overlapping translates of Q to be a weak tile
of Rd. In particular, for the case where the union consists
of two such cubes, we are able to deduce that the Fuglede
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conjecture holds true for this configuration. Moreover, in
the one-dimensional setting, when considering the union
of three unit intervals, we can provide a complete charac-
terization for when this union is a weak tile of R.

4.1. Necessary condition for weak tiling. We first es-
tablish a necessary condition for a finite union of pairwise
non-overlapping translates of Q to be a weak tile of Rd.

Proposition 4.1. Let A = {a0 = 0, a1, . . . , an−1} be a finite
subset of Rd such that the translates a j + Q are pairwise
non-overlapping for all 0 ≤ j ≤ n − 1. Define

Ω = A +Q =
n−1⋃
j=0

(a j +Q).

IfΩ is a weak tile ofRd, then ai ∈ L for every i = 1, . . . , n−1.

Proof. Let ν be a non-negative, locally finite measure, and
set µ := δ0 + ν. Suppose that

1Ω ∗ µ = 1 a.e.

As the translates of cubes are pairwise non-overlapping,
1Ω =

(∑n−1
j=0 δa j

)
∗ 1Q. It follows immediately that

1Q ∗
 n−1∑

j=0

δa j

 ∗ (δ0 + ν) = 1 a.e.

Let ϱ =
∑n−1

j=1 δa j +
∑n−1

j=0 δa j ∗ ν. The above implies that

1Q ∗ (δ0 + ϱ) = 1 a.e.

By Theorem  1.2 , supp
(
ϱ
) ⊂ L. Finally, notice that ϱ is a

sum of non-negative measures. Then for all r > 0 and 1 ≤
j ≤ n−1, the ball B(a j, r) must have ϱ(B(a j, r)) ≥ δa j(B(a j, r)) >
0. Hence, a j ∈ supp(ϱ). This implies that a j ∈ L. □

We have the following corollary.

Corollary 4.2. Let A be a finite subset of Rd such that the
translates a + Q, a ∈ A are pairwise non-overlapping. If
Ω = A +Q is a weak tile of Rd, then

A − A ⊂ L ∪ {0}.
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For any point x = (x1, · · · , xd) ∈ Rd, we define the projec-
tions onto the coordinate axes by

πi : Rd → R, πi(x) := xi, 1 ≤ i ≤ d.

Then by Proposition  4.1 , we derive the following corol-
lary for the two-dimensional setting, which asserts that
the points in A must have integer coordinates in at least
one canonical direction.

Corollary 4.3. Let A = {0 = a0, a1, . . . , an−1} ⊂ R2 be a fi-
nite set such that the translates a j + Q are pairwise non-
overlapping. If Ω = A +Q is a weak tile of R2, then either

π1(ai) ∈ Z for all 0 ≤ i ≤ n−1, or π2(ai) ∈ Z for all 0 ≤ i ≤ n−1.

Moreover, if there exist distinct indices i , j such that
π1(ai) = π1(a j), then

π2(ai) − π2(a j) ∈ Z∗,

and similarly, if there exist distinct indices i , j such that
π2(ai) = π2(a j), then

π1(ai) − π1(a j) ∈ Z∗.

Proof. If n ≤ 2, the conclusion is immediate. Now sup-
pose that n ≥ 3. We prove the argument by contradiction.
Suppose that there exist i, j such that both π1(ai) < Z and
π2(a j) < Z. If i = j, then ai < L, a contradiction to Proposi-
tion  4.1 . If i , j, then we translate Ω by −a j and consider
the new setΩ′ = Ω−a j. Then 0 ∈ A′ = A−a j and by Propo-
sition  4.1 , ai−a j ∈ L, which implies either π1(ai−a j) ∈ Z∗ or
π2(ai−a j) ∈ Z∗. If π1(ai−a j) ∈ Z∗, then π1(a j) < Z and a j < L,
which contradicts Proposition  4.1 . The case π2(ai−a j) ∈ Z∗
can be treated similarly. This proves the first part of the
corollary.

The remaining part follows directly from Corollary  4.2 .
□

Now we are ready to prove Theorem  1.4 , which shows
that Fuglede’s conjecture holds for the union of two non-
overlapping cubes of the same size.
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Proof of Theorem  1.4 . Proposition  4.1 shows that (1) im-
plies (4). It suffices to show that (4) implies both (2) and
(3). Then the proof will be complete since tiles and spec-
tral sets are all weak tiles.
(4)=⇒(2). By relabeling the coordinate axes and translat-
ing Ω if necessary, we may assume without loss of gener-
ality that a = (m, a2, . . . , ad), where m is a positive integer
and a j ∈ R for j = 2, . . . , d. In this case, let

J = T ×Zd−1, where T = {0, 1, · · · ,m − 1} + 2mZ.

Then J is a tiling set for Ω. Indeed,

Ω+{(0, 0), (1, 0), · · · , (m−1, 0)} = R+{0, a} a.e. , where R = (0,m)×(0, 1)d−1,

0 is the (d − 1)-dimensional zero vector, and they clearly
form a partition. Hence, we have

Ω+ {0, 1, · · · ,m − 1} ×Zd−1 = (0, 2m) ×Rd−1 a.e.

and they continue to form a partition. Finally, translating
the first coordinate by 2mZ produces a tiling. This shows
Ω is a tile. See Figure  4 .

Figure 4. A tiling by translates of Ω =
{(0, 0), (3, 3.4)} + (0, 1)2, in the case where the
first coordinate of a = (3, 3.4) is a nonzero in-
teger. The gray region represents the set Ω,
and the blue points represent the tiling set
J = ({0, 1, 2} + 6Z) ×Z.

(4)=⇒(3). Suppose that a ∈ L and we let γ =
(

1
2m , 0, · · · , 0

)
and define

Λ =
{
0, γ
}
+Zd.
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Then Λ is a spectrum for Ω. To see this, we note that

1̂Ω(ξ) = (1 + e−2πia·ξ)1̂Q(ξ).

We first verify orthogonality. Let λ1, λ2 ∈ Λ be distinct. If
λ1 − λ2 ∈ Zd \ {0}, then 1̂Q(λ1 − λ2) = 0. Otherwise, we can
write λ1 − λ2 = ±γ + n for some n = (n1,n′) ∈ Z × Zd−1. If
n′ , 0, then again 1̂Q(±γ+n) = 0. If n′ = 0, then a·(±γ+n) =
± 1

2 +mn1, so 1+ e−2πia·(±γ+n) = 0. Hence 1̂Ω(λ1 − λ2) = 0, and
Λ is mutually orthogonal.

Write a = (m, a′), ξ = (ξ1, ξ′), n = (n1,n′). Completeness
can be checked via the tiling equation:∑

n∈Zd

∑
λ∈{0,γ}

∣∣∣̂1Ω(ξ − λ − n)
∣∣∣2

=
∑

n′∈Zd−1

∣∣∣̂1Qd−1(ξ
′ − n′)

∣∣∣2 ∑
λ∈{0,γ}

∣∣∣1 + e−2πi(m(ξ1−λ1)+a′·(ξ′−n′))
∣∣∣2

=4
∑

n′∈Zd−1

∣∣∣̂1Qd−1(ξ
′ − n′)

∣∣∣2 = 4 = |Ω|2.

□

5. Weak tilings of three unit intervals in R

In the rest of the paper, we will be focusing on the equiv-
alence of tiles, weak tiles and spectral sets for unions of
three unit squares. We will need to study the correspond-
ing problem on R and R × Z. In this section, we begin
with an easy case study about the weak tiles inR consist-
ing of three pairwise non-overlapping unit intervals. The
one-dimensional case of Theorem  1.5 will be proved. In-
deed, it follows directly from the next theorem. By Propo-
sition  4.1 , we may assume our set has the following form:

Ω = (0, 1) ∪ (M,M + 1) ∪ (N,N + 1), M,N ∈ Z, (5.1)

where 0, M, and N are distinct integers. Let d :=
gcd(M,N).

Theorem 5.1. Let Ω be as in ( 5.1 ). The following are
equivalent:

(1) Ω is a weak tile;
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(2) Ω is a tile;
(3) Ω is a spectral set;
(4) {0,M/d,N/d} ≡ {0, 1, 2} (mod 3).

Lemma 5.2. Let Ω be as in ( 5.1 ). Suppose that Ω weakly
tiles R with a non-negative, locally finite measure ν such
that ν({0}) = 1. Then

ν({ j}) + ν({ j −M}) + ν({ j −N}) = 1, ∀ j ∈ Z.

Proof. Since 1Ω ∗ν = 1 a.e. and 1Ω = 1(0,1) ∗δ{0,M,N}, we have

1(0,1) ∗ (δ{0,M,N} ∗ ν) = 1 a.e.

By Theorem  1.2 , we have supp(δ{0,M,N} ∗ ν) ⊂ Z. Since

supp(δ{0,M,N} ∗ ν) = supp(ν) + {0,M,N},

we conclude that supp(ν) ⊂ Z. Now we write ν =∑
j∈Z ν({ j})δ j.
Since 1Ω ∗ν = 1 a.e. and ν is nonnegative with ν({0}) = 1,

we have ν({−M,−N}) = 0 and therefore δ{0,M,N} ∗ν has a unit
mass at the origin. Applying Corollary  2.4 to the measure
δ{0,M,N} ∗ ν, we obtain

δ{0,M,N} ∗ ν = δZ.

Consequently,

ν({ j}) + ν({ j −M}) + ν({ j −N}) = 1, ∀ j ∈ Z.

□

Lemma 5.3. Let Ω be as in ( 5.1 ). Suppose that Ω weakly
tiles R with a non-negative, locally finite measure ν such
that ν({0}) = 1. Then

ν({kM + ℓN}) =
{

1, if k ≡ ℓ (mod 3),
0, if k . ℓ (mod 3).
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Figure 5. The periodic pattern of ν{kM+ℓN}
and the corresponding propagation of the
values sk,ℓ.

Proof. For k, ℓ ∈ Z, set

sk,ℓ := ν
(
{kM + ℓN}

)
.

Since ν is nonnegative, we have sk,ℓ ≥ 0 for all k, ℓ ∈ Z. By
Lemma  5.2 ,

sk,ℓ + sk−1,ℓ + sk,ℓ−1 = 1, k, ℓ ∈ Z. (5.2)

Thus, for every (k, ℓ) ∈ Z2, the values at the three ver-
tices (k, ℓ), (k − 1, ℓ), and (k, ℓ − 1) have sum 1. In particu-
lar, whenever one of sk,ℓ, sk−1,ℓ and sk,ℓ−1 is 1, the other two
must be 0; conversely, whenever two of them are 0, the
remaining one must be 1.

Let
L :=

{
(k, ℓ) ∈ Z2 : k ≡ ℓ (mod 3)

}
.

Then L is generated by (1, 1) and (−2, 1). Indeed, if k ≡ ℓ
(mod 3), then

(k, ℓ) =
k + 2ℓ

3
(1, 1) +

ℓ − k
3

(−2, 1),

and both coefficients are integers.
We first establish a local propagation property. Sup-

pose that si, j = 1 for some i, j ∈ Z. Applying (  5.2 ) at (i, j),
(i + 1, j), and (i, j + 1), respectively, gives

si, j + si−1, j + si, j−1 = 1,

si+1, j + si, j + si+1, j−1 = 1,

si, j+1 + si−1, j+1 + si, j = 1.
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Since si, j = 1 and the sequence is nonnegative, it follows
that

0 = si−1, j = si, j−1 = si+1, j = si+1, j−1 = si, j+1 = si−1, j+1. (5.3)

Applying (  5.2 ) at (i + 1, j + 1), (i − 1, j + 1), and (i + 1, j − 1),
and using ( 5.3 ), we obtain

si+1, j+1 = si−2, j+1 = si+1, j−2 = 1.

Since i, j are arbitrary, the same conclusion may be ap-
plied again at any point where the value of the sequence
is 1. Applying it at (i − 2, j + 1) and (i + 1, j − 2) gives, re-
spectively,

si−1, j−1 = 1, si+2, j−1 = 1.

Consequently, we obtain the bidirectional propagation
rule

si, j = 1 =⇒ si+1, j+1 = si−1, j−1 = si−2, j+1 = si+2, j−1 = 1. (5.4)

By assumption, s0,0 = ν({0}) = 1. Starting from (0, 0) and
repeatedly applying (  5.4 ), we may move in both directions
along (1, 1) and (−2, 1). Since these two directions gener-
ate L, it follows that sk,ℓ = 1 for every (k, ℓ) ∈ L.

It remains to determine the values outside L. Let (k, ℓ) <
L. If k − ℓ ≡ 1 (mod 3), then (k − 1, ℓ) ∈ L, and hence
sk−1,ℓ = 1. Applying (  5.2 ) at (k, ℓ) gives sk,ℓ+1+sk,ℓ−1 = 1. By
nonnegativity, sk,ℓ = 0. Similarly, if k − ℓ ≡ −1 (mod 3),
then (k, ℓ − 1) ∈ L, so sk,ℓ−1 = 1, and (  5.2 ) again yields
sk,ℓ = 0. The propagation described above is illustrated
in Figure  5 .

Therefore,

sk,ℓ =

{
1, k ≡ ℓ (mod 3),
0, k . ℓ (mod 3).

□

Lemma 5.4. Let M,N ∈ Z∗ be two distinct integers and let
d = gcd(M,N). Assume that{

0,
M
d
,

N
d

}
. {0, 1, 2} (mod 3).
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Then the set

H := { kM + ℓN : k, ℓ ∈ Z, k ≡ ℓ (mod 3) }

coincides with the subgroup dZ ⊂ Z; that is, H = dZ.

Proof. Write M = dA and N = dB, where gcd(A,B) = 1.
Then H = dH′, where

H′ := {kA + ℓB : k, ℓ ∈ Z, k ≡ ℓ (mod 3)},

so it suffices to show that H′ = Z.
Writing ℓ = k + 3t, we get kA + ℓB = k(A + B) + 3tB, and

hence

H′ = (A + B)Z + 3BZ = gcd(A + B, 3B)Z.

Since gcd(A,B) = 1, we have gcd(A + B,B) = 1, so gcd(A +
B, 3B) ∈ {1, 3}.

If gcd(A + B, 3B) = 3, then 3 | A + B. As gcd(A,B) = 1,
this forces 3 ∤ A and 3 ∤ B, so

{0,A,B} ≡ {0, 1, 2} (mod 3),

contrary to assumption. Therefore gcd(A+B, 3B) = 1, and
thus H′ = Z. □

Now we are ready to prove Theorem  5.1 .

Proof of Theorem  5.1 . If Ω weakly tiles R with a non-
negative, locally finite measure ν such that ν({0}) = 1, then
by Lemma  5.3 , we have

ν({kM + ℓN}) = 1, if k ≡ ℓ (mod 3).

Our proof is by contradiction. Suppose that the set
{0,M/d,N/d} does not form a complete residue system
modulo 3. Then by Lemma  5.4 , we have

dZ = {kM + ℓN : k, ℓ ∈ Z, k ≡ ℓ (mod 3)}.

In particular, we have M ∈ dZ, hence ν({M}) = 1. How-
ever, by Lemma  5.3 , we have ν({M}) = 0, which is a contra-
diction. Therefore, {0,M/d,N/d} forms a complete residue
system modulo 3. This proves that (1) implies (4). Con-
versely, if (4) holds, then T = {0, 1, . . . , d−1}+3dZ is a tiling
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set for Ω, and Λ = {0, 1/(3d), 2/(3d)} +Z is a spectrum for
Ω. Since both (2) and (3) imply (1), the proof is complete.

□

6. Reduction from R2 to R ×Z

In this section, we prove Theorem  1.6 . Throughout the
section, S ⊂ Z is finite, and we consider the associated
layered sets

Ω =
⋃
j∈S

Ω j × ( j, j + 1) ⊂ R2, Ω̃ =
⋃
j∈S

Ω j × { j} ⊂ R ×Z,

where eachΩ j ⊂ R is bounded and measurable with finite
positive Lebesgue measure. As illustrated in Figure  6 ,
each horizontal strip Ω j × ( j, j + 1) is collapsed onto the
integer level Ω j × { j}. The theorem asserts that Ω is a
tile, a weak tile, or a spectral set if and only if Ω̃ has the
corresponding property.

Ω ⊂ R2

0

1

2

3

4

x

y

collapse
each strip

Ω̃ ⊂ R ×Z

R × {0}

R × {1}

R × {2}

R × {3}

R × {4}

Figure 6. The geometric correspondence be-
tween Ω ⊂ R2 and Ω̃ ⊂ R ×Z: each horizon-
tal strip Ω j × ( j, j + 1) is collapsed onto the
integer level Ω j × { j}.

On R×Z, we use the product of Lebesgue measure and
counting measure as Haar measure. Its dual group is
identified with R × T, where T = R/Z, with characters

(x, j) 7−→ e2πi(λx+η j), (λ, η) ∈ R × T.

Tiling, weak tiling, and spectrality on R × Z are under-
stood with respect to this Haar measure and these char-
acters. In the definition of a weak tile, the weak tiling
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measure µ is required to have mass 1 at the origin, that
is, µ({(0, 0)}) = 1.

6.1. Reduction of tiling fromR2 toR×Z. For transla-
tional tilings, we fix a generic horizontal phase and iden-
tify the sections of the translates of Ω along the lines
y = m + t, m ∈ Z, with translates of Ω̃.

Proposition 6.1. Let S ⊂ Z be finite, and let

Ω =
⋃
j∈S

Ω j × ( j, j + 1) ⊂ R2, Ω̃ =
⋃
j∈S

Ω j × { j} ⊂ R ×Z,

where the setsΩ j ⊂ R are bounded and measurable. Then
Ω is a tile in R2 if and only if Ω̃ is a tile in R ×Z.

Proof. Suppose that T ⊂ R2 is a tiling set for Ω. Thus∑
(u,v)∈T

1Ω(x − u, y − v) = 1 for a.e. (x, y) ∈ R2. (6.1)

Let N be the set for which (  6.1 ) fails and Ny = {x ∈ R :
(x, y) ∈ N}. By Fubini’s theorem, Ny has one-dimensional
Lebesgue measure zero for almost every y. Hence there
exists a full-measure set G ⊂ R such that, for every y ∈ G,
( 6.1 ) holds for almost every x ∈ R. Consider

N := {t ∈ (0, 1) : t+m < G for some m ∈ Z}∪{t ∈ (0, 1) : v−t∈Z for some (u, v) ∈ T}.

As Z and T are countable, N is of measure zero. We may
choose t ∈ (0, 1) in the complement of N such that, for
every m ∈ Z,∑

(u,v)∈T

1Ω(x − u,m + t − v) = 1 for a.e. x ∈ R,

and v − t < Z for every (u, v) ∈ T.
For every m ∈ Z and s ∈ (0, 1), we have

1Ω(x,m + s) = 1Ω̃(x,m). (6.2)

Indeed, since m + s ∈ ( j, j + 1) if and only if m = j, we have

1Ω(x,m + s) =
∑
j∈S

1Ω j(x)1( j, j+1)(m + s) =
∑
j∈S

1Ω j(x)1{ j}(m) = 1Ω̃(x,m).

For every (u, v) ∈ T, since v − t < Z, we have

0 < kt(v) + t − v < 1, where kt(v) := dv − te ∈ Z.
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Thus m + t − v = m − kt(v) +
(
kt(v) + t − v

)
. Applying ( 6.2 )

with m− kt(v) in place of m and kt(v)+ t− v in place of s, we
obtain

1Ω(x,m + t − v) = 1Ω̃
(
x,m − kt(v)

)
.

Define an integer-valued measure on R ×Z by

ηt :=
∑

(u,v)∈T

δ(u,kt(v)).

For every m ∈ Z, we now obtain

(1Ω̃ ∗ ηt)(x,m) =
∑

(u,v)∈T

1Ω̃(x − u,m − kt(v))

=
∑

(u,v)∈T

1Ω(x − u,m + t − v)

= 1 a.e. x ∈ R,
where the second equality follows from (  6.2 ). Therefore
1Ω̃ ∗ ηt = 1 a.e. on R ×Z.

It remains only to show that ηt has no multiple atoms.
Suppose that ηt({(u, k)}) ≥ 2 for some (u, k). Then we have

1 = 1Ω̃ ∗ ηt ≥ 1Ω̃ ∗ (2δ(u,k)) = 2 a.e. on Ω̃ + (u, k),

a contradiction. Hence ηt = δTt for some set Tt ⊂ R × Z.
Since δT is locally finite and the map (u, v) 7→ (u, dv − te)
changes only the second coordinate by less than one unit,
ηt is also locally finite. In particular, Tt is countable. Thus
Ω̃ is a tile of R ×Z with the tiling set Tt.

We omit the proof of the converse as it follows by taking
the weak tiling measure ν as

∑
t∈T δt in Proposition  6.2 in

the next subsection. □

6.2. Reduction of weak tilings from R2 to R×Z. For
weak tilings, we average these sectional reductions over
all phases; equivalently, a mass lying between two adja-
cent integer levels is distributed between them with the
corresponding linear weights.

Proposition 6.2. Let S ⊂ Z be finite, and let

Ω =
⋃
j∈S

Ω j × ( j, j + 1) ⊂ R2, Ω̃ =
⋃
j∈S

Ω j × { j} ⊂ R ×Z,
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where each Ω j ⊂ R is bounded and measurable. Then Ω
is a weak tile in R2 if and only if Ω̃ is a weak tile in R×Z.

Proof. Suppose that Ω̃ is a weak tile in R × Z. Let ν be
a nonnegative locally finite measure on R × Z such that
ν({(0, 0)}) = 1 and

1Ω̃ ∗ ν = 1 a.e. on R ×Z.

We regard ν as a measure on R2, supported on R×Z. For
m ∈ Z and t ∈ (0, 1), we have

(1Ω ∗ ν)(x,m + t) =
∫
R×Z

1Ω(x − u,m + t − k) dν(u, k)

=

∫
R×Z

1Ω̃(x − u,m − k) dν(u, k)

= (1Ω̃ ∗ ν)(x,m)

= 1 a.e. x ∈ R,

where the second equality follows from (  6.2 ). Therefore
1Ω ∗ ν = 1 a.e. on R2, and hence Ω is a weak tile in R2. It
remains to prove the converse, which is the harder part
of the proof.

Assume now that Ω is a weak tile in R2. Then there
exists a nonnegative locally finite measure µ on R2 such
that µ({(0, 0)}) = 1 and

1Ω ∗ µ = 1 a.e. on R2.

For every k ∈ Z, define a nonnegative measure νk on R by

νk(E) :=
∫

E×[k,k+1)
(k + 1 − v) dµ(u, v) +

∫
E×[k−1,k)

(v − k + 1) dµ(u, v)

for every Borel set E ⊂ R. Define a measure on R ×Z by

ν :=
∑
k∈Z
νk × δk.
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R2

x

v

v = k + 1

v = k

v = k − 1
u

[k, k + 1)

[k − 1, k)

mass at (u, k + s)

R ×Z
(u, k + 1)

(u, k)

R × {k + 1}

R × {k}

u

weight s

weight 1 − s

δ(u,k+s) 7−→ (1 − s) δ(u,k) + s δ(u,k+1)

Figure 7. Compression of a point mass from
R2 to R × Z. A mass located at height k +
s is split between the two adjacent integer
levels k and k + 1, with weights 1 − s and s,
respectively.

Geometrically, if v = k + s, where k ∈ Z and s ∈ [0, 1),
then the mass of µ at height v is divided between the two
adjacent integer levels k and k + 1, with weights 1 − s and
s, respectively. See Figure  7 .

Since the first coordinate is unchanged and the second
coordinate is moved by at most one unit, the measure ν is
locally finite.

Fix m ∈ Z. Since ν =
∑

k∈Z νk × δk, we have

(1Ω̃ ∗ ν)(x,m) =
∫
R×Z

1Ω̃(x − u,m − k) dν(u, k)

=
∑
k∈Z

∫
R

1Ω̃(x − u,m − k) dνk(u).

By the definition of νk and Tonelli’s theorem, we may
move the sums inside the integrals:

(1Ω̃ ∗ ν)(x,m) =
∑
k∈Z

∫
R×[k,k+1)

(k + 1 − v)1Ω̃(x − u,m − k) dµ(u, v)

+
∑
k∈Z

∫
R×[k−1,k)

(v − k + 1)1Ω̃(x − u,m − k) dµ(u, v)

=

∫
R2

∑
k∈Z

1[k,k+1)(v)(k + 1 − v)1Ω̃(x − u,m − k) dµ(u, v)

+

∫
R2

∑
k∈Z

1[k−1,k)(v)(v − k + 1)1Ω̃(x − u,m − k) dµ(u, v).
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For each v ∈ R, the first sum contains only the term k =
bvc, while the second contains only the term k = bvc + 1.
Moreover,

bvc + 1 − v = 1 − {v}, v − (bvc + 1) + 1 = {v}.

Therefore,

(1Ω̃ ∗ ν)(x,m) =
∫
R2

[
(1 − {v})1Ω̃

(
x − u,m − bvc

)
+ {v}1Ω̃

(
x − u,m − bvc − 1

)]
dµ(u, v).

On the other hand,∫ 1

0
1Ω(x − u,m + t − v) dt = (1 − {v})1Ω̃(x − u,m − bvc)

+ {v}1Ω̃(x − u,m − bvc − 1).

Indeed,

m + t − v ∈

(
m − bvc, m − bvc + 1

)
, t > {v},(

m − bvc − 1, m − bvc
)
, t < {v}.

The single value t = {v} is irrelevant to the integral.
Therefore, by Tonelli’s theorem,

(1Ω̃ ∗ ν)(x,m) =
∫
R2

∫ 1

0
1Ω(x − u,m + t − v) dt dµ(u, v)

=

∫ 1

0
(1Ω ∗ µ)(x,m + t) dt.

Since 1Ω ∗ µ = 1 a.e. on R2, Fubini’s theorem implies that
(1Ω̃ ∗ ν)(x,m) = 1 for almost every x ∈ R. Since m ∈ Z was
arbitrary,

1Ω̃ ∗ ν = 1 a.e. on R ×Z.

It remains to verify that ν has mass 1 at the origin.
The mass of µ at (0, 0) is sent entirely to (0, 0), and hence
ν({(0, 0)}) ≥ µ({(0, 0)}) = 1. On the other hand,

1 = 1Ω̃∗ν ≥ 1Ω̃∗ν|{(0,0)} = ν({(0, 0)})1Ω̃ = ν({(0, 0)}) a.e. on Ω̃.

Then ν({(0, 0)}) = 1. Therefore ν is a weak tiling measure
for Ω̃. □
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6.3. Spectrality of layered sets in R×Z and R2. The
reduction of spectrality is obtained by means of a product
construction together with an appropriate linear change
of variables.

Proposition 6.3. Let S ⊂ Z be finite and let

Ω =
⋃
j∈S

Ω j × ( j, j + 1) ⊂ R2, Ω̃ =
⋃
j∈S

Ω j × { j} ⊂ R ×Z,

where each Ω j ⊂ R is bounded and measurable. Then Ω
is a spectral set in R2 if and only if Ω̃ is a spectral set in
R ×Z.

We shall use the following product result for spectral
measures to prove Proposition  6.3 .

Proposition 6.4. [ 18 , Corollary 1.4] Let ν be a finite Borel
measure on Rm with compact support. Then m|[0,1]d × ν is
a spectral measure on Rd+m if and only if ν is a spectral
measure on Rm.

Proof of Proposition  6.3 . Suppose that Ω̃ is a spectral set
in R×Z with spectrum Σ ⊂ R×T. One can check by defi-
nition that the setΩ is a spectral set in R2 with spectrum

Λ := {(λ, η + k) : (λ, η) ∈ Σ, k ∈ Z}.

Conversely, suppose that Ω is a spectral set in R2. We
work in R3, with the Ω j ⊂ R × {0}2 and Ω ⊂ R2 × {0}. De-
fine the “tilted” line segment I which connects (0, 0, 0) to
(0, 1, 1). Then let

E =
⋃
j∈S

Ω j + (0, j, 0) + I.

Let µ be the two-dimensional Lebesgue measure on Ω,
and let ν := H2|E be the Hausdorff measure on E. See
Figures  8 and  9 .
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x

y

z

1
2

3
4

1 2 3

1

µ and Ω ⊂ R ×R × {0}

Figure 8. The set Ω with S = {1, 2}, Ω1 =
[1, 2], and Ω2 = [1, 1.5] ∪ [2.5, 3.5]. The mea-
sure µ has density 1Ω with respect to planar
Lebesgue measure.

The orthogonal projection π : R3 → R2 × {0} is injective
on E outside a ν-null set, and its pushforward satisfies
π∗ν =

√
2µ. Therefore, if Λ ⊂ R2 × {0} is a spectrum of

µ, then Λ is also a spectrum of ν, since the two L2 spaces
can be identified via π, and the exponentials inΛ take the
same value at x and π(x).

x

y

z

1
2

3
4

1 2 3

1

E together with Ω

Figure 9. The set E =
⋃

j∈SΩ j + (0, j, 0) + I
lying above Ω.

Let J = {0}2 × [0, 1] be the vertical unit line segment at
the origin, and define the linear transformation T which
maps e1 to e1, e2 to e2, and e2 + e3 to e3, i.e.

T =

1 0 0
0 1 −1
0 0 1

 with T−1 =

1 0 0
0 1 1
0 0 1

 .
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It follows that TI = J and T∗ν =
√

2 σ, where σ is the Haus-
dorff measure on⋃

j∈S

Ω j + (0, j, 0)

 × [0, 1].

See Figure  10 . It follows that L = T−TΛ is a spectrum for
the product measure σ = ω × hJ, where ω is the Haus-
dorff measure on

⋃
j∈SΩ j + (0, j, 0), and hJ is the Hausdorff

measure on J.

x

y

z

1
2

3
4

1 2 3

1 (⋃
j∈S(Ω j + (0, j))

)
× J

Figure 10. The product measure σ in green.

Now by Proposition  6.4 , it follows from the spectrality
of σ that ω is spectral with a spectrum M ⊆ R2×{0}. But if
a measure ω is spectral, then we can always find a spec-
trum in the dual group of the group generated by suppω,
which is contained in R×Z×{0}. Therefore, we can find a
spectrum in R × T × {0}, which implies that Ω̃ is spectral
in R ×Z. □

7. Structure of (weak) tiles and spectral sets in R ×Z

Let Ω̃ ⊂ R × Z be the union of three pairwise non-
overlapping unit intervals. Since the weak tiling prop-
erty is invariant under translations, we may, without loss
of generality, assume that

Ω̃ = (0, 1)×{0}∪(a, a+1)×{ℓ1}∪(b, b+1)×{ℓ2}, a, b ∈ R, ℓ1, ℓ2 ∈ Z.
(7.1)
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The main result of this section is the following theorem,
which gives a complete characterization of when Ω̃ is a
weak tile of R ×Z.

Theorem 7.1. Let Ω̃ be as in ( 7.1 ). Then Ω̃ is a weak tile
of R ×Z if and only if exactly one of the following holds:

(1) 0 = ℓ1 = ℓ2, and {0, a, b} tiles Z;
(2) Exactly two of 0, ℓ1, ℓ2 are equal, and one of the fol-

lowing holds:
(i) 0 , ℓ1 = ℓ2 and a − b ∈ Z∗;

(ii) ℓ1 = 0 , ℓ2 and a ∈ Z∗;
(iii) ℓ2 = 0 , ℓ1 and b ∈ Z∗.

(3) 0, ℓ1, ℓ2 are pairwise distinct, and one of the follow-
ing holds:

(i) {0, ℓ1, ℓ2} tiles Z;
(ii) {0, ℓ1, ℓ2} does not tile Z, and there exist ξ ∈ R

and M,N ∈ Z such that

a =M + ℓ1ξ, b = N + ℓ2ξ,

where (M, ℓ1) and (N, ℓ2) are Q-linearly inde-
pendent.

Moreover, in each case, Ω̃ is both a tile and a spectral set
of R ×Z.

7.1. Outline and preliminaries of the proof. We will
prove Theorem  7.1 by considering the possible configura-
tions of the set {0, ℓ1, ℓ2} in the following subsections.

(1) Case (1) will be studied in Lemma  7.5 which fol-
lows essentially from Theorem  5.1 .

(2) Case (2)(i) will be given in Lemma  7.6 . The re-
maining cases can be reduced to this case through
a translation.

(3) Case (3) (i) will be proved in Lemma  7.7 , while the
most subtle Case (3) (ii) will be given in Subsection

 7.2.4 .
For the bounded sets in R × Z considered here, both

tiling and spectrality imply weak tiling. The former is
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immediate, while the latter follows from Theorems  1.1 

and  1.6 . Thus, in each case, it suffices to show that ev-
ery weak tile has the stated form and that every set of
this form is both a tile and a spectral set.

We next establish some basic properties of bounded
measurable sets in R × Z. Let S ⊂ Z be a finite set, and
define the set

Ω̃ =
⋃
j∈S

Ω j × { j}, (7.2)

where each Ω j ⊂ R is bounded and measurable. For any
ξ ∈ R, we introduce the layer-translated set

Ω̃ξ :=
[
1 ξ
0 1

]
Ω̃ =

⋃
j∈S

(Ω j + jξ) × { j}.

The shear map Tξ(x, j) := (x + jξ, j) is a Haar-measure-
preserving group automorphism of R × Z and therefore
preserves tiling, weak tiling, and spectrality. We thus ob-
tain the following proposition.

Proposition 7.2. For every ξ ∈ R, the following state-
ments hold.

(i) Ω̃ is a (weak) tile of R × Z if and only if Ω̃ξ is a
(weak) tile of R ×Z;

(ii) Ω̃ is a spectral set of R × Z if and only if Ω̃ξ is a
spectral set of R ×Z.

The use of projections below is inspired by Rao and
Xue [  22 , Theorem 1.3 and Proposition 3.1]. They char-
acterized prime-cardinality subsets of Z2 admitting peri-
odic tilings by the existence of an integer linear projection
that is injective on the set and whose image tilesZ. Here,
we use suitable projections to obtain tiling and spectrality
in R×Z from the corresponding one-dimensional proper-
ties.

For each η ∈ R, define the projection

πη : R ×Z→ R, πη(x, j) = x + η j.
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Then we have
πη(Ω̃) =

⋃
j∈S

(Ω j + jη).

Suppose that the sets Ω j + jη, j ∈ S, are pairwise non-
overlapping. If πη(Ω̃) tilesRwith a tiling set T, then T×Z
is a tiling set for Ω̃η in R×Z. The same product construc-
tion works for weak tilings. For spectrality, the pairwise
non-overlapping assumption on the projected components
allows a spectrum of πη(Ω̃) to be lifted to a spectrum of
Ω̃η. More precisely, if Λ is a spectrum of πη(Ω̃), then
Λ × {0} ⊂ R × T is a spectrum of Ω̃η. Combining these
observations with Proposition  7.2 , we obtain the follow-
ing sufficient conditions.

Corollary 7.3. Let Ω̃ ⊂ R ×Z be a measurable set of the
form ( 7.2 ).

(1) If there exists η ∈ R such that the setsΩ j+ jη ( j ∈ S)
are pairwise non-overlapping, and the set πη(Ω̃) is
a (weak) tile of R, then Ω̃ is a (weak) tile of R ×Z.

(2) If there exists η ∈ R such that the setsΩ j+ jη ( j ∈ S)
are pairwise non-overlapping, and the set πη(Ω̃) is
a spectral set of R, then Ω̃ is a spectral set of R×Z.

We now further restrict our attention to Ω̃ being a
union of finitely many pairwise non-overlapping unit in-
tervals in R ×Z, i.e.

Ω̃ = (0, 1) × {0} + A, A ⊂ R ×Z is a finite set. (7.3)

For a Borel measure µ on R×Z and each j ∈ Z, we define
the fiber measure µ j on R by

µ j(E) := µ
(
E × { j}

)
, E ⊂ R Borel.

We also define the measure ν j on R by

ν j :=
∑

(a,ℓ)∈A

µ j−ℓ ∗ δa.

Proposition 7.4. Let Ω̃ be as in ( 7.3 ) and µ be a non-
negative, locally finite Borel measure on R × Z. Suppose
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that 1Ω̃ ∗ µ = 1 a.e. on R ×Z and µ({(0, 0)}) = 1. Then for
each j ∈ Z, the measure ν j is a non-negative, locally finite
Borel measure on R such that

1(0,1) ∗ ν j = 1 a.e. on R.

Moreover, if (a, ℓ) and (a′, ℓ) are two distinct elements of A,
then a − a′ ∈ Z∗.

Proof. Fix j ∈ Z. Since A is finite and each µ j−ℓ is a non-
negative, locally finite Borel measure onR, it follows that
ν j is also a non-negative, locally finite Borel measure on
R.

Note that
1Ω̃ =

∑
(a,ℓ)∈A

1(0,1)×{0} ∗ δ(a,ℓ).

Hence, for a.e. x ∈ R,

1 = (1Ω̃ ∗ µ)(x, j)

=
∑

(a,ℓ)∈A

(
1(0,1)×{0} ∗ δ(a,ℓ) ∗ µ

)
(x, j)

=
∑

(a,ℓ)∈A

∫
R×Z

1(0,1)×{0}(x − y − a, j − k − ℓ) dµ(y, k).

Since

1(0,1)×{0}(x − y − a, j − k − ℓ) = 1(0,1)(x − y − a)1{0}( j − k − ℓ),

only the slice k = j − ℓ contributes, and therefore, for a.e.
x ∈ R,

1 =
∑

(a,ℓ)∈A

∫
R

1(0,1)(x − y − a) dµ j−ℓ(y)

=
∑

(a,ℓ)∈A

(
1(0,1) ∗ µ j−ℓ ∗ δa

)
(x)

= 1(0,1) ∗
( ∑

(a,ℓ)∈A

µ j−ℓ ∗ δa

)
(x)

= 1(0,1) ∗ ν j(x).

Now suppose (a, ℓ), (a′, ℓ) are two distinct elements of
A. Since µ({(0, 0)}) = 1, by the definition of νℓ, we have
νℓ({a}), νℓ({a′}) ≥ 1, while 1(0,1)∗νℓ = 1 a.e. implies that every
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atom of νℓ has mass at most 1; hence νℓ({a}) = νℓ({a′}) = 1.
By Theorem  1.2 , it follows that a − a′ ∈ Z∗. □

7.2. Structure of weak tiles for three unit intervals
in R × Z. We are now fully equipped to prove Theorem

 7.1 .

7.2.1. Case (1): ℓ1 = ℓ2 = 0. In this case, Ω̃ reduces to
a union of three unit intervals in R. Hence Ω̃ weakly
tiles R×Z if and only if it weakly tiles R by translations,
which is equivalent to saying that {0, a, b} tilesZ by Propo-
sition  7.4 and Theorem  5.1 .

Lemma 7.5. Suppose that Ω̃ is as in ( 7.1 ) and that ℓ1 =
ℓ2 = 0. Then Ω̃ is a weak tile of R×Z if and only if {0, a, b}
is a tile of Z. In this case, Ω̃ is both a tile and a spectral
set in R ×Z.

R × {−1}
R × {0}
R × {1}
R × {2}

Figure 11. A translational tiling of R × Z
by three unit intervals with ℓ1 = ℓ2 = 0, il-
lustrated for {0, a, b} = {0, 2, 4}. The framed
intervals are precisely Ω̃.

Proof. By the one-dimensional result of Theorem  1.5 , it
suffices to show that if Ω̃ is a weak tile of R × Z, then
{0, a, b} is a tile of Z. Suppose that µ is a non-negative,
locally finite Borel measure on R ×Z such that

1Ω̃ ∗ µ = 1 a.e. on R ×Z with µ({(0, 0)}) = 1.

By Proposition  7.4 , for j = 0, we have

1(0,1) ∗ (µ0 + µ0 ∗ δa + µ0 ∗ δb) = 1 a.e. with µ0({0}) = 1.

It follows that

1(0,1)+{0,a,b} ∗ µ0 = 1 a.e. with µ0({0}) = 1,
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which implies (0, 1)+ {0, a, b} is a weak tile of R. By Propo-
sition  7.4 , we have a, b ∈ Z. Hence, by Theorem  5.1 , {0, a, b}
is a tile of Z. □

7.2.2. Case (2): Exactly two of 0, ℓ1, ℓ2 coincide. We only
discuss the case 0 , ℓ1 = ℓ2. The other two cases can be
reduced to this case by translation.

Lemma 7.6. Suppose that Ω̃ is as in ( 7.1 ) and 0 , ℓ1 = ℓ2.
Then the following are equivalent:

(1) Ω̃ is a weak tile of R ×Z;
(2) a − b ∈ Z∗;
(3) Ω̃ is a tile of R ×Z;
(4) Ω̃ is a spectral set of R ×Z.

R × {−3}
R × {−2}
R × {−1}
R × {0}
R × {1}
R × {2}
R × {3}
R × {4}
R × {5}

Figure 12. A translational tiling of R × Z
by three unit intervals with ℓ1 = ℓ2 = 1. The
framed intervals are precisely Ω̃.

Proof. Since (3), (4) ⇒ (1), it suffices to show that (1) ⇒
(2)⇒ (3), (4).

Since 0 , ℓ1 = ℓ2, (1)⇒ (2) follows from Proposition  7.4 .
Now we prove (2) ⇒ (3). Suppose a − b ∈ Z∗. By Corol-
lary  7.3 , it suffices to find η such that

Eη := {0, a + ℓ1η, b + ℓ1η}

is a three-element tile of Z. Without loss of generality,
we may assume that a − b > 0. Write a − b = 3sq, where
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s ≥ 0 and 3 ∤ q. Let u be an integer such that{
u = 2 if q ≡ 1 (mod 3),
u = 1 if q ≡ 2 (mod 3).

Then {0,u,u − q} is a complete residue system modulo 3.
We take η = (3su − a)/ℓ1. Then

Eη = {0, 3su, 3s(u − q)}

is a tile ofZ, since {0,u,u−q} is a complete residue system
modulo 3.

For (2) ⇒ (4), since Fuglede’s conjecture holds for the
union of three non-overlapping unit intervals inR by The-
orem  1.5 , πη(Ω̃) is also a spectral set of R. By Corol-
lary  7.3 , Ω̃ is a spectral set of R ×Z. □

7.2.3. Case (3): 0, ℓ1, ℓ2 are distinct integers. Now we focus
on Case 3, i.e., 0, ℓ1, ℓ2 are distinct integers. If {0, ℓ1, ℓ2}
forms a tile of Z, then it is immediate that Ω̃ tiles R ×Z.
For later reference, we state this as a lemma.

Lemma 7.7. Suppose that Ω̃ is as in ( 7.1 ). If {0, ℓ1, ℓ2} is a
three-element tile of Z, then Ω̃ is both a tile and a spectral
set of R ×Z.

R × {−3}
R × {−2}
R × {−1}
R × {0}
R × {1}
R × {2}
R × {3}
R × {4}
R × {5}

Figure 13. A translational tiling of R × Z
in the case where {0, ℓ1, ℓ2} tiles Z. Here
{ℓ1, ℓ2} = {1, 2}, with tiling complement 3Z,
and the translation set is Z × 3Z. The
framed intervals are precisely Ω̃.
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Proof. Suppose that {0, ℓ1, ℓ2} tiles Z with a tiling set T ⊂
Z. Define

T′ = Z × T ⊂ R ×Z.
Then it is straightforward to verify that Ω̃ tiles R ×Z by
translations with tiling set T′.

On the other hand, since {0, ℓ1, ℓ2} is a tile of Z, it is
also a spectral set of Z. Let Λ be a spectrum for {0, ℓ1, ℓ2}.
Define

Σ := Z ×Λ ⊂ R × T.
Then Σ is a spectrum for Ω̃. Therefore, Ω̃ is both a tile
and a spectral set of R ×Z. □

In what follows, we assume that {0, ℓ1, ℓ2} does not tileZ.
We first show that if Ω̃ is a weak tile ofR×Z, then its three
unit intervals must satisfy a rigid arithmetic alignment:
there exists ξ ∈ R such that their horizontal positions
on the levels 0, ℓ1, ℓ2, modulo 1, are respectively 0, ℓ1ξ, ℓ2ξ.
See Figure  14 for an illustration of this phenomenon.

Proposition 7.8. Let Ω̃ be as in ( 7.1 ), and let µ be a non-
negative, locally finite measure on R ×Z such that

1Ω̃ ∗ µ = 1 a.e. on R ×Z, and µ
(
{(0, 0)}

)
= 1.

Assume moreover that {0, ℓ1, ℓ2} is not a tile of Z. Then
there exists ξ ∈ R such that

Ω̃ = (0, 1)×{0}+{(0, 0), (m+ℓ1ξ, ℓ1), (n+ℓ2ξ, ℓ2)} with m,n ∈ Z, ξ ∈ R.
(7.4)

Let µ be a weak tiling measure for Ω̃. For each j ∈ Z,
recall that the fiber measure µ j on R is defined by

µ j(E) := µ(E × { j}), E ⊂ R Borel.

By Proposition  7.4 , for each j ∈ Z, we have

1(0,1) ∗ν j = 1 a.e. on R with ν j = µ j+µ j−ℓ1 ∗δa+µ j−ℓ2 ∗δb.

(7.5)
The proof of Proposition  7.8 is based on a fiberwise anal-

ysis of these measures. We first derive nonemptiness and
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Compatible displacements

R × {0}
R × {1}
R × {2}
R × {3}

a =
√

2, b = 3
√

2

Incompatible displacements

R × {0}
R × {1}
R × {2}
R × {3}

ε = 1
2

a =
√

2, b = 3
√

2 + 1
2

there is no common ξ such that
a − ξ, b − 3ξ ∈ Z

Figure 14. Compatible and incompatible
horizontal displacements for {0, ℓ1, ℓ2} =
{0, 1, 3}. In the left panel, the three inter-
vals have the common linear drift ξ =

√
2.

In the right panel, the third interval is dis-
placed from its compatible position by ε = 1

2 .
Compatibility of the displacements is only a
necessary condition for weak tiling.

support properties of the fiber measures µ j. We then use
the relation defining ν j together with the one-dimensional
weak tiling identity above to locate atoms on the fibers
indexed by dZ, where d := gcd(ℓ1, ℓ2). This will yield the
desired structural conclusion as in ( 7.4 ).

Our first step is to show that every fiber µ j with j ∈ dZ
is nontrivial. More precisely, we prove that on suitable
translates of (0, 1), the weak tiling is carried entirely by
a single fiber measure. This is the content of the next
lemma, which extends Lemma  5.3 to the setting of R×Z.

Lemma 7.9. Let Ω̃ be as in ( 7.1 ), and let µ be a non-
negative, locally finite measure such that

1Ω̃ ∗ µ = 1 a.e. on R ×Z.

Suppose further that

1(0,1) ∗ µ0(x) = 1 a.e. x ∈ (0, 1).

Then for any integers m,n with m ≡ n (mod 3),

1(0,1) ∗ µmℓ1+nℓ2(x) = 1 a.e. x ∈ (0, 1) +ma + nb.

Proof. For each m,n ∈ Z, set

Im,n := (0, 1) +ma + nb, φm,n(x) := 1(0,1) ∗ µmℓ1+nℓ2(x).
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Then each φm,n is nonnegative, and by assumption

φ0,0(x) = 1 a.e. x ∈ I0,0 = (0, 1).

Moreover, by ( 7.5 ), for every m,n ∈ Z we have

φm,n(x) + φm−1,n(x − a) + φm,n−1(x − b) = 1 a.e. x ∈ R. (7.6)

We now propagate the values of the functions φm,n

across the lattice, exactly as in Figure  5 . For convenience,
write

P(m,n) : φm,n(x) = 1 a.e. x ∈ Im,n, Q(m,n) : φm,n(x) = 0 a.e. x ∈ Im,n.

Since all the functions φm,n are nonnegative, restricting
( 7.6 ) to Im,n gives exactly the same triangular propagation
rule as in the proof of Lemma  5.3 : on each triangle with
vertices (m,n), (m−1,n) and (m,n−1), one occurrence of P
forces Q at the other two vertices, while two occurrences
of Q force P at the remaining vertex.

Since P(0, 0) holds, the propagation argument in the
proof of Lemma  5.3 applies verbatim. Consequently,
P(m,n) holds whenever m ≡ n (mod 3). That is,

1(0,1) ∗ µmℓ1+nℓ2(x) = 1 a.e. x ∈ (0, 1) +ma + nb

for every m,n ∈ Z satisfying m ≡ n (mod 3).
□

Using Lemma  5.4 , we can now extend the previous
conclusion from the congruence class condition m ≡ n
(mod 3) to all fibers indexed by dZ.

Corollary 7.10. Let Ω̃ be as in ( 7.1 ), and let µ be a non-
negative, locally finite measure such that

1Ω̃ ∗ µ = 1 a.e. on R ×Z with µ({(0, 0)}) = 1.

Suppose further that {0, ℓ1, ℓ2} is not a tile of Z. Then for
any ℓ ∈ dZ, there exist m∗,n∗ ∈ Z with m∗ ≡ n∗ (mod 3)
such that

1(0,1) ∗ µℓ(x) = 1 a.e. x ∈ (0, 1) +m∗a + n∗b.
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Proof. Since ν0 = µ0 +µ−ℓ1 ∗ δa +µ−ℓ2 ∗ δb, and everything is
nonnegative,

1(0,1) ∗ µ0 ≤ 1(0,1) ∗ ν0 = 1 a.e.

But the unit atom µ({(0, 0)}) = 1 gives µ0({0}) = 1 and then
1(0,1) ∗ µ0 ≥ 1 a.e. on (0, 1). Hence equality holds.

Since {0, ℓ1, ℓ2} is not a tile of Z, we have{
0,
ℓ1
d
,
ℓ2
d

}
. {0, 1, 2} (mod 3).

By Lemma  5.4 , for each ℓ ∈ dZ, there exist m∗,n∗ ∈ Z with
m∗ ≡ n∗ (mod 3) such that ℓ = m∗ℓ1 + n∗ℓ2. The conclusion
then follows from Lemma  7.9 . □

The next step is to strengthen the non-emptiness result
by showing that each fiber µ j with j ∈ dZ actually carries
an atom whose location is determined modulo 1 by the
parameters a and b.

Lemma 7.11. Let Ω̃ be as in ( 7.1 ), and let µ be a non-
negative, locally finite measure on R ×Z such that

1Ω̃ ∗ µ = 1 a.e. on R ×Z with µ({(0, 0)}) = 1.

Suppose that {0, ℓ1, ℓ2} is not a tile of Z. Then for every
j = mℓ1 + nℓ2 ∈ dZ, there exists ξ j = ξ j(m,n) ∈ R such that

µ j{ξ j} = 1, and ξ j ≡ ma + nb (mod 1). (7.7)

Proof. Since µ({(0, 0)}) = 1, by the definition of µ0, we have
µ0({0}) = 1 > 0. We first prove that the conclusion holds
for the cases j = ±ℓ1 and j = ±ℓ2.

Recall that for each j ∈ Z, we have ( 7.5 ), i.e.,

1(0,1) ∗ν j = 1 a.e. on R with ν j = µ j+µ j−ℓ1 ∗δa+µ j−ℓ2 ∗δb.

(7.8)
Since µ0({0}) = 1 and by the definition of νℓ1, we have

1 ≥ νℓ1({a}) ≥ µ0 ∗ δa({a}) = 1

and then νℓ1({a}) = 1. By Corollary  2.4 , we have

νℓ1({a + k}) = 1 for any k ∈ Z.
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Corollary  7.10 implies that there exist integers m∗ℓ1 and n∗ℓ1
with m∗ℓ1 ≡ n∗ℓ1 (mod 3) such that the interval (0, 1)+m∗ℓ1a+
n∗ℓ1b must be weakly tiled by the fiber measure µℓ1 and not
by any other fiber measure in the weak tiling equation
( 7.8 ) with j = ℓ1. Since there exists a unique kℓ1 ∈ Z such
that

ξℓ1 := a + kℓ1 ∈ [0, 1) +m∗ℓ1a + n∗ℓ1b,

and µℓ1 is the only fiber measure contributing on this in-
terval, the weak tiling equation on the nontrivial overlap
of (ξℓ1 , ξℓ1 + 1) with (0, 1) +m∗ℓ1a + n∗ℓ1b gives

µℓ1({ξℓ1}) = νℓ1({ξℓ1}) = 1, ξℓ1 ≡ a (mod 1).

Now we show that µ−ℓ1 carries an atom at a location
congruent to −a modulo 1. Setting j = 0 in ( 7.8 ), we obtain

1(0,1) ∗ν0 = 1 a.e. with ν0 = µ0+µ−ℓ1 ∗δa+µ−ℓ2 ∗δb. (7.9)

Since ν0({0}) = 1, by Corollary  2.4 , we have ν0({k}) = 1 for
each k ∈ Z. By Corollary  7.10 , for j = −ℓ1, there exist
integers m∗−ℓ1 and n∗−ℓ1 with m∗−ℓ1 ≡ n∗−ℓ1 (mod 3) such that

1(0,1) ∗ µ−ℓ1 ∗ δa = 1 a.e. x ∈ (0, 1) + (m∗−ℓ1 + 1)a + n∗−ℓ1b,

which implies that the interval (0, 1) + (m∗−ℓ1 + 1)a + n∗−ℓ1b
is weakly tiled by the fiber measure µ−ℓ1 ∗ δa and not by
any other fiber measure in the weak tiling equation (  7.9 ).
Since there exists a unique k−ℓ1 ∈ Z such that

ξ−ℓ1 := k−ℓ1 − a ∈ [0, 1) +m∗−ℓ1a + n∗−ℓ1b,

it follows that

µ−ℓ1({ξ−ℓ1}) = µ−ℓ1 ∗ δa({k−ℓ1}) = ν0({k−ℓ1}) = 1.

By the definition of ξ−ℓ1, we have ξ−ℓ1 ≡ −a (mod 1).
For j = ±ℓ2, the proof is similar. We omit the details.
Since µ j({ξ j}) = 1, we may translate the whole mea-

sure by −(ξ j, j). The translated measure still satisfies the
same convolution identity and has a unit atom at the ori-
gin. Hence the preceding four-direction propagation ar-
gument applies verbatim.
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Now let j = mℓ1 +nℓ2. Starting from the unit atom of µ0

at 0 and iterating the above steps according to this rep-
resentation, we obtain a unit atom of µ j whose location is
congruent to ma+ nb modulo 1. Since ℓ1Z+ ℓ2Z = dZ, the
conclusion holds for every j ∈ dZ. □

We are now ready to complete the proof of Proposi-
tion  7.8 . The existence of atoms on all fibers in dZ yields
the desired linear congruence relations for a and b.

Proof of Proposition  7.8 . By Bézout’s theorem, there exist
integers md,nd such that mdℓ1 + ndℓ2 = d. By Lemma  7.11 ,
more precisely ( 7.7 ), there exists a unit atom ξd of µd such
that mda + ndb ≡ ξd (mod 1).

For any k ∈ Z, applying Lemma  7.11 to the representa-
tion kd = (kmd)ℓ1 + (knd)ℓ2, we obtain a unit atom ζkd of µkd

satisfying

ζkd ≡ kmda + kndb ≡ kξd (mod 1).

Since d | ℓ1, taking k = ℓ1/d gives a unit atom ζℓ1 of µℓ1
such that ζℓ1 ≡ ℓ1

d ξd (mod 1). On the other hand, 1(0,1) ∗
νℓ1 = 1 a.e. on R and νℓ1({a}) = 1. Hence, by Corollary  2.4 ,
νℓ1 = δa+Z. Since µℓ1 ≤ νℓ1, every atom of µℓ1 is congruent to
a modulo 1. In particular, ζℓ1 ≡ a (mod 1), and therefore

a ≡ ℓ1
d
ξd (mod 1). (7.10)

Similarly, taking k = ℓ2/d in Lemma  7.11 , and using
1(0,1) ∗ νℓ2 = 1 a.e. on R and νℓ2({b}) = 1, we obtain νℓ2 = δb+Z

and hence
b ≡ ℓ2

d
ξd (mod 1). (7.11)

Finally, setting ξ = ξd/d, ( 7.10 ) and ( 7.11 ) give a−ℓ1ξ ∈ Z
and b − ℓ2ξ ∈ Z. This proves the proposition. □

7.2.4. Proof of Theorem  7.1 (3) (ii). Proposition  7.8 allows
us to write Ω̃ as

Ω̃ = (0, 1)×{0}+{(0, 0), (M+ℓ1ξ, ℓ1), (N+ℓ2ξ, ℓ2)} with M,N ∈ Z, ξ ∈ R.

By Proposition  7.2 , the shear T(x, j) = (x − jξ, j) preserves
tiling, weak tiling, and spectrality. After applying T, we
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retain the notation Ω̃ for the transformed set. Thus it
suffices to consider

Ω̃ = (0, 1) × {0} + E, (7.12)

where
E := {(0, 0), (M, ℓ1), (N, ℓ2)} ⊂ Z2.

We consider two cases:
(1) (M, ℓ1) and (N, ℓ2) are Q-linearly independent;
(2) (M, ℓ1) and (N, ℓ2) are Q-linearly dependent.

Lemma 7.12. Let Ω̃ be as in ( 7.12 ). Suppose that {0, ℓ1, ℓ2}
is not a tile of Z. If (M, ℓ1), (N, ℓ2) are Q-linearly indepen-
dent, then Ω̃ is both a tile and a spectral set of R ×Z.

R × {−3}
R × {−2}
R × {−1}
R × {0}
R × {1}
R × {2}
R × {3}
R × {4}
R × {5}

Figure 15. A translational tiling of R × Z
in the case where 0, ℓ1, ℓ2 are distinct and
{0, ℓ1, ℓ2} does not tileZ. Here the framed in-
tervals are precisely Ω̃, with (M, ℓ1) = (0, 1),
(N, ℓ2) = (−1, 3), and the translation set is the
lattice {(n,m) ∈ Z2 : n +m ≡ 0 (mod 3)} .

Proof. By Corollary  7.3 , it suffices to find η ∈ R such that

Eη := {0, M + ℓ1η, N + ℓ2η}

forms a three-element tile of Z.
Let d := gcd(ℓ1, ℓ2), α := ℓ1/d, β := ℓ2/d. Then gcd(α, β) =

1. Since (M, ℓ1) and (N, ℓ2) are Q-linearly independent,

∆ :=Mβ −Nα =
Mℓ2 −Nℓ1

d
, 0.

Write ∆ = 3sq, where s ≥ 0 and 3 ∤ q.



50 T. CHEN, S. FAN, M.N. KOLOUNTZAKIS, AND C.-K. LAI

Since {0, ℓ1, ℓ2} does not tile Z, the set {0, α, β} is not a
complete residue system modulo 3. Hence the two num-
bers β − 2α, 2β − α represent the two nonzero residue
classes modulo 3. Therefore we may choose (r, t) ∈
{(1, 2), (2, 1)} such that

βr − αt ≡ q (mod 3).

Write q− (βr−αt) = 3h for some h ∈ Z. Since gcd(α, β) = 1,
there exist m,n ∈ Z such that βm − αn = h. Set u := r +
3m, v := t + 3n. Then u and v represent the two distinct
nonzero residue classes modulo 3, and βu − αv = q.

Now define η := (3su −M)/ℓ1. Since

ℓ2(3su −M) − ℓ1(3sv −N) = d
(
3s(βu − αv) − (Mβ −Nα)

)
= 0,

we also have η = (3sv −N)/ℓ2. Thus

M + ℓ1η = 3su, N + ℓ2η = 3sv and Eη = {0, 3su, 3sv}.

After dividing by its greatest common divisor, the two
nonzero elements remain distinct nonzero residues mod-
ulo 3. Therefore Eη is a tile of Z. The spectrality of Ω̃
follows in the same way as in Lemma  7.6 . □

The proof of the following lemma is essentially identical
to that of Theorem  5.1 .

Lemma 7.13. Let Ω̃ be as in ( 7.12 ). Assume that {0, ℓ1, ℓ2}
is not a tile of Z, and that (M, ℓ1), (N, ℓ2) are Q-linearly de-
pendent. Then Ω̃ is not a weak tile.

Proof. Let ℓ = gcd(ℓ1, ℓ2). We argue by contradiction. As-
sume that there exists a non-negative, locally finite Borel
measure µ on R ×Z with µ{(0, 0)} = 1 such that

1Ω̃ ∗ µ = 1 a.e. on R ×Z.

Recall that for each j ∈ Z, ( 7.5 ) gives

1(0,1) ∗ ν j = 1 a.e. on R, ν j = µ j + µ j−ℓ1 ∗ δM + µ j−ℓ2 ∗ δN.

(7.13)
As in the proof of Corollary  7.10 , the assumptions
µ({(0, 0)}) = 1 and 1Ω̃ ∗µ = 1 imply that 1(0,1) ∗µ0 = 1 a.e. on
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(0, 1). Hence by Lemma  7.9 , for any integers s, t with s ≡ t
(mod 3), we have

1(0,1) ∗ µsℓ1+tℓ2(x) = 1 a.e. for x ∈ (0, 1) + sM + tN. (7.14)

In particular, since {0, ℓ1, ℓ2} is not a tile of Z, Lemma  5.4 

implies

ℓZ = { sℓ1 + tℓ2 : s, t ∈ Z, s ≡ t (mod 3) }.

Next, since (M, ℓ1), (N, ℓ2) are Q-linearly dependent, we
have Mℓ2 = Nℓ1. Since ℓ1ℓ2 , 0, we may set c := M/ℓ1 =
N/ℓ2, so that M = cℓ1 and N = cℓ2. Choose integers s, t
with s ≡ t (mod 3) and sℓ1+tℓ2 = ℓ1. (Such s, t exist because
ℓ1 ∈ ℓZ and ℓZ is generated as above.) Then

sM + tN = c(sℓ1 + tℓ2) = cℓ1 =M.

Applying ( 7.14 ) with this pair (s, t) gives

1(0,1) ∗ µℓ1(x) = 1 a.e. for x ∈ (0, 1) +M. (7.15)

Now let j = ℓ1 in (  7.13 ). We obtain

1(0,1) ∗
(
µℓ1 + µ0 ∗ δM + µℓ1−ℓ2 ∗ δN

)
= 1 a.e. on R.

Since µ{(0, 0)} = 1, the fiber measure µ0 has an atom of
mass 1 at 0, and hence µ0 ∗δM has an atom of mass 1 at M.
Therefore νℓ1 has a unit mass at M, so for a.e. x ∈ (0, 1)+M,

1 = 1(0,1)∗νℓ1(x) ≥ 1(0,1)∗
(
µℓ1+δM

)
(x) = 1(0,1)∗µℓ1(x)+1(0,1)∗δM(x).

For x ∈ (0, 1) +M we have 1(0,1) ∗ δM(x) = 1, and by ( 7.15 )
also 1(0,1) ∗ µℓ1(x) = 1 a.e. on (0, 1) +M. Hence the right-
hand side equals 2 for a.e. x ∈ (0, 1) + M, contradicting
1(0,1) ∗ νℓ1(x) = 1 a.e. on R. □

8. Fugledes conjecture for three non-overlapping
unit squares

We first establish a geometric result about tilings of
the plane by congruent squares, allowing both transla-
tions and rotations. We then use this result to complete
the proof of Theorem  1.10 . Then we complete the proof of
Theorem  1.10 .
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Proposition 8.1. Every tiling of R2 by translated and
rotated copies of a square consists of pairwise parallel
squares.

Proof. Let S be a tiling of R2 by congruent squares, and
let V denote the set of all vertices of the squares in S.
Since the tiling is locally finite, V is locally finite, i.e. all
balls of radius 1 have only finitely many points from V.

Take any two squares Q,Q′ ∈ S, and choose points x ∈
int(Q) and x′ ∈ int(Q′). Since R2 \V is path connected, we
may join x to x′ by a polygonal path avoiding V. After a
small perturbation, we may further assume that the path
crosses every tile boundary transversely and does not run
along any tile boundary.

Since the image of the path is compact and the tiling is
locally finite, the path meets only finitely many squares.
Denote them, in the order in which they are traversed, by
Q = Q0,Q1, . . . ,QN = Q′.

Suppose that the path passes from Qi to Qi+1 at a point
p. Since p < V, it lies in the relative interior of a side
of each of Qi and Qi+1. We claim that these two sides
are collinear. Indeed, if their supporting lines were dis-
tinct, they would intersect transversely at p. Near p, each
square occupies one side of its corresponding supporting
line, and the two resulting half-planes have an open sec-
tor in common. It would follow that int(Qi)∩ int(Qi+1) , ∅,
contrary to the definition of a tiling.

Thus Qi and Qi+1 share a boundary segment of positive
length. In particular, one edge direction of Qi agrees with
one edge direction of Qi+1. Since the other edge direction
of a square is perpendicular to the first, the two squares
have the same pair of edge directions and are therefore
parallel. Consequently, all Q0, · · · ,QN are parallel. Since
Q and Q′ were arbitrary, all squares in the tiling are pair-
wise parallel. □
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Now we are ready to prove Theorem  1.5 in R2 and The-
orem  1.10 .

Proof of Theorem  1.5 in R2. We can write

Ω = (0, 1)2 + A with 0 ∈ A ⊂ R2, #A = 3. (8.1)

By Corollary  4.3 , without loss of generality, we may fur-
ther assume that π2(a) ∈ Z for each a ∈ A. Then by Theo-
rem  1.6 , Ω is a weak tile of R2 if and only if the set

Ω̃ =
⋃
a∈A

((0, 1) + π1(a)) × {π2(a)}

is a weak tile of R×Z. Theorem  7.1 implies that if Ω̃ is a
weak tile, then it is both a tile and a spectral set of R×Z.
Hence by Theorem  1.6 , Ω is both a tile and a spectral set
of R2. This completes the proof. □

Proof of Theorem  1.10 . If the squares are not all parallel,
thenΩ cannot be a tile by Proposition  8.1 , and it cannot be
a spectral set either. Indeed, if the three squares are not
all parallel, one of them can be chosen as the standard
unit square so that the other two are not parallel to its
coordinate directions. This also covers the case where two
squares are parallel and the third is not: after a rotation
and a translation, we may take the latter square to be
Q = (0, 1)2. Then neither of the other two squares has a
facet normal equal to ±e1 or ±e2, and hence Theorem  1.3 

shows that Ω is not a spectral set.
It remains to consider the case of three parallel

squares. After a rotation and translation, Ω has the form
( 8.1 ). The conclusion follows immediately from Theorem

 1.5 . □

Disclosure of AI use. The proofs of Proposition  6.1 ,
Proposition  6.2 and Proposition  8.1 were first generated
by ChatGPT 5.6-Sol and the authors rewrote them with
more clarity. The other proofs were written by human.
The authors take full responsibilities for the correctness
of the manuscript.
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