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Agstract. We study weak tiling by finite unions of
pairwise non-overlapping unit cubes in R? that are
not necessarily axis-parallel. We obtain a weak-tiling
analogue of Kellers classical theorem, which gives
a structural restriction on the support of any weak
tiling measure associated with the unit cube. This
allows us to derive geometric restrictions on config-
urations of cubes whose union admits a weak tiling.
As an application, we prove Fuglede’s conjecture for
unions of three non-overlapping unit squares in R?
as well as unions of two non-overlapping axis-parallel
unit cubes in any dimension.
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1. INTRODUCTION

Let Q c R? be a bounded, measurable set with finite
positive Lebesgue measure. We say that Q is a spectral
set if there exists a countable set A ¢ R? such that the
system of exponential functions {¢?"**},.\ forms an or-
thogonal basis in L?(QQ). In this case, the pair (QQ, A) is
called a spectral pair, and A is referred to as a spec-
trum for Q. We say that Q is a translational tile of R*
if there exists a countable set T c RY such that

Z lo(x—t)=1, ae.xeR.

teT
T is called a tiling set of ().

Fuglede [5] conjectured that Q is a spectral set if and
only if Q is a tile. Fuglede proved the equivalence under
the additional assumption that the spectrum or the tiling
set of () is a lattice. Later on, several partial results were
established, for example, for 2-dimensional convex bod-
ies [10], unions of two intervals [19], certain unions of
three intervals [1, 2] and three-dimensional convex poly-
topes [7]. The general conjecture has been shown to fail
in both directions when d > 3 (see [3, 4, 16, 17, 21, 24]).
Recently, it was also disproved in IR? [25], leaving it open
only for R!.

On the other hand, Fuglede’s conjecture was also con-
firmed under extra assumptions. One prominent result
was due to Lev and Matolcsi [20] who proved the conjec-
ture for convex bodies in all dimensions. A central tool in
their proof is the concept of weak tiling. Let = c R be
a measurable set. We say that = admits a weak tiling

by translates of Q) if there exists a positive, locally finite
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measure p on R? such that
lo*u=1y a.e.

And we say that Q) is a weak tile of R? if Q¢ admits a weak
tiling by translates of Q). In other words, there exists a
positive, locally finite measure y such that

1o+ u= loc a.e.

Using [20, Corollary 2.6], one obtains the following equiv-
alent formulation: a bounded measurable set Q c R? is a
weak tile of R? if and only if there exists a non-negative,
locally finite measure v satisfying

lg*v=1 ae. and v({0})=1.

The following theorem establishes a link between spec-
trality and weak tiling.

Theorem 1.1 ([20]). Suppose Q) is a bounded, measurable
set in R?. If Q) is spectral, then it is a weak tile.

Clearly, every tile is a weak tile. Together with Theo-
rem 1.1, we know that both spectral sets and tiles belong
to the class of weak tiles. Due to the counterexamples of
Fuglede’s conjecture in both directions, the class of weak
tiles forms a strictly larger class than each of the classes
of spectral sets and tiles. Kiss, Londner, Matolcsi, and
Somlai [12] constructed an example of a “lonely" weak tile
which is neither a spectral set nor a tile, showing that the
class of weak tiles is genuinely a broader class than the
other two.

This now opens up new questions to decide if all these
three classes of sets are the same under some more as-
sumptions on the sets. Lev and Matolcsi pioneered this
study by showing that every spectral set weakly tiles its
complement and using this necessary condition to estab-
lish Fuglede’s conjecture for convex bodies [20]. Together
with the subsequent result of Kolountzakis, Lev, and Ma-

tolcsi [14] that every convex weak tile is a tile, this shows
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that spectrality, weak tiling, and translational tiling are
equivalent for convex bodies. Another such class is given
by unions of at most two intervals in R: weak tiling im-
plies proper translational tiling for these sets, and, to-
gether with Laba’s result [19], this yields the equivalence
of the three notions [15].

1.1. Main Results. In this paper, we aim to explore the
equivalence of these concepts for some finite unions of
cubes in R?. We find two general results that may be
of independent interest in further study. They include a
generalization of Keller’s classical criterion and the non-
spectrality of a union of non-parallel convex polytopes.

To begin, let us set up some notation for this paper. The
open unit cube (0, 1)? in R? will be denoted by Q,;. We will
write Z* = Z \ {0}, and

L={x=(, ,x) R :Jisuchthatx; € Z*}. (1.1)

In 1930, Keller [11] showed that if Q, tiles IR? by transla-
tions with a tiling set 7, then for all t # t' € J, at least
one of the coordinates of f—t' must belong to Z*. Assuming
0 € 7, Keller’s theorem can be rephrased as J ¢ L U {0}.
Our first result is that Keller’s theorem is also true for
the weak tiling measures of Q,.

Theorem 1.2 (Keller’s theorem for weak tiling). Let u be

a positive locally finite measure such that
TIg,*(u+060)=1 a.e.
Then supp(u) € L.

We say that a family of measurable sets is pairwise
non-overlapping if every two distinct sets intersect only
on a set of measure zero. Now we consider the pairwise

non-overlapping union

Q=QUP,U---UPyCcRY
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X2

R X1

0
d=1: L=27

d=2: £L=(Z'xR)URXZ

Ficure 1. The support restriction in
Keller’s theorem for weak tiling measures.
When d = 1, the support of u is contained
in Z'; in fact, p = 6z. Whend = 2, it is
contained in £ = (Z' X R) U (R x Z), the
union of all horizontal and vertical lines on
which one coordinate is a nonzero integer.
In particular, the origin does not belong to

L.

where we write Q := Q; for brevity and the P; are full-
dimensional convex polytopes (i.e. they have positive vol-
ume). A facet is a (d — 1)-dimensional face of a polytope.
When we say that F is a facet of (2, we mean that F is a
facet of one of the polytopes in the union. Each facet F
lies in a (d — 1)-dimensional hyperplane with a unit out-
ward normal vector nr. The standard unit vectors in R?
are denoted by ey, ..., e;.

Our second general result shows that if none of the poly-
topes P; has a facet whose outward normal vector is par-
allel to any coordinate axis, then () cannot be a spectral
set. This extends our understanding of the Fuglede con-
jecture beyond the axis-parallel setting. See Figure 2.

Theorem 1.3. Let O = Q UP; U---UPy as above. Suppose
that for all facetsin P;, i = 1,--- ,N, the unit normal vectors
are not equal to +e;, j =1,--- ,d. Then Q) is not a spectral
set.
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109 m o

QU Py U P, is not spectral Q U P is not spectral

Ficure 2. Two non-spectral sets covered by
Theorem 1.3. In both examples, none of the
facets of the additional polytopes is parallel
to a coordinate axis.

(i) Axis-parallel cubes. We now use our general theo-
rems to discuss our findings concerning unions of several
unit cubes. Using the Keller criterion (Theorem 1.2), we
can establish the validity of the Fuglede spectral set con-
jecture for the union of two non-overlapping axis-aligned
cubes.

Theorem 1.4. Let A = {0,a} ¢ RY and Q = A + Q; with
QiN(Q4 +a) = @. Then the following are equivalent.

(1) Qis a weak tile.
(2) Qis a tile.

(3) Qs a spectral set.
4)ae L

We can move on to discuss results with three unit in-

tervals in R! or squares in R?.

Theorem 1.5. Suppose that Q) is a union of three disjoint
unit intervals in R! or is a union of three disjoint axis-
parallel unit squares in R% If Q) is a weak tile in RY, then
it is both a tile and a spectral set in R? for d = 1, 2.

Combining this with Theorem 1.1, we conclude that
weak tiles, tiles and spectral sets are in the same class for
a union of three disjoint unit intervals in R! or a union of
three disjoint axis-parallel unit squares in R?.

In R, the spectral set conjecture for three intervals of
the same length was solved in [1], and it was recently
solved by Shi [23] for three intervals of arbitrary lengths.
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Neither of these works addresses weak tiling for unions
of three intervals. Theorem 1.5 gives a new proof for the
result in [1] by completely classifying weak tiles that are
unions of three intervals of equal length.

We now briefly talk about the proof strategy in R?. A
structural consequence of Theorem 1.2, stated in Corol-
lary 4.3, shows that, after possibly interchanging the co-
ordinate axes, the three squares lie in horizontal strips
at integer heights. We may therefore apply the following
reduction principle for layered sets, which preserves the
three properties relevant to our argument: translational

tiling, weak tiling, and spectrality.

Theorem 1.6. Let S C Z be finite, and let
Q= Joix(j+DcR,  Q=[]Oox(jlcRxZ,
j€S jes
where each ; C R is bounded and measurable with fi-
nite positive Lebesgue measure. Then Q is a tile/weak
tile/spectral set in R? if and only if Q is a tile/weak
tile / spectral set in R X Z.

Theorem 1.6 reduces the parallel-square problem to the
study of unions of three pairwise non-overlapping unit in-
tervals in R X Z. In Theorem 7.1, we completely charac-
terize the weak tiles in R X Z that are unions of three
pairwise non-overlapping unit intervals and prove that
every such set is both a translational tile and a spectral
set. Applying Theorem 1.6 once more transfers these con-
clusions back to R?, thereby completing the parallel case
of Theorem 1.10.

Remark 1.7. The conclusions of Theorems 1.4 and 1.5
do not extend to an arbitrary number of cubes due to the
counterexamples of Fuglede’s conjecture, which are finite
unions of unit cubes. However, [16, Theorem 2.4] shows
thatif Q) := A+[0,1)" is spectral, where A C Z% and |A| < 5,
then Q tiles R?. It will be interesting to determine the
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minimal number of cubes for which the conjecture starts
to fail.

(ii) Non-Axis-parallel cubes. Because of Theorem 1.3,
we can also say something about non-overlapping unit
squares that are not necessarily parallel to the coordinate
axes. Indeed, by Theorem 1.3, we know that if a union
of two non-overlapping unit squares in R? is a spectral
set, then the two squares must be parallel to each other.
Therefore, by Theorem 1.4 and Proposition 8.1, we can
conclude that Fuglede’s conjecture holds for the union of

two non-overlapping unit squares in R

Corollary 1.8. Fuglede’s conjecture holds for the union of

two non-overlapping unit squares in R?.

Remark 1.9. We have not resolved a similar version of the
corollary in higher dimensions because Theorem 1.3 does
not cover the case where one of the additional polytopes has
even a single facet parallel to a coordinate hyperplane. See
Figure 3.

/
2o ==

Ficure 3. The union QO = Q U Q’ of two unit
cubes in R3. The cube Q is the standard
unit cube, while ' is a translate of a unit
cube rotated by 45° about the vertical line
through its center.

We can also further extend Corollary 1.8 to unions
of three pairwise non-overlapping unit squares in R
We prove that Fuglede’s conjecture holds for every such
union, without assuming that the squares are parallel.
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Theorem 1.10. Let () C R? be a union of three pairwise
non-overlapping unit squares, not necessarily parallel to
each other. Then Q is a spectral set if and only if Q) tiles
R? by translations.

The paper is organized as follows: In Section 2, we
prove Theorem 1.2, Keller’s criterion for weak tiling mea-
sures. In Section 3, we prove Theorem 1.3 for the non-
spectrality of non-parallel polytopes. In Section 4, we
prove Theorem 1.4. In Section 5, we prove Theorem 1.5
in R!. In Section 6, we prove the reduction principle The-
orem 1.6. In Section 7, we provide a complete character-
ization of weak tiles that are unions of three intervals in
R x Z. In Section 8, we prove Theorem 1.5 in IR?> and The-
orem 1.10.

2. KELLER’S CRITERION FOR WEAK TILING MEASURES OF THE

UNIT CUBE

In the following, we present a complete proof of Theo-
rem 1.2. The proof is based on modifying the Fourier an-
alytic proof for Keller’s theorem discovered by Kolountza-
kis [13].

2.1. Measures and distributions. By a measure we
mean a Borel measure on RY. We write supp(u) for the
closed support of a measure y, and 6, for the Dirac mea-
sure at A. For a locally finite set A, we write 6, := )., 04
for its counting measure. We denote by m(A) the Lebesgue
measure of a measurable set A C R?. If needed, m;(A) de-
notes the k-dimensional Lebesgue measure of A. We use
the following terminology and standard facts as in [20,
Section 2.2].

If a is a tempered distribution on RY, and if ¢ is a
Schwartz function on R?, then we use (a, ) to denote the
action of o on . A tempered distribution « is positive if
we have (@, p) > 0 for any Schwartz function ¢ > 0. If

a tempered distribution a is positive, then « is a positive
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measure [9, Theorem 2.1.7]. The Fourier transform o of

a tempered distribution « is defined by

(@, @) = (a, p).

If i is a measure on RY, then y is said to be locally finite
if we have |u|(B) < oo for every open ball B.

A measure u on R? is said to be translation-bounded if
for every (or equivalently, for some) open ball B we have

sup |u|(B + x) < oo.

xeR4
If a measure p on RY is translation-bounded, then it is a
tempered distribution.

A sequence of measures {u,} on R? is said to be uni-
formly translation-bounded if there exists a constant C >
0, independent of n, such that for every n,

sup |u,l(x +[0,1]) < C
x€RY

We say that p, converges vaguely to a measure yu if,
for every continuous compactly supported function ¢, one

has
f P, — f Pdy.

In this case, if {,,} is uniformly translation-bounded, then
the limit u is also translation-bounded. Moreover, for
a uniformly translation-bounded sequence of measures
{un}, vague convergence is equivalent to convergence in
the space of tempered distributions.

2.2. Keller’s theorem for weak tiling measures of
cubes. For a locally finite measure u, the upper and
lower Beurling densities of 1 are defined to be

ul(B(x, R)) D~() = liminf inf |ul(B(x, R)

D*(u) = limsup sup BxR) koo yerd  |B(x, R)|

R—oo  yeR4
and p is said to have a uniform density if D*(u) = D~(p),
in which case their common value is denoted by D(u) and
is called the uniform density of p. The definition of uni-

form density is unchanged if balls are replaced by cubes;
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in particular, the same density D is obtained with either
choice of averaging sets. We define the Fourier transform
of f € LY(RY) by

Rg) — ff(x)e—2nié-x dx.
Throughout this section we take Q := (-1/2,1/2)". In par-

ticular,

and thus
[EeR:1o(&)=0)=L (2.1)
We first recall a fact in [6].

Lemma 2.1. [6, Lemma 4.5] Let u be a complex Borel
measure on R™ with the property that its total variation,
|ul, is translation-bounded. Suppose that for some r > 0
and some T € R",

supp() N B,(7) = {1},
where
B(t)={&eR": |£—-1| <71}
Then, there exists a € C such that

u=ad; on By(7).

Proposition 2.2. The following assertions hold.

(1) Let f € LY(RY) with [ fdx # 0, and let u be a
translation-bounded measure on R? such that

fru=1 ae.
Then

supp(fl) C {0} U {£ € R : £(&) = 0). (2.2)
(2) Conversely, suppose that 0 < f € LYR% and

that 1 is a non-negative, translation-bounded mea-
sure with uniform density D(u). Assume that (2.2)
holds. Suppose further that for every ¢ > 0 there
exists a non-negative function f. € L'(R?) such that
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(a) f. € CP(RY);
(b) supp(f.) C (supp(u) \ {0})°

(©) llfe = fll — 0.
Then f +u = c a.e., where c = D(u) fw f(x)dx > 0.

Proof. (1) This is well-known. See e.g. [15, Theorem 2.4].
(2) Suppose that f, is as in the statement. If f =0 a.e.,

the conclusion is immediate. We may therefore assume
that f f > 0. Then f fe > 0 for all sufficiently small e.

First we show that ( f fo) f. * 1 is a constant. Let ¢ be a
CZ function. Then

Forwpy=(FEF o) = (@ L£F "),

where ¥ ! denotes the inverse Fourier transform. But the
function }‘ZT “lp is a C function whose support intersects
supp(i) only at 0. By (2.2) and Lemma 2.1, there exists
a € C such that u = a6, in a neighborhood of 0. Thus,

(forwo)={G fF'9)=a-(fF 'p)0) =a- f fe f ?,

and, since this is true for an arbitrary C° function ¢, we
conclude that f.+u=a- f fe.

We next identify the constant a. Averaging over a ball
Br and applying Tonelli’s theorem, we obtain

Br—u) |

o femm |f(fe u)(x)dx—fﬂ() es

Since p has uniform density D(u), letting R — oo gives

o [ g=pw [ 5.

Hence, if f fe >0, then

a = D(u).
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For any ball B ¢ R? and ¢ € L'(R?), Tonelli’s theorem
and the change of variables u = x — y give

fB 1§ * p()l dx < fR d f 1gCr— )l dxdlul(y)

= [ lgtol s =y
< Callglls,
where Cp, := sup, g, [tl(B —t) < co. Applying this to ¢ =
f — fe, we obtain that
ferp— fxu, in LY(B).

Since B is arbitrary, we conclude that

f*y:affdx a.e.

O

Proof of Theorem 1.2. Let v = 6y + u be a locally finite
measure such that I1g*v = 1 a.e. Then v is translation-
bounded and has uniform density 1. By Proposition 2.2
(1), we see that

supp() € {0} U{E e R? : To(&) = 0} = {0} U L

by (2.1). In [13, Page 596], it has been proved that if f =
|i§|2, one can construct for each ¢ > 0, f. € C such that
fe =2 0,|lfc = flln — 0 and

supp . € Q- Q = (-1,1)".

However, (-1,1)Y N £ = @. We can guarantee all assump-
tions in Proposition 2.2(2) are satisfied. Hence, we have
|]/15|2 (00 + 1) = c a.e. for some constant c. Since o, + u has
uniform density 1, the level of the functional tiling is

¢ = D(v) fwﬁg(afdg - 1.

For every compact set K ¢ IRY, the decay of 1ol gives

d
supLoP(E - y) < C [ @+ Iy 2

SGK j:l
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The right-hand side is integrable with respect to 69 + u
by translation-boundedness. Since f is continuous, dom-
inated convergence shows that |]IQ|2 + (09 + p) is contin-
uous. Hence the functional tiling identity holds every-

where, and in particular,
Ta(OF + ([Taf * ) (0) = 1.

But [1o(0)2 = 1. This forces that [Tof? = u(0) = 0. This
means that y has no support on |i§(g)|2 > (0. Thus,
supp(u) C {&: /]lg(é) = 0} = L, completing the proof. O

In the next proposition we show that if a non-negative,
locally finite Borel measure v on R satisfies that the con-
volution of v with the indicator function of a bounded in-
terval is a constant almost everywhere, then v is neces-
sarily periodic with a period related to the length of the

interval.

Proposition 2.3. Let v be a non-negative, locally finite
Borel measure on R. Then there exists a constant ¢ > 0
such that

Lopn*v=c a.e. on R

if and only if v is 1-periodic, i.e. v = v * 1.

Proof. Assume first that 1) * v = c a.e. for some ¢ > 0.
Then v is translation-bounded. If ¢ = 0, then we have im-
mediately v = 0. Now we suppose ¢ > 0. Taking Fourier
transforms in the sense of tempered distributions, we ob-
tain 14 -V = cdp. By Proposition 2.2 (1), we have

supp(v) C Z = {0} U (& : 1(91)(&) = 0).

Since 1) has simple zeros precisely at the nonzero inte-
gers, the identity LoV = ¢, rules out derivative terms
in vV at every k € Z. Hence vV is a pure point measure sup-

ported on Z and we can writev = Y, 4, for some a; € C.
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For any ¢ € C*(R), we have
(v d1,0) = (v, 0(- + 1)) = (7, F (&)
=) ac ¥ F (k) = (7,7 o) = (v, ).

keZ
This implies that v = v % ;.

Conversely, suppose that v = v = §;. By periodicity, for
any x € R, we have

v([x —1,x)) =v(0,1)) =:c.
Since v has at most countably many atoms, we obtain
(Lo *v)(x) =v((x—1,x)) =c for a.e. x € R.
O

As an immediate consequence of Proposition 2.3, we
have the following.

Corollary 2.4. Let v be a non-negative, locally finite Borel
measure on R such that

Lon*v=c a.e. on R
for some ¢ > 0. Then for any a € R, we have
v(fa+k}) =v({a}) forall k € Z.

Moreover, if c = v({0}) = 1, then v = 6.

3. NON-SPECTRALITY OF NON-PARALLEL POLYTOPES

The goal of this section is to prove Theorem 1.3. The
proof of the theorem requires us to note that some results
about the spectrality of convex polytopes can be extended
to finite unions [7, 8]. First, we recall that (see [7, Lemma
2.4]), by the divergence theorem, a convex polytope P sat-
isfies the following:

2miElp(E) = ) nr GH(E)
F
where or is the surface measure on the facet F and the

sum is taken over all facets of P. Hence, by summing up
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all polytopes, the following also holds:
~2miETo(E) = ) e GH(E)

F
where the sum is taken over all facets in Q. In the sequel,

all estimates provided in [7, Section 2] continue to hold.
In particular, Lemma 2.7 in [7] holds in the following ver-

sion.

Lemma 3.1. Let Q) be a union of pairwise non-overlapping

polytopes. Let A, A_ be the collections of all facets F

whose outward pointing normal is e; and —ey, respectively.

Then there exists a > 0 such that

“2mi&i o) = Y| Ga©)= ) Ga@)+0(&I™), as || — o
AeA, AeA_

in the cone

Kla) ={& = (&1, -+, &) 1Ejl < al&l, Vj> T}

This implies the following lemma that we need. In the

following, by a translation, we assume Q = (-1,1)%. Let
11

also Q41 = (—3, E)d‘l. The following lemma is essentially
[7, Lemma 6.1].

Lemma 3.2. Let Q = QUP,U---UPy be a non-overlapping
union of polytopes with the unit cube Q. Suppose that the
only facets with normal vector +e; are the two correspond-
ing facets of Q. Write & = (&1, &) where & € R, Let C > 0.
Then there exists D > 0 such that

n&lo(€) = sin(néi)lg, () + O(&I™), (B
for all |&41| = D and |&'| < C.
Proposition 3.3. Let Q = QU P; U ---U Py be a union of
non-overlapping polytopes with the unit cube Q. Suppose
that for each 1 < i < d, the only facets of QQ with normal

vector *e; are the corresponding facets of Q. Suppose that
Q is spectral. Then Q admits a spectrum A such that

A-Ac LU0}
where L is as defined in (1.1).
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Proof. Let T be a spectrum for QQ and let I, = I —
(k,0,---,0). Since all T’y are spectra for Q2 and they are uni-
formly discrete, we can find a subsequence k; such that I'y,
converges weakly to a spectrum A, (see [8, Section 3.3]).

Claim: A; - Ay € (Zx R U (Rx Z(g,,)) = (Z x
R1) U (R X £4.4) =: H,

where £, ; is the set of points in R?~! having at least
one coordinate that is a nonzero integer, which is also
Z(/I[Qd,l), i.e., the zero set of 1o, ,.

Assuming this claim, we can take the weak limits of
translates of A; to obtain A, such that

Ny — Ay C 12 (H)

where 7, is the linear map that interchanges the
first and the second coordinates i.e. Ty(x1, X2, ,%5) =
(x2,x1,--+ ,x5) . Moreover, A, — A, is in the closure of
A1 — Ay € H, which is a closed set. Hence, A, — A, C
HN1y(H). Continuing the process to all other coordinates,

we obtain a spectrum A such that

d
A-AcC ﬂ T(H)
j=1
where 7, is the linear map that interchanges the first and
j™ coordinates, and t; is the identity map. We notice that
ﬂ‘;zl 7;(H) is exactly equal to LU {0} and this will complete
the proof.

To justify the claim, we let (11, v1), (42, v2) € RxR! and
they belong to A;. To show that (u; — u,,v; — v;) € H, we
assume that v; — v, ¢ Z(/ITQ .,).- The claim requires us to
show that u; —u, € Z. The rest of the proof'is basically the
same as [8, Lemma 6.2]. We present the argument here
for the sake of completeness.

We can choose two subsequences k;. and k;.’ of k; such
that they go to infinity and k} — k;f — 0. Moreover, we can
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find sequences (u;., v;.) and (u}’, v}’) in I' such that

W =k, v7) = (w1, 1), (Wi —ki',v7) = (uz, o).

As k= k7 — oo, u} —u? — co. This means that (u/,v’) and
(u7,v}) must be distinct. Hence,

T "o 1"
ILQ(u]. —uj,v; —v].) =0.
As v;. — v;.’ converges, Iv;. - v;.’l is bounded by some constant

C. Using (3.1), we must have
sin(n(u; - u/))) g, (v — v}) > 0

Our assumption that v; — v, ¢ Z(/]l\Q ._,) and the continuity
of 1o, , imply that there exists ¢ > 0 such that |1, , (v} —
v;.’)l > ¢ for all sufficiently large j. This forces sin(rc(u} -
u}’)) — 0. On the other hand,

[sin(r(uj=u} )| = | sin(r((u}=k)—(uy =k W] = | sin (a1 =102

This implies that sin (1, — u;) = 0 and thus u; — u, € Z.
This justifies the claim. O

Proof of Theorem 1.3. Suppose Q) is spectral. Proposi-
tion 3.3 shows us that there exists a spectrum A such that

A-AcC LU0}

However, this implies that Q + (1 — A’) and Q must be
non-overlapping for distince A, A’ € A and thus Q + Ais a
packing of R?. However, this is a contradiction since the
upper density of A is now at most one, but () is a union of
Q with other polytopes, a spectrum must have a density
equal to |Q| > 1. The proof is complete. O

4. UNIONS OF PAIRWISE NON-OVERLAPPING TRANSLATES OF

THE UNIT CUBE

Having studied the weak tiling of the set Q, we can fur-
ther establish a necessary condition for a finite union of
pairwise non-overlapping translates of Q to be a weak tile
of R?. In particular, for the case where the union consists

of two such cubes, we are able to deduce that the Fuglede
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conjecture holds true for this configuration. Moreover, in
the one-dimensional setting, when considering the union
of three unit intervals, we can provide a complete charac-
terization for when this union is a weak tile of R.

4.1. Necessary condition for weak tiling. We first es-
tablish a necessary condition for a finite union of pairwise
non-overlapping translates of Q to be a weak tile of R".

Proposition 4.1. Let A = {ay = 0,a4,...,a,_1} be a finite
subset of R such that the translates aj + Q are pairwise

non-overlapping for all 0 < j < n —1. Define

n-1

Q=A+Q=|J@+Q.

=0
If Qis a weak tile of R, then a; € L foreveryi=1,...,n-1.
Proof. Let v be a non-negative, locally finite measure, and
set u = 0o +v. Suppose that

Io*u=1 a.e.

As the translates of cubes are pairwise non-overlapping,
1o = (Z i=0 0a )* 1g. It follows immediately that

ILQ*[Z(S ] (Go+v)=1 a.e.

Let o = Y77 8, + Y7 0a, * v. The above implies that
Io*(o+0) =1 ae.
By Theorem 1.2, supp (¢) ¢ L. Finally, notice that g is a

sum of non-negative measures. Then for all » > 0 and 1 <
j < n—1, the ball B(a;, r) must have o(B(a;, 7)) > 6,,/(B(aj, 1)) >
0. Hence, a; € supp(g). This implies that a; € L. |

We have the following corollary.
Corollary 4.2. Let A be a finite subset of R? such that the

translates a + Q, a € A are pairwise non-overlapping. If
Q = A+ Qis a weak tile of R?, then

A-Ac Lu{o}.
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For any point x = (x1,--- ,x;) € R?, we define the projec-
tions onto the coordinate axes by

ni:RY > R, m(x):=x,1<i<d.

Then by Proposition 4.1, we derive the following corol-
lary for the two-dimensional setting, which asserts that
the points in A must have integer coordinates in at least
one canonical direction.

Corollary 4.3. Let A = {0 = ap,a4,...,a,-1} C R? be a fi-
nite set such that the translates a; + Q are pairwise non-
overlapping. If Q = A + Q is a weak tile of R?, then either

@) eZ forall0<i<n-1, or ma)eZ forall0<i

Moreover, if there exist distinct indices i # | such that
ni(a;) = 1i(a;), then

To(a;) — 1a(a)) € 27,

and similarly, if there exist distinct indices i # j such that
To(a;) = T2(a)), then

m(a;) — m(a)) € Z".

Proof. If n < 2, the conclusion is immediate. Now sup-
pose that n > 3. We prove the argument by contradiction.
Suppose that there exist i, j such that both m;(4;) ¢ Z and
my(aj) € Z. If i = j, then a; ¢ £, a contradiction to Proposi-
tion 4.1. If i # j, then we translate QO by —a; and consider
the new set ()’ = Q—q;. Then 0 € A’ = A—a; and by Propo-
sition 4.1, a;—a; € L, which implies either 7t,(a;—a;) € Z' or
my(ai—aj) € Z'. If y(a;—a;) € Z*, then r,(a;) ¢ Zanda; ¢ L,
which contradicts Proposition 4.1. The case m,(a;—a;) € Z*
can be treated similarly. This proves the first part of the
corollary.
The remaining part follows directly from Corollary 4.2.
O

Now we are ready to prove Theorem 1.4, which shows
that Fuglede’s conjecture holds for the union of two non-
overlapping cubes of the same size.
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Proof of Theorem 1.4. Proposition 4.1 shows that (1) im-
plies (4). It suffices to show that (4) implies both (2) and
(3). Then the proof will be complete since tiles and spec-
tral sets are all weak tiles.
(4)=(2). By relabeling the coordinate axes and translat-
ing Q) if necessary, we may assume without loss of gener-
ality that a = (m,a,,...,a;), where m is a positive integer
anda; € R for j=2,...,d. In this case, let

J=TxZ", where T={0,1,--- ,m — 1} + 2mZ.
Then 7 is a tiling set for Q. Indeed,
Q+{(0,0),(1,0),--- ,(m—1,0)} = R+{0,a} a.e., whereR = (0,n

0 is the (d — 1)-dimensional zero vector, and they clearly
form a partition. Hence, we have

Q+1{0,1,---,m—1}xZ% =(0,2m) x R*"! a.e.
and they continue to form a partition. Finally, translating

the first coordinate by 2mZ. produces a tiling. This shows
Q is a tile. See Figure 4.

Ficure 4. A tiling by translates of Q =

{(0,0),(3,3.4)} + (0,1)?, in the case where the

first coordinate of a = (3,3.4) is a nonzero in-

teger. The gray region represents the set Q,

and the blue points represent the tiling set

J ={0,1,2} +6Z2) x Z.
(4)=>(83). Suppose thata € £ and we let y = (ﬁ,O, e ,O)
and define

A={0,y}+ 2.



22 T. CHEN, S. FAN, M.N. KOLOUNTZAKIS, AND C.-K. LAI

Then A is a spectrum for Q. To see this, we note that
Lo(&) = (1 + e 1g(é).

We first verify orthogonality. Let A;, A, € A be distinct. If
Ay — Ay € Z7\ {0}, then To(A; — A3) = 0. Otherwise, we can
write A; — Ay = +y + n for some n = (ny,n’) € Z x 771, If
n’ # 0, then againiQ(iy+n) =0. Ifn" =0, thena-(xy+n) =
+1 +mny, so 1+ 27+ = 0. Hence Ta(A —A,) =0, and
A is mutually orthogonal.

Write a = (m,a’), & = (&1,&), n = (n,n’). Completeness

can be checked via the tiling equation:

Y Y [aE-A-nf

nezd A€{0,y}
- Z ﬁQd (5’ - 7’1’)| Z |1 + e~ 2mi(m(é1—A)+a’-(&"=n")) 2
-1
n ezd-1 AG{O,)}}
, 2
=4 Z [To.. (& —m)| =4 =108
n eZd-1

5. WEAK TILINGS OF THREE UNIT INTERVALS IN R

In the rest of the paper, we will be focusing on the equiv-
alence of tiles, weak tiles and spectral sets for unions of
three unit squares. We will need to study the correspond-
ing problem on R and R X Z. In this section, we begin
with an easy case study about the weak tiles in IR consist-
ing of three pairwise non-overlapping unit intervals. The
one-dimensional case of Theorem 1.5 will be proved. In-
deed, it follows directly from the next theorem. By Propo-
sition 4.1, we may assume our set has the following form:

=0, HNUMM+1)UN,N+1), MNeZ (51
where 0, M, and N are distinct integers. Let d :=
gcd(M, N).

Theorem 5.1. Let Q) be as in (5.1). The following are

equivalent:

(1) Qis a weak tile;
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(2) Qis a tile;
(3) Qs a spectral set;
(4) {0,M/d,N/d} ={0,1,2} (mod 3).

Lemma 5.2. Let Q) be as in (5.1). Suppose that Q) weakly
tiles R with a non-negative, locally finite measure v such
that v({0}) = 1. Then

vi{jh +v({j- M) +v({j—-N}) =1, VjeZ.
Proof. Since 1o*v =1a.e. and 1o = 1) *Ojmn}, We have
Lo * (Gpmn *v) =1 ae.
By Theorem 1.2, we have supp(6pmn; * V) C Z. Since

supp(djmn) * v) = supp(v) + {0, M, N},

we conclude that supp(v) € Z. Now we write v =
ZjeZ v({jho;.

Since 1o*v = 1 a.e. and v is nonnegative with v({0}) = 1,
we have v({-M, —N}) = 0 and therefore oy ;n;*V has a unit
mass at the origin. Applying Corollary 2.4 to the measure

Ojo,MmN) * V, We obtain
OpMN) *V = 0z.
Consequently,
v({{jH) +v{j -M) +v({j-N) =1, VjeZ
O

Lemma 5.3. Let Q) be as in (5.1). Suppose that Q) weakly

tiles R with a non-negative, locally finite measure v such
that v({0}) = 1. Then

1, ifk=¢ (mod 3),

v({kM + ¢N}) = {0’ ifk#¢ (mod 3).
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t

Ficurk 5. The periodic pattern of v{kM + ¢N}
and the corresponding propagation of the
values sy ;.

Proof. Fork,( € Z, set
st.c = v({kM + (N}).

Since v is nonnegative, we have s, > 0 for all k, £ € Z. By
Lemma 5.2,

Sk, + Sk—1,6 + Ske-1 = 1, k,f e”Z. (5.2)

Thus, for every (k,{) € Z?, the values at the three ver-
tices (k,¢), (k—1,¢), and (k,£ — 1) have sum 1. In particu-
lar, whenever one of s; ¢, si_1, and si,_ is 1, the other two
must be 0; conversely, whenever two of them are 0, the
remaining one must be 1.
Let
Li={(k{)eZ*: k= (mod3)}

Then L is generated by (1,1) and (-2,1). Indeed, if k = ¢
(mod 3), then

k + 2£

(k, €) = (1,1) + —( -2,1),

and both coefficients are integers.

We first establish a local propagation property. Sup-
pose that s;; = 1 for some i, j € Z. Applying (5.2) at (i, j),
(i+1,)),and (i, j + 1), respectively, gives

Sij +8i-1j +Sij-1 =1,
Sivj + Sij + Siv1,j-1 = 1,

Sij+1 T Si—1,j+1 t Sij = 1.
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Since s;; = 1 and the sequence is nonnegative, it follows
that

0=si1;=8ij1=Sit1,j = Si+1,j-1 = Sijs1 = Si-1,j+1.  (5.3)

Applying (6.2)at (i+1,j+1),(i—-1,j+1),and (i + 1,7 1),
and using (5.3), we obtain

Si+1,j+1 = Si-2,j+1 = Sir1,j2 = L.

Since i, j are arbitrary, the same conclusion may be ap-
plied again at any point where the value of the sequence
is 1. Applyingitat (i—2,j+ 1) and (i + 1,j — 2) gives, re-
spectively,

Si-1,j-1 =1, Sivz,j-1 = 1.

Consequently, we obtain the bidirectional propagation

rule
sij=1 = Si1jr1 =Sic1j-1 = Sigje1 = Sirzj-1 = 1. (5.4)

By assumption, soo = v({0}) = 1. Starting from (0,0) and
repeatedly applying (5.4), we may move in both directions
along (1,1) and (-2,1). Since these two directions gener-
ate L, it follows that s, , = 1 for every (k, {) € L.

It remains to determine the values outside L. Let (k, ) ¢
L. If k—¢ = 1 (mod 3), then (k — 1,¢) € L, and hence
sk-1¢ = 1. Applying (5.2) at (k, ) gives sy +1+5k,-1 = 1. By
nonnegativity, s, = 0. Similarly, if k — ¢ = -1 (mod 3),
then (k,{ — 1) € L, so s,,-1 = 1, and (5.2) again yields
ske = 0. The propagation described above is illustrated
in Figure 5.

Therefore,

1, k=¢ (mod 3),
k= {o, k#¢ (mod 3).
O

Lemma 5.4. Let M, N € Z be two distinct integers and let
d = gcd(M, N). Assume that
{ 0 M N

V= E} £1{0,1,2) (mod 3).
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Then the set

H:={kM+¢N :k,te”Z, k=¢ (mod 3)}
coincides with the subgroup dZ. C Z; that is, H = dZ.
Proof. Write M = dA and N = dB, where gcd(A,B) = 1.
Then H = dH’, where

H ={kA+{(B: k,teZ, k={ (mod 3)},

so it suffices to show that H' = Z.
Writing ¢ = k + 3t, we get kA + (B = k(A + B) + 3tB, and
hence

H' = (A+ B)Z + 3BZ = gcd(A + B,3B)Z.
Since gcd(A, B) = 1, we have gcd(A + B,B) = 1, so gcd(A +
B,3B) € {1,3}.
If gcd(A + B,3B) = 3, then 3 | A + B. As gcd(A,B) =1,
this forces 31 A and 3 1 B, so
{0,A,B}=1{0,1,2} (mod 3),

contrary to assumption. Therefore gcd(A+B,3B) = 1, and
thus H' = Z. O

Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1. If QO weakly tiles R with a non-
negative, locally finite measure v such that v({0}) = 1, then

by Lemma 5.3, we have
v({kM+¢N}) =1, ifk=¢ (mod 3).

Our proof is by contradiction. Suppose that the set
{0,M/d,N/d} does not form a complete residue system
modulo 3. Then by Lemma 5.4, we have

dZ = (kM + (N :k (e Zk={ (mod 3)).

In particular, we have M € dZ, hence v({M}) = 1. How-
ever, by Lemma 5.3, we have v({M}) = 0, which is a contra-
diction. Therefore, {0, M/d, N/d} forms a complete residue
system modulo 3. This proves that (1) implies (4). Con-
versely, if (4) holds, then T = {0, 1,...,d—1}+3dZ is a tiling
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set for Q, and A = {0,1/(3d),2/(3d)} + Z is a spectrum for
Q). Since both (2) and (3) imply (1), the proof is complete.
O

6. REpuctioN FrRoM R 10 R X Z.

In this section, we prove Theorem 1.6. Throughout the
section, S C Z is finite, and we consider the associated
layered sets

Q= Uij(j,j+1)clR2, Q= Uij{j}cleZ,
j€S j€s
where each Q; C Ris bounded and measurable with finite
positive Lebesgue measure. As illustrated in Figure 6,
each horizontal strip Q; X (j, j + 1) is collapsed onto the
integer level (); x {j}. The theorem asserts that () is a
tile, a weak tile, or a spectral set if and only if Q has the

corresponding property.

Y 2 A

4 QCR QcRxZ R x {4)

3 R x {3}

5 collapse Rx (2]
each strip

1 —— R x {1}

0 — R x {0}

X

Ficure 6. The geometric correspondence be-

tween Q c R? and Q C R x Z: each horizon-
tal strip Q; X (j,j + 1) is collapsed onto the
integer level Q; x {j}.

On R X Z, we use the product of Lebesgue measure and
counting measure as Haar measure. Its dual group is
identified with R X T, where T = R/Z, with characters

(x, j) F— 2, (A,n) e RxT.

Tiling, weak tiling, and spectrality on R X Z are under-
stood with respect to this Haar measure and these char-
acters. In the definition of a weak tile, the weak tiling
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measure 1 is required to have mass 1 at the origin, that
is, u({(0,0)}) = 1.

6.1. Reduction of tiling from R? to RxZ. For transla-
tional tilings, we fix a generic horizontal phase and iden-
tify the sections of the translates of QO along the lines
y =m+t, m € Z, with translates of Q.

Proposition 6.1. Let S C Z be finite, and let
Q:Uij(j,j+1)clR2, ﬁ:Uij{j}cleZ,
jes jes
where the sets Q); C R are bounded and measurable. Then
Qs a tile in R? if and only if Q is a tile in R X Z.

Proof. Suppose that T c R? is a tiling set for Q. Thus

Z lox—u,y—v)=1 for a.e. (x,y) e R%  (6.1)

(u,v)eT

Let N be the set for which (6.1) fails and N, = {x € R :
(x,y) € N}. By Fubini’s theorem, N, has one-dimensional
Lebesgue measure zero for almost every y. Hence there
exists a full-measure set G C R such that, for every y € G,
(6.1) holds for almost every x € R. Consider

N :={te€(0,1): t+m ¢ Gfor some m € Z}U{t € (0,1) : v—teZ fo

As Z and T are countable, N is of measure zero. We may
choose t € (0,1) in the complement of N such that, for
every m € Z,
lox—um+t—0v)=1 for a.e. x € R,
(u,v)eT
and v —t ¢ Z for every (u,v) € T.
For every m € Z and s € (0,1), we have

Lo(x, m +s) = 1g(x, m). (6.2)
Indeed, since m +s € (j, j + 1) if and only if m = j, we have

Lo, m+s) =Y 1o, () Lgn0m+s) = Y 1o (@)1;(m) = I5(x
jes j€s

For every (u,v) € T, since v — t ¢ Z., we have

0<k(w)+t—v<1, where k;(v) :=[v—t] € Z.
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Thusm+t—v=m—k(v) + (kt(v) +t- v). Applying (6.2)
with m —k;(v) in place of m and k;(v) + t — v in place of s, we
obtain
lo(x,m+t—0) = lﬁ(x, m— kt(v)).
Define an integer-valued measure on R X Z by
M = Z Otw k(o))
(u,v)eT
For every m € Z., we now obtain
(Ig*m)Gem) = Y 1g0c—um k()
(u,0)eT
= Z lox —um+t—0)
(u,0)eT
=1 a.e x€IR,
where the second equality follows from (6.2). Therefore
Ig*m=T1a.e.on RXZ.
It remains only to show that 7; has no multiple atoms.
Suppose that n:({(u, k)}) > 2 for some (u, k). Then we have

1=1g*n > 1g*20ux) =2 a.e. on Q + (u, k),

a contradiction. Hence 1; = 67, for some set T; C R x Z.
Since 07 is locally finite and the map (u,v) — (u,[v — t])
changes only the second coordinate by less than one unit,
1 is also locally finite. In particular, T; is countable. Thus
Q is a tile of R X Z with the tiling set T;.

We omit the proof of the converse as it follows by taking
the weak tiling measure v as ).y ; in Proposition 6.2 in
the next subsection. O

6.2. Reduction of weak tilings from R? to R x Z. For
weak tilings, we average these sectional reductions over
all phases; equivalently, a mass lying between two adja-
cent integer levels is distributed between them with the
corresponding linear weights.

Proposition 6.2. Let S C Z be finite, and let
Q= Joix(j+DcR,  Q=[]Oox(jlcRxZ,

jes jes
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where each (); C R is bounded and measurable. Then Q)
is a weak tile in R? if and only if Q) is a weak tile in R x Z.

Proof. Suppose that Q is a weak tile in R x Z. Let v be
a nonnegative locally finite measure on R X Z such that
v({(0,0)}) =1 and

]l@*v:l a.e.on Rx Z.

We regard v as a measure on IR?, supported on R x Z. For
meZ andt € (0,1), we have

(lg*=v)(x,m+1t) = f lo(x —u,m+t—k)dv(u,k)

RxZ

= f 15(x —u,m—k)dv(u, k)
RxZ

= (15 *v)(x, m)

=1 a.e.x€lR,

where the second equality follows from (6.2). Therefore
lo#*v =1a.e. on R?, and hence Q is a weak tile in R?. It
remains to prove the converse, which is the harder part
of the proof.

Assume now that Q) is a weak tile in IR?>. Then there
exists a nonnegative locally finite measure p on R? such
that p({(0,0)}) =1 and

Io*ru=1 a.e. on IR?,

For every k € Z, define a nonnegative measure v, on R by

v (E) := f (k+1-v)du(u,v) + f (v—-k+1)du(u,v
Ex[kk+1) Ex[k—1,k)

for every Borel set E C R. Define a measure on R X Z by

V= ZVkXék'

kezZ
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v R2 RXZ
A (u,k+
_ weight s

v=k+1 mass at (1, k + ng te+1}

[k k+1) (u, k)
o=k —> R x {k}

[k-1,k)

v=k-1 R _

u T x u -

6(11,k+s) — (1 - S) 5(u,k) +38 6(11,k+1)

Ficure 7. Compression of a point mass from
R? to R X Z. A mass located at height k +
s is split between the two adjacent integer
levels k and k + 1, with weights 1 — s and s,
respectively.

Geometrically, if v = k + s, where k € Z and s € [0,1),
then the mass of u at height v is divided between the two
adjacent integer levels k and k + 1, with weights 1 —s and
s, respectively. See Figure 7.

Since the first coordinate is unchanged and the second
coordinate is moved by at most one unit, the measure v is
locally finite.

Fix m € Z. Since v = ) ;. vk X O, we have

(Ig*v)(x,m) = L y 15(x —u,m—k)dv(u, k)

—Zf I15(x —u,m — k) dvi(u).

keZ
By the definition of v, and Tonelli’s theorem, we may

move the sums inside the integrals:

=~ % p = k+1- oW\ —1U, -k)d 7
(g * v)(x, m) g;‘f kk+1)( + v) 15(x —u,m—k)du(u,v)

+Zf (v—k+1)1g(x—um—k)du(u,t
kez ¥ Rx[k=1k)

fRz Y Lk (@) + 1= 0) 10 — ,m — k) dp(u

keZ

fZ]l[k L@@ —k+1)15(x —u,m—k)du

kez.
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For each v € R, the first sum contains only the term k =
|lv], while the second contains only the term k = |v] + 1.

Moreover,
lo]+1-v=1-{v}, v—(lv]+1)+1={v}.

Therefore,
(hymyxm)=J;k1—hm15@—uﬂn—wg

+ {v} ﬂﬁ(x —u,m-—|v]— 1)] du(u,v).
On the other hand,

1
f lox—um+t-0)dt =(1-{oh)lg(x—um-[v])
0
+{ollg(x —u,m— o] -1).
Indeed,
(m—lo), m=lo]+1), t> 1o},
m+t—ve
(m —|v]l-1,m- LZ)J), t < {v}.

The single value t = {0} is irrelevant to the integral.
Therefore, by Tonelli’s theorem,

1
(lﬁ*v)(x,m):fmzfo Lo(x—u,m+t—ov)dtdu(u,o)

1
= f (Lo * p)(x, m + t)dt.
0

Since 1 * 1t = 1 a.e. on R?, Fubini’s theorem implies that
(15 *v)(x,m) = 1 for almost every x € R. Since m € Z was
arbitrary,

15*1/:1 ae.on Rx Z.

It remains to verify that v has mass 1 at the origin.
The mass of u at (0,0) is sent entirely to (0,0), and hence
v({(0,0)}) > u({(0,0)}) = 1. On the other hand,

1= 15+ > I5%vl00y = v({(0,0))15 = v({(0,0)})) a.e. on Q.

Then v({(0,0)}) = 1. Therefore v is a weak tiling measure
for Q. O
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6.3. Spectrality of layered sets in R x Z and R?. The
reduction of spectrality is obtained by means of a product
construction together with an appropriate linear change
of variables.

Proposition 6.3. Let S C Z be finite and let

Q= Jox(j+DcR,  Q=|]Oox(jlcRxZ,
j€S j€S
where each (); C R is bounded and measurable. Then Q)

is a spectral set in R? if and only if Qisa spectral set in
R x Z.

We shall use the following product result for spectral
measures to prove Proposition 6.3.

Proposition 6.4. [18, Corollary 1.4] Let v be a finite Borel
measure on R™ with compact support. Then m|gq X v is
a spectral measure on R™™" if and only if v is a spectral
measure on R™.

Proof of Proposition 6.3. Suppose that Qisa spectral set
in R X Z with spectrum £ ¢ R X T. One can check by defi-
nition that the set () is a spectral set in R? with spectrum

A={An+k): (L) e, ke Z).

Conversely, suppose that Q is a spectral set in R2. We
work in R?, with the Q; ¢ R x {0}*> and Q c R? x {0}. De-
fine the “tilted” line segment I which connects (0,0, 0) to
(0,1,1). Then let

E={]Oj+@©j0)+L
jes
Let p be the two-dimensional Lebesgue measure on (),
and let v := H?|; be the Hausdorff measure on E. See
Figures 8 and 9.
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z

pand QO C R xR

Ficure 8. The set Q with S = {1,2}, Q; =
[1,2], and Q, = [1,1.5] U[2.5,3.5]. The mea-
sure u has density 1 with respect to planar
Lebesgue measure.

The orthogonal projection r : R> — IR? x {0} is injective
on E outside a v-null set, and its pushforward satisfies
n.v = V2u. Therefore, if A ¢ R? x {0} is a spectrum of
L, then A is also a spectrum of v, since the two L? spaces
can be identified via 7, and the exponentials in A take the
same value at x and 7t(x).

z

E together with Q

Ficure 9. The set E = J;sQ; +(0,/,0) + I
lying above Q.

Let | = {0}?> x [0, 1] be the vertical unit line segment at
the origin, and define the linear transformation T which

maps e; to eq, e, to er, and e, + e3 to e3, i.e.

10 0 100
T=|0 1 -1| with T7'=|0 1 1].
00 1 001
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It follows that TI = J and T.v = V2, where ¢ is the Haus-

dorff measure on

LJQi+©0,5,0|x[0,1].
jes

See Figure 10. It follows that L = T-TA is a spectrum for
the product measure 0 = w X hj, where w is the Haus-
dorff measure on ;s Q; + (0, /,0), and h; is the Hausdorff

measure on J.

Ficurke 10. The product measure ¢ in green.

Now by Proposition 6.4, it follows from the spectrality
of o that w is spectral with a spectrum M C R?x{0}. But if
a measure w is spectral, then we can always find a spec-
trum in the dual group of the group generated by supp w,
which is contained in R X Z x {0}. Therefore, we can find a
spectrum in R X T X {0}, which implies that Qs spectral
in RxZ. i

7. STRUCTURE OF (WEAK) TILES AND SPECTRAL SETS IN IR X Z.

Let QO C R X Z be the union of three pairwise non-
overlapping unit intervals. Since the weak tiling prop-
erty is invariant under translations, we may, without loss

of generality, assume that

Q = (0, 1)x{0}U(a, a+1)x{£,)Ub, b+1)xIts}, a,beTR, £y, 6 € Z
(7.1)
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The main result of this section is the following theorem,
which gives a complete characterization of when Q is a
weak tile of R X Z.

Theorem 7.1. Let Q be as in (7.1). Then Q is a weak tile
of R X Z. if and only if exactly one of the following holds:
(1) 0=1¢; =, and {0,a, b} tiles Z;
(2) Exactly two of 0,1, {, are equal, and one of the fol-
lowing holds:
Q)0+l =banda-beZ;
(i) 64 =0# b andae Z;
({ii) 6L, =0#6iand be 7.
(3) 0,41, are pairwise distinct, and one of the follow-
ing holds:
(1) {0, ¢4, 65} tiles Z;
(i1) {0, 41, 65} does not tile Z, and there exist £ € R
and M,N € Z such that

ﬂ:M+flé, b:N+£2£/

where (M, ) and (N, ;) are Q-linearly inde-
pendent.

Moreover, in each case, Q is both a tile and a spectral set
of Rx Z.

7.1. Outline and preliminaries of the proof. We will
prove Theorem 7.1 by considering the possible configura-
tions of the set {0, {1, {,} in the following subsections.

(1) Case (1) will be studied in Lemma 7.5 which fol-
lows essentially from Theorem 5.1.

(2) Case (2)(i) will be given in Lemma 7.6. The re-
maining cases can be reduced to this case through
a translation.

(3) Case (3) (i) will be proved in Lemma 7.7, while the
most subtle Case (3) (ii) will be given in Subsection
7.2.4.

For the bounded sets in R X Z considered here, both
tiling and spectrality imply weak tiling. The former is
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immediate, while the latter follows from Theorems 1.1
and 1.6. Thus, in each case, it suffices to show that ev-
ery weak tile has the stated form and that every set of
this form is both a tile and a spectral set.

We next establish some basic properties of bounded
measurable sets in R X Z. Let S C Z be a finite set, and
define the set

Q=[x (7.2)
jes
where each (); C R is bounded and measurable. For any

¢ € R, we introduce the layer-translated set

6g%éﬂﬁ=U@ﬁﬁMUL
jes
The shear map T:(x,j) := (x + j&,j) is a Haar-measure-
preserving group automorphism of R X Z and therefore
preserves tiling, weak tiling, and spectrality. We thus ob-
tain the following proposition.

Proposition 7.2. For every & € R, the following state-
ments hold.

() Q is a (weak) tile of R X Z if and only if 55 is a
(weak) tile of R X Z;

(i) Q is a spectral set of R X Z. if and only if 65 isa
spectral set of R X Z.

The use of projections below is inspired by Rao and
Xue [22, Theorem 1.3 and Proposition 3.1]. They char-
acterized prime-cardinality subsets of Z? admitting peri-
odic tilings by the existence of an integer linear projection
that is injective on the set and whose image tiles Z. Here,
we use suitable projections to obtain tiling and spectrality
in R X Z from the corresponding one-dimensional proper-
ties.

For each 1 € R, define the projection

T, RXZ - R, ,(x, j) = x + 1j.
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Then we have
(@) = @i+ jn).
j€S

Suppose that the sets Q; + jn, j € S, are pairwise non-
overlapping. If n,](ﬁ) tiles R with a tiling set T, then TXZ
is a tiling set for ﬁ,] in Rx Z. The same product construc-
tion works for weak tilings. For spectrality, the pairwise
non-overlapping assumption on the projected components
allows a spectrum of nn(ﬁ) to be lifted to a spectrum of
577. More precisely, if A is a spectrum of nn(ﬁ), then
A x {0} ¢ RxT is a spectrum of 5,]. Combining these
observations with Proposition 7.2, we obtain the follow-

ing sufficient conditions.

Corollary 7.3. Let Q C R X Z be a measurable set of the
form (7.2).

(1) If there exists 1 € R such that the sets Q;+ jn (j € S)

are pairwise non-overlapping, and the set 71,,(5) is

a (weak) tile of R, then Q is a (weak) tile of Rx Z.

(2) If there exists 1) € R such that the sets Q;+jn (j € S)

are pairwise non-overlapping, and the set 71,,(62) is

a spectral set of IR, then Qisa spectral set of R X Z.

We now further restrict our attention to Q being a
union of finitely many pairwise non-overlapping unit in-

tervalsin R X Z, i.e.

Q=0,1)x{0}+A, AcCRXZis a finite set. (7.3)

For a Borel measure ;1 on R X Z and each j € Z, we define
the fiber measure ;; on R by

uiE) = p(Ex{j}),  EcRBorel

We also define the measure v; on R by

Proposition 7.4. Let Q be as in (7.3) and u be a non-

negative, locally finite Borel measure on R X Z. Suppose
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that 15+ u = 1a.e. on RXx Z and u({(0,0)}) = 1. Then for
each j € Z, the measure v; is a non-negative, locally finite

Borel measure on R such that
Loy*vi=1 a.e. on R

Moreover, if (a,{) and (a’,{) are two distinct elements of A,
thena—a € 7.

Proof. Fix j € Z. Since A is finite and each u; , is a non-
negative, locally finite Borel measure on IR, it follows that
v; is also a non-negative, locally finite Borel measure on
R.

Note that

1= Z Lo,pyxo) * 0w 0)-
(@,0)cA

Hence, for a.e. x € R,

1=(1g =, j)
= Z (1001 * 8w * 1), /)

(@,0)eA
= Z f Loxio)(Xx =y —a, j =k =€) du(y, k).
(a,0)eA Y RXZ

Since
Lonao (@ =y =a,j~k=0) = Lon@~y =) Lo(j ~k = 0),

only the slice k = j — ¢ contributes, and therefore, for a.e.
x€R,

1= Z f Loy(x =y —a)duj-e(y)
@0ea YR

= Z (1(0,1) *Uj—g* 6a>(x)

(@,0)€A
= Loy *( Z Hj-c * 5a)(x)
(@,0)€A
= Loy * vi(x).
Now suppose (a,¢),(a’,{) are two distinct elements of
A. Since u({(0,0)}) = 1, by the definition of v,, we have

ve({a}), ve({a’}) > 1, while 1 1)*v, = 1 a.e. implies that every
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atom of v, has mass at most 1; hence v/({a}) = v,({a’}) = 1.
By Theorem 1.2, it follows thata —a’ € Z". O

7.2. Structure of weak tiles for three unit intervals
in R X Z. We are now fully equipped to prove Theorem
7.1.

7.2.1. Case (1): ¢; = ¢, = 0. In this case, Q reduces to
a union of three unit intervals in R. Hence Q weakly
tiles R x Z if and only if it weakly tiles R by translations,
which is equivalent to saying that {0, a, b} tiles Z by Propo-
sition 7.4 and Theorem 5.1.

Lemma 7.5. Suppose that Q is as in (7.1) and that 1 =
{, =0. Then Q is a weak tile of R x Z. if and only if {0,a, b}
is a tile of Z. In this case, Q is both a tile and a spectral
setin R X Z.

I I I I I I I I I
I I I I I I I I I
I | [ 1 || 1 || 1 1 lRX O}
| I | | | I I I |

Ficure 11. A translational tiling of R x Z
by three unit intervals with ¢; = ¢, = 0, il-
lustrated for {0,a,b} = {0,2,4}. The framed

intervals are precisely Q.

Proof. By the one-dimensional result of Theorem 1.5, it
suffices to show that if Q is a weak tile of R x Z., then
{0,a,b} is a tile of Z. Suppose that u is a non-negative,
locally finite Borel measure on R X Z such that

Ig*u=1 ae.onRx2Z with u({(0,0)}) =1.
By Proposition 7.4, for j = 0, we have
Loay * (Ho+ to*0a+ to*0p) =1 a.e.  with up({0}) = 1.
It follows that

Lon+0ap * o =1 a.e.  with uo({0}) =1,
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which implies (0, 1) + {0, 4, b} is a weak tile of R. By Propo-
sition 7.4, we have a,b € Z. Hence, by Theorem 5.1, {0, a, b}
is a tile of Z. O

7.2.2. Case (2): Exactly two of 0,(,{, coincide. We only
discuss the case 0 # ¢; = {,. The other two cases can be
reduced to this case by translation.

Lemma 7.6. Suppose that Qisasin (7.1) and 0 # 1 =0,
Then the following are equivalent:

(1) Q is a weak tile of RXZ;
Q2)a-beZ;

(3) Qis a tile of RX Z;

(4) Qisa spectral set of R X Z.

Ficure 12. A translational tiling of R X Z
by three unit intervals with ¢; = ¢, = 1. The

framed intervals are precisely Q.

Proof. Since (3),(4) = (1), it suffices to show that (1) =
(2) = (3),(4).

Since 0 # ¢, = >, (1) = (2) follows from Proposition 7.4.
Now we prove (2) = (3). Suppose a —b € Z*. By Corol-
lary 7.3, it suffices to find ) such that

E’? = {O, a+ 511'], b+ 5117}

is a three-element tile of Z. Without loss of generality,

we may assume that a — b > 0. Write a — b = 3°q, where
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s> 0and 3 1 q. Let u be an integer such that

u=2 ifg=1 (mod 3),

u=1 ifg=2 (mod 3).
Then {0, u, u — g} is a complete residue system modulo 3.
We take n = (3°u —a)/{,. Then

E,=1{0,3u,3(u - q)}

is a tile of Z, since {0, u, u —g} is a complete residue system
modulo 3.

For (2) = (4), since Fuglede’s conjecture holds for the
union of three non-overlapping unit intervals in R by The-
orem 1.5, nn(ﬁ) is also a spectral set of R. By Corol-
lary 7.3, Qisa spectral set of R X Z. O

7.2.3. Case (3): 0,{,,{, are distinct integers. Now we focus
on Case 3, i.e., 0,{;,{, are distinct integers. If {0,, {5}
forms a tile of Z, then it is immediate that Q tiles R x Z.
For later reference, we state this as a lemma.

Lemma 7.7. Suppose that Qisasin (7.1). If {0, 64, 65} is a
three-element tile of Z, then Q) is both a tile and a spectral
set of R X Z.

Ficure 13. A translational tiling of R X Z
in the case where {0,¢,(,} tiles Z. Here
{€1,6,} = {1,2}, with tiling complement 3Z,
and the translation set is Z x 3Z. The
framed intervals are precisely Q.
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Proof. Suppose that {0, (1, (,} tiles Z with a tiling set T C
Z.. Define

T"=ZXxTCcRXxZ.
Then it is straightforward to verify that Q tiles R x Z by
translations with tiling set T".

On the other hand, since {0, (i, {,} is a tile of Z, it is
also a spectral set of Z. Let A be a spectrum for {0, ¢;, {>}.
Define

Y :=ZXACRXT.

Then X is a spectrum for Q. Therefore, Q is both a tile
and a spectral set of R X Z. O

In what follows, we assume that {0, ¢;, {,} does not tile Z.
We first show that if Q is a weak tile of IRXZ., then its three
unit intervals must satisfy a rigid arithmetic alignment:
there exists £ € R such that their horizontal positions
on the levels 0, {1, {,, modulo 1, are respectively 0, {,¢, (€.
See Figure 14 for an illustration of this phenomenon.

Proposition 7.8. Let Q be as in (7.1), and let u be a non-
negative, locally finite measure on R X Z. such that

Ig*u=1 a.e.on RxZ, and y({(O, O)}) =1.

Assume moreover that {0,{1,(,} is not a tile of Z. Then
there exists & € R such that

Q= (0,1)x{0}+{(0,0), (m+6:&, £1), (n+6:€, 6)} withm,ne€ Z, &
(7.4)

Let u be a weak tiling measure for Q. For each j €Z,
recall that the fiber measure y; on R is defined by
ui(E) == p(Ex{j}), E c R Borel.
By Proposition 7.4, for each j € Z, we have

1(0,1)*1/]' =1 a.e. on R with Vi=UitUj-g *6a+‘u]'_52*(5b.
(7.5)
The proof of Proposition 7.8 is based on a fiberwise anal-

ysis of these measures. We first derive nonemptiness and
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Compatible displacements Incompatible displacements

Y S— +):l
= = £=3
y S— y w—
a= V2, b=3V2 a= 2, b:3‘/§+%
there is no common & such that
a-& b-38€eZ

Ficure 14. Compatible and incompatible
horizontal displacements for {0,¢;,¢{} =
{0,1,3}. In the left panel, the three inter-
vals have the common linear drift & = V2.
In the right panel, the third interval is dis-
placed from its compatible position by ¢ = %
Compatibility of the displacements is only a
necessary condition for weak tiling.

support properties of the fiber measures ;. We then use
the relation defining v; together with the one-dimensional
weak tiling identity above to locate atoms on the fibers
indexed by dZ, where d := gcd(¢1,{,). This will yield the
desired structural conclusion as in (7.4).

Our first step is to show that every fiber u; with j € dZ
is nontrivial. More precisely, we prove that on suitable
translates of (0,1), the weak tiling is carried entirely by
a single fiber measure. This is the content of the next
lemma, which extends Lemma 5.3 to the setting of R x Z.

Lemma 7.9. Let Q be as in (7.1), and let u be a non-

negative, locally finite measure such that
Ig*u=1 a.e. on RXZ.
Suppose further that
Loy * to(x) =1 a.e. x€(0,1).
Then for any integers m,n with m = n (mod 3),
Loy * Umey4nt,(X) =1 a.e. x €(0,1) + ma + nb.
Proof. For each m,n € Z, set

Ly = (0,1) + ma + nb, Pn(X) = L(0,1) * Uiy +ne, (X).
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Then each ¢,,, is nonnegative, and by assumption
Poo(x) =1 a.e. x€ly=(0,1).
Moreover, by (7.5), for every m,n € Z we have
Pun(X) + Pt (X =) + Pupi(x —b) =1 ae.xeR. (7.6)

We now propagate the values of the functions ¢,
across the lattice, exactly as in Figure 5. For convenience,
write

P(m,n): @u(x)=1 a.e.x €1, Q(m,n): @un(x) =0

Since all the functions ¢,,, are nonnegative, restricting
(7.6) to I, , gives exactly the same triangular propagation
rule as in the proof of Lemma 5.3: on each triangle with
vertices (m, n), (im—1,n) and (m,n—1), one occurrence of P
forces Q at the other two vertices, while two occurrences
of Q force P at the remaining vertex.

Since P(0,0) holds, the propagation argument in the
proof of Lemma 5.3 applies verbatim. Consequently,
P(m, n) holds whenever m = n (mod 3). That is,

Loy * Ume4nt,(X) =1 ae.x € (0,1) + ma +nb

for every m,n € Z satisfying m = n (mod 3).
O

Using Lemma 5.4, we can now extend the previous
conclusion from the congruence class condition m = n
(mod 3) to all fibers indexed by dZ.

Corollary 7.10. Let Q be as in (7.1), and let u be a non-

negative, locally finite measure such that
Ig*u=1 a.e. on RxZ with u({(0,0)}) = 1.

Suppose further that {0, {1, (,} is not a tile of Z. Then for
any { € dZ, there exist m*,n* € Z with m* = n* (mod 3)
such that

Loay* pe(x) =1 a.e. x€(0,1)+m'a+n'b.
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Proof. Since vy = g + ti—¢, * 04 + li—¢, * 0p, and everything is
nonnegative,

Ton*po <Lgn*vo=1 a.e.

But the unit atom p({(0,0)}) = 1 gives po({0}) = 1 and then
Lo * o = 1 a.e. on (0,1). Hence equality holds.
Since {0, {1, {,} is not a tile of Z, we have

6 6
{0, E, E} Z {O, 1,2} (mod 3)

By Lemma 5.4, for each ¢ € dZ, there exist m*, n* € Z with
m* =n* (mod 3) such that ¢ = m*t; + n*¢,. The conclusion
then follows from Lemma 7.9. O

The next step is to strengthen the non-emptiness result
by showing that each fiber u; with j € dZ actually carries
an atom whose location is determined modulo 1 by the

parameters a and b.

Lemma 7.11. Let Q be as in (7.1), and let u be a non-
negative, locally finite measure on R X Z. such that

Ig*u=1 a.e. on Rx7Z with u({(0,0)}) = 1.

Suppose that {0,1,(,} is not a tile of Z. Then for every
j = mty +nt, € dZ, there exists &; = £i(m,n) € R such that

pi&it =1, and & =ma+nb (mod 1). (7.7)
Proof. Since u({(0,0)}) = 1, by the definition of u,, we have
to({0}) = 1 > 0. We first prove that the conclusion holds

for the cases j = +{; and j = +{(,.
Recall that for each j € Z, we have (7.5), i.e.,

1(0,1)*1/]' =1 a.e.onR with Vi=Uitlj-g *(Sa-i-‘u]'_gz*(sb.
(7.8)
Since po({0}) = 1 and by the definition of v, we have

12 ve(fa}) = po * 0a(fa}) =1
and then v, ({a}) = 1. By Corollary 2.4, we have

ve(la+k}) =1 foranykeZ.
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*

¢
with m, =n;, (mod 3) such that the interval (0,1) +mj a+
1 1 1

Corollary 7.10 implies that there exist integers m : and ",
n}lb must be weakly tiled by the fiber measure 1, and not
by any other fiber measure in the weak tiling equation
(7.8) with j = {;. Since there exists a unique k,, € Z such
that
&, =a+key €10,1) + m}la + n}lb,

and p, is the only fiber measure contributing on this in-
terval, the weak tiling equation on the nontrivial overlap
of (&, &p + 1) with (0,1) + my a+ n}lb gives

e ({€a)) =ve, (&0 }) = 1, & =a (mod 1).

Now we show that u_, carries an atom at a location
congruent to —a modulo 1. Setting j = 0in (7.8), we obtain

1(0,1) =1y =1 a.e. with Vo = Up+ U—g * 0, + U-¢, *Op. (7.9)

Since v(({0}) = 1, by Corollary 2.4, we have vy({k}) = 1 for
each k € Z. By Corollary 7.10, for j = —{;, there exist
: with m* (=N, (mod 3) such that

integers m’, and n*

¢ 14

Loy * -0, =1 a.e. x€(0,1)+(m’, +a+n_,Db,

which implies that the interval (0,1) + (m*, + 1)a+n’, b
is weakly tiled by the fiber measure u_;, * 6, and not by
any other fiber measure in the weak tiling equation (7.9).
Since there exists a unique k_;, € Z such that

§y =k —ael0,1)+m  a+n’,Db,
it follows that

pe,({&-e,}) = p—g, * 0a(tk—e,}) = vo(lk_¢,}) = 1.

By the definition of £_;,, we have £_;, = —a (mod 1).
For j = +{,, the proof is similar. We omit the details.
Since ui({&;}) = 1, we may translate the whole mea-
sure by —(&j, j). The translated measure still satisfies the
same convolution identity and has a unit atom at the ori-
gin. Hence the preceding four-direction propagation ar-

gument applies verbatim.
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Now let j = m{; + nl,. Starting from the unit atom of
at 0 and iterating the above steps according to this rep-
resentation, we obtain a unit atom of ;1; whose location is
congruent to ma + nb modulo 1. Since 17 + {,Z. = dZ., the
conclusion holds for every j € dZ. m]

We are now ready to complete the proof of Proposi-
tion 7.8. The existence of atoms on all fibers in dZ yields

the desired linear congruence relations for 2 and b.

Proof of Proposition 7.8. By Bézout’s theorem, there exist
integers mg;, ny such that myt; + ny{, = d. By Lemma 7.11,
more precisely (7.7), there exists a unit atom &, of 11; such
that mya + nyb = £; (mod 1).

For any k € Z, applying Lemma 7.11 to the representa-
tion kd = (kmg)t, + (kng)f>, we obtain a unit atom (i of py
satisfying

Cra = kmga + kngb = ké;  (mod 1).

Since d | {1, taking k = {,/d gives a unit atom (;, of i,
such that C,, = be, (mod 1). On the other hand, 1 *
vy, =1 a.e. on R and v, ({a}) = 1. Hence, by Corollary 2.4,
Ve, = Og+z. Since Uy, < vy, every atom of 1, is congruent to
a modulo 1. In particular, {,, =4 (mod 1), and therefore

a=—=¢; (mod1). (7.10)

SHRN

Similarly, taking k = £,/d in Lemma 7.11, and using
Loy *ve, =1 a.e. on R and v, ({b}) = 1, we obtain vy, = 6412

and hence
_ %gd (mod 1). (7.11)
Finally, setting & = &;/d, (7.10) and (7.11) givea—6,& € Z
and b — ¢ € Z. This proves the proposition. O

7.2.4. Proof of Theorem 7.1 (3)(ii). Proposition 7.8 allows
us to write Q as

Q= (0,1)x{0}+{(0,0), (M+t:&, 1), (N+6E, 6,)) with M, N € Z,

By Proposition 7.2, the shear T(x, j) = (x — j&, j) preserves
tiling, weak tiling, and spectrality. After applying T, we
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retain the notation Q for the transformed set. Thus it
suffices to consider

Q=(0,1)x{0}+E, (7.12)

where
E:= {(O/ 0)/ (M/ fl)/ (N/ 52)} c Zz'
We consider two cases:

(1) (M, ¢;) and (N, £,) are Q-linearly independent;
(2) (M, 4,) and (N, £,) are Q-linearly dependent.

Lemma 7.12. Let Q be as in (7.12). Suppose that {0, (1, ()}
is not a tile of Z. If (M, {1),(N, {,) are Q-linearly indepen-
dent, then Q) is both a tile and a spectral set of R X Z.

Ficure 15. A translational tiling of R X Z
in the case where 0, ¢;,{, are distinct and
{0, 41, {2} does not tile Z. Here the framed in-
tervals are precisely Q, with (M, ;) = (0,1),
(N, ;) = (-1,3), and the translation set is the
lattice {(n,m) € Z?> :n+m =0 (mod 3)} .

Proof. By Corollary 7.3, it suffices to find 7 € R such that
E’? = {O, M+ 811'], N + 521]}

forms a three-element tile of Z.
Let d := gcd(6y, (), a:=€1/d, B := {,/d. Then gcd(a, f) =
1. Since (M, ¢1) and (N, £;) are Q-linearly independent,
M, — Nt

AZZM‘B—NQZT?&O.

Write A = 3°3, where s > 0 and 3 1 4.
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Since {0, {1, {»} does not tile Z, the set {0, a,} is not a
complete residue system modulo 3. Hence the two num-
bers f — 2a, 2 — a represent the two nonzero residue

classes modulo 3. Therefore we may choose (r,t) €
{(1,2),(2,1)} such that

pBr—at=g (mod 3).

Write g — (Br — at) = 3h for some h € Z. Since ged(a, ) =1,
there exist m,n € Z such that fm —an = h. Set u = r +
3m, v := t + 3n. Then u and v represent the two distinct

nonzero residue classes modulo 3, and fu — av = ¢.
Now define 71 := (3°u — M)/{;. Since

63 u — M) — 61(3° — N) = d(3*(Bu — av) — (Mp — Nav)) = 0,
we also have = (3°v — N)/{,. Thus
M+ 6 =3y, N+6n=3v and E,={0,3u, 30}

After dividing by its greatest common divisor, the two
nonzero elements remain distinct nonzero residues mod-
ulo 3. Therefore E, is a tile of Z. The spectrality of Q

follows in the same way as in Lemma 7.6. O

The proof of the following lemma is essentially identical
to that of Theorem 5.1.

Lemma 7.13. Let Q be as in (7.12). Assume that {0, t1, {5}
is not a tile of Z, and that (M, (1), (N, {;) are Q-linearly de-
pendent. Then Q) is not a weak tile.

Proof. Let ¢ = gcd(¢1,{,). We argue by contradiction. As-
sume that there exists a non-negative, locally finite Borel
measure i on R X Z with p{(0,0)} = 1 such that

Ig*u=1 a.e. on R X Z.
Recall that for each j € Z, (7.5) gives

loy=*vi=1 ae.onk, Vi = Wi+ Ujmg *Om + Wjog, * ON.
(7.13)

As in the proof of Corollary 7.10, the assumptions
u({(0,0)}) =1 and 15+*u = 1 imply that 1) *uo =1 a.e. on
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(0,1). Hence by Lemma 7.9, for any integers s, with s =t
(mod 3), we have

Loay * Usey+t6,(x) =1 a.e. forx € (0,1) + sM +tN. (7.14)
In particular, since {0, {1, £,} is not a tile of Z, Lemma 5.4
implies

(7 ={sti+tly: s,te”Z,s=t (mod 3)}.

Next, since (M, (1), (N, {,) are Q-linearly dependent, we
have M¢, = N¢,. Since ¢1{, # 0, we may set c := M/{; =
N/t,, so that M = ¢f; and N = c¢f,. Choose integers s,t

withs =t (mod 3) and st;+tf, = ¢;. (Such s, t exist because
{1 € {Z and {Z. is generated as above.) Then

SM + tN = c(st; + tfr) = ¢ty = M.
Applying (7.14) with this pair (s, t) gives
T * te(x) =1 a.e. forx e (0,1) + M. (7.15)
Now let j = £; in (7.13). We obtain

Lon * (Wl + o * Op + le—e, * 6N) =1 a.e.onR.

Since u{(0,0)} = 1, the fiber measure py has an atom of
mass 1 at 0, and hence iy * ) has an atom of mass 1 at M.

Therefore v, has a unit mass at M, so for a.e. x € (0, 1)+M,

1 =10 (x) 2 1(0,1)*(#51 +5M)(x) = Lo*te, (%) +10,1)*0m(x).

For x € (0,1) + M we have 1) * Om(x) = 1, and by (7.15)
also 11 * te,(x) = 1 a.e. on (0,1) + M. Hence the right-
hand side equals 2 for a.e. x € (0,1) + M, contradicting
Loy *ve(x) =1a.e. on R, O

8. FUGLEDES CONJECTURE FOR THREE NON-OVERLAPPING

UNIT SQUARES

We first establish a geometric result about tilings of
the plane by congruent squares, allowing both transla-
tions and rotations. We then use this result to complete
the proof of Theorem 1.10. Then we complete the proof of
Theorem 1.10.
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Proposition 8.1. Every tiling of R? by translated and
rotated copies of a square consists of pairwise parallel

squares.

Proof. Let S be a tiling of R?> by congruent squares, and
let V denote the set of all vertices of the squares in S.
Since the tiling is locally finite, V is locally finite, i.e. all
balls of radius 1 have only finitely many points from V.

Take any two squares Q,Q’ € S, and choose points x €
int(Q) and x’ € int(Q’). Since R?\ V is path connected, we
may join x to x’ by a polygonal path avoiding V. After a
small perturbation, we may further assume that the path
crosses every tile boundary transversely and does not run
along any tile boundary.

Since the image of the path is compact and the tiling is
locally finite, the path meets only finitely many squares.
Denote them, in the order in which they are traversed, by
Q=0Q00Q1...,.Av=0Q"

Suppose that the path passes from Q; to Q;;; at a point
p. Since p ¢ V, it lies in the relative interior of a side
of each of Q; and Q;;;. We claim that these two sides
are collinear. Indeed, if their supporting lines were dis-
tinct, they would intersect transversely at p. Near p, each
square occupies one side of its corresponding supporting
line, and the two resulting half-planes have an open sec-
tor in common. It would follow that int(Q;) Nint(Q,,1) # 2,
contrary to the definition of a tiling.

Thus Q; and Q,;; share a boundary segment of positive
length. In particular, one edge direction of Q; agrees with
one edge direction of Q;,;. Since the other edge direction
of a square is perpendicular to the first, the two squares
have the same pair of edge directions and are therefore
parallel. Consequently, all Q,,--- ,Qy are parallel. Since
Q and Q’ were arbitrary, all squares in the tiling are pair-

wise parallel. O
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Now we are ready to prove Theorem 1.5 in IR? and The-
orem 1.10.

Proof of Theorem 1.5 in IR?>. We can write
Q=(0,12+A with0€ACR? #A =3. (8.1)

By Corollary 4.3, without loss of generality, we may fur-
ther assume that 7,(a) € Z for each a € A. Then by Theo-
rem 1.6, Q) is a weak tile of R? if and only if the set

Q= {0, 1) + m(@) x {ra(a))

acA

is a weak tile of R X Z. Theorem 7.1 implies that if Qisa
weak tile, then it is both a tile and a spectral set of R X Z.
Hence by Theorem 1.6, Q is both a tile and a spectral set
of R?. This completes the proof. O

Proof of Theorem 1.10. If the squares are not all parallel,
then Q) cannot be a tile by Proposition 8.1, and it cannot be
a spectral set either. Indeed, if the three squares are not
all parallel, one of them can be chosen as the standard
unit square so that the other two are not parallel to its
coordinate directions. This also covers the case where two
squares are parallel and the third is not: after a rotation
and a translation, we may take the latter square to be
Q = (0,1)>. Then neither of the other two squares has a
facet normal equal to +e; or +¢,, and hence Theorem 1.3
shows that Q is not a spectral set.

It remains to consider the case of three parallel
squares. After a rotation and translation, Q has the form
(8.1). The conclusion follows immediately from Theorem
1.5. O

Disclosure of AI use. The proofs of Proposition 6.1,
Proposition 6.2 and Proposition 8.1 were first generated
by ChatGPT 5.6-Sol and the authors rewrote them with
more clarity. The other proofs were written by human.
The authors take full responsibilities for the correctness

of the manuscript.
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