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Asstract. It is possible to have a packing by trans-
lates of a cube that is maximal (i.e. no other cube can
be added without overlapping) but does not form a
tiling. In the long running analogy of packing and
tiling to orthogonality and completeness of exponen-
tials on a domain, we pursue the question whether
one can have maximal orthogonal sets of exponen-
tials for a cube without them being complete. We
prove that this is not possible in dimensions 1 and 2,
but is possible in dimensions 3 and higher. We pro-
vide several examples of such maximal incomplete
sets of exponentials, differing in size, and we raise
relevant questions. We also show that even in dimen-
sion 1 there are sets which are spectral (i.e. have a
complete set of orthogonal exponentials) and yet they
also possess maximal incomplete sets of orthogonal
exponentials.

1. INTRODUCTION

1.1. IfQ c R?is a measurable set of finite measure, we
call it spectral if there exists a countable set A C R? such
that the system of exponential functions

E(A) = {2™® . X € A} (1.1)

forms an orthogonal basis in L*(Q2). The set of frequencies
A is then called a spectrum of ). The properties of spec-
tral sets, especially in comparison with properties of sets
that tile by translations, have been a subject of intense
research for decades (see, for instance, the recent survey
[Kol24]). The Fuglede conjecture [Fug74] stated that the
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spectral sets are precisely those that can tile the space by
translations (this means that one can find a collection of
translates of the set such that almost every point of the
space belongs to exactly one translate), but this conjec-
ture is now known to be false in dimensions 3 and higher
[Taa0d], [Maf05], [KMO&], [FMMO0&], [FROG]. Still a lot
more is known and continues to be discovered about the
connection of spectrality to tiling, a major recent result
being the truth of the Fuglede conjecture for convex sets
[L.M22].

For the unit cube Q = [—1, 1]%, which is of course both
a spectral set and a translational tile in R?, a lot more
is known. In particular it is known that the spectra A
of () are precisely the tiling complements of (), namely
the translation sets A C R such that {Q + \}, A € A,

constitutes a tiling [LRWO0Q], [ITP98], [Kol00K].

For any set ) C R? the two exponentials ¢ ) and
e?m1) are easily seen to be orthogonal in L?(Q) if and
only if To(\ — u) = 0, where 1(¢) = [, e > dy is the
Fourier transform of the indicator function 1. Since tlle
unit cube ) is a product set, we can easily compute 1
and find that its zero set is

G ={(&,&,...,&) € R : there is j such that & € Z\ {0}}.

(1.2)
At the same time a collection of translates {Q +t},t € T,
forms a packing (i.e. the translates overlap at measure
zero only) if and only if (77— T') N (—1,1)? = {0}. Hence if
A is an orthogonal set for the cube ) then A — A C GU{0},
which in turn implies, via the characterization (I.2), that
{Q + A}, A € A, is a packing. In short, any orthogonal set
for () is also a packing set for () (note, however, that the
converse is not true).

2mi(\,x

1.2.  We now come to the question of maximality. A pack-
ing of () is called maximal if it is not possible to add an-
other translated copy of () so that it remains a packing.
Clearly every tiling is a maximal packing. It is easy to
see though that there exist maximal packings of ) by a
set of translates 7" which are not tilings. For instance,
in dimension one, consider 7' to contain all numbers of
the form +(n — 1), n = 1,2,3,.... The same is true in all
dimensions.

An orthogonal set of frequencies A is similarly called
maximal if it is not possible to add another point to it so
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that it remains orthogonal. Any spectrum of () (i.e. an
orthogonal and complete set of frequencies) is of course
maximal. But now it is not clear whether maximality fails
to imply completeness, just as maximality of a packing
fails to imply tiling.

In fact, it is easy to see that in dimension one, the maxi-
mality of an orthogonal set of frequencies does imply com-
pleteness. Indeed, if the exponential system E(A) is or-
thogonal in L?([—1,1]) then A — A C Z. Fix \g € A. It
follows that A C \g+Z and, since all frequencies in \;+7Z
are orthogonal to each other, maximality of A implies that

A =X + Z, that is, A is a spectrum of [—3, 1].

Is the same still true in higher dimensions? That is, if A
is a maximal orthogonal set for the unit cube in R?, must
it be also complete? In §& we show that every maximal
orthogonal set for the square in 2 dimensions is also com-
plete, just as in dimension 1. Then in §8 we show that this
is not the case in dimension 3. The maximal incomplete
set we find there has the maximum possible density. In §4
we give an alternative construction, again in dimension
3, where our maximal set is now much thinner, almost a
finite union of planes. We then show in §§ how we can ex-
tend the results from dimension 3 to higher dimensions.
In §6 we examine some general properties that maximal
orthogonal sets for the cube must have. Closing, in §l1 we
show that if we are willing to examine spectral sets other
than the cube then even in dimension 1 we can find an ex-
ample of a spectral set which has a maximal incomplete
set of exponentials.

2. MAXIMAL ORTHOGONAL SETS IN TWO DIMENSIONS

First we show that in two dimensions, the maximality
of an orthogonal set for the unit square implies complete-
ness, similar to the one-dimensional case.

Theorem 2.1. Any maximal orthogonal set for the unit
square in R? is also complete, i.e. it is a spectrum. More
generally, any orthogonal set for the unit square can be
embedded as a subset of some spectrum.

The proof will require a lemma which can be found
in [Kol00a, Observation 1] as well as in [GLI7, Lemma
11.4].
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Lemma 2.2. Let X be a subset of an abelian group H,
and let Hy and H, be two subgroups of H. Assume that
X —-X C H UH,. ThenX—XCHlorX—XCHg.

Now let A C R? be an orthogonal set for the unit square.
Then A — A € G U {0}, where G is the zero set from (I-2)
(with d = 2). It follows that if we define H;, = Z x R
and H, = R x Z, which are both subgroups of R?, then
A—A C HUH,. Lemma thenimpliesthat A—A C ZxR
orA—ACRXZ.

Let us consider the case where A — A C Z x R (the other
case is similar). By translating the set A we may assume
that it contains the origin, so this implies that A C Z x R.
We now observe that if (n,t) and (n,s) are two distinct
points in A, then orthogonality implies that ¢t — s must be
an integer. Hence A is contained in a set of the form

{(n,k+1t(n)):nk e’} (2.1

where t(n) are real numbers. But it is known, see [([P99,
Theorem 5], that any set of the form (E.1)) is a spectrum
of the unit square. Hence A can be embedded as a subset
of a spectrum. In particular, A is maximal if and only if
it coincides with a spectrum.

3. A MAXIMAL INCOMPLETE ORTHOGONAL SET IN THREE
DIMENSIONS

3.1. Next we show that Theorem P does not extend to
three dimensions. Namely, we will prove the following
result.

Theorem 3.1. There exists an orthogonal set A C R? for
the unit cube, which is maximal but incomplete.

Our strategy is to start from the integer lattice Z?
which is a spectrum for the unit cube. We then remove
a small part of this spectrum, contained in the union of
the three coordinate planes, which leaves us with a sub-
set B of the integer lattice. The set B is still orthogonal,
but of course it is not maximal as it embeds in a spec-
trum. However, we will show that one can add a small
set A to B such that the orthogonality is still preserved,
but at the same time it eliminates the possibility of fur-
ther extending A U B to a spectrum, or stronger, to any
larger orthogonal set.



MAXIMALITY, COMPLETENESS OF EXPONENTIALS 5

3.2. We now turn to the details of the construction. Fix
three real numbers «, 3, such that none of them is an
integer. Let A be the set in R? consisting of all points that
have one of the following forms:

(Oaﬂ_k77)7 (CK,O,’}/—]{), (Ck—k,ﬂ,()) (31)

where £ is a nonzero integer. Notice that A is contained
in the union of three lines.

Let B be the set of all vectors in R?® whose coordinates
are nonzero integers. This set contains all integer vectors
except those lying in a union of three planes.

The sets A and B are disjoint. Let A = A U B be their
union. It is straightforward to check that A — A € GU{0},
where G is the zero set from (I.2) (with d = 3). Hence A is
an orthogonal set for the unit cube Q in R3. In particular,
Q@ + A is a packing.

On the other hand we claim that A is not a complete set
of frequencies. Indeed, if it was complete then Q+ A would
be a tiling, see [LRWOQ], [TP9]], [Kol00h]. But notice that
each one of the three slabs

LI xRxR, Rx[-1 i xR, RxRx[-11](3.2)

is scarcely covered by the cubes in the packing () + A, so
this packing is not a tiling.

3.3. To continue we need the following lemma.

Lemma 3.2. Let s € R? and suppose that s— B C G. Then
at least one of the coordinates of s is zero.

Proof. Let s = (u,v,w) and suppose to the contrary that
all the coordinates u,v,w are nonzero. Since we have
(u,v,w) — (1,1,1) € G then at least one of the coordinates
u,v,w must be an integer. Hence, say, ©« = j for some
nonzero integer j. Next, since we also have (u,v,w) —
(7,1,1) € G, then at least one of the other two coordi-
nates v, w must be an integer. Hence, say, v = k for some
nonzero integer k. Finally, since (u,v,w) — (j,k,1) € G,
then w must be an integer, so w = [ for some nonzero inte-
ger [. But this implies that the zero vector (u, v, w)—(j, k, )
is in GG, a contradiction. O

3.4. Finally we show that A is a maximal orthogonal set
for the unit cube ). Suppose to the contrary that this
is not the case, and let s = (u,v,w) € R3 be a point not
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belonging to A, such that AU{s} is still an orthogonal set.
In other words, this means that we have s — A C G.

In particular, we have s— B C G, hence by Lemma B2 at
least one of the coordinates u, v, w is zero. Let us consider
the case where u = 0 (the other two cases are similar). We
then have (0, v, w)—(0, 5—k,~) € G for every nonzero inte-
ger k. This implies that either w — 7 is a nonzero integer,
or that v = £.

If v = g, then s = (0,5,w). We now have (0,5, w) —
(a, 0,7 — k) € G for every nonzero integer k. This implies
that w = . We thus obtain s = (0, ,), but this con-
tradicts the condition that s — (o — &, 3,0) € G for every
nonzero integer k. This case cannot therefore happen.

Hence we must have w = v — [ where [ is a nonzero
integer. Then s = (0,v,y — [). The condition s — (a, 0,y —
l) € G now implies that v = m for some nonzero integer m.
We therefore obtain that s = (0, m,y — [), but this again
contradicts the condition that s— (a—k, 3,0) € G for every
nonzero integer k. Hence this case cannot happen either.

This shows that A is indeed a maximal orthogonal set
for the unit cube.

4. A “THIN” MAXIMAL SET IN THREE DIMENSIONS

4.1. The maximal incomplete orthogonal set constructed
in Section B is, in a sense, almost as large as a spectrum.
Indeed, this set contains all integer vectors except those
lying in the union of the three coordinate planes, and in
particular, the set has the maximum possible density.

In this section we give an alternative construction
which, somewhat surprisingly, produces a much thinner
set.

Theorem 4.1. There is an orthogonal set A C R? for
the unit cube, which is maximal but contained in a finite
union of planes (and, as a consequence, is incomplete).

4.2. Fix again three real numbers «, 3, such that none
of them is an integer. Let A be the set in R? consisting of
all points that have one of the following forms:

(07070)7 (naﬁ_kv’y)u (O[,?"L,*y-k?), (Of-k,ﬁ,ﬂ) (41)
where n and k are nonzero integers.

It is straightforward to check that A—A € GU{0}, hence
A is an orthogonal set for the unit cube @ in R®. On the
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other hand, A is contained in the union of three planes
plus the origin, hence @ + A is not a tiling and A is not a
spectrum for Q).

4.3. Onthe other hand we now claim that A is a maximal
orthogonal set for the unit cube. Indeed, if not then there
is a point s = (u,v,w) € R? not belonging to A, such that
A U {s} is still an orthogonal set. In other words, this
means that s — A C G.

The condition (u,v,w)—(0,0,0) € G implies that at least
one of u, v, w is a nonzero integer. Let us consider the case
where u = j for some nonzero integer j (the other two
cases are similar). We then have (j,v,w)—(j,5—k,v) € G
for every nonzero integer k. This implies that either w—~
is a nonzero integer, or that v = 3.

If v = 3, then s = (j, 5, w). We have (5, 5,w) — (a,n,y —
k) € G for every two nonzero integers n and k. This im-
plies that w = . We thus obtain s = (j,3,7), but this
contradicts the condition that s — (a« — k, 5,n) € G for ev-
ery two nonzero integers n and k. So this case cannot
happen.

Hence we must have w = ~ — [ where [ is a nonzero
integer. Then s = (j,v,7 — [). The condition s — (a,n,y —
l) € G for every nonzero integer n now implies that v = 0.
We therefore obtain that s = (4,0, — [), but this again
contradicts the condition that s— (a—k, 5,n) € G for every
two nonzero integers n and k. It follows that this case
cannot happen either.

This shows that A is indeed a maximal orthogonal set
for the unit cube.

4.4. We leave open the following question, which arises
naturally.

Problem 4.2. Does there exist a maximal orthogonal set
A C R? for the unit cube, such that A is contained in a
union of finitely many lines?

5. EXTENSIONS TO HIGHER DIMENSIONS

We will now use the results of Sections B and 4 in or-
der to construct examples of maximal incomplete orthog-
onal sets for the cube also in dimensions greater than 3.
We will present two methods that allow us to use lower-
dimensional examples in order to produce examples in
higher dimensions.
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5.1. Suppose that A C R” is a maximal and incomplete
orthogonal set for the unit cube in R”. We will show how
to use this set A in order to construct a set I' ¢ R” x R™
which is a maximal and incomplete orthogonal set for the
unit cube in R™ x R™,

We take I' = A U B to be the union of two disjoint sets
A and B, defined as follows. Let A be the set of all vectors
in R" x R™ of the form (\,0) where A € A. We also let B
be the set of vectors (p, q) € Z™ x Z™ such that the vector
¢ has at least one nonzero coordinate, i.e. ¢ is not the zero
vector.

It is clear that A and B are indeed two disjoint sets. It
is also straightforward to check that their unionI' = AUB
is an orthogonal set for the unit cube in R x R™.

Theorem 5.1. If A C R" is a maximal and incomplete
orthogonal set for the unit cube in R", then the set I" con-
structed above is a maximal and incomplete orthogonal
set for the unit cube in R™ x R™.

Proof. Let us first show that I' is maximal. Suppose to
the contrary that this is not the case, so there is a point
(u,v) € R™ x R™ which is orthogonal to both A and B. If v
is the zero vector, then orthogonality to A implies that the
vector u is orthogonal to A (with respect to the unit cube
in R") which contradicts the maximality of A. Hence this
cannot happen, so v must be a nonzero vector. We now
define a vector ¢ = (q1,...,qn) by taking the coordinate
¢; to coincide with the corresponding coordinate v; of v if
it is an integer, and otherwise we let ¢; be an arbitrary
nonzero integer. This implies that ¢ is a nonzero vector
in Z™ which is not orthogonal to v (with respect to the
unit cube in R™). But now (u,v) is orthogonal to all vec-
tors of the form (p,q), p € Z", since these vectors are in
B. However this is possible only if u is orthogonal to all
vectors p € 7", which contradicts the completeness of the
spectrum Z" of the unit cube in R". This shows that I is
indeed maximal.

It remains to show that I" is not complete. Indeed, if it
was complete then I" would be a tiling set for the unit cube
in R® x R™, again due to the result in [LRWO0Q], [[P98]],
[Kol00Oh]. In turn this would imply that A is a tiling set
for the unit cube in R". As a consequence, A would be a
spectrum, contrary to our assumption. 0
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5.2. Another possibility for using lower-dimensional ex-
amples in order to construct examples in higher dimen-
sions, is to utilize cartesian products.

Theorem 5.2. Let A C R" and B C R™ be two maximal
orthogonal sets for the unit cubes in R" and R™ respec-
tively. Then the cartesian product A x B is a maximal or-
thogonal set for the unit cube in R" x R™. Moreover, A x B
is a complete set if and only if both A and B are complete
sets.

Proof. 1t is straightforward to check that A x B is an or-
thogonal set for the unit cube in R" x R™. Suppose to the
contrary that Ax B is not maximal, and let (u,v) € R"xR™
be orthogonal to all the points of A x B. The maximality
of A implies the existence of a point a € A which is not or-
thogonal to u. Similarly, by the maximality of B there is
b € B which is not orthogonal to v. It follows that (u,v) is
not orthogonal to the point (a,b) which belongs to A x B,
a contradiction. Hence A x B must be a maximal set.

Finally, it is well known, see e.g. [(IP99, Theorem 4],
that if both A and B are complete sets, then also A x B
is complete. The converse is also true, see [(I[P99, Lemma
2]. O

5.3. It is natural to pose the following question, which
generalizes Problem B-2. Let us define the affine dimen-
sion of a discrete set A C R? to be the smallest integer &k
such that A can be covered by a finite number of trans-
lated k-dimensional subspaces.

Problem 5.3. How small can be the affine dimension of
a maximal orthogonal set for the unit cube in R??

If we write d = 3q + r where r € {0, 1,2}, then the set
I'=AXx---x A XZ"is a maximal incomplete orthogonal
set for the unit cube in RY, where A C R? is the set from
Theorem 41, which appears ¢ times in the product. We
observe that this set I' is contained in a finite union of
translated subspaces of dimension k& = 2¢ + r.

6. SOME GENERAL PROPERTIES OF MAXIMAL ORTHOGONAL
SETS

6.1. Inthe previous sections, we have constructed exam-
ples of maximal incomplete orthogonal sets for the unit
cube in R%, d > 3. Moreover, we have seen examples of
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rather “thin” maximal orthogonal sets. A natural ques-
tion arises as to how small can these sets be. The fol-
lowing proposition gives a necessary condition on a max-
imal set, which in particular shows that it cannot be “too
small” in a sense.

Theorem 6.1. Let A C R? be a maximal orthogonal set
for the unit cube. Then for every point (A1, A2, ..., \q) € A
and for every integer n, the number A\ +n must appear as
the first coordinate of some point from A. Similarly, \» +n
must appear as the second coordinate of some point from
A, and so on.

Proof. By translating the set A we may assume that the
point (A, A9, ..., \y) lies at the origin. By symmetry it also
suffices to prove that every integer n must appear as the
first coordinate of some point from A.

Suppose to the contrary that n is an integer which does
not appear as the first coordinate of any point from A. We
then claim that the point ¢ = (n,0,0,...,0) is orthogonal
to all points of A, which contradicts the maximality of A.
Indeed, n must be a nonzero integer and hence ¢ is or-
thogonal to the origin. Now let 1z be any point of A other
than the origin. Then u is orthogonal to the origin and so
at least one of the coordinates of . is a nonzero integer.
If this coordinate is not the first one then ¢ is orthogonal
to 1 and we are done. Otherwise the first coordinate of 1
is a (nonzero) integer, which cannot be equal to n by as-
sumption. This once again implies that ¢ is orthogonal to
i, and so the assertion is established. O

As an immediate consequence of Theorem B we ob-
tain:

Corollary 6.2. Any maximal orthogonal set for the unit
cube must be an infinite set.

Moreover, it follows that a maximal orthogonal set can-
not be “too localized” in space. Specifically, consider an
axis-aligned slab of width one, i.e. a set of the form

Sj(a) ={(z1,22,...,2q4) ra<zj <a+l}, 1<j<d, aekR

(6.1)
Since any closed interval of length 1 contains an integer,
Theorem B.1 implies:

Corollary 6.3. A maximal orthogonal set for the unit
cube must intersect any axis-aligned slab of width one.
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6.2. Assume now that A is a finite orthogonal set for the
unit cube in R?. Then A is not maximal (Corollary B.2).
A standard application of Zorn’s lemma shows that A can
always be embedded as a subset of a maximal orthogonal
set. Is it always possible to embed A as a subset of an
orthogonal and complete set (i.e. a spectrum) of the cube?

Theorem 1 tells us that the answer is ‘yes’ in two di-
mensions. Let us show that it is ‘no’ in dimensions 3 and
higher:

Theorem 6.4. There exists a finite orthogonal set for the
unit cube in RY, d > 3, which cannot be embedded as a
subset of any spectrum of the cube.

Proof. By our previous results there exists a maximal but
incomplete orthogonal set A for the unit cube. For each n
define A, := A N [—n,n]% The set A, is finite for every n.
We claim that there is n such that the set A,, cannot be em-
bedded as a subset of any spectrum. Indeed, if this is not
the case then each A, is contained in some spectrum I, of

there ex1sts a Weakly convergent subsequence I, Whose
weak limit I" is also a spectrum for the cube. We have
Ay C An, C Ty, for n; > m, and letting j — +oc it fol-
lows that the weak limit I" contains the set A,,. Since m
is arbitrary we conclude that A C T', that is, A can be em-
bedded in a spectrum, in contradiction to its maximality
and incompleteness. O

7. SPECTRAL SETS OTHER THAN THE CUBE

As we saw in the introduction, in the case of the cube in
dimension 1 (i.e. the unit interval), any maximal orthog-
onal set of frequencies necessarily forms a spectrum. A
natural question arises whether this is true for any spec-
tral set 2 C R. Below, we utilize an idea of the previous
sections to show that this is not the case.

Theorem 7.1. There exists a spectral set H C R (a union
of finitely many intervals with integer endpoints) which
admits a maximal but incomplete orthogonal set.

We motivate the concrete example given below by a
short informal discussion. We are looking for a set H C R
such that H is spectral, but there exists a maximal or-
thogonal set of exponentials in L?(H) which is not com-
plete. As Fuglede’s conjecture is still open in R, we may
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as well assume that H tiles R by translations. If so, it
is known that any tiling of R by a bounded region H is
periodic and is essentially equivalent to a tiling of Z (see
[CW96]). Furthermore, any tiling of Z is known to arise
as a periodic extension of a tiling of a finite cyclic group
Zy = Z/NZ (see [New7T]). It is therefore natural to look
for the set H in the form H = U%_,[h;, h; + 1), where the
set Hy = {hi,...,he} C {0,1,2,...,N — 1} is a tile (and
a spectral set) in the group Zy (where we have identified
Zy with the set {0,1,2,..., N — 1} in the natural way).

However, we note that if the cardinality of the set H,
is a prime number, then the structure theory of tiling of
finite abelian groups indicates that any maximal orthog-
onal set for H is necessarily a spectrum. Presumably the
same holds if the number of elements of the set H, is a
prime power, or even a product of two prime powers, see
[CM99]. This suggests that we should be looking for a
more complicated example.

In the concrete choice of N and the set H, C Zx we shall
therefore mimic the “thin” example of Section @, given in
dimension 3 for the cube. Let p < ¢ < r be distinct odd
primes, and let N = p?¢?r2. Then Zy is isomorphic to the
product group Z,: x Z, X Z,2, with a group isomorphism
being the mapping ¢ : Z,» x Z,2 X Z,>» — Zy given by

¢(a,b,c) = q2r2a + p2r2b + p2q20 (7.1)

(clearly this mapping is a homomorphism, and one can
easily check that it has a trivial kernel, hence it is an
isomorphism).

Let us now consider the “discrete cube” Hy C Z,2 X Z 2 x
7,2 given by

Ho={(a,b,0): 0<a<p—1,0<b<q—1,0<ec<r—1}.

R (7.2)
The Fourier transform 1y, is a function on the dual group,
which we can also identify with Z,. x Z; x Z,2. The
zeros of 15, are then the vectors whose first coordinate
is a nonzero multiple of p, or the second coordinate is a
nonzero multiple of ¢, or the third coordinate is a nonzero
multiple of r. As a consequence, H, is a spectral set in
the group Z,» x Zp x Z,» and the set I'y = {(u,v,w) :
plu, q|v, rlw} serves as a spectrum for Hy. Indeed, I'y is an
orthogonal set of frequencies for H, and it has the same
cardinality as H, (see also [AGKTS]).
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We will now exhibit a maximal but incomplete set of
frequencies for H,. We let A C Z,» x Z,2 X Z,2 be the set
of all vectors that have one of the following forms:

(0,0,0), (n,1—~k,1), (L,k,1—m), (1—n,1,m) (7.3)

where n is a nonzero multiple of p, k is a nonzero multiple
of ¢ and m is a nonzero multiple of . (Notice that these
elements of Ay are analogous to those in (A1).) It is then
straightforward to check that A, forms an orthogonal set
of frequencies for Hj, and one can repeat the proof of Sec-
tion d verbatim to show that A, is maximal. Itis also clear
that A is not a spectrum of H,, since we have |Hy| = pgr
while

|Ao| < pq+ qr +rp < 3qr < pgr. (7.4)

Via the isomorphism (1) we deduce that ¢(H,) C Zy
is a spectral set which has a maximal, incomplete set of
frequencies A;,. We view A as a subset of Zx via the iden-
tification of Zy with its dual group.

Finally, let H# C R be the set defined by H =
Uneo(to) [, b+ 1), or equivalently, 15 = 1y(p,) * Lj1). This
implies that the zero set of the Fourier transform 1 sat-
isfies

({Tx = 0}u{0})N %Z = %({MH@ = 0}U{0}) +Z, (7.5)

where we view {m(HO) =0} as asubset of {0,1,2,..., N —
1}. Define also
1

and observe that this is an orthogonal set for 4 because
of (5). For the same reason we have that if ['] is a spec-
trum of ¢(H,) in Zy thenI' = 1T +Zis a spectrum of H in
R. The orthogonality of I" follows from (Z5) and the com-
pleteness follows from (a) having the right density and
(b) being periodic, as (a) and (b) together imply that the
“packing” \i m|?+T is actually a tiling (see [Kol24, Section
2]).

It remains to show the maximality of A (the incomplete-
ness of A is guaranteed since its density is too small). As-
sume that A U {z} is an orthogonal set of frequencies for
H, where x € R\ A. By the Z-periodicity of A we may
assume that = € [0,1). Now, if we knew that x = k/N for
some k € {0,1,2,..., N — 1} \ A}, then again by ([L5) this
would imply that Aj U {k} is an orthogonal set of frequen-
cies for ¢(H,) in Zy, which contradicts the maximality of
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Aj. To conclude the proof we therefore need to rule out
the possibility that x is a real number in [0, 1) which is
not of the form k/N.

To this end we will need the following lemma.

Lemma 7.2. If Hy C Z,» X Zp X Z,2 is the set defined by
(T2) and ¢ is given by ([1) then, viewing the set ¢(H,) C
{0,1,2,...,N — 1} as a subset of the integer group Z, the
Fourier transform of its indicator function (viewed as a
function on the dual group T = R/7) has no zeros outside
the set

1

p2q27.2 :

(7.7)

Proof. We must show that if ¢ € R and L(HO)(g /N) =10
then ¢ € Z.

Let A = {0,1,...,p—1}, B={0,1,...,¢g— 1} and C =
{0,1,...,r—1} viewed as subsets of the integers. We make
the following observation: if we interpret the expression
(IZ1) as an integer (and not as an element of Zy), then all
the values attained by this expressionfora € A,b € B and
¢ € C lie in the subset {0,1,2,..., N — 1} of the integers.
Indeed, all these values are nonnegative and not greater
than

¢’r’p + p*ri’q + p*¢’r = par(qr + pr + pq)

< pqr(3qr)

< pPgr?

= N.

This means that as the triple (a, b, ¢) goes through the el-
ements of A x B x C, then the expression (Z1) not only
goes through the elements of ¢(H,) viewed as congruence
classes modulo NV, but it also goes through the representa-
tivesin {0,1,2,..., N—1} (as a subset of Z) of the elements
of the set ¢(H,).
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This observation allows us to compute the Fourier
transform 145, ({/N). Assume that ¢ € R is not an in-
teger then we have

s(H) (§/N) = ZZZexp —2mip(a,b,c)¢/N) (7.8)

acA beB ceC
= Z Z Z exp(—2mi(q*ra + p*r®b + p*¢*c)é/N)
a€A beB ceC
(7.9)
p—1 q—1 r—1
_ Z 6727ria§/p2 Z 6727rib§/q2 Z 67271'1'05/1"2
a=0 b=0 c=0
(7.10)

1 — 67271*1'5/1) 1 — 67271*1'5/(1 1 — 672772'5/1"

1 67271'i§/p2 : 1 — 6727”'5/(12 ' 1— 6727’rif/r27
(7.11)

where the observation made above was used in (Z8) and
(79). It remains to notice that the quantity in (Z1I71) is
nonzero, as otherwise £ would have to be an integer di-
visible by p, ¢ or . Hence the lemma is established. [

Finally, we use the lemma to finish the proof of the max-
imality of A. Recall that we have assumed that A U {z} is
an orthogonal set of frequencies for H, where = is a real
number in [0,1) \ A. Since 0 € A, Lemma [Z2 allows us to
conclude that = k/N for some k € {1,2,...,N — 1} \ Aj.
As we have seen, this implies that Aj U {k} is an orthog-
onal set of frequencies for ¢(H,) C Zy, contradicting the
maximality of Aj.
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