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YupPoAicpol

S OVoAo

N={1,2,3,...} elvou ot puowxol apriuol.

N = N U {oo} eivor o1 guowxol aprdpot enauinuévol pe 1o obuPoro tou aneipou. To vo
Yedouue Ty, D ity ai, 6mou m € N, elvon oo vor ihdye yio éva ddpotoua e m dpouc,
6tav o M efvon TENEPUOPEVO, R ylar THY ATELEn OELPd D ooy @, OTOY M = 00.

Z=A{...,-2,-1,0,1,2,...} elvou oL oxéponol oprduof.

Q= {% m,n € L,n # O} elvow oL pntol apriuol.

R etvor ov mporypoatixol oprjpol.

C={z+iy: z,y € R}, 6mov i = —1, eivon o1 wryaduxol apriyol.

|A| cupBoliler tov mAndderduo evog cuvorou A, dnh. to TARloC Twv oTtolyelwy Tou A
oV oUTO EVOL TEMEQUGUEVO GUVOAO, GANME TO 00.

[n] maplotdver to olvoro {1,...,n} (tenepacuévo n)

A X B TOopLOoTAVEL TO XOPTECLAVO YVOUEVO TwY oUVOAWY A xou B (ue auth tn oepd),
Onh. 10 oOVOLO OhwY TwV Swtetaypévoy Leuywy (z,y) pe z € A, y € B.

e B4 10plotdvel T0 GUVOLO GALV TWV ATEXOVICEWY amd To Uvoro A oTo clivolo B.
YuvopTthoelg
en!=1-2.3---(n—1)-n, avn > 1. Optlloupe enilone 0! = 1.

ALwVuuInog CUVTEAECTAC: (k ] elvol 0 BLWVUPLXOSC GUVTEAECTHC
“ravd k" k=0,1,2,.... Acite o Oedpnua To x dev elvon amapaitnTo PUOIKES
aEtIUOC AAAG TRy HOTIXOG 1) axoun Xou yadxog. (dc cuvdptnom tou x, ue otadepd To
k, n mosétra () ebvan évar tohudvupo Boaduol k.

x) _ z(z=1)(@=2)(z—k+1)
Xl

[ToAuwvuuinde cuvteleoTiC: (k1 " ) = ZrgT Omou k... ky ebvon un apvnTixol
T : [

-----

oaxépouot Ue ki + - - + k, = n. Acite 10 Oedpnua

()= (n+,’§71). Acite 10 @ed)pnpoz

|z], Yoz € R, cuuPBohilet to axépono pépog Tou x, Tov peyolbTepo dnh. oxépono k < .
Iy |21] =2 xa [-2.1| = =3.

[z], yio z € R, oupgPoriler o wxpdtepo axépono k > x. ILy. [2.1] =3 xou [—2.1] =
—2.

1 (cuviixm) wolton pe 1 av woyber n cuvidxn, odwe twolton pe 0. T napdderyua 1
YOROXTNELOTIXH cLVEETNOT evog cuvdlou A umopel va ypagel we xa(z) =1 (z € A).



Kegpdiaio 1

Enoywyn

1.1 H up€9odog otnv anir tng Hopyn

H pédodog tne patinuatixns eraywyns yenoyonoleiton yio vo anodel€oUUE TEOTACELS OL OTOlES
e€apTWVTAL, OTNY AmAOUOTERY TEPITTWOT), amd Lol axépona UETOBANTY, 1) omolo cUVAYKS, AAAS
Oy mévta, oupPolileton ye to yeduua n. LuyPoiilouye cuvidng ye P(n) Ty tpdtacn out.
‘Etot, P(0) onuaiver 6L n npdtaon eivon odndnic vy n = 0, P(1) 6t elvon odndic yroon = 1,
x.0.x. Lxomdg poc ebvan va del€ouye v odfdeta tne P(n), yia n > ng, 6mou ng ebvar €vog
axéponog, cLVRUKCS N aEVNTIXOS, apriudc. ©éhouue pe dhha Adyto v Betouue TNy alrdeia
TWV TEOTACEWY
P(TLQ),P(TLO+1),P(1’L0—|—2),....

H pédodoc, howndy, tne emaywyhc yio TNV anddelln Tne meotaong
v xdde n > ngy : P(n), (1.1)
ouviotaton 0TV an6delln Twv &g V0 TEOTACEWY:
P(no) (1.2)

xou
v xdde n > ng: P(n) = P(n+1). (1.3)

It vae 6et€ouye BNA. OTL Woylel 1 TEdTAOT Yiot OAEC TIC TWES Tou n Tou Y€Aouue, dnh. yia
n > ng, OEVOUUE TEMOTA OTL IGYVEL Yot I = N Xou TioNG OelyVOUUE OTL av toYVEL Yol Lot
Ty Tou N TOTE Loy OEL XU Yol TNV ETOUEVT), OnA. vl To n+ 1. H ovopdletar apxikn 1
Paoikn mepintwon xau 1 ovoudleton enaywyiké Pripa. H unddeon P(n) oto enaywyixd
Brua ovoudleton emaywyrkn) vrddeon.

IMapdderypa 1.1.1. Na deytel 6Tt, yion > 1,
1
1+2+--~+n:§n(n+1). (1.4)

ES0 1 apyweh) T e mopopéteou n elvon 1= 1, ondte eAEYYOUUE TEMOTA A’ OhoL oY
oy Vel 1 mpdtaom v n = 1. Ipogavng to aplogpd pérog toolton Ye 1 eve, avtixahoTtdvTog,
Brémoupe 6Tt TO (Blo oylel xan Yo To 0. Apa toylel 1 Baonr| tepinTtwon xou TEoyYweolUE
va 6et&ouue To emaywyxd Brido.



H enayoywn unddeon etvan tidpo 1 (1.4) (ue tnv vnddeon mdvto bt n > 1) xon mpénel
YENOWOTOLOVTIC TNV Vo 6etouue TNy (Bl tpdTacT émou 1o n €yel aviixatactadel ye n + 1,
TNV LlooTNTA ONAAOY

1+2+--~—|—n+(n+1):%(n—i-l)(n—i—Q). (1.5)

‘Opoc, yenowornowdvrag v (1.4) (apoupdvrac vy (1.4) and v (1.5) xotd wéin) n (1.5)

elvon LloodUVaUT UE TNV LOOTN T

n+1:%(n+1)(n+2)_%n(n+l)

TIOU EUXOAA EAEYYOUUE UE AMAEC TEAEelC OTL Loy Vel Actloue AOTOV Xou TO ETUYWYIXO Brido
omoTE 1) EMAY WYY anddelln elvar TAYENG.

IMopathenon 1.1.1. Eivor onuavtixd va Tovicouue 6Tt Yo var uropel vo yenotponotniel 1
pédodoc tne emarywyNc TEETEL 1) TOPAUETPOC NG TROTAOTS (N OTO TRONYOVUEVO TORADELYUAL)
amopaitnTo vo madpver Twée oe éva oUvoho (0TO TRONYOUUEVO ToRddELYHo HTay Ol QUOLXOL
aprduol) mou vo uropet va e€avtindel av Zextviicouye and tn Baotxr| TEpINTMOT XoL TEOYWEAUE
x&de popd xotd Eva.

'Etou de umopet va ypnowonowmel n pédodoc tng emarywyng dToy T.y. 1) TUPAUETEOS UTOREL
VoL TYEEL OTIOLAOY|TOTE TEAYUATIXY TLU.

Ac Bolpe, yio ToEddELYaL, TNV TEOTACT)

P(z) : o mpaypotixoc oprdude x eivon axépatoc.
To P(0) mpogavae toyvet xat 10 (1o oylel xou 1 ouvenaywyh P(x) = P(z + 1), dev woylel
opwe 1 TEdTOON Yiot OAeS TIC (TPayLATIMES) TWES TN TAPoETEOL T, 0AAE WOV Yia 6oeC efvat
Tpoo1tés and o Pacixd aprdud 0 pe dwdoyixéc auinoelc xatd 1, etvon dnh. oAndfc yio Toug
puO0US aELILOUE ARG OYL Yiol GAOUC TOUS TEAYUATIXOUC.

ITe6BAnpa 1.1.1.  Acilte emaywyikd ot yioe n > 1 woyveL

1
12+22—|—---—|—n2:6n(n—|—1)(2n—|—1). (1.6)

Mopdderypo 1.1.2. No derytel 6t 2" > nd vy n > 10.
Dot v apynd) T n = 10 npénel va delouue

210 — 1024 > 10% = 1000,

TOU Loy VEL.

T to enaryeywd Bhua utodétouue 6Tt n > 10 xou 61 2™ > n? xou mpénet vo detfouye 6t
2n+1 > (’I’L—|— 1)3.

[oMamhacwdlovtoc TNy enaywyixf poc unédeon pe 2 madpvoupe 27T > 2n3.  Apxel
houmdy va Setfoupe 6L, v n > 10, wyder 2n3 > (n + 1)3. Auth ypdpeton 100d0VIUa ¢

(2Y3n)% > (n+1)3,

Se

230 > n 41,

Tou toyVet Yo n > 10 ool woyder yioo n = 10 (anhéc mpdelc).



IMe6BAnpa 1.1.2.  Acg deioupe emaywyikd tnv e&nc mpdtaon: yia k&Be obvoro amd n
dhoya (n > 1) éha éxouv to Blo xpdpa. Mo n = 1 dhoyo M mpdtoon eiva TPOPAVAS
aAnBwr. Ag deiloupe ko To emaywywkd PrApa. Tmobétouue btL Loyder n mpdtaon Yo n

dloya ko tn deiyvoupe yiow n + 1. ‘Eotw Aowmdv dAoya ai,as,...,0n, Gpt1. ATO TNV
emaywylky umtébeon ta n dloya ai,...,a, éxouv SAa to ido xpouo. Emlone amd tnv
emaywykh utdBeon TaL n dAoya as, . .., ant1 €XOouv Aa To iBlo xpopa. Apa éxouv Aol Ta

&Aoya to idlo Xphdpua.
Moy etvon To A&Boc;

ITe6BAnua 1.1.3. Ou apiBuol Fibonacci Fj, i > 1, opiovtar avadpopikd atd
Fi=F=1, kuw F, =F,, 1+ F,,_2 yvan > 2.

Aci&te pe emaynyd étL yioe n > 1 o aplBudc Fy, elvon dptioc.

DIa Ve . Téooepeig evdelec mou optlouv 11 ywela oto eninedo

ITeoBAnua 1.1.4.  Aivovtan n evbeieg oto eminedo. Ye méoa To TOAY Ywpiow xwpilouv
avté to emimedo; (Aeite To Tyxripa[1])

IMeoBAnpa 1.1.5. Xe plo xOpa kdbe o amd tig n > 2 woAelg TG ouvdéeton pe k&be
GAAN e éva povddpopo. Aciéte 4tL umdpyel TpdToc va Eekvijoel kovelc amd piol TéAN
e Xwpag outhc ko vor eToke@tel kdBe AN, akplBag pioe @opd, kwolduevog Tdvw oto
uttdpxov odikd diktuo (kow oefdpevog Toug povddpopoug).

ITe6BAnpa 1.1.6. Aciéte 6T yia k&Be 2 € R\ {1} woxbeL o TOTOC Yo TV memepa opévn

YeWETPLKT Octpd
1— xn+1
, n>1. (1.7)

l+z+a2+. +2" =
1-2z

Acite emiong ko to MpdPAnua TOLPOLKALTW.



1.1.1 'OAeg oL TEOTNYOVLUEVES TEQLNTWOELS WG ENAYWYLXY UTOVEOT

H pédodoc tne heyouevne oxupns painuatikig enaywyns oamodetxviel Ty oArfielo uLog
npbétoone P(n), y n > ng, delyvovtag xot” apyfv v odfdewo e mpdtaone P(ng) (oe
outd tavtileton pe T ouvnlouévn EnaymYh) dAAG To ETaywYIXO PAua cuvicTatal 6TV o-
TOBELET) TNG CUVETAY WY NS

P(ng),P(ng+1),...,P(n—1),P(n) = P(n+1).

Me dhho hoyia, yior va 8ei&oupe Ty tpdtacn P(n + 1) yoc enitpénetar Vo YpnoLLoToLCOUUE
TNV oAfIEll GAWY TWVY TEOTYOUUEVOY TEPLTTWOEWY, X0l OYL LOVO TNG AUECKS TEOTYOUUEVTC.

IMapddeiypa 1.1.3. Ipitog Myeton évog puowds apldudg ueyahitepog Tou 1 av ol uévol
Otonpéteg Tou ebvar To 1 xan 0 eautdg Tou. Acelyvouue OTL xdde QuodS oprludg > 2 elvou
YWOUEVO TEWTWY aptdudy (loyUer xou wovodixdtnta Tou avantUyuatos outod oA Bev To
omOBEVOOUUE QUTO EDOW).

H Baowr mepintwon eivan 1 n = 2. Agod 10 2 elvor mpdTog oprdudc 1 mpdTaoy Loy Vel
‘Eotw topa n > 2 xou og UtoYEcoue 6T 1) TEOTAOT oY UEL Yiot OAEC TIC MXPOTERES TLIEC.
Trodétouue dnA. 6Tt av 2 < k < n 16TE 0 YPUOWOS apWUOS Kk umopel var ypagel oo yivouevo
TeOTWYV aptdu®y. Ogellouye va Belloupe, ypnowonouwvTtag auty Ty UTeYeon, OTL XaL 0 n
YEUPETAL GO YIVOUEVO TROTWV.

Av o n ebvar mpwTog apriudg totE Wy lEL Puod auTd. Apa UTOPOUUE Vo UTOVEGOUUE OTL
o n Oev elvon TE®Tog. AuTO onuolvel OTL UTHPYEL XATOOS PUOXOS aELiUoS K, BlagopeTindg
am6 1o 1 xou and to n, mou doupel To n. Autd cuvendyetar otL 1 < k < n, dpa, cLUPLVA
Ue Ty enaywyxs unddean, ot apriuol k o n/k (v tov omolo eniong woyler 1 < n/k < n)
YedpovTon 6o YWOUEVO TewTwy. To (0l oylel cUVETMS ot Yot TOV 1 TOU LGOUTAL UE TO
YWOUEVOC TOUG.

IMeb6BAnua 1.1.7. KdbBe aképara aioe 7 > 12 pmopei va @rioytel pe képpata adiog 4
kot 5.

ITe6BANpa 1.1.8. H akolovbia a,, n > 1, opieton amd Tovg ThMOUG
ap =1, aa =3, ap =apn—1+ an—2 (n > 3).

Aci&te bt a, < (7/4)", yiaon > 1.

1.2 TIlpoywenuévn xeNon NS ERAYWYNS
1.2.1 TIoAAomAy emaywy™

[ToANéc popéc 1 mpdTaon mou Héhoupe vo delloupe e€apTdTon amd TEPLOCOTERES amd [iot Tapa-
pétpouc. Mmopel, yior mapddetyua, Vo mpoxeltar i pla mpdtooy P(m,n) mou eloptdton and
oVo mapapétpoug m,n > 0. H yédodoc tng emaywyrc UTopel UepXéS PORES VoL EQUQUOCTEL
XU O TETOLEG MEQIMTWOELS. XLTNV amho0o TERN MERITTWOT TO TEOBANU avTiueTwRileTon oo Wiot
ENUAANALOL LOVOTIOROUE TRV TROBANUATOY.
Ye pla Tutix| TéTola Tepintwon anodexvieton Tpdta ) tedtacn P(0,0), xou uetd Setyvoupe
TN CUVETAYWYT)
P(m,n) = P(m+1,n). (1.8)



Me uéva autd to 600 Bripata 0To “omAocTAoL” pog 88 UmopoluE axdun vo EEQUYOUUE antd T
yveopun n = 0. Av 6uws anodel€ouye XL T CUVETXYWYT

(VYm >0 Vk <n P(m,k)) = P(0,n), (1.9)

TOTE €y0UPE Uior TAAET omdOelEn yior Ohar tar Levy N TV TWoY (m,n).
) (] (]

SxAre 2l Ak emayoyn

Ac¢ meprypdipoupe Aiyo to T onuaivouy autég oL cuvenaywyéc mou poldlouv (xou ebvon)
apxetd avdaipetec. Autéd Tou Yéhoupe eivan var amodetZoupe Ty ahfdeta tne npdtaone P(m,n)
oe Oho Tor axépanol ornuelar Tou TeTapTNUopiou m,n > 0 Tou emnédou. Ag avagepdolue oTo
Eyhua [2] 6Tou TapteTAVETOL GYNUATIXA TO TETUPTNUORPLO AUTO.

Me 1o Boaowxd Brua e enoywyhc amodetxvioupe v odfdewo tne P(-, ) oto onueio
(0,0). Metd tnv amddetln g umopolpe enextelvouue Ty alidewr tne P(-, ) oe bho o
(nuidmerpo) “xoutt A”, mou anoteeiton and dha To onueior Tou tonou (-, 0). Kou awtd yroti to
vonua g ouvenorywyhe (1.8) etvon dti n alidewa tne mpdtaong enexteiveton and xde onueio
070 opéows BeELd Tou.

Mo va emextelvouye v akfdeta tng P+, -) o tpog T téve yeetdleton vor €YOUUE xat €val
“xavéva” tou vo ouvdyel Ty akidewa tne P(+, -) oe éva onuelo yvopilovtog Ty akfdeta authc
o€ ornueta Tou ebvor aweTNEd yaunidtepa. Autog eivan axplBKe o pdhog Tng cuveroywyhc ((1.9)).
Av, yio mopdderypa, yvopilouue 6T P akndelel oto “xouti B, dnk. oe 6ha tar onueio Tou
tonov (m, k), émou o m eivon otdrimote xou k < n, cuunepaivoupe tote 6L 1 P(0,n) (oT0
“onueio C”) woyvel.. Me onuelo agetnplac thpa to onueio C' xau ypnowonowdviac Eavd
ouvenaywy? (1.8 enextetvoupe v akfdeio tng P otn yeopur oxpBoe téve ond to xouti B.
Yuveyilovtog ye autd Tov Tpomo en’ drelpov BAémouye OTL 1 TpoTaoT aknedel TavTo GTo
TETUPTNUOPLO IOV oG EVOLUPEREL.



ITpémel vo Tovicoupe €8¢ OTL UTdEYOLY TOANOL TEOTOL VoL YIVEL 1) ETUYWYT] O TUEAUTAVE
amd plar UETOPBANTY, %ot OTL AUTOS TIOU OVIPEQOUE TORATAVE Elvon amhd €vag amd autolg. Auto
TOU YEEWLETOL OF Uil EQUPUOYT| TNG EMAYWYNE €lvon Eva ETarywyixd Bruc Tou vor umopel va
“ohOer” 6o To GUVONO TV TYWMV ToU Talpvouv oL tapdueTpoL (m xou n oTov TEOTO ToU
neplypdape Topomdve) Eextvavtog and pepxés amhéc Pooixée mepitwoels. I800 évor dAho
TOEABELYUAL: 0¢ UTOVEGOUUE OTL OL TUPAUETEOL M XAk 1 TNE TEOTACNG Uag Todpvouy OAES TOUg
puoolg aELILOUC WS TWES ot OTL UTopoUUE €0X0Aa Vo amodellouUe TNV TEOTACT UoC OV
m =017 avn=0 (cuvoplaxéc ocuvirixec). Eniong, yia xdde Ledyog Tyuodv m xou n émou xau
T 600 elvon ToUAdytoToV 1, 1 adfdela Tng TEoTAoNE TEOXVNTEL amd TNV oAfUEL TNE TEOTACTG
ota onuelor (m —1,n —1) xau (m —1,n) (to onuela axpBoe aploTepd Xxat Pl TERE-XETw ond
0 (m,n) oto LyRuaf2). Tote n npbraon ohndeler yio Ghot T m, n > 0 apod yia owolodfnote
Tétol0 Lebyog unopel xavelg pe Sladoyinég avorywyég vo odnyndel va eCoptdton amd Ty alfdeia
NE TEOTACTE 6T0 GOVORPO TOU TETAUPTNUOPioL, 6oL Yvwellouye 6Tl auTH WoyLel. Aelte xou To

[Tp6PAnua

ITe6BAnupa 1.2.1. H akolovbia a(n, k) opiCeton yi 1,k > 0, kol LkavoTioLel TaL TTopat-
KATW.

KOLL
a(n,k)=an—1,k—=1)4+aln—-1,k), (n>k>1).

Aci&te L yiao n > k > 1 woybel

nn—1)n-2)---(n—k+1)
1-2-3---k :

a(n, k) =

1.2.2 EviwoybVovtag tnv npodTtacy nou YEAovpe va deifouvue

[ToAéc gopég, xou map” 6Tl ex TEWTNG OPews unopel va @aiveTton mopddolo, o6Tav THUE Vo
delCouye pe emorywyy Wwa Tpotaon P elvon euxohdtepo vo Belouue wia 10y UpdTepn TeoTAOT
Q, o tpdToom dnh. yioe T omola v oy Vel Yia x8Ve n 1 ouvenaywyh Q(n) = P(n).

Auto Sev ebvan xan 1600 TEplepyo av oxEPTOUUE OTL GTO ETUYWYIXO Briua 1 TEOTUOT)
P epgaviCetar oto cupnépacpo oA xou oty uTddeom. Anh. vou UEV SUGHOAEVOUUE XATWS TN
Lwh pog (tepvévtag and tny P oty Q) agol éyouue va anodelfoupe x4t SuoxohdTEpo amd
TPV, EVIOYVUOUUE OUME TAUTOYPOVOL X0 TNV ETAYWYLXY Yo Utodeor ondte dev elval Tpogoveg
OTL YAVOUUE. X TOMES TEPITTWOELS XeEBIloVUE oTNY euxoAia ambdeEng.

IMTopdderypor 1.2.1. No deiytel 6t 0 apiuoéc 1 +3 +54 -+ 4+ 2n — 1 (ddpoopa twv
TEWTWY N TEPLTTAOV QPUOIXGY oY) elvan TéAElo TeTedywvo Yo i > 1.

Ac ypddoupe yia amhodTnta Sy, =1+ 3+ -+ 2n — 1, ondte Spy1 = Sy +2n+ 1. T
n = 1 Tpogavac woyvel 1 tpdtoon agod Sp =1 =12

T 70 enoywyd Brua unodétoupe 6Tt oylel S, = t2 yia xdmoto axépato t. ‘Eyoupe to1e

Spi1=Sp +2n+1=1t>+2n+1.

Auctuyhe omd dw xou Tépo dev uTdpyEL TpbToC Vo detfoupe 6L 1) toodTnTa t2 + 2n + 1 ebvau
TEAELO TETPAYWVO.



Av bpwe avtl va 6et€ouyue Ty mpdToo
P(n): S, eivor télelo TETPAY VO
Oel€oupe TNV WoYLEOTERT TEOTIOT
Q) Su=n?,

n omola mpogavkg cuvendyetar Ty P(n), téte pog hovovtar to yépa, ol Topamdve ond
TV emoywyh uddeon t = n xo o€ auTH TNV Tepintwon N tocdtnTa t2 + 2n + 1 ebvon fon
e (n + 1)2, xau éyouue howndy delel To enoywyd B

IMe6BAnpa 1.2.2.  (Awoétnta Bernoulli) Aei€te pe emaywyn wg mpog n étL yia k&Be
puotkd oplBud n > 0 ko Tpaypotikd aplbpd = > —1 woydel

(I1+2)" > 1+ nx. (1.10)

Aokipdote tdpa va Seifete pe emaywyn tnv acbevéotepn aviodtnta (1 + )" > nx.

1.3 Egopupoy?n: To dewpnua tou I'duou

‘Eotw X éva, tencpaopévo 1) dnewpo, ahvoho xou Ag, ..., A, C X éva olotnua vroouwvédwy
Tou X. T amAdtnTor propolue va Yewpricoude 6Tt To oOvoho X elvol TETEPAUOUEVO, OV ol
Oec oL amodelZelc oy ouv xou Y dnetpo X (0AAG médvta tor A; TEETEL Vol Elval TENEPUCUEVA).

Opwopdg 1.3.1. Ta ctoyeio x1 € Ay,...,x, € A, ovoudlovtan éva ootnua Eévwy avu-
mpoodtwy (EZA) yiot 1o ol TNUa GUVOALY A1, ..., Ay av Ta Z1, . . ., Ty elvor Gha BLopopETIXG.

To mpofinua mou Vo yac amacyorfoel eivar va Peodue cuvifixes yio Tnv UToedn evog
YEA vy évo 00GTNUA CUVOAWY

F={A ... A).

H ovopacio “dedpnua tou I'dpov™ mpoépyeton and v e€rg avahoyio: unodétouue 6Tl €youue
n yuvaixeg I't, ..., 'y xon 6tL A; elvon 1o ahvoho Twv avdpdyv mou anodéyetar 1) yuvaixo I'; wg
ouliyoug. To gpdtnua elvan T6TE umopoUUe Vo SlokéEouye amd éva cLLLYO Yia xdde yuvolxa,
anéd AUTOUC TOU ATOOEYETAL, Kol OLUPORETIXO Yo Xxdde yuvaixa. Autd Aowmodv yiveTton ov xou
HOVO av 1) 0OYEVELD UTOGUVOAWY A1, ..., Ay (TOu GUVOROL OAWV TWV AVBE®Y) EXEL XATOLO
GUCTNUA EEVWY AVTITPOCMTMY.

Opiopodg 1.3.2. T xdde J C [n] opiloupe

O oelxtng F Vo mapoheineton 6tav dev Lmdpyel TEOBANUN GOYYIoTG.
Eivor govepd mwe av 1o obotnua F éyel éva XZA {z1,...,2,} td1e éxouue
VJ Cn]: [A(J)] > |J]. (1.11)

Auto yiotl to olvoro A(J) nepiéyel Touldytotoy ta x5, J € J, to omola €€ oplopo eivon Gha
OLULPOPETIXAL.

H ouvidixn Aéyeton ocuviixn tou Hall xou to emduevo Yedpnuo pog Aéel 6Tl eXTOC
am6 avoryxodor efvan xon eovi| yia Ty Umapén evog XEA yia To 60GTNUN GUVOAWY F.



Ochpnpa 1.3.1. (To Yedpnua tou I'duou)
To ovotnua ovvédwy F éxet XZA av kar pévo av wyve n ovvdrkn tov Hall (1.11)).

Anodedn. Emayoyh og mpoc n. I'a n = 1 1o Yedpnua eivan tpogavéc. Tnovétouue

e woyvel péypet xoauw n — 1. Eotw F = {A1,..., Ay} éva oVotnua unocuvdiwy tou X mou

wovoroet Ty (L.11)). Eva cOvoho J C [n], J # 0, [n], Myeton kpioo av |A(J)| = |J|.
Iepintwon 1n: Aev undpyetl xplowo cbvolo J.

And my ([L11)) wo A1 éyer TouhdyioTov éva ototyelo, éotw 1. Oewpolye Thpa T0 CUOTNHU

uroouvoley tou X \ {z1}

Fr={4, ... A},

we A5 = A;\ {21}, j=2,...,n. Eoww J C{2,...,n}. Agol 70 J Bev eivan xpiowo vt 10
ovotnuo F €youue

A (N = [Ar())] -1
> |[J| -1
= |,

dpo 1 cuvirxn tou Hall oyVeL yla to ovotnue F. And v enaywyixd utddeon
undpyet éva BEA xa, ..., &y, yiot To F'. Eivou ebxoho tétE vau del xavelc o to 1, T, . .., T
elvon éva X=A vy to F.

Iepintwon 2n: Trdpyel xdnoto xplowo chvolo.
Eotw J éva xplowo cdvoho ue to ehdyloto duvatd yéyedog. o amhodoTteuoT) Uuntopolue vo
Yewprioovue 6t J = {1,...,k}. Eyoupe t6te |A(J)| = |J|. Aol n ouviixn tou Hall ioydet
v 10 cUotnua F ebvon qovepd 6Tt Yo toylel xan v To clotnua A, ..., Ay UTOGUVOAKY
wouv A(J). Agol k < n ouunepaivoupe amd TNy enaywyxy unédeon mwg undpyer LEA
x1, ..., 0k € A(J) vt Ay, .., Age

Oa deifoupe 6TL uTdpyel xan éva LEA yio T 6UVORA A1, ..., Ay YE ONOUC TOUC AVTI-
npoowroug ¢ A(J), xou étot Yo €yel ohoxhnpwiel n anddeln. T'dutéd Yo deifouye bt oy le
1 ouvdxn tou Hall ywo 10 cbomuo F' = {4}, ,..., A}, } vroouvérey tou X \ A(J), ue

A= A \NA), j=k+1,....n.

Eotw howdv I C{k+1,...,n}. Ipéner va dei€ovpe |Ax (1) > |I].
Ané ™ cuvixn tou Hall yio to apyixd cbotnua F €youue

AF(TU D) = 10 J] = 1] +]J].
A)NG ebvan gavepd 6T entiong €youye
Ar(IUJ) = Ap(I)UAr(J),

omou 1) évwor etvon E€vn.

Enetor 611
Ar (D) = [Ar(IUJ)|—|Ax(J])|
— |Ax(1U D)~ ]
> [TuJ]—|J|
= [+ [J]—|J|
= |1l
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Tou elvon autd Tou Véhape va det€oupe. Apa 1o olotnua F' éyer XEA tou omolou 1 évwon pe
10 XZA {z1,..., 2k} ToU cUoTAUATOC A1, ..., Ag, pog Sivel éva BEA yia 10 apyixd clotnua
F.
|

Meo6BAnua 1.3.1.  Acifte étL 0 apbuéde 8 Soupel to 9 — 1 yioe k > 1.

ITe6BANpa 1.3.2. Aci€te 6t yia n > 0 ko 0 < k < n éxoupe

k
a n! ek

dk’ T = k)

ITe6BAnpa 1.3.3. Acilte emaywyikd ot yioe n > 1 1oveL

B4+ 4nd=0+24 - +n) (1.12)

IMeb6BAnua 1.3.4. Aciéte tnv oétnTa

1
> oo

a1az
{a1,...,ar}C[n]
6mov oto &Bpolopa uTtdpyel akplPag évog TpooBetéog Yo k&Be évar atd T uTTocHvola
{ai,...,a;} tov [n] ={1,2,...,n}.

SyxAue Bl Kidxhot mou opiouv ywpla oto eninedo

IMeoBAnua 1.3.5.  Alvovtow n kdkdot oto eminedo. (Aeite to Txfua [3]) Avtol opilovv
ké&Tolal ywpiol. Aeifte 6TL AuTd PTOPOoHV VAL XPpWHATIOTOOV KOKKIVAL 1) WA e TéTolo TpdTo
hote xwpla Tov éxouv kowd ohvopo (dxt amAdg kown ywviow aAA& oAdkAnpo té&o wg kowd
o0vopo) vor £XOUV SLaLPOPETIKS XPDMOL.

Ou kOkMoL Bpiokovtow oe yewikr Béon: kdbe 800 amd autolc eite Téuvovtol eite sivou
&évol (Bev umopolv va edittovton) ko 8ev uTtdpyouv TPLTAG onueio Toung.
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camolvt

x6uo

EyAua [ H coxohdro tou TlpoPhfuaros (m =4, n=25), xou éva x6Yylo amd néve

TPOC TO XYTW.

ITe6BAnpa 1.3.6.  'Exovpe o opBoydviar cokoddta Tou amotedeiton amd TETpAYw-
vékio ToTtoBeTnuéval og m YpoéC Kall 1 OTHAEC. TO TETPAYWVEKL OIS TNE TAV® APLOTEPS
yoviag (ko pévo autd) eival YTiaypévo ard ooTtodvt VTl YL COKOAETOL.

Ao maikteg Tailouv to akdhovBo Touyvid. ‘Otav épBel n oelpd kdmolov TaikTn oLuTdg
k6PeL dval KoUUALTL cokoAd T Kol To Tpel. H m X n cokoAdto umopel va kotel eite oplldvtial
elte kdBeta A& TApwG, SNA. av M cokoAdta koTel opllévtiar TéTe avTh Xwpiletow ot dbo
opBoydvieg ookordteg, pia k X n kaw ot (m — k) X n, ko o TodkTng Stadéyel ko TpdEL Eva
amd ta 500 opBoymvia koppditioe. Opoiwe, av 1 cokoAdto kotel kdBetal Téte Ywpiletan ot
Buo koppdTia, évat m X k kaw évae m x (n — k). (Aelte Txruo [4])

Xdvel 0 TtoukTNng TOU avaLykAleTow vou pAeL TO TETPAYWVEKL e To oottodv. Oo Béhate
va toilate mpdtog 1 devtepog; H amdvtnom e§optdton amd toe m kow n. Bpeite (m.x.
povtédre) v advinon ko arodeite St éxete Siko pe emaywyh wg mpog to wéyebog
NG ookoA&tag (mn).

12



Kegdhawo 2

Eicaywywd ctnyv evvola tng
T avoTnTOS

2.1 Ilewpdpota

2.1.1 Pijn voplopatog

To neipapo: H pldn evéc voulopatog.
To arotéeocpo: Kopmva (K) A yedupota (I')

Av uno¥écouye 6Tt enavarauBdvouue to Telpapo N Qopég TOTE TEQLUEVOLUE TIC WOEC oo
auTég Tepimou To anotéleopa vo etvar K. Auty| axpiBddc tny évvola xwoixomololue AéyovTog OTL
n mdavotnta to telpopo va Exel anotéheopo K etvon (on pe 1/2. H mdavotmta p Snh. vo @épet
éva melpopo Eva amotéheoya A ebvan 1) avoevouevy cuyvoTNTa Ye TNV onola Yo ELPAVIGTEL TO
anotéhecpa A av enavahdBoupe To melpoua Thpo TOAES popéc. Av Sni. To emavardBouue N
(popEC MEPUEVOLUUE To amotéheoua A vo eugaviotel tepinov pN qopéc. Elloyo eivon dtL o
aprdude p mpénel vo elvon vac mparypatixoc aprdude oto didotnua [0, 1].

2.1.2 Pidn Caprod

To neipapo: H pin evéc Laplo.
To arotéleopa: Evoc and toug aprduoic 1 éwg 6.

Av vrotécoupe ot enavarauBdvouue To telpaua N Qopéc TOTE TEPUUEVOUUE TO ATOTENECUA
vagfvan 0 oprdude 2 pe mepinov N/6 gopéc. H mioavdtnro dnh. to anotéheopo vo elvor 2 loolton
pe 1/6. To Blo etvar xon 1 mdavdtnta To anotéheoyo va eivar 1 ¥ 3 1 onolodrinote dhho and
Ta BUVATE ATOTEAEGUATOL.

Ye autd 1o moapdderypa ({dpt) Omwe xou 6To TEONYOUUEVO (VOULoa) Tor BuvaTd amoTe-
Aéopota etvon Ol toomidavar.

Hopotneeiote enlone 6t av adpolcovye (eite oto mapdderyua Tou vouiouatog eite Tou
Laplon) Tic TavoTNTESC TV SUVITOY amotekeoudtwy Yo tdpouue 1. Autd elvon avauevouevo
ue Baon tnv epunvelor Tou €YOUUE TEOGOWOEL OTNV TWIAVOTNTA WS CUYVOTNTO EUPAVIOTS TOU
ATOTEAEOUATOC: oV ETavardBouue To Telpoua N Qopég TOTE T QUEOIoHA TWV CUYVOTH TV
ELPAVIONS TWV ATOTEAECUATLY elvon 1.

2.1.3 Zel\yog VOpLoUATWYV

To nelpapoa: Plyvouue 800 vopiopata xar napatnpodue © (K A I') épepe to xdie voulopo.
To arotéAecpo: ‘Ola to Lebyn (z,y) 6mouv o x, y eivor K A T

13



Epunvebovtag 6mme xan Tponyoupéves tTny miavotnTa evOg BUVITOL AmOTEAEGUATOS (WG
TN oLYVOTNTA PE TNV omola edgaviCetar eOXOAA XATUATYOUPE OTL Ot TIAVOTNTES TWYV TECTARMY
duvatav anotekeopdtov (K K), (K.I'), (I',K) xou (I',I') npénet va etvon dhec {oec xan dpa ioec
ue 1/4. Evag dMog 1pb10o¢ vor 10 oXEPTOUUE auTd Elvor Var TopaTNEHOOUKE OTL AV EXTEAEGOUUE
T0 melpapor N QOREC TEQLIEVOUPE TERITOU TIC ULOEC amd AUTES TO TR®TO Vouiopa va épdet K,
xou mepimou Tig Woég amd auTtég va épldel xou o deltepo vouloua K, agol ou plec twv dlo
vopopdtey dev olnloennpedlovtan. Apa n mbdavétnta tou anoteléopotoc (K,K) npénet va
elvon 1/4.

2.1.4 Apwiupdg moudiwv

To neipapo: 'Eva (euydpl xdvel cuvey e ToudLd U€yeL Vo XAVEL TO TEMTO AYOpEL, OTOTE ol
otopatdel. Trodétouue OTL 0 OAEC TIC YEVVES YEVVIETAL €VaL Toud{ Xt OTL UTOPOUY Vo XAVOLY
ATEQLOPLOTOL UEYEAO apLlUUo TaBLOY.
To arnotérecpa: O apriudc N, N =1,2,3,..., 1oV toudldv mou xdvel tTelxd to (euydpt.

To 6UVOLO TV BUVATWY ATOTEAECUATODY €0 efvan dmelpo, ahAd apriurolo.

H entivon tou npoAruatog autol cuvicTotar 6To vor UTOAOYLoTEL 1) TdavoTnTal var €Y 0ouuE
N =1, n miovotnta va €youvde N = 2, xAn. T mopddetypa, eivon mohd ebxoho va Solue
ot miavétna N = 1 wolton e 1/2 (unodétoupe €8 6t mdavdtnta yévwnong ayoptol
ebvar 1/2), agold N =1 étav xou pévo 6tay 1o npdto nawdi mou Yo yevvnel etvar aydpl. Oa
dolue apyotepa 6Tl 1 miavotnTa v €youde N = k, yia €vol omolodnnoTe @uoixo apiduod k,
twolTo pe 27K,

Av 70 deytolue autd ToTE eMahndebouye eUXOAA XL TEAL 6TL TO ddpoloua TwY THAVOTHTWY
YLor OAOL TOL BUVILTE ATOTEAECUOTAL TOU TELRAUATOS LoOUTAL UE 1:

[e.e]

Z 27k —1.
k=1

[Ma vou Belte Ty mopamdve todtnta yenotwonoteiote TRy toutétnTa (ddpotoua depns YewUe-
Tpwhc oelpdc) Y z = 1/2:

.9]
sz:1+z+z2+z3+---= (2.1)

k=0

1—2’
Tou 1oy VEL 1o 0ToldAToTE pryadind aptdud z e |z| < 1.

IMeb6BAnpa 2.1.1. Aci&te v (2.1) oot deifete mpdTar Tov thmo yiaw to dbpoopa
TIETEPALOMEVNG YEWIETPLKNC OELPAC:

N—-1 1—ZN

sz:1+z+z2+---+zN_1=71 ) (2.2)
—z

k=0

Tou Loy Vel yrow k&Be pryoadikd oplbud z.

Trédeln: Mmopeite va to Seifete to (2.2) pe emaywyh (Selte MpéPAnpo [1.1.6 % o
¢Eumva Bétovtae X = 1+ 24 22+ -4 2V 71 ko moMamhaor&lovtac thv teevtaio quty
wétnTa e 2z Tpoomabdvioc va ouptmepdvete o e&iowon yia To X TNV oTolol ko AUVeTE.

Mnv Eexvdte 6tL €€ oplopold > o ar = limpy oo D oo ak. Av 8ev cwcBdveote dveta
pe pyoadikodc optBpoic, deilte Tol TopATAV® YLl TPAYRATIKOUS aptBouc.
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ITeoBAnpa 2.1.2. Bpeite éva TOTO Yl To dbpolopa Zi\;}l kzb =2 +222+ 323+ +
(N —1)zN-1,
Trébeln: Xpnowwomoleiote to MpdPAnua

ITe6BANpa 2.1.3. 'Eva obvolo A Aéyetou apiburotpo av vmdpxel ovvdptnon f: N — A
atd To oOVOAO TWV PUOLK®OV oplOU®V emi Tou A.

Aci&te btL Hhow T meTepotopéva ohvora eiva aplBurioupue.  Ettiomg 6t tow obvodar N
(puowkoi apBpol), Z (oképouor optbuot), Q (pnroi apBpoi) eiva dda apburorpa. Emiong
del&te éTL uTooUvola aplBunoipwy cuvddwv eivol ki outd apBufoipe, ko &t 1 évwor 8o
aplBunoipwyv ocuvérwv sivor ki auth apOufoiun.

2.1.5 Xpoévog avorovig

To nelpopo: Kadoyacte unpootd amd €va xatdoTnua xou UETPAUE TO YPOVO TOU TEQVJEL
and TN otiyur) mou Yo pmel evag meAdTng UEyper va utel o emduevog.
To arnotéleopa: 'Evoc npayuotixdc aprduoc t > 0.

Ye avtideon pe to mopadelypato Tou Loplol xou Tou voplouatog o TAHYOS TwV duvaThy
ATOTEAEGUATWY GE aUTO Telpaua elvor AMELRO Xt UdAGTa UTEpaptlurolo. Aegv €yl €56 VONUL
VO VTIGTOLY HOOLPE i TidovdTnTaL EUpdvions oe xdie duvatd t. EEdilou elvar goavepd dTL av
enavaAdBouye To melpaua auTé TOMES PORES Elval TEOXTIXG ABUVATO Vol TOEAUTNEHOOUUE TOV
(B0 ypdvo 800 opéc (Ot mpooeyyoTxd ol axpBnc). Eyer dunc vomua vo yetprioouue
nooeg Qopéc (amd 1 V) o ypdvog autde téptel Yéoa oe edv SLEoTNUL, T.)Y. AVEUEST OE 2 XAl
3 hemtd. ‘Eyet onh. vonua vo wikficoupe yior Ty mdavotnto vo ouufPel 2 < ¢ < 3.

2.1.6 "Ydog %o Bdpog

To neipapa: Avolyouue Tov TNAEPWVIXG XATIAOYO TNE TOANG U0 XoU ETULAEYOUUE €VaL TUY O
dtopo. To maipvoupe TnA. xan pwtdue To Vo xan To Bdpog Tou.
To amotéleopa: Avo mpaypoatixol apduol H xou W. Trodétoupe 6t 0 < H < 2.5
(pétpa) xon 0 < W < 300 (ahdr).

E8¢ 1o o0volo tov duvatdy arnoteleoudtov etvar to Levyn (H, W), énou to H xon W
TANEoLY TI¢ dvw aviootnTes. ‘Onweg xou oto Hapdderyyo g T0 GVUVONO TV OUVITOV
ATOTEAEGUATWY Elvor LToEoELIUNRGLO.

2.2 Aciypoatixol yoeot, evOsyopeva, 1 TdavoTtnTtd Toug

Aodévtog evog melpduatog mou Yéhoupe va UeAeTACOUUE TAVOUEWENTIXG 1) TEWTY BOVAELY
mou meeEneL vau yivel ebvan var xatoddfBouue mota axpBee elvor Tl BUVATE ATOTEAEGUATA AUTOU
TOU TELRGUATOC.

Oplopodg 2.2.1. Aenyuatikds xopos € evog TELdUotog oVOUSLEToL T0 GOVORO TWV BUVATHY
ATOTEAEGUATWY TOL.

Av otopatricouye €8( TOTE QUOIXA OEV €youlde xdvel Timota mou Yo pac Bondrcel otny
mavodempnTinh avdAueT ool €YOUUE HOVO ATICEL VLol To OUvaTd AmOTEAEGUOTA Xol OYL YLol
ta mbavd. 'V autd o Aoyo oe xdlde otolyelo Tou Berypotixol yweou avtiotolyiCouue €va
aptduod p mou dnAovel Toco Tdavo eival To oTolyelo AUTO VoL EUPUVIGTEL.

15



Oplopde 2.2.2. Eotw = {wi,ws,...} évoc nenepaouévoc 1 aptduioylog Serypotinde
YWpo¢ evog mewpduatoc. Ovoudlouue katavoun miavotntas otov € i cuvdpetnon p : £ —
0,1] ye v WL6TNTAL

€2

> plwy) =1. (2.3)
j=1

E8¢ || ouuBoriler tov mandderduo tou cuvdrou |€].

O Aoyog mou ou TeploptlOUACTE, TEOS TO TPV, GE APLUUACILOUS BELYHATIXOVC YWEOoUS,
aprvovtag €€w amd Th MEAETY OIS TIELRGUOTA OTIOS AUTO TNG OTOU 0 BELYUATIXOG Y WPOSG
elva autdS TV TEAYPUTIXOY apriuey (utepaptiurfotuoc) eivon OTL To aliwuo TEEMEL VoL
avTixataotadel ue (ATl dGANO XL 1) GLUVEETNOT P OEV Elvol AL Ylat GLYVHETNOT OTAL GTOLYELA TOU
Q. A6 66 xan 070 €€g Var YhdUE amoAELoTING YLoL aptIUNOULOUE BELYUATIXOUE YWEOUE EXTOC
amb OPIOUEVES TEPLTTAOCELC 0moTE Xou Vo To EexodapiCoupe.

IMTopdderypo 2.2.1. O derypatinde ywpog tou Tiou (€xet dnh. Bio mdavétnto vo €pdet
xoptvaL 1 ypduuata) voplopotog (deg §2.1.1) etvor 0 Q@ = {K,I'}. H xotovopsr; mdavotntag
otov Q eivon  p(K) = p(T') = 1/2.

IMTopdderypa 2.2.2. T to tipo Ldpt tng éxoups Q={1,2,3,4,5,6} xou n xatovoun
mdavotnrag 8idetan amd ) ouvdptnon p 1 © — [0, 1] mou eivan otadepy| otov Q, Eyouue dnA.
p(1) = p(2) = p(3) = p(4) = p(5) = p(6) = 1/6. H tpn 1/6 npoxdntel and tnv xou TV
Topadoyy| (TytdTnTa) ToU Xdvae 6TL OheC oL Tiég efvan loridavec.

Optopde 2.2.3. M xatavour moavétnrog p : Q — [0, 1] oe éva Serypoatixd yweo
AéyeTan opoopen av eivon otodepr| oo €.

Me Bdon tov mponyoluevo oplogd UTOPOUUE Vo AEUE OTL TO TUO VOULoHO Xou TO T{ULo
CdipL €youv xou ToL BUO TNV OPOLOPORQPT) XAUTOVOUT], TV BERota e BLopopeTIXOUS BelyHaTiX0US
Y WEOUC.

IMopddeiypa 2.2.3. Y10 nopddelypo Tng éyouvpe @ =NU{oo} ={1,2,3,...,00}.
[Tpocéite €6 6T N TN oo elvan duvath Th yia To melpopor etvor Yewpentind Suvatd Eva
Ceuydipt va pnv xdvel moté aydpt omote Yo amoxtrioet (g1 to Oinvexés) dmewpa To TAHYOC
xopitolo.

H xatovour) mbavétntog yidutéd to napdderypa diveton amd tn cuvdpetnon p : @ — [0, 1]

(w) = 0 avw=o00
P\ =1 ow AL

Oa to anodetfouue autd apyotepa. Ilpdg To ToEdY To Udvo Tou eivan ebxolo va dolue etvan
6t p(1) = 1/2 aol xdver 1 owoyévela GUVOAIXS u6vo éva toudl Lévo av to mpdTo Toudl etvat
oyopt, xou autéd oupPoivel pe miovétnta 1/2.

Iap" 611 1 T w = 00 elvon Buvaty, €@ €yt miavotTnTa 0 UTOPOVUE VAL TNV oY VOHGOUUE.
Me dhha Aoy, 6cov agopd tny mdovodewentixf avdhucr Tou TELRIUATOS, GTNV OTolo EV
Yével ayvoolue mpdypata mou €youy miavotnta ion ye 0 va ouuoly, urtopolue va Yewmpolue
OTL 0 Berypatinde yodpoc efvan anhd o ' = N.

Oplopog 2.2.4. To duvapootvoro P(Q) evée cuvdlou Q eivor to 00voro OAwY TwV UTo-
CUVOAWY Tou (1.

Evbexopuevo ovoudleton évol 0TOLOBATOTE UTOGUVOAO TOU BELYUATIXOU YWEOU, €Vol OTOLO-
d¥note dnh. otoryeio tou P(|Omega).

Ye oyéon e éva nelpopo Yo Aéye 6Tl T0 evdeyouevo A C Q oylel av To anoTEAEGUA TOU
TelpdpaTog avrixel oto A.
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IMe6BAnpa 2.2.1. Av Q] =n < oo 8eilte 6T [P(Q)]| = 2.

Me ) Bordeta tne xotavophc miavdtntag p : 2 — [0, 1] opilouye thpa T ourodoourdp-
morﬂ e miavotnTag, Tou enlong Yo ovoudlouue xotavour) mavotntog, oe eERC.

Optopdg 2.2.5. Ay Q Serypatixde yopoc ye xotavops mavétntoc p : © — [0, 1] opilouue
™ ouvdptnon P : P(Q) — [0,1] pe

P4 = pla). (2.4)

a€A

Me dhha Moy n mdavétnra P [A] evic evdeyopévou A C Q npoxintel av mpocdécouye Tic
Téc p(a) yroo 6ho o ototyeio Tou A.

IMTopdderypo 2.2.4. Yto napdderypa tou Lopol (§2.1.2) to evdeydpevo A = {2,4,6}

oY VEL HETA TNV EXTENECT) TOU TELRAUATOS av TO amoTéAecUa efvar dpTio. Eyouue

1 1 1
IMTopdderypa 2.2.5. Yto mopdderypo tne §2.1.4] to evdeydpevo A = {1,2,3} woylet av n
OLXOYEVELXL amOXTHOEL TEAXE €yl xou Tplo maudid. "Eyouue

P[A] = p(1) +p(2) + p(3) = 5 + § + 2 = 7/8

ITe6BANpa 2.2.2. Yo meipapo tne §2.1.4/éotw A = {2k : k=1,2,3,...} To evdexdpevo
7 owkoyévela val atoktoel dptio aptBpd maudidyv. Troloyiote tnv P [A].
Trdbeln: Xpnowwomoleiote to MpdPAnua

IMapatrpnon 2.2.1. 'Eotw A xa B 800 evdeyodueva. Tote 1o va {ntricouue va oy Vet To
evdeyouevo AU B elvon oo vo {ntdpe vou toy Vet éva Touldylotov omd ta A xou B (unopel xau
o 000). To vo {nthicoupe va toyler o evdeydpevo AN B eivar oo vor TNTdpe vou toybouy xat
T 500 evdeydueva A xon B.

IMeb6BAnpa 2.2.3. Yto mapdderypa tng §2.1.4) éotw A = {1,...,10} ku B =
{3k : k € N} 800 evdexbpeva. [Meprypddte T onuoiver to kéBe évar amd autd dmwe kow
To Tt onpaivouv ta evdexduevae AN B kow AU B.

ITe6PAnpa 2.2.4.  Xto mapdderypo tng §2.1.3) ypddte ol otouxeiar amaptilouv to
evdexduevo to deltepo vopopa vo Seiel kdtL Sovpopetikd and To mpdTo ko Ppeite TNV
TlavédTnTd ToOV.

IMe6BAnpa 2.2.5. Ye éva kouti péoo Bplokovtaw tpeic Pdrot, évac kdkkwog, évag
mpdowoc kL évac umAé. To melpopd poc ouviotatol oto v Tpafriiouus éval Podlo, va

LAnL. wa suvdptnomn mou oplletor Téve oe GUVORAL.
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OMUELOOOUKE TO XPWOKA TOV, VoL Tov emavatonobetioovpe péoa ato kouti, va Tpaffoupe
TEAL éva BOAO KO VOL ONULELOCOUILE KOl 0LUTOU TO XPWLLOL.

Motog eivor o Beryportikde Xmpog Tou Telpdpotog lMowa M kotavop mbavétntog ota
otolyeiot Tou av 6ol oL Aol Tov eivou péoa ato kouti elvor €€ toov TBavS var TparxTolv
kéOe popd-

ATtavteiote oto (8lo gpdTnua av To Telpopo tpotoinOel we e&nfc: ool TpaPrfoupe
TpwTo PWAo, Sev Tov emavatomobetolue oto kouti, aAN& aTtAd Tpofdue ko Tov Sevtepo
atd toug dVo evamopeivavteg.

Oevpnpa 2.2.1. H ovrodoourvdptnon mbavdtnras éyer tig €€Ag 1i6tntes (m € N):
1. P0]=0, P[Q] =1.
2. P[A°] =1 — P[A], yia kdOe evbexbuevo A.

3. (IlpooVetxdtnra) Av Ay, Ag, ..., Ay, elvar Eéva peta&d toug evdexdueva téte

P4 =) Pl (2.5)

j=1 j=1
4. (YTronpooletxdtnra) Av Ay, Ag, ..., Ay elvar evdexdueva, dxi anapaitnta &éva avd

Ovo, tote

P4 <D Pl (2.6)

j=1 j=1

5. Av A ka1 B eivar 6Uo evdexoueva tote

P[AUB|=P[A]+ P[B] - P[ANB]. (2.7)

Anodedn. Ta xau 3] ebvon dueoeg cuveneleg g xou tne ([2.3)).

T to ] ov ypnowonothooupe tov opops ([2.4) ot 8o uéhn tne ovicdTnTac ToU €xouuEe Vo
amodelZoupe, TopATNEOVUE OTL 6TO UPLOTERS UENOS EYOUUE axplBKe Tic TocdTntes p(z) yiot Ohat
RS U;n:1 Aj, wa gopd TV xde wiat, eved oto de&i uéhog éyouue Tig Bieg moodTNTES P(T)
aAAG TéoEC Popéc TNV xde war boa xon Tor A oToL oTolol AVAXEL TO T XU TEVTKS TOUALYLOTOV
wa @opd. H aviodtnta toyber mpopavede uwot xou p(z) > 0.

o to [5f emyeipnuatoloyolue OTWS %o OTO TEONYOUUEVO: GTO OPLOTERO UENOC €YOUUE
10 dbpoloua Twv p(x) Yo € AU B eve oto 8eii éyouue oto ddpoopa P[A] + P[B] to
Sdpotopa twv By p(z) ue ™ Swpopd 6Tt v o z € AN B 1o p(z) epgaviletar dYo gopéc.
O npooletéoc —P[A N B] oo 8e&i pélog dropddrvel ot T dtapopd.
|

IMopathAenon 2.2.2. Eivor mold ebxolo vo omodetydel (xdvte t0) ahhd xou mdpa mOAD
onuavtix6 oe ddpopeg amodeiZelc xar egappoyéc 6t av A C B t6te P[A] < P[B]. Enione
elvon TOAD onuavTIXT 1) ATAT) GUVETOY WY

P[A] > 0= A #0.

Avuty| 1 teheutala GUVETOYWYT), UE TNV OTtolol amodEXVOEL XaVELS OTL Evar GOVORO BEV elvol XeVO
aAmodEWYLOVTOG TEMOTA 6TL 1) TiorvoTnTd Tou Oev ebvan 0, amoteAel To Yepéhio Ado tng Aeyoue-
vne mbavolewpntikng pedsdov, mapouolag Ye tnyv vrapéakn puédodo, otnyv omolo amodelxveL
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xavelg TNV Omapdrn evOg avTIXEWEVOU UE TOAD EUUECO TEOTO, PTIAYVOVTOC TEMTA Eval Tidovo-
Yewpentixd Yovtéro YU autd To avTixeluevo mou “doukelel” e Yetinr mboavotnTa. Oa €youue
apYoTERaL TNV guxanpior vor SoUUe xdmotar TopadelyoTo auThC TG HEYOB0L.

IMebéPApa 2.2.6. Av A;,i=1,...,m, m € N, elvou evdexdpeva pe P[4; N A4;] =0 niat
k&Be i # j Bei€te b 1ox Vel (dTwg ko bTav A; N A; = ()

o [0a] Z5 e
=1 =1

IMeb6BAnua 2.2.7. Av A, B, C evdexdpeva 8eilte 6L

P[AUBUC] = P[A]+ P[B]+P[C]-P[ANB]-P[BNC]-P[CNA|+P[ANBNC].

ITopdderypa 2.2.6. 'Eotw A xou B 800 evdeydueva, xou éotw 6t P[A] = 3/4 xau P[B] =
1/3. Mévo pe auth) Ty TAnpogopio Tt UTopoUUE Vo cuUTERdVOUNE Yia Ty tocdtnta P[A N BJ;
Ylyoupa e umopolue va Ty unoloyloouue oxe3®c. Mnopolue 6w var €youue i
extiunon twv oplwv oo omolor xwvelton. Luyxexpléva urnopovue vo del&oupe Ot
1 1
— < PAnB]< <.
12 PlANB] < 3
Ané 10 Oewpenua €Y OLUE

pmmm:pw+Pw—Pmumgpm:§

agol P[AU B] > P[A]. "Eyouye deilet 10 dve gpdypo. o 1o xdto @pdyua €youue

3

P[ANB| = P[A]+ P[B]— P[AUB]> >+ 1=

1
3 127
<1

Yy tedeutada aviobdtnta yenotponotfooue omid ot P[A U B]

ITe6BAnua 2.2.8. 'Eotw o Setypatikdg Xdpog 2 = {a, b, c} pe tv kartawvopr bavétnrog
p(a) = 1/3, p(b) = 5/12, p(c) = 1/4. Asei&te 61t av mdpoupe ta evbexdpeva A = {a, b},
B = {a} téte mdveton to dvw bplo otnv aviodtnta tov MNapadetypotog .

drd&te opolwe dval dANo aTthd Beryportikd XMOpo e TNV KATAAANAT kortavopn Tlovédtn-
ToG TIOVU val delyvel OTL KAl TO KATW Oplo TG awviootntag Tov lNapadetypatog pTtopetl
va TiLdvetow og k&tola Ttapodetypotol, ko dpo 6tL ) aviodtrta Tov Sei&oyue oto Map.
etvoil 1 kaAOTepn Suvath Tov pmopel kaveic vau Seilel pe tor dedopéva Tou pog 86OMKaLv.

To Vedprnua mou axoroudel, av xou TOA) anAd oty anddellr| Tou, Vo yog etvar ETAVELAAT
HEVLC YeY|OLo.
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Oewpnua 2.2.2. (Nduor de Morgan) Av A;, j =1,2,...,m, m € N, efvar evdexdueva oe
éva yapo () Tote éxoupe

-

A =) 48 (2.8)
1 j=1

J
Kai

-

Il
—

A =1 45 (2.9)
J Jj=1

Anédedn. Acdelfouye npdto Ty (2.8). Hedxerton yior piar io6tnTar oLVOAGY. Apxel homby
VO TIIPOUKE TO TUYOV T TOU OVAXEL OTO APLOTERO PEAOC ol VoL BEEOUUE OTL AVAXEL oL OTO
0e&l uéhog, xau eniong To TuYOV onuelo Tou avixel oTo Be&l xou vor BEEOUUE OTL AVAXEL GTO
apLoTERO.

‘Ecto howmdy © € (U;n:1 Aj)c. Auté onuaiver ot @ ¢ i1 Aj 0w quté pe ) oepd tou
Ot 70 7 Bev avixel o€ xavéva Aj. Anhadn To z avixel oe 0o o A, dpar xou oty Tour| Toug,
mou efvon xou to Be&i uéhoc. Ouoing amodewxvieTton (doxnoT Yol TOV avary o) OTL oV T0 &
avixel 0To Oe&l UENOC TOTE AVAXEL X0 OTO OPIGTERO.

‘Eyovtag deléet v UTopoUUE Vo TN Ypnoulonotfioouye yia vo det€oupe v (2.9) (1
UTOPOUKE VoL ETAVOAGBOUUE Yo TNV W amodeldn omee auth mou doooue i Ty (2.8)).
pdrypatt, mopatnemdvtog 6Tt yio xdde civoho A éyouue (A%)° = A xou ypnowponoidviag ot
126’07] TV cLVOAWY Aj Tng o obvohar Af madpvoupe axpBec Ty .

IMeoBAnpa 2.2.9. ‘Eotw A, B, C evdexdueva. Bpeite ekppdoeig, Xpnolpomol@dvTog to
A, B, C xou. cuvoloBewpmnrikéc mpdielc, Yo To evdeydpevaL:

1. YupPaiver pévo to A.

2. YuuPaivel to A ko to B ad& 6y to C.

3. YupPaivel touhdyiotov éva artd ta A, B, C.
4. YvuPaivouv dha ta A, B,C.

5. ZupPaivel to ToA éva and ta A, B, C.

ITe6BAnpa 2.2.10. Adote pia ouvoloBewpntik ouvBfikn yioe Tnv Ttpdtaon “Av cupBa-
ivel To evdexdpevo A téte oupPaivel to B 1 to C”.
Emione yioe tnv mpdtaon “8e yivetouw vor cupPaivouv tawutdypova o A ko B

IMTe6BANpa 2.2.11. Piyxvouue Cebyog Tipiwv apidv. Moo taw otouxeia Tou evdeyopévou
“tou Suo amotedéopata éxouvv &dbpolopa 47; Mowa M TBavéTNTA TOV evdeyopévou auto;

ITe6BAnpa 2.2.12. O maikteg A ko B mailouv to e€fic mouyvidl. O A éxel pmpootd
Tou TpioL KOUTLA, TO TiepLeXOpevo Twv otolwv PAémel. To 800 kouTid sivol ddelor kow to éva
£xel péoal éval voLopoL. 2 koTd¢ Tou Taktn B elval val mdpel to vopuopa.
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Ou kawvéveg Tou Traxwidiod eivou oL e€ne: (o) o B Sladéyel éva kouti kou to Seixvel otov
A, (B) o A vmoxpeobton v eudé€el évar &Beto kouti Tou Sev eivan autd Tov €deiée o B kau
va. To uTtodei&el otov B, kaw (y) o B éxel tdpa TV sukaupior vou eTipeivel otV oLpXLkm Tov
emAdoyf A va eThéEel to Ao kAeloTd KouTi.

O B pmopel va at€el pe tic €&fc Tpeic oTpaTnyLKéC:

1. O B mdvta gppéver otnv apXikh Tou eTAoy).

2. O B otpiPet éva vépopa ko avoemudéyel Tuxaiol avdpeoo ota 8o evamopeivovta
KAELOTA KOUTLAL.

3. O B mévtor adAélel kovtt.

Mowa vt M TBavéTnTal vau Bpet o B to vdpiopa av akodouBrioel kdBe pio amd outée
TLC OTPATNYLKEC;

2.2.1 TYrepaprduropol detypatixol yweot

To neipapo: Eyouue éva otpoyyuld otdyo axtivag R xau metdue oe autd éva Bélog.
To arotélecpo: To onueio (z,y) oto onolo éneoe 10 Béhoc.

Kou néh nopotneolye, Omwe xol 6To TopddeLy oL TG 6Tt T0 6UVOLO £ TV BUVATKY
ATOTEAEGUATWY, TOU GTNY TEOXEWEVY Tep(nTwon elvon tar onueia Tou otdyou, elvar uTepapEL)-
unouo.

H vndieor| pog €86 etvon 611 500 evdeydueva A xan B, utochvoha dnh. Tou dloxou, ue To
{d1o euPadd €youv v Bl mdavotnta va yturndoly. And tny tpocUeTixdTNTo TOU TEENEL VoL
TAneol 1 cuvolocuvdptnon tng TlavoTNnTog TEOXOTTEL hotmoy 6Tt Yo xdde A C €2

euPado tov A
p[a] = P00 Tou 4 .

ot Yo pmopoloe va eivon toTE 1 xatavoun mdavotntag p :  — [0, 1] mou napdyet Ty dve
ocuvohoouvdptnon; H uévn anodextr Aoon cuufBaty ue v dvw woétnta Yo énpene va ebvar 1)
p(z) =0, n onola puowxd etvan dyenot. To cuurépaoya eivor 6Tt O unopel Puoxd vo optoTel
TETOLL CUVAETNOT P.

H A\oon og autd to npdPBinua etvan 1 e€hc. Xe Setrypatixole Yweoug Tou elvor utepoptiunol-
pot 8e yenowonotolue yior ouvdptnon p = 2 — [0, 1] yia vo oploouye 0 cuvohoouvdptnon
P[] ahhd opiCouue T cuvohoouvdptnon auth xat’ evdelay ©¢ Pl GLYOROGUVEETNOT TOL
TAneol To moEaxdTe
AZiopata Tng cuvohoouvdetnong miavoTnTag

1. 0 < PIA] <1y xdde A.
2. PO]=1
3. AvANB =016 P[AUB| = P[A] + P[B].

2 ’ 2 2 ’ ’ / ’ ’ ’ ’
T va elpaote axpBéctepot o mpenel va mtovpe Tt cuvATeE dev elvar Oha Tot UTOGOVOAL TOU BELYHATIXO0D
XOPOL EVBEYOUEVOL.
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2.2.2 Evbdeyodueva pe ndavotnta 0

Opiopde 2.2.6. Eva evdeyouevo A C Q Myetou oxeddr ofyoypo av P[AC] = 0. Aéyetou
oxedov adtvaro av P[A] = 0. Aéue 6t xdtt (éva evdeyduevo Snh.) ouuPaivel oyedbv alyoupa
av ouuPaiver pe mdavotnta 1.

IMapdderypa 2.2.7. Yto nopddelypa e §2.1.4] etvon oyeddv alyovpo 6TL 1 owxoyévelo Yo
ATOXTHOEL METEPAOUEVO 0EtdUd amd ToUdLd, APoU TO CUUTANEWUATIXG EVOEYOUEVO, O dpliudg
TV Toudlwy va ebvon 00, €yel mavotnta 0.

IMopathAenon 2.2.3. Edxolo PAénovpe (unompoodetuxdtnra) ét av A;, @ = 1,2,...,m,
elvon oyedov adLVaTA TOTE Xat 1 EVKo| Toug entiong efvat oyedov adlvatr. Efvar onuovtind 86
OTL ULAGE Yo Lot Eveot) and oprdurodo To TAfdog evoeyoueva. Eivor Addog 6TL omoladrrote
évwor evoeyouévoy pe miavotnta 0 Eyet mdavotnto 0. Autd Yo qovel xohltepa apydTEQ
ooy Yo Sovye pn dtaxpttotg (umepoptiuniotuous) SetyuaTixols Y weoug.

IMeb6BAnua 2.2.13. ‘Eotw akoloubia evdexouévwv Ej, k > 1, ue P[E,] — 0. Aei&te
6t o evdexdpevo B = [, By, elvou oxedév adbvaro.

ITe6BANpa 2.2.14. ’‘Eotw oxeddv ofyovpa evdexdpeva Ey, k > 1. Aei€te 611 oxedbv
otyoupa LoxGouv dAa taL Ey.

ITe6BANpa 2.2.15. ‘Eotw evlexdpeva A, k> 1. Opilovpe tar evdexdpeva

limksup A = ﬂ U A kow limkinf A = U m Ap. (2.10)

E>1n>k E>1n>k

Aci&te bTL to evdexbdpevo lim sup;, Ay Loy el okplde dtav loxvouv &metpar atd taw Ay kol To
evdexduevo liminfy Ay akpfdc étov toyxdouv tedikd Aol Tow Ag, étav SnA. utdpxel kdmoLo
ko wote val woxbouv dha ta Ak, k > k.

IeopAnuo 2.2.16.  Av éyouue evdexdueva Ay, k> 1, pe > po P[A] < oo téte eivon
oxedbv advato va Loyouv &telpo attd tow Ayg.

2.3 Tndé cuvinxn miavotnIo

To neipapo: X éva xoutl yéoa Beloxovtar déxa Bodhot ye ovouata 1 éng 10. TeafBdue éva
Bwho otny TOYM.

To arotéleopo: Trnolétoupe 6TL xdmolog yog eyyvdton 6Tt X > 5EI [Towog Bwhog X
TeaHY TNXE.

Av e Bdloye ) ouvidixn X > 5 Va elyaye to Serypotind yodeo Q@ = {1,...,10} xou
ouvdptnon miavétnrac p(z) = 0.1 ya z € Q. Egboov duwe eivar eyyunuévo 6t X > 5 ta
duvatd amoteréopota elvon Théov ta 5 g 10, xaw e¢” doov e€oxohoutoly va elvon teomitovor
éyouv bha toHpo miavotnTa 1/6.

3 T mapdderypa, outdc mou extehel to melpapa eAéyyel av i cuvdfixn X > 5 toyleL o, av by, 0xupHVeL
to melpapa xou To exterel Eavd. Avtideta av 1 ouvinixn X > 5 woylel tote pac avagpépet 6Tl autd cuuPaivet.
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Optowodc 2.3.1. Eotw derypatxde yopog 2 xaw evdeydueva A, B, ye P[B] > 0. Opilouye
v uné owvinkn mbavétnta tou A Sedopévou tou B w¢ TNy mocdHTnTa

P[AN B]

PA|Bl =55

. (2.11)

H nocdétnto auth| dev opilaraﬁ av P[B] =0.

IMTopdderypa 2.3.1. Y10 nponyoluevo melpaua, ov A = {X < 5} xau B = {X dpto} nowa
N und ouviixn mavétnta P A | BJ;

Egapuélovtag tov oplopd xou mopatneovtoe 6t A N B = {2,4} noipvoupe
P[A | B] = g?—ig = 2. 'Eyoupe unohoyioet v mdavétnto vo Bydhoupe éva Boro pe aptdud
T0 TOAU 5 av Yvwpellouvye 6Tt autd Tou TeaBhEoue elvol dpTLo.

IMTeoBAnpa 2.3.1. T Tuxdv evbexduevo A oe éva Serypatikd xwpo €2 umoloyiote T
P[A|A], P[A| A, P[A]Q)]

IMapdderypa 2.3.2. Eyoupe tpla xoutid pe 800 9nxec to xodéva. Kdde 9 Eyet péoa
éva Boro. YTo Te@To x0ouTl xt oL BLo Bwlol elvon Yodpol, 6To BEVTEPO %L OL BLO AGTEOL Xol
070 Tplto xouTl évag dompog xi évag pavpoc. Emhéyouue otny toym éva xouti xoun yio amd Tig
600 Onxec Tou. Avolyoupe T 9xn xou Brénoupe éva padpo Bwro. Tlow n miavdtnta TNy
Ghhn Vrxn Tou (Blou xouTtiol o Bdrog va elvan eniong yadpog;

Ac ypdpoupe Aj yio To eVOEYOUEVO Vo Exoule ETAEEEL TO TPWTO xouTi, Ao yia T0 SeUTEPO
xan Az yia to tpito. Enlong ag etvon B 10 evoeyouevo 6TL 6t 9ixn mou avolyouye €yel podpo
Bdro. T va €yet xou 1 8ebtepen Yxn Tou Blou xouTlo) padeo BOAo TEETEL oVaYXACTIXG TO
xouTi va elvon o pwto. Ilpémel OnA. vo unoloyicoupe Ty TocoHTNTA

P[Al ﬂB]

P4 | B)= — 5

‘Ouwe A1 € B, dnh. av woylel 1o Ay olyoupa woylel xau o B, onote AN B = A; xou
P[A;] = 1/3 agol emdéyeton to xdde xouti pe {on mbavétnta. Enione P[B] = 1/2 agpot
UTdEYOVY GUYOAXE TOGOL Lol BAoL OGOL Xa doTEOL XL OAOL OL BOAOL ETLAEYOVTAL UE TNV

(Bt mdavotra. Apa P[A; | B] = % = %

Oedpnua 2.3.1. (Tinos ohikiis mdavétnag) Fotw By, i = 1,...,m, m € N, &va avd
ovo evdexOueva ue
0=|JB

i=1
ka1 P[B;] > 0 ya kdOe i. Tére ya kdOe evbexduevo A C Q wxle

MM:%NWH&WBJ (2.12)

i=1
Eibixdrepa av 0 < P[B] < 1 éyouue ya kdde evdexduevo A

P[A] = P[A| B|P[B] + P[A | B°|(1 - P[B)). (2.13)

4
TEOC TO TAEOV
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An6degy). To deli uéhoc e (2.12)) yedpeto, yenowonowdvtas tov Optoud s

> PANB]=P

AN 6 B;
=1

= P[ANQ] = PA

YTV TeWTN W0OTNTA YPNOOTOACUUE TNV TEoVETIXOTNTA e ouvoloouvdptnong P[]
xou To YEYOVOC OTL Tt AN B; elvan ovd 800 EEvar, OTWE ol TNV ETIEPLOTIXT WOLOTNTA TNS TOUAC
HE TNV EVLOoT)

ENn(FUG)=(ENF)U(ENG).

Tty ([2.13) ndpte m =2, By = B, By = B°.
|

Oplopodg 2.3.2. 'Otayv €youue xdnolo GUVOAL TV onolwy 1) €vemon eivon To 2 xou elvon ovd
0V0 Zéva toTE Méue 6TL auTd amotehoLy Wi dapépion tou S

IMebBAnue 2.3.2. Acite 61 0 TOTOG oxVeL oo 6heg Tig Stapepioels Tou €,
akbpal kol outéc Omov kol B; éxouv BavétnTa 0, apkel val mapaketpboiv awtd ta B;
amé to Befl uéhog e (2.12)).

Me &Ma Aoy, av ko M mooédtntoe P[A | B] 8ev éxer mévto vémuo, m moodtnto
P[A | B]P[B] = P[AN B] éxeL.

IMapatrpnon 2.3.1. To va Aéye 6Tl To cUVOA B; amoteholy Slopéplon Tou BElYUATIXO0U
yweou 1 elvar 10od0vVouo Ye To Vo Aéue OTL o xde ExPBacT Tou TElpduaTog Loy VEL akpiBus
éva ard ta B;.

IopatAenomn 2.3.2. 'Eotw Eéva avd dvo evdeydueva B;, i = 1,...,m, e " B; = Q\E,
6mou PE] = 0. Eve dnh. ta B; 8ev anoteholv ot avdryxn dtopépton tou Q, map” 6N autd
ATOTEAOUV OX€00V ial TETOLAL, ooV aUTO TOL TOUG AELmeL Yo var efval xavovixy| Slopéplon elvor
éva oOvolo, 1o E, mou €yel mbovotnta 0.

Anh. pe mdavomta 1 (oxeddr atfyoupa 6w Mpe otn Oewpla Hbavothtwy) dnote yivel
To Telpopa Yo toyler axpBog éva and ta B;.

IMe6BAnpa 2.3.3.  Xtnv Mopatipnon elBope T UTOpoUpe VO XUAAPDOOUUE TIC
ouvBnikeg oplopol puag dtapéplong B; tou 2 wote va loyvel oxeddv ofyoupa akpfg éva
and ta B;. Mmopodv Sueg val xaAophoouv Tepoutépw ol cuvlfkee autéc oTe va éXoupe
To {80 amotéeoua.

Bpeite o mpémer va yahopwooupe T ouvBikn 4Tl T B; elvow avd 8%o Eéva wote
vae e§akohouBel va Loylel oxeddév olyoupa akplfac éva amd to B; oe kébe ékPoon Tou
TELPALALTOG.

IMopddeiypa 2.3.3. X éva xoutt Beloxovton xdxxwvol, medaotvol xat Uthé BhAol 6 T0G0GTd
30%, 50% xar 20% avtiotorya. O piool xéxxwvor Bodlo elvon xolgLor xou to Blo oy el yia
o 2/3 TV TEdoveLY xou UTAE BoAwv. Av SloléEoupe Tuyaia éva Bdro and To xoutl, Tol N
mdavotnta va etvar x00@Log;

OpiCoupe A, Ag, Ay va elvon tar evdeydueva ETAOYTC xOXXWVOL, TEAGWVOU 1 UTAE BwAou.
Autd elvon avd 8o Eéva ye mbavotnTeg mou pag didovTon:

P[A,] = 0.3, P[A,] = 0.5, P[4,] =02
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OTOTE AMOTEAOVLY DLUUEPLOT) TOU Y(POU XAl UTOPOVUUE VO EPUPUOCOUNE TOV TUTO OAxC Tda-
VOTNTOG Yior To evdeyouevo H tou va eivon xo0@log o Bohog mou dlahéEaue

PH] = PH|[A]JPA]+ PH | A P[Ag] + PH | AP [A]
1 2 2
= 03+ 505+ 202
503+ 305+ 20
= 0.616

ITe6BANpa 2.3.4. M owkoyévela éxel 800 moudid. Mowa 1 mbavéTnra 6Tt elvart ko T
800 ayédpla Sedopévou btL TouddyioTov éva amd autd stvan oydpt; Meprypddte To derypo-
Tk XWPO TOV TELpdoToc kol utoBéote 4Tl dHAal T oToleial Tou eva LoomiBaval Yo va
ATILVTNOETE TNV EPWOTNON.

2.4 Avelaptnola evoeyouevwy

Opiopde 2.4.1. Alo evdeydueva A xoa B ovoudlovton avebdptnta av P[AN B] = P[A]-

P [B].
Fevixotepa av Aj, j € J, b éva cdvoro EVSEXOHévw\H autod Yo Aéyeton avebdptn-
T0 oUrodo evdexouévowr av Yy xdie nenepacuévo mAfdoc and autd, €otw Aj, ..., Ay, M

TavoTNTA TS TOUAC TOUS LoOUTAL UE TO YWVOUEVO TV TWAVOTHTOV TOUC:
P[Ajl Mn---N AjN] = P[A]i] T P[AjN]'

IMapatrenon 2.4.1. 'Evag mo Quolohoyixog oplouog yia Ty avelaptnolo 800 eVvoeyouévwy
A xou B elvan vo amanticouye vo loy Vet

P[A | B] = P[A].

Auth n oyéon npoxdntel and Tov mopandve optoud e aveloptnolag Stupwvtag pe P[B], av
autd Quowxd dev etvan 0. Mag Aéel hotmdy auth| 1 looTnTa OTL oy UTOVEGOUNE OTL oy Vel To B
dev aAldlel tinota oty mdavotnTa Tou A va toylet. Aev ennpedlel dnh. To €va YEYOVOS TO
dAho.

O optopde autde, ov xou dtouoINTxd EAXUGTIXOTEPOC, ExEL TO petovéxTnua 6Tl (o) dev
umopolue vo Tov emixokectolue extoc av P[B] > 0, (B) ta A xou B dev eppavilovton ye
OLUUETEIXG TEOTO GE ATV Xt () O yevixeleTon EUX0Aa OE TEPLOGHTERN amtd BVO EVOEY OUEVOL.

ITe6BAnpa 2.4.1.  Av A ko B eivow ave€dptnta evBexdpeva téte kaw toe AC, B eivou
KoL opoiwe ko tow A€, B€.

IMe6BAnpa 2.4.2. Aci€te 6t av A ko B eivaw 800 Eéva evdeydpeva pe P[A] > 0,
P[B] > 0 téte avtd dev eivon ave&dptnta. Opolwg av A C B kow B # ().

IMopddeiypo 2.4.1. To nelpopd pog anoteheiton and 1 pldhn evog Twiov voplopatog dVo
popéc. O Berypatinds yweog vt o

Q= {(z,y):z,y e {K,T}}.

T0 cUvoho J pmopel va elvan xau unEpaELIUYCLLO

5
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O Q dn\. amoteheltan and dha o duvatd Lebyn amOTEAECUTWY, XL EYEL CUVETKOC 4 GToLEld.
Trodétouye 6t bha autd ebvon woonidova pe mdavdtnta 1/4 to xadéva. Av oploovpe A =
{70 npdto véuoua etvor K} xauw B = {10 deltepo véuiopa eivor I'} téte 100 A o B ebvon
aveldptnta agob AN B = {(K,I")} xou dpa P[ANB] =1/4 eved> P[A] = P[B] =1/2 agol
xadéva ano ta A, B €yel 800 oTotyela.

H aveZaptnoio autdv v 800 evieyouévmy avtixatonteilel To yeyovog 6Tl ol 500 dlopo-
cetég pldeic Tou vopiopatog dev ennpedlouy 1 wior TNV GARY, ebvar 6mwe Aéue aveldpTnTeg
oldec.

IMopddeiypa 2.4.2. Ag unodéoouyue otL Ta evdeydueva A, B,C, D eivoaw aveldptnta. O-
etlovpe E = AUB xaw H = CND. Taevdeyoueva H xou D eloptodvton 1o xardévo amd xdmota
an6 o A, B, C, D oA\d dev undpyet xavéva ané o A, B, C, D and 1o onolo vo e€aptmvial To
E xou H. Tepwévouye howmov ta B xan H v elvon ave&dptnra.

Hpdrypatt
P[ENH] = P[(AUB)N(CND)]
= P[(ANCND) U (BNCND)
= P[ANnCND|+PBNCND]—-P[ANnBNCND].
P[E]-P[H] = P[AUB]P[CN D]

= (P[A]+ P[B] - P[ANnB])P[C]P[D]
— P[ANCND]+P[BNCND]— P[ANBNCN D,

G ot 800 mocdTATES Elvon (Bleg. Xt mapamdve yenoulotoiooue xat TNy woétnTa ((2.7).

IMapatrpnon 2.4.2. Ildc yevixebeton to Iopdderyua Av €youpe xdmola eVOeyOUE-
var A; xou xdmow By, dha ave&dptnta uetall toug, xou evdeyoueva A xou B mou opilovton
péow twv A; xou Bj avTioTouya, yiol Tapddelypo UEGw GUVOAOTEWENTIXOY TEAEEWY OTWS GTO
[Mopdderypa 10te a0 A xon B elvon aveZdptnto. Av xan 1 am6delln dev ebvan wlaitepa
0LoXOAN Be Vo TNV TopoLCLdcoUpE €8W. Oua yenowonomndel duwe xatd xdpov.

IMTopddeiypa 2.4.3. Piyvouue tpeic @opéc éva vouopa. Ymodétouye 6tL oL pleic elvan
aveZdptntee. T onuaivel duwe autd axpBac;

‘Evag tponog va exppactolye ue oaxplBeta etvan o e€hc. Ovopdlouue A; to evOeybUEVO Vol
éyoupe xopwva (K) oty i-ooth pidn, i = 1,2,3. H unddeon 6u ot pideic eivar aveldptnree
onuobver 6TL Ta evdeyoueva Ay, Aa, Az elvan aveZdotnra.

T ouvéneieg €yel autd; o Topdderyua ev Yélouue vor uTtohoyloouue TNy THAVOTNTAL TOL
va éyoupe KKI otic teeig plheic tou vopiouatog autr eivon 1 mdoavdtnta tou evdeyouévou
A1 M Ay N AS xon, Moyw tne aveloptnotog, €youue

P [Al NAs N Ag] =P [Al] P [AQ} P [A:C;J,

%o, oV To voptopa etvan xou thpto (iom mdavdtnta va pépoupe K A I' oe pla onowadrnote pidn)
161 1) mdovéTTo Ut 1ol pe (5)3 = 1.
IMopddeiypo 2.4.4. Ye avtiotoyla ye to Iopdderyua TL onuaiver 6T plyvouue €va
Cdipr TpELC AVEETPTNTES POREC;

Ed6 ta mpdrypota nepimhéxovion Alyo oe oyéon pe to Ilopdderyua wlor xon o€ exetvo
0 Iapdderyuo apxoloe va EEpouNE TO av QERUUE XOPWVA 1) O)L Yol VoL EEQOUUE TO ATOTEAECUL
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e eldng, mpdyuo mou dev oy leL 66 plar xou To TARYOC TV BUVATHOY ATOTEAECUATOY ULOG
eldng ebvan 6 2 oy 2.

‘Evac tpomog va depehiwooupe ue oxplBeto v aveaptnoia tov tpmyv pidewy evar va
oploouye to evdeydpevo A, i =1,2,3, j =1,...,6, vo onyoiver 61t 6Ny i-00TH pldn éyoupe
anotéheoya j, o var Todpe 6Tl yio xdde emthoyn Twv dve Sexty ji,...,J3 € {1,...,6} T
evdeyoueva Al AP Ags elvon ave&dptnToL.

Me outéd TOV TEOTO PTOEOUKE T.). Vo UTOAOYICOUUE TNV TavOTNTO Vo PEPOUUE AUMOTE-
Mopora 1,2,3 wc tny miavéTnTo Tou evdeyopévou Al N A3N A3, mou, Ayw tne aveZaptnotoc
TWY TRV, 1oolTo pe 1/63.

ITdvtwe o o amhdg TEOTog VoL YEUEMDOOUPE OWOTA TNV EVVOLN TMV AVEEIRTNTOV oUTOY
elpewv Va pag etvar Tpoottdc ool WANCOUYE Yio TIC TUYAlES HETAPANTES.

4 ’ 7 Z / e
H oOuBacn nou Yo axohovdolue and 8o xou TEEO OTNV TERLYRUPT] TELROUATMOY XWOXOTOLE-
{ron oToV TapAXdTE OpLGUO.

Optopde 2.4.2. Ou Mye 6t ta metpdpara Iy, .. ., I, m € N, exteholvron aveZdptnro o
yioo xde emhoyn evoeyouévwy Ag, ..., Ay téTow oTe To evdeyduEvo A; EEapwaﬁ uovo
amd To melpaya I;, n owoyévela evdeyouévoy Ay, ..., Ay, elvon aveldotn.

IMapathenon 2.4.3. To 6Tl unopolye, BEBOUEVLY XATOLWY TEWRUUATWY, Vo VewEOOLUE
OTL UTOPOUV Vo eXTEAEGTOUY aveldptnTa VéAeL xdmota Texunpinon. To va modue dnA. tnv
TEOTOO

‘Eotw n aveldptnteg pldel evog vouioyatog.

GUVETAYETOL OTL OTOV TROPAVY| BELYUATIXG Y WEO UTOU ToU GUVIETOU TELRAUATOS
Q={(z1,...,2,): =z € {K,T}}

umopolue vor oplooupe yiot cuvdptnon mdavétntos p : & — [0, 1] tétolo dote 1 anaitnon Tou
Optopo0 vau toyVel. Auto Bev elvon 50ox0Ao av To TARUOC TV aveEdpTNTa EXTEAOVUEVWLY
TERUUATOV Elvol TETEQUOUEVO OANS Efvar dpxeTd To TEYVIXO Yla 1 = 00. MTNV TERINTOON
MAALOTOL AUTY) O BELYHATIXOS YWOEOS OEV elvar Xty aplUUACILOS, OTOTE BEV UTOPOUME XAV VOl
whfioouye vl v xatavopr miovétntac p @ Q — [0, 1] adkd npénel (Seite Vo oploel
xavelg T ouvohoouvdptnon P[] mou mhnpotl ta aduduata Tng oeh. Ou 1o Yewpolye autd
YVWOTO amd O %ok TERL.

ITe6BANpa 2.4.3.  Aci&te 611 av uobéooupe 6t éxoupe tpeic aveddptnreg pideic Laplidv
pe Béon tov Oplopd téTe Loy Vel ) uTdBeoT Tov kdvape oto Mapdderypo

ITe6BANua 2.4.4. Pixvoupe éva voutopa n @opéc. Acifte 6t ) bavétnra va pépoupe
N KopWveg elva 277,

ITeoBAnpua 2.4.5.  Pixvoupe éva vopiopo tpelg @opég, ko €otw A;j To evdexduevo
i-ooTh ko 1 j-ootH pidm vo wépouv to i8lo amotédeopa, i < 4, 4,5 = 1,2, 3.

Aci€te 6TL T Tplow auTd evdeydpeva elvor avd 800 ave€dpTnTo aAA& dyL ko To Tplo
podi.

5 To 6t 10 evdeyduevo A; efaptdtan pdvo and to melpopa IT; onuaiver amhd 6t av yvepllovye to0
anotéheoyo Tou II; xou wévo umopolye va anogacicovue av woylel to A; 1 oyt
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IMTpoBAnpa 2.4.6.  Xe éva mAnBuoud amd N Cevydpio 6mou to kabéva kdvel akplBede
800 maudid, L Toocootd Twv Leuyapldv Tepévete va éxel 800 kdpec;

ITeoBAnpa 2.4.7. Pixvoupe tuxaio Beddkia o’ éva oTpoyyYuhd otdyo aktivag R. Tmo-
Bétoupe 4tL T Beddkiar akorouBolv TV opolduopyn kotavopr, étL dnh. av A ko B eivau
800 LoepPadikd ywpla péoa oto otdyo téHTE N TOAUVETNTH v Ttéoel To Beddki péoa oto A
ko oTo B etvou 1 (8. Me dAha Adyiow akolouBoipe to povtého tng §2.2.1 Aeilte bt o
va. Ttéoel o Peldikt oTo aploTepd od Tou Slokou kal To vl Téoel atov K&Tw pod dloko
elvo aveEdptnTa yeyovédta.

IMopddeiypo 2.4.5. Enavepyduocte 610 Topddetyyo Tng yior Vo utohoylcouue Tny

mdavotnta 1 owoyévela vo xavel k toudid, k > 1. H oxpiric unddeon mou xdvouue €66 elvou

OTL oL SLadoynéc YEVVES TNG OlxoYEVeLg efvan aveEdoTnTal TELRAUATA, X0l TO XodEva amd auTd

pépvel ayopl 1) xopitol ye lon mdavotnta. Ag ouufolicouye Aowmoy pe Aj To EVOEYOUEVO T

owoyévela va amoxthoel ouvohxd k toudid, k € N. Ac ouuPolicouye enione pe B; xou G; o

EVOEYOUEVA OTNY -00TH Yéwoﬂ T0 Ceuydpl Vo amoxthoEL ayopt 1 xopitot, avtiotoya, 7 € N.
Ipogavng tote woylel Yo xdde k € N

A, =G NGyN---NGr_1 N By.

It vor amoxthcet dnh. to Leuydpl k moudid cuvolxd meénel xou opxel vor amoxthoet k — 1
xopitolo axolovdolueva amd €va ayopt.

H aveloptnoia ouws twv yevvioewy cuvendyeton 6Tt T evdeyoueva G, Ga, ..., Gr_1, By,
elvon aveZdptnTa ool xdie Eva and autd e€opTdTon XL and dlapopeTind melpayo. Apa

P[Ay] = P[G1]P[Go]--- P[Gr_1]P[By] = 27",

[Tow n mdavoTnTo TR ToU EVOEYOPEVOU Ass, TOU VO OTOXTHCEL ONA. 1 OLXOYEVELX ATELOOL
ToUOLAL, 1), toodUVOA, VoL uny amoxThoeL ToTé ayopl; Eivon goavepd ott yio xde k € N €youue

Ao TG NG N---NG. (2.14)

Autoc 0 eyrhelogog EVOEYOUEVKY O Aéel TimoTe dAAO amd To 6TL av Yvwpel{ouue OTL oy Vel To
A toTE 0L k mpidTeg yévveg elvon xopltota, xon autod Quotxd woylet yio xde k € N. Ouwg,
TO €VOEYOUEVO GTO Oei pépog TG éyer mdavotTa 278 Moyw aveEaptnolac, dpa, yia
wéde k € N, woyter P[Ax] < 27F, mpdryua mou unopel vo oupBel uévo av P[Ax] = 0.

IMapdderypa 2.4.6. Plyvouue éva Cdpt 10 gopéc. ot n mbavotnra ott Yo Epdet axpiBac
éva 6;

‘Eotw E 1o evdeyouevo va pag épdet axpBog éva 6, xoau E;, @ =1,...,10, To evdeyducvo
vou pag €pdet axpBae évar €L xan udhioto ot €om 4. Hlpogavie to B anoteholv Slauépion
wou E, onéte P[E] = 310, P[E)).

T Av %ot to {euydpl oTopatd vo xdvel Towdld GTay omoxTRoEL aybpl euelc K¥GTEGO Unopolye 1BEATd Vo
, ; ) . ; , Qe g . .
ouveylooupe to melpaya, xt €tol ta evdeydueva B; xau G; €xouv vonua yia xdde ¢ € N. Me didho Aoyia Yo
unopolaoe to melpopa va Exet dlatunmlel we e€rc: €xoupe Eva (euydpl Tou xdvel cuvéyeia tondld, en’ dnelpov,
Xl HOG EVOLUPEREL TO TOTE XAVEL TO TPWTO AYOEL.
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Opiloupe Ta evdeydpevo A¥, yio k = 1,...,6, va onuoiver 61t oty i-00TH pidbn T0 amo-
téheoya eivan k. TIpogavare oy det

By = (A (AD N 0 AT A (A%, 00 (AR = AP0 (Y(49)" (2.15)
JFi
[ va loyel Onh. 1o E; npénel oe Oheg TiC pldeig vor un @époupe 6 extog and tny i-00TH pldn
otnv onola Teénel vo pépoude 6. To evdeydueva nou eugaviCovton oto de&l yéhog e ([2.15)
elvon arveZdpTnTa plar xan To xodéva amd auTd apopd StopopeTixn pldr), dpa

ezl = (3) 1

apol To eVOEYOUEVL A?- éyer mbavotnTa 1/6 xou tor evoey duEVaL (Ag»i)c €)OUV T CUUTANEWHO-
ey mdavdtnTa 5/6, yio xdde j.
Téoc P[E] =10 P[E]=10(2)" L.

IMeb6BAnua 2.4.8. Amodeilte 6t o aptbudg 10 (%)9% elvou < 1 ywplc vau k&vete kopion

Tpd&n.

IMapdderypa 2.4.7. Plyvouue éva tiuo (dpl dneipeg popée. Taipvouue €tol we amotéleoua
ToL TELEdpaTOC Wiat dmeten axohovdia Xy, n=1,2..., ye X,, € {1,...,6}. ITow n mdoavdTna
va U @épovue Toté 6; Ac elvon E To evBeyduevo auTo.

Ac ovopdooupe Ej, i = 1,2,. .., T0 evdeyduevo va un gépouvpe 6 atny i-ooth pidn. Ioylel
puowd P [E;] = 5/6 yia x&e ivo un @époupe toté 6;

Ac ovopdooupe Ej, i = 1,2,. .., T0 evdeyduevo va un gépoupe 6 otny i-ooth pidn. Ioylel
puowd P[E;] = 5/6 v xde i. Enionc n axoroudio E; eivon aveldptntn agold xdde E;
avoupépeton ot dlapopeTixd pidm. Téhoc E = (2, E;, onéte

o

N
PE] = [](5/6) = lim [[(5/6)= Jlim (5/6)" =0,
=1 =1

ol im0 @ = 0 av (ot pévo av) |af < 1.

IMopddeiypa 2.4.8. 'Onwe xo tponyouuéves elyvouue éva (dpL dmelpes Qpopég xou maip-
voupe wia dretpn axohovdia Xy, n=1,2..., ye X, € {1,...,6}. How n mdavétnta vo un
oolue Toté otV axohoudia auth Tov apriud 1, oxohoudoluevo and Tov 2, axolovdoluevo
and Tov 3EI Ac ovoudooupe E outod T0 £VOEYOUEVO TOL oTolou TNV mdovoTnTa YEAOUUE Vo
uTohoY{COUYE.

OpiCoupe néht E; va elvon to evdeyoduevo (Xi, Xiy1, Xita) # (1,2,3), to evdeybuevo Sni.
VoL Unv eppovioTel 1) ‘anoyopeuuévn AEEn” apyiCovtog and tnv i-ooth Véom g axoloutiog.
Hpogovae woylel xou méhe E = (72 E;. H ouctootiy| diopopd ue mponyoupévne eivon Ot
Toe E; 8ev amoteholv mAéov aveldptntn axoloudio, TOUAdyLoTOV Oyl av Bev To amodeilouye,
apoU, yio Topdderyua o E; xou Eiqq avegépovtar xou to 800 ot pldn v’ oprdudy i + 1.

O tpémoc va deifouyue xou méAL 61t P[E] = 0 elvon va mopoatnefiooupe Gt tor evOey Gueval
Esi, i =1,2,. .., elvar aveZdptnTta, ool avopépovTon o BLapOpETING TELRGUOTA X0t OTL

o0
EC ﬂ Es;.
=1

8 Ye dapopetind Yhdooo mow 1 mdavétnto 1 AEEN 123 vor uny elvar UTohéEn e dnelpne oe pixoc AéEne
X1 X2 X5+
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Enlong elvon gavepd 6tL 1 mocodtnta F3; elvan ave€dptnTn Tou @ xou uxpedtepn tou 1, €otw p.
Téte PIE] <[[;2, P[Esu] =][2,p=0.

ITeoBAnpa 2.4.9. Tmoloyilote Tnv mocdtnta p oto MNapaderypo 2.4.8

IMeoBAnue 2.4.10. Tevikebote To Mopdderypa [2.4.8 kou Bei&te dt1 av X, eivon por ouko-
Aovbia tétola wote To X, €xet emeyel Tuxaiar (oG ToOpE pe TNV opotdpopyn kaetavopn) ard
to oovoro {1,..., K} avedptnro amd tor &M X, ko ov wy, wa, -+ ,wy, € {1,..., K}
elvo kdmola poemAeypéva otolyeio, Téte N TWOavETNTAL bTL ToL oTOLXElL QLUTAL BeEv eppo-
viCovtou moté otnv akoroubiot X, To éva petd to &AMo, sivou 0.

IMe6BAnpa 2.4.11. ‘Eotw 0 < ay, < 1 akoloubia aptbumv. Aei&te ot

0o N
0= H ap, = lim an,
i=1 1

N—o0 -
1=

av ko pévo av 2 (1 — ap) = oo.
Tréderén: Mdapte AoyopiBuoug ko xpnouuotoleiote TV aviodTnTa

2(x—1) <logzr <x—1,

Tov toyVel vyl 0 < z < 1 (6 eivon k&molog apBude oto (0,1) ov e xpetdleton vor Tov
yvwpiloupe okplBag).

IMeoBApa 2.4.12. Ac eivow FE, o oveldptntn akohoubiow evBeyopévwv e
Yoo PIE,] = 0o, Aei&te éTL oxeddv otyovpa toxbouv &mepa amd to .
Trébeln: Xpnowwomolreiote to MpdPAnue [2.4.11

IMapathenon 2.4.4. To IpoBinuo [2.2.16| pall pe to HpdBrnua [2.4.12] anoteholy 10 Ae-
yopevo Aruuo Borel-Cantelli.
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Kegdiawo 3

Boaocwueg apyec anapliunong

3.1 IlpoBAruata emthoyng

Ye ToANG xan evdlapépovTa TeoPAfuata Tne Yewplag Irjavothtwy €youue melpduata emthoyhg
EVOC AVTIXEWEVOL amd TOAA, Ue Baowxr) undteor) 6Tt xde Eva amd auTd ToL TOAAS ovTLxeluevaL
elvon €€ {oou mavo vo emheyel. Av 1o mAlog TV avixewévey eivor N t6te 1 mdavotnta
var EMAEYEL Vol LY XEXELEVO amtd Tar avTixeipeva avutd etvon amhd 1/N. Poiveton mporypotind
10 amhoVoTERO and o tpofAruata. H duoxoiia cuvitug éyxeitoan oto 6Tl 1 TocdtnTa N, TO
TARND0C TV AVTIXEWEVWY TIOU CUUUETEYOLY OTNV EMLAOYT, HaC BIOETOL UE EUPECO TEOTO Xou
TEETEL VO TO LTOAOYICOUE.

IMapdderypa 3.1.1. e éva xoutt péoa Beioxovton 10 Bwrot aprdunuévor and 1 €ng 10.
Bdloupe o yépl pog péoa xou mdvouue dvo. Iow n mdavotnta vo €youue emhélel Tov 1 xou
Tov 2;

A&{ler Tov x0Tm0 0E AUTO TO GTABI0 Vo BcouUe Alyn mpocoyr otn Aemtopépelo.  Kat’
apy v, Tolog efvar o BelypaTnog Yweog; ‘Oco i av gafvetar Tpogavég eV elivan xou 1660, X
av 0E BWOOOLUE TWEA TNY TEENOUCA TEOCOY N APiVOUUE TeLIOELAL Yiol TUPEENYHOELS dEYOTEQA.
Auté mou €yel onpacia etvon va Eexodaploouye av 500 ATOTEAEGUOTA TTOL SLUPEROUY UOVO O
oelpd etvan (Blor 1) Slopopetind. Av dnA. Bydhouye to 1 xou petd to 2 elvon awtéd To (Blo YE TO
vo. Bydhouye To 2 xou YETA TO 1;

Av vau, toTE To Suvatd pag amotehéopota elivon Tor adidtaxta (evyn and SlopopeTnolg
aprduole o xadévag and toug omoloug elvan amd o 1 €wg to 10. Ko agol Lebyrn mou dev
€youv U€ca Toug BLdtadn etvor To (Blo ue cUvola and dvo OTOLxsioH 0 BEWYHATIXOC YWPOS OTNY
nepintwon auth ebvar o

O ={{z,y}: =,y €[10]}. (3.1)

Avtideta, av Yewprioouue 6T 1 oelpd el onuacio TOTE Ta BUVATA ATOTEAECUATO ATOTEAOUVTOL
and Satetaypéva Lelyn Slapopetix®y ototyeiwy and to [10], eivor dnA. oty tepintwon auth
0 BELYHATIXOS YDPOS O

Q= {(z,y) : z,y €10}, = #y}. (3:2)

Oo MOcoUUE TO TEOBANU GTNHY xaL Ue Toug 800 BELYHATIXOUC YMEOUS, oV XL GTN
CUYXEXPIEVY BlatUTwo umopel xavelc va loyuploTel 6TL UTovvoeltal 1) EAAeLr GELRdS OTOUC
800 Bdroug (Tor TEPLEYOUEVA TOL YEELOV Uac apol To Bydhoupe omd To xouti SUox0Aa UTopoUV
va toévountoly oe temto xof deltepo Boho). Ko otic 800 nepintdoeic ndviwe unodétovye

1 "Onec ouwndleton to va ypdgoupe A = {a,b,c,...,z} v éva cOvoho cuvendyetow 6Tl OhoL To
a,b,c, ...,z elvou dpopeTixd petald Toug xou enlong Bev LTOVOOUUE Xdmota BuYXEXELUEVT SLdtadn oTa o ToL-
xela Tov cuvérou A. T napdderypa {1,2,3} = {3,1,2}.
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oTL 6ha T amoteréopota etvan e€icou mdavd, dpo To UOVO TOU €YOUUE VAL XAVOUUE YLl VoL
AOoocouye To TEOBANUA eival Vo UETEHOOUKE TO UEYEVOC TOU BELYUATIXOU YDEOU.

Y10 unohoino tou Kegohaiou autol da acyorndolue ue mpofifuata amaptiunong. H
mavodewentinh opoloyio umopel oplouéves Qopéc vo elvon amoboo ohhd Jo yivel €oxola
avVTIANTTO OTL %die TEOBANUa atapliunong uropet ebxoha va exppaciel otny moavolewentiny
YAOOOH Ywelg Vo aAAdEel xadohou 1 ouaio Tou TEOBAAUATOC.

3.2  Apyn moANATAACLACUOU AVEEAETNTWY ETAOY WV

Ac unodéoouye 6TL xdmotog miver Tov xagé tou pe N ywplc Layopen, ve B yoplc ydho. (Ou
TocOTNTES YdAoTog xan Ldyoene mou umopel xavelc vo €yel elvon otadepés. Aev umdpyel e
okiyn.) Iboo Swupopetixd eidn and xopé meénel vor unopel va gTiodel éva xapevelo Gote va
umopel Vo eEUTNEETACEL GAOUC TOUC TENATES;

H amdvtnon etvan 4:

1. Xwplg ydha, yowpic Ldyapn
2. Xoplc ydha, ye Cayapn

3. Me ydha, yweic Cdyapen

4. Me ydha, ye Ldyapn

Av oxeprolue Ayo mpooextixdtepa Yo cuveldnTonoiooupe OtL 4 = 2 - 2 xou 6Tt 0 AOYOQ
mou 1 andvtnoy eivar auth ebvar 6Tl xde wiar and TIC BLO SuVATEC EMAOYEC GOOV APORd TO
TEPLEYOUEVO GE YA umopel vor cuVOUAGTEL Yo xde uio amd Tig 800 BUVATEC ETAOYEC TTOU
apopoLY GTO TEPLEYOUEVO Ot LAy,

IMTe6BANpa 3.2.1. [owa 1 am&vinon oto dvw “TpbdPANUa Tou Kapé™ av oL ETUAOYEG HOLG
w¢ Tpoc T Cyopn dev iva TAéov oL NAI, OXI, adA& pTopolpe eite vo unv éxoupe kalBdiou
Cduxopm, eite vau éxoupe éva pakeldkt, eite 80o;

ITe6BAnpa 3.2.2.  Av 1o apxikd “mpdPAnua Tou kapé” mpootebel n emAoyry KPTOX
N ZEXTOL, tnv omoiat propolpe va éxouvpe avegdptnto and to ydho 1 Tt {&yxopn mov
Sladéyoupe, ol etvol 1 atdvnom;

H apyn) 10U TOANATTAACLACOD AVEEALTNTWY ETLAOY WV XOOXOTOLEL TNV oTAY
QUTY) TOEATAENOT) TOU XAVOE:

Ac unotécouye OTL £YOUUE VOl TOROYUATOTOLACOVUE (Lol GUVIETN ETLAOYT, 1) oTtola
cuvicToto amd TNV Tpaypatonoinon k ent u€poug EMAOY®Y, TOU TEYUATOTOLO-
Ovton avebdptnta 1 plo and v dAAT, elvan Onh. tétoleg ol entl Yépoug emAoYEC
OOTE 1) EMAOYT) THOV VLo XATOIESC AN QUTEC VoL UNV EMNEEGLEL TI BLVATOTNTES
ToL LUTdEYOLY Yo TI¢ utoloinec. Todte T0 cuvolxd TARHoC BUVATOTHTWY ToU
€youye Yo T oOVIETH pog emhoyn elvon T0 YIVOUEVO TwV Kk SUVATOTATOV Yid TIC
eni Yépoug eMAOYES Yog.

Ye mo auaTneY YAWGOoA 1) opy 1) TOU TOAATAACLIUCUOU aveEapTHTOY ETAOYOV EXPEALETOL
¢ e€ng:
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Ocpnua 3.2.1. Eoww k gpuoikés apidjdés ka1 E to ovvodo Awy twy dagopetikdy k-ddwy
(x1,...,2)
orouv x1 € E1,x9 € Ea, ..., 21 € By, ka1 ta Ej; elvar dAa memepaopéva ovvora. Tére
|E| = [Ex|-|E2|- - | Egl.

Anodeldn. Anodeln e enaywyh og meog k. Av k = 1 npodxeiton mepl tavtoloyiog, ool
E = E;. Trodétouye thpa 6Tl 1 TpdTaom WoyLel Yoo K = n xou T Octyvoupe yia k = n + 1.
OENOUUE VoL UETETICOVUE TOL OLUTETAYHEVAL AVTIXELUEVDL TNG HOPPNS

(T1,. vy Ty Tpt1) (3.3)

omov zj € Ej, yiojg = 1,...,n+ 1. Av E,11 = {e1,...,e;} autd ta avuxelueva (3.3)
ywetlovta otig e€hg §éves uetall Toug T ouddec: G elvan exclvar To avTixelueva Tou oTNY
Teheutalar Y€on Toug €xouv e1, ONA. O ToL AVTIXEIPEVA TNS LOPYTC

(1,...,2n,€1), Wex; € Ej, (3.4)

G'p elvon exelvor Tor ovTixelpeva ye ex otny teheutaio Véom, x.0.x. Ot ouddeg autég elvon uetal
Toug WoomAnelc, agol, T.y. urnopel 1 G va tedel oe 1-1 xou ent avtiototyio pe ™ Go Yéow
e anewovione Gi — Go

(X1,...,Tn,€1) = (T1,...,Tn, €2).
To cuvolxd TAYOC AOLTOY TWV AVTIXEWEVWY TUTOU elvou
Gl = |Gi] - [Engal. (3.5)
AlAG, etvan @avepd, to mAdog otoryelwy g G elvon door xan Tar BloteTarypévar avTixelueval
(1,...,2n), uexj € Ej,

Tou, Aoy TNe enaywyxhc unddeong, etvan (oo pe |Eq| - -+ |Ey|. Avuxadiotdviac otny (3.5)
TalpvoupEe To anoTéAEoua.

IMapddeiypa 3.2.1. [Técoug dexadixolc axepaloug Ue To TOAD Tévte mplo unopel xovelg
VoL YRAUEL YENOLLOTOLOVTOG HOVO Ta Yeduuota 2, 3, 5;

Kdne évag amd autole Toug axepaloug umopet va xataoxeuacel av xdvouue mévte dLado-
€ emhoyée (o yioe xde Pnplo tou) xar o xdde wio and g emhoyéc autée StohéEouue
€va amod Toug EMITEETTOUC opriuols 2, 3, 5. Elvor dnA. to mAfdog autev twv ohvieTtny emtio-
YOV TOU PToPOUPE VoL xdvoupe (oo pe 3°. Agol dlapopeTinéc emhoyéc divouy BlapopeTixolc
oxepaioue (o unv Zeyvdpe ot Héhoupe va puetpRiooude axepafous, Gyl TEOTOUC XATUOXEUNC
TWYV) TOOOL EIVOL X0 OL AXEPALOL YLl TOUC OTOIOUC AGYE.

ITe6BANpa 3.2.3. [boec diapopetikég otfideg MPO-MO vrdpyouvv (pikoug 13, pe 1,2 4
X oe kéBe Béom);

Av mai&ete otnv TOXN ot oTthAn ot N TwBavdTnTer var Tidoete 134&pL (SAa owotd);

Mot M TBavétnTa var Tudoete 124 (évor akpBiog A&Bog);

Tréderén: T to tedevtado epdTnuoe, Xwpiote to evlexdpevo oe 13 Eévar evBeydueva
avdAoya e To Tov yivetow to Adboc.
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ITeoBAnpa 3.2.4. [léoec SLopopeTikég TPLABEG YPAUUATWV TTOPOUV VAL ELPAVLOTOVV OF
eANVIKEC TivokiBeg auTokWATWY; (e UTEG XPNOLLOTIOLOVVTOU OVO YPALUOLTOL TLOU ALVIKOUV
Kol 0TO EAANVLKS Kol 0To Aartvikd ahpdBnto.) Av kéBe tétora TpLddo ackolovBeita ard évor
tetpadfiplo puoikd aptBud (pe Ttpdto Pneio Siovpopetikd ard to 0) Tdoa To TOAD aLutokivTe
popouv va tolvounBolv otnv EAN&S;

IMapddetypa 3.2.2. Xpnowonoldviag TV opy?) TOAIATAACWICUO) UTOPOUUE TOEO Vi

dwoouye andvtnon oto teoBinua tou Hapadelypatog
Kot" apynv to péyedoc tou cuvdrou

[n] x [n] = {(z,y) : = €[n,y € [n]},

TOU X0PTESLVOU M. YWopévou Tou [n] ue Tov eautd Tou, eivar n?, ool To TuYdY oTotyElo

TOU QTIAYVETOL OLUAEYOVTOC TO & Xk TO Y, Yo xadéva and tar omolol €YOoUUE N ETAOYEC.
Hopotneolye thpa 6Tt 10 GUVoho  tou Hoapoadelyuatog elvar To [n] X [n] extoc and
o Le0ym e popwhc (z, ), 1o mhidog Twv omolwyv eivon doeg xou oL EMAOYES Yl TO &, Onh.
n. Eyouue dpu deilel 611 |Qa| = n? —n =n(n —1).
Hopotnpotye téhog ot Qo] = 2|Q4], apol n anexdvion

f 1 Qo — f((x,y)) = {CC,y},

elvon 2 mpog 1. Me dhhor Aoyl oe xde Sluehéc oOVORO avTioToLy 00V oxeBie BV BlaTdielg
’ ’ / 7 ’ _ ’I’L(TL—].)
TV oTolyElwy Tou. Eyoupe howmdv dellel o1t ) = —5—.
Téhog 600V agopd Ty mdavdtnTa Vo €youde emAECel Toug Pdroug 1 xau 2, auTy oo To
we 1/1Q2| 1 1/, avdhoya pe tov av Advouue to mpdBinua 6mou 1 Sidtaln éyel dnuaocia 1

oYL

3.2.1 IIAA90g UTOCUVOAWY EVOG MEMEPACILEVOU GUVOAOU

Mot onuavTixn €Qopuoy” TG dpy NS TOAMATAACIAOUOD TV AVECIRTNTWY ETAOYWY EVoL TO
axéiouto.

Ocedpnua 3.2.2. Eoww ovrolo A ue n oroiyeia, kar P(A) to duvapocivoro tou A, onA.
T0 0UroAo Awr Twr vroourddwy tou A. Téte

P(4)] = 2"

Ano6deldn. Mnopel xaveic ebxoha Vo amodellel To ODpnuUa UE ETAYWYY WS TEOS TO 1, AR
g SoVuE KOS anodewvieton eapudlovTag TNy apyn todamiactacuol. H Boaoix tapathenon
elvar 611 10 TAAYOC GhwY TwV utoouvolwy tou A = {ay,...,a,} urnopel va tedel oe 1-1 xau
enl avtiotolyla uE TO0 GUVOAO OAWY TWV SLUTETAYHEVWY N-GBwY

(x1,...,&n) WE Z1,...,2y € {0,1}. (3.6)

‘Ovtwg, 1 1-1 xou ent auth avtiotoryio eivon auth Tou 0TéAVEL TO TuYOV uTtochvoho B C A
ot n-éda (21, ...,%,) 6mov xj = 1 av xau yévo av j € B (BeBarwdeite oL owth n omexdvion
6vtoe etvar 1-1 xou ent).

Avtl{ vo yetpricoupe hoindy ta otolyeia Tou

P(A)={B: BC A}
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umopolpe vo uetprhiooupe o midoc Twv n-ddwv (B.6). To amotéheopa etvan to (Bio.

[o vou ueterioouvue Tpa T N-Goeg OXEPTOPAOTE WG EENC: Yol VoL EMAECOUNE [l
TUY 00O N-GB0 TEEMEL VoL XAYOUUE 1 ave€dpTNTES EMAOYES, Wi Yiot xqe x4, xou o xdie
plar omd autég Tic emAoYES €youde BUo duvatotnte. ‘Apa, To TARYOC BUVATOTATWY Yio TN
oLVOAXT| ETAOYY| elvon 2 -2+ - -2 = 27,

—

n

ITe6BANpa 3.2.5. Adote emaywyk anédelén (wg Tpog to n) Tov Oewphpatog 3.2.2]

IMapdderypa 3.2.3. ME ndooug tpodnoug unopel xavel vo emAéel d0o &éva petald toug
uroolvola A xou B tou cuvélou [nl;

To ohvola autd umopolv va ebvon xan xevd.

[t VoL Aoty TRo0UPE GXEPTOPAGTE WS EENE, Xl O TEOTOE AUTOG OXEYPNG AMOTEAEL UTOBELY U
YLl TO TS OXEPTOUACTE OTNV TAELOVOTNTO TWV TEPLTTWOEWY. ['lar var uetpricouye hotndv to
ouyxexpwéva avtixeipeva Beloxouue, xat’ apyhy, Wia SLdLXAcio YIor VO T XUTUCHEVAGOULE.
Avuty| 1 Swdixacio eénel va elvon TéTola OOTE

e No xwduonotelton pe pLor axorovdio amd emAOYES HETA AO TIC OTOIEC XATAATYOUUE OE
Eva amo ToL avTXelpeva TNG xAdong oL TEOCTIUOUUE VoL UETEYCOUUE,

o TN xdde pior amd T SuvaTég oxohoLDiEC EMAOYOY TOU XAVOUUE VO TEOXOTTEL Xl €Vl
OLUPORETIXG AVTIXEUEVO AT TNV XAJOT), Ko

o [ xdde otoyelo g ®¥AdoNg TV TEOC UETENOT AVTIXEWEVLY UTdEyEL W axohoudia
emAOY®OV (Tou elvor xou povadixy, omd TV TponyolUevn anaitnor) mou yac Oiver To
oTolyelo auto.

H xataoxeur| mou divouye yio To cuyxexplpévo npoAnua eivon 1 e€hc. Ipoywedue yia ¢ =1
€wc 1 = n xou Yo xqe i emAéyoupe av Yo elvar 6to cUvoro A, oto clvolo B 1 av de Yo
elvon oe xavéva and autd. Ae unopel va elvon xon ot 600 apol Tar A xan B o Oéhouye E€var
HeTOEY TouC.

Ebvor gavepd nwg av €youpe 800 dlapopeTixée axohoudieg and Ti¢ n aUTEC EMAOYES, TOTE
auUTEC 00NY0oUV oE BLO BlapopeTd avTixelueva, oe BUo BlapopeTxd dnA. Leiyn Eévmv uto-
owvolwv A, B C [n]. 'Etol, 1o mAAloc TV avTixelpéveny Tou yac evilagépel eivon (60 e to
TARY0C TV BuVATHOY axohoLiwy emthoyoy pog. Eivon enlong gavepd oti ot n amhéc emhoyeg
mou anaptilouy auth TNV axolovdio emhoy®y elvar aveldptnteg uetald Toug, apol xdlde @o-
o4, xou OTL xou Vo €YOUUE ETMAEEEL Péypl oTiyuNg, TEElg elvon ol BuvaTég EMAOYES UaC Yo TOV
Tpéyovta aptdud i, OnA. vaemhéZovpe i € A, i € B i ¢ AUB. 'Eto, 10 tehnd anotéheopa
elvon

3---3=3"
——

n

IMopddeiypa 3.2.4. Emiéyouye tuyaia 800 utocivola A xou B tou [n]. Ilow n mdavétnto
OTL auTE elvon PeTagy Toug Eéva
O Beryuatindg pog Yweog 6w elvon To

Q={(A,B): 4B Cn}.
Aol undpyouy 2™ utocivoha tou [n], éyouue téoe emAOYES Yl To A o tdoeC yio To B,

Gpa [Q = 2™ 2" = 4",
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Ac elvou
E={(A,B): A\ BC[n],AnNB=0}CqQ.

Agol dha o otoyelor Tou Q ebvan €€ (oou Tdavd Vo euPaVIcTOOV KC amOTEAECUATA TOU
Telpdpatog 1 miovétnTo Tou pog evitapépet etvar o aprdude [E|/|Q2]. Ku and to Hopdderypa
éyouue |E| = 3", dpa n mdavotnto mou Py vouue eivar (3/4)™.

ITe6BANpa 3.2.6. Me mbéooug TpdTOUG ptopolpe va eTuAéoupe 800 vtoovvola A ko
B tov [n] wote A C B;

IMe6BAnpa 3.2.7. [lowa  amdvinon oto epwTnuo Tov lNapadetypoartog oLV OLTCOLL-
Thooupe taw ovora A ko B va givow pn kevd,

(Tréderén: apoupéoete amd tnv aemtdvtnon ov §60nke oto HO(.pd(.SSLY}.LOL}J.LOL KOLTEA-
ANAN TTOCHTNTA TTOV AVTLTIPOCWTEVEL ETUAOYEC TLOV dev TANPOUV TO KPLTHPLO TNE KN KEVATNTOG
Tov éxoupe Béoel.)

3.2.2 IIAjYo¢ cuvoptiocewy and cOvolo A ce cOvolo B

Mo ouvdpTtnom and to cbvoro A 6to cbvolo B elvan amhd pia avtiotolyion kdle otolyeiou Tou
A oe kdmoio otouyelo Tou B. Av |A| = m xau |B| = n néoec T€T0lEC GUVIPTACELS UTHPYOLY;
H andvtnon etvan n™:

Ocdpnua 3.2.3. Av A ka1 B etvai 5o menepaouéva otvora, kai pe BA aupfolioovue to
oUrolo dAwv twy ouvvaptioewy ané to A oto B, tite

|B4| = | B[,

A7m6delr. To vo emdéEouye pa ouvdptnon and 1o A oto B (éva uéhog dnA. tou cuvolou
B4) onuoiver amhototata vo emthéEouue TNV etxdva xdde oTotyelon Tou A avdueoa og Gha o
otoiyeta Tou B. Ot emAoyéc autég elvar Tpogavmg aveldptnteg UeTald Toug ool SV £YOUUE
Véoel xavéva neploplopd 6To Tt eldouc ouvaptioelc Yéhouye ()., Vo unopolooue va Véloupe
1-1 ouvoptioeic ubvo—oe auTh TNV TEP(TTWOoT oL emAoYEg Be Vo fTay QUL ocveid(pm'ceg).
‘Etol 1o mAfdog twv Suvatoy ETAOY®OY Elvol

|B|---1B| = B,

——

|A]
|

ITe6BANpa 3.2.8.  [low to mMA\fo¢ twv ovvaptioewv [n] — {0,1}; Meprypddre o
puotoloytkn oxéon pe Ta vtoohvola tou [n);

IMeoBAnpa 3.2.9. [éool m x n mivakeg vtdpxouv pe otouxeia 0, 1 1 3;

ITe6BANpa 3.2.10. [owo to mABo¢ twv ovvaptioewy f : [n] - N = {0,1,2,...} mov
TANpodv Tv avtodtnte f(k) < k yw kdBe k € [n];
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IMebéBAnupa 3.2.11. AvA={-n,—n+1,...,n—1,n} ko f: A— A eivouw po tuxaio
ouwvdptnomn (éAec ov ocuvapthoeig A — A €€ ioov Bavég) ot  TBavéTTaL 1 f var eivou
dptia, vau tkawvototel SnA. f(—z) = f(z) vy dha taw = € A;

IMTe6BAnpa 3.2.12. [lbéool aképotor aptBuol, puikpdrepor amd 109, éxouv kdmolo 2 oto
dekadikd toug avdmtuypa; ( Tmébeén: MNbool Sev éxouv;)

IMeb6BAnua 3.2.13. Emléyoupe tuxaio éva aképato amd 0 éwg 999 (éva Tuyaio SnA.
aképao Tou utopet vo ypoupel pe tpiow dekadikd Pneia). Mowa n mbBavéTntaer bt autde Sev
TepLéxetl dptio Ynylo;

IMe6BAnpa 3.2.14. XYe wo tuxaia Sidtagn tov [n] ol 1 mbavétnTa o apbude 1 va
améyel ard tov aplBud 2 akppag 5 Béoeig;

IMTeoBAnpa 3.2.15. (Aoxwéc Bernoulli) ‘Eva véutopo épxetan kopdva pe mbavétnra
p € (0,1) ko ypdppoto pe mbovétnto 1 — p. To pixvoupe ouvexdg. Mot n TbavéTnTa
va £pBsl To VOLOPAL YLl TTPATT Yopd kopwve oty k pidm;

ITe6BANpa 3.2.16. [doovug Sioupéteg éxel o puotkde aptbude

O n éxeL Ypawel oav Yvopevo Suvdpewv E4vwv petaéd Toug np(brw»ﬂ aptbumv pj. Mmopeite
va. Xpnotpotolfioete To Oegpedi®dec Ospnuor tng ApBuntikfc Tou el bt kdbe puoikdc
aplBudc n ypdpeTol katd povadikd TpdTo oTN HopYH , ekTé¢ lowe amd TN oelpd Twv
TOPALYOVTWV.

3.3  Ap)" TOANATAACLACUOU NULAVEEALTNTWY ETAOY WV

Edaue otny OTL OTAY €YOUUE VO TUEAYUATOTOWCOUNE Uial GUVIETN ETLAOYY| TTOU OTOTENE-
{ran amd moAAEg entl uépoug emhoyEg, ot omoleg elvarn aveEdETNTES 1) LLot OO TNV GAAT), UTOPOUUE
ONA. v Tparypatonotioouue TiC entl pépoug EMAOYES OAEG TawTOYPOVA, TOTE TO TAYOC duva-
TOTATOY Yo TN oLUVIETN EMAOYT LGOVUTAL UE TO YIVOUEVO TWV SUAVATOTHTOY YL TG €l P€poug
ETLAOYEC.

H oapy? molamhaclaouol yivetar ToAD yenowotepn Uetd and tny e€ig mopatrenon. Ac
yeetdleton o ent pépouc emhoyéc pog va ebvar aveldptntee. Mmopolue vo emitpédoupe 1
TeWTN pog entl uépoug emAoYT vor emnpedlet Tic duvatétnTég poc Yo T deltepn () xdmota
GAAN) emAoYh, apxel vo uny ennpedlet to mARJ0S Twy BUVATOTATOY YLt THY ETAOYH auth. Aegv

2 [Ipdhtog Méyeton évac oxépatoc peyahitepoc Tou 1 av dev éyet dhhouc Bloupétec mopd Ubvo Tov autd Tou
xou 1o 1. ILy. mpdrol aprduol ebvon ou 2, 3, 5, 7, 11, 13, eved o 6 dev elvon mpddtog, adhd ovrietos aprduodc.
Trdpyouv dnetpot mpddtor aprduol.
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amaTOVUE ONA. Vo UEVEL TO GUVOAO BUVATOTHTWY NG xde enl u€poug emhoyrc avorroiwTo
and xdde mponyolUevr yag andogoaot), apxel vo uével To Yéyedog Tou GUVOROU aVOAAOIWTO.
Aépe tote 611 oL eml pépoug emhoyég yag etvon navebdptnTe

IMapdderypa 3.3.1. Ac unodéooupe 6tL, TopdAnia ye Tic unovéoeic o0 HpofAfuatog
o€ €va TEPLEPYO TOTO 0 XOGUOG BeV TiVEL TOTE OXETO UPE Ywpelg YdA xan OTL BeV Tiivel
enione moté YAuxd (2 goaxehdmio Layoen) pe yého. To mAgdoc twy Suvatdv Tinwy xopé eivat
8L 2-2 av xou Thpa ot emAoYEg (yYdha, Ldyapn) dev elvon mhéov aveZdotnTes, apod av xdmolog
emAEEEL TpWTA XoPE Ywpelc Ydha ol ETAOYES Tou we Teog T1 Ldyopen etvon 1 1) 2 gaxehdia eV
av eMAEEEL xoupé Ue YdAa oL eMAOYES TOu w¢ o T Ldyaer etvor 0 1y 1 goxedna. O emioyn
ONA. TOL XAVOUPE Yiot TO YaAa eMNEedlel Tig emAoYES pag Yo T Lyoer, ahhd Oyt To TARvog
TV EMAOYOV auTeY, eivon dnh. 1 emhoyy) tng Ldyoene nuiavedptnt and Ty Moy Tou
YaAUXTOC.

IMapathenon 3.3.1. Eivaw ndpa oA onuovTixd Vo TapatneoouUE €6 OTL 1 €VVOoLd TNG
nuaveloptnoiog Onwe TNy oplcaue meptypapixd €00 efaptdtar omd T OEWRd YE TNV omolo
TpoypatonoolvTon ot ent pépoug emhoyég. Av oto Iapdderyua emAégeL xavelg Tpd T TO
eninedo {dyopne xon UeTd To av Vo €yel 0 xapéc Tou YdAa A Oyt, Tavel 1 nuaveaptnola. Av
emAé€el xdmotog 0 xapéc Tou v ebvon oxétog (xadohou Ldyaper) ToTE Eyet wio emhoyn yio To
Yo meEmel omwodrmote va Bahet. Av emhéger 1 gaxehdn Cdyoapn umopet Bdkel ydha 1 Oy,
eved av emAéZel 2 paxeldoaar Lyoen maAL €yel 1 emhoyr): va un Bdkel ydha. Av adpoloouue to
TAfdoc Twv emhoy®y ToTE Tadpvoupe AL 14241 = 4 guowxd. AN tapatneeiote 6TL auTog
0 TEOTIOG UETENUOTOC EVOL TILO TEQITAOXOC [Lol X0 OEV UTOPOVUE TAEOV VOl TOAATAAGLACOUUE
TIC eMAOYES, AN Tpémel var adpolcovue. TV autd xou Evor UEYIAO xOuUdTL amd TNV TEY VN TOU
UETENUATOS EYXELTAL OTO VoL SLOAEEOUUE Uiot XOAT) OELRE UETEYLOTOC, Tou Yo 00NYNOEL OE oA
HETENOL

IMTopdderypo 3.3.2. M 10-pyekrc opdda emAéyer apynyd xau (Blopopetind) umapynyo.
Me nécoug tpdnouc unopet vo yiver auto;

H omdvtnon etvon pe 10 - 9 = 90 dagpopetinote tpoémous. Ilpwta emAéyeton o apynyodg
XL YETd o umopynyos. I tov apynyd €youue 10 emdoyéc. Agol emheyel autdg, €otw
o x, otn Véomn Tou unaEyNYo) UTOPOVUE Vo EMAECOUUE OTOLOVOATOTE EXTOC TOU &, €YOUUE
onA. 9 emhoyéc. Topatneeiote 6Tl oL Vo emhoyéc dev elvon aveldptnteg apod N emAoYY Tou
apYNYoL emneedlel TO GUVOAO T®V BUVITWY ETLAOYOV YLa UTOEYNYO, eV eMneedlel OUws TO
TAflog Ty duvatwy unapyNy®y. Eivar dnk. ot 800 autéc emhoyég nulaveldptnTeS.

IMeb6BAnpa 3.3.1. 'Eotw po opdda 5 avdpdv ko pia opddo 7 yuvouk®v. Me méooug
TpdéTouc pTopolpe vol Tovtpédoupe kot Toug 5 dvdpec pe yuvaikee attd auth TV opdda
twv 7; loybouv o ouviBeig kavdveg (OxL Sryouio).

Trébeln: EmAéEte mpotal T1 Yuvaika tou dvtpa No 1, uetd tov No 2, kAT, ko petpe-
iote mboec emAoyéc éxete o kdBe PApaL.

ITe6BAnpa 3.3.2. T m < n mbéoeg 1-1 ovvapthoelg vntdpxouv ard to [m] oto [n];

ITe6BAnpa 3.3.3. Xto lMpoPAnua aAMN&ETE TOUG KOWWVLKOUG KAVOVEG DOTE VaL
ETUTPETIOUV OF LAl yuvaikal val TtavTpeutel Tocutdypova dooug dvtpeg BéNel.

30 6poc Bev eivon xadiepwpévoc.
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ITeoBAnua 3.3.4. Xe éva kouti Bplokovtaw 10 kdkkivol kat 5 Ttpdiotvol Boddol. EmAéyoupe
Bodloug xwpic emavatonobétnon. Mo 1 mbavétnra o mpdtog Tpdowoc Podrog va éplel
otnv Tétoptn AMdm;

3.3.1 IIA9Ooc Sratetaypévey emAoywyv. Metadéoelg cuvolou
Me nécouc TpdTOUC UTOoPOVUE Vo BIUAEEOUUE, XATA TEOTO BLUTETAYUEVO, T ATOUN OO N;
Ocedpnpa 3.3.1. To mrjdos twy datetayuévor r-ddwv (r < n)

(1,...,2,) pex; € [n] dAa dapopetiid (3.8)

/.
€val

nn—1)n-2)---(n—r+1).

Anodedn. Emiéyouue mpwta to z1. I'V autd €youue n Suvatdtntee. Eyovtag emiéel 1o
x1 0ev unopolue TAéov va Slahégoupe To (Blo oTotyelo xou Yo £2. Or BuvaTOTNTES TTOL €YOUUE
dpo yia To a9 elvon plor Aryotepee, dnh. n — 1. Eyovtag emhélel ta 21, £2 oL BUVATOTNTES
yioo o 3 €bvon TAéov n — 2, xAn. Ilopatnpolue 6TL oL emhoyég eivon nuiaveldptntee. Acy
enneedlouv dnh. oL U€ypeL xdmolo oTLYUH EMAOYEC pac To TAT0G TwV YETENELTO ETAOYMV HOC.
Egapuélovtag v apyy) T0U TOMATAACLAOUOU T{EVOUUE TO AMOTEAECU, 0pol Yia TO &, Vo
éyoupe n—r—+1=n—(r—1) duvatdtnrec agpol Ya Exouv Kdn yenotporomdel oxpBoe r—1
cTolyela and Ta n.

Opiowodg 3.3.1. MetdOeon evog memepaouévou GuVOAOL OVOUALEToL Lol BIATOEY TWY GTOL-
YElWwY TOL, €vag TEOToC dNA. va Yedoupe Tar oToLyEld TOU TO €val UETA TO dAAO.

Av A eivar onoodinote chvoho (Oyt xat” avdyxrn nenepacuévo) tote yetdideon tou A
ovopdletan yior 1-1 xou ent anewdvion A — A.

ITe6BANpa 3.3.5. BePouwbdeite 611 oL 8o TpdTOL OpLopol tng petdBeong memepaopévou
ouvbélov atov Oplopd opilouv TNV 8L évvolaL.

ITépiopa 3.3.1. To mAndos twy petaléoewy evés auvdlov e n otolyela eivar
nl=1-2-3---n.

O1 dagopetirol avtol Tpomor Oidtaéng GAwy Twy ototyeiwy evos aurodov Aéyortar YeTadEceLS
TOU OoUrdAov.

Ano6dedn. To va dwtdéouye ta oToLyEld TOU GUVOAOU GTY| GELRA €lvon TO (BlO TEAYUO UE TO
vou SlohéZoupe Wiar Bratetaypévn n-ado amd autd. Egopgudéloupe hoimdv to Oewpernuo e
r=n.

IMeb6BAnua 3.3.6. [pddte dhec Tic petabéoeis Tov ovvdrov {4, B, C}.
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ITe6BANpa 3.3.7. Me mdooug TpdTOUE pttopovv va StactaxBodv Ta Pneia 1,2,3,4,5; Me
mdéoouc Ta Pneia 1,1,3,4,5;

ITeoBANua 3.3.8. Aéka &ToUo POpAVE KATEAX TIOU YPEPOLV ETLAVK TO SVopd Toug. Ta
TETAVE OTOV QLEPOL YLOL VO YLOPTAOOUV KO TO KXTLEAXL KOLTOATYOUV KO TLAAL OTOL KEQYAALOL
Toug, avakotepéva. Mora M ThavéTntar btL Aol Bar popéoouv kol TAAL To kKoTéAo TOUC.
('Ohot o1 tpdTOL VL TTpooyelwBolv tar kamtéha ota kepdha Bewpoldvtan woomiBavol.)

3.3.2 Mn datetay€Veg EMAOYES. 2uVOLACHOL

[I6c0 umocUvoha tou cuvérou [n] (A, ev Yével, evoc cuvolou pe n oTotyeio) UTdEy oLV UE
uéyedoc k;

Ocedpnpa 3.3.2. Av 0 < k < n téte to gdvodo [n] (1} omowdimote olvolo pe n otoweia)

éxer
<n> B n(n—l)--l;:!(n—k—kl)

k

urootvola ueyédous k (axolovbolue tn ovppacn o éva ywipevo ue 0 mapdyortes woltal
pe 1, ézon 0l =1).

To cluBoro (}) mpopépeton: n avd k.

AnodeEn. Auto mou {ntdue va yetpriooupe eivor To TARlog Twyv un datetaypévwy k-adwv
e dtapopeTind ototyelo amd to [n]. Aéyovtog 6Tt Véloupe va yetpiooude “un dotetorypéves”
k-&dec evvolue 6Tl av 800 k-ddec Blapépouv UOVo WS TRoC TN Oelpd Tou eugovilovial To
oTouyelo Toug, ToTE aUTES TIC Vewpolue Bleg xan Tig Yetpdue plo gopd. Av auté dev loyue, av
ONnA. SlapopeTind dateTaypéveg k-adeg Yewpolvtay BlapopeTixée, TOTE TNV AndvInon Tn Olvel
10 Oedpnua3.3.1] nh. n(n —1)--- (n — k + 1).

Hapatneeiote topa 6TL o€ xqle YN SwoteTaypévr k-dda ue BlapopeTixd ototyela, o xdie
Onh. k-peréc vmoolvolo Tou [n], avitiotolyoly oxeBde k! dlatetaryuéves k-ddeg, wior xou Ue
600U TROTOUS UTopovY Vo diatoy oy T oTotyela evig k-uehoic ouverou (ITbpiopa[3.3.1)).
‘Apa, otov aptdubd n(n —1)---(n — k + 1) xdde k-yeréc unoolvohro tou [n] éyer petpndel
axpBie k! gopéc. To va Bpolue cuvende to mhidog Twv k-PeAdy UTOGUVORWY Tou [n] apxel
vou Slanpécoupe oo Tov apriud ue k.
|

ITopiopa 3.3.2. Av n, k guowkol apiduof, 0 < k < n, tdte a apriduds

nn—1)---(n—k+1)
k!

elvar axépaiog.

IMapatrpnon 3.3.2. Eivow onuavtind va tovicoupe €66 OTL 1 TpoNYOLUEVY amodelln dou-
AeVet axplfBeog emeldr) xde k-pehéc olvoho elye uetpniel Tov 1010 ap1dud popwr otny TocéHTNTO
n(n—1)---(n—k+1), xou dpo SxaoVUoo Ty var Sloupécoupe dlar autd tov aptdud Qopov.

ITe6BANpa 3.3.9. Towx eivow Taw Sipuedt vmoovvora tou [4] = {1,2,3,4}.
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IMTopdderypa 3.3.3. Me t6c0UC TEOTOUE UTOEOVUE VoL BLOAEEOUUE TEGGERELS BLUPORETIXOVG
duprigproug oxepotous (Be pog evdiagépet 1 oelpd Tou) 0LTKE WOTE Vo Ywpeilovtat autol oe dvo
Ledyn xou ot apripol xdie Ledyoug va éyouy o (Blo debtepo (younidtepo) dmeplo ahhd oprduol
oe dtapopeTnd Lebyn va €youv dlapopeTnd deltepo Ynplo; T mapdderypa ol aprduol 12, 22,
13, 43 wavorooty ) Intoluevn cuviixn av toug ywplooupe ota Ledyn {12, 22} o {13, 43}.

[o vou UETEHOOUPE TOUG TEOTOUG GUEPTOUACTE UE Tola dladxactar Yo TapdyOUUE LOVo-
ofpavta éva Tétoto anotéhecua. Iapatnpolue ot otn dedtepn VEom yenotwomololvTaL axptl-
Bde 800 Pneplo, éva oo éva Lebyog xan éva yio To dhho. Amogacilouye hoimdy xdde TeTpdda
TETOWWY ApLIUOY VoL TN YEAPOUUE w¢ eENG:

xa, ya, zb, wh (3.9)
omou oy Vel
a,be€{0,...,9}, z,y,z,we{l,...,9}, a>b, x >y, 2> w. (3.10)

Trv tekevtalo auth anaitnon ™ Bdlouue wote xdde TeTEddA and auTéC Tou VEAOLUE
vou peTpricouue v ypdgeton pe povadikd tpémo otn popgh (B.9). IIdvto dnh. dtov efvan vor
Yedupouye pilar TETEABN *3Te YEAPOUUE Tp®Ta To Leuydpl 6oL To Ynelo Twv Yovadwy elvon To
HEYahOTERO, xou péoa o€ xdie Ceuydpl YEAPOUNE TEMTA AUTOV ToV apldud Tou omolo To Ynplo
TWV OEXABWY elvol TO UEYUAUTERO.

To avtixetyevo dnh. mou VENOUUE Vo HETENICOLUE Elvor GE €Val TEOS EVOL AVTIOTOLY (A UE TIG
e€didec

(a,b,z,y,z,w)

ou xavorowoty v ([3.10). Tia va uetpricouye Tic e280eC aUTEG UeTPSUE TPMTa TOCES Elvor
oL emhoyéc poc vy to Ledyog a, b, néoec vy to Lebdyog &,y xou mooeg yio To Levyog 2, w.
Enedn), Moy tne pbong tne ouviixne (3.10), autée ot emhoyéc etvon aveZdptntes petall ToUC
UTOpOUPE Vo TS TOAATAAGIEc0oUPE. AN Yo vor emthéZoupe To Levyoc a,b € {0,...,9} ye
a > b unopole amhd va emhéEoupe €va dueréc utooivoho tou {0, ..., 9} xat va ovoydooupe
a to peyaliTepo otolyelo Tou xat b To uixpotepo. To mAfdoc emhoy®y pag dnA. elvou (120)
X0, OUOlwS OXETTOUEVOL, BAénoupe OTL yia To (ebyog &, Y €YOUUE (g) EMAOYES Xou OUolwe Yo

10 (elyog z, w.
10\ /9)?
2 2/

To tehxd anotéhecya elvon Aotmov
IMopddeiypa 3.3.4. Ano pa cuvniiouévn TEATOUAN UE TOGOUE TEOTIOUC UTOPOVUE VoL ETL-
AéCoupe pa e€8do amd pUAa LTS TOV TEPLOPLoPS GTL oxEBKOC Tpla amd autd elvon omodid (d);
Ou €€ddeg mou emAéyoupe elvon U1 BlaTeTayHEVES.

[No va anavticouue PBeloxouye pior Stadixacior Topay YN TOU TUTIXOU AMOTEAECUATOC.
Agol howndv mpénel Tpla amd auTd ol YoeTid va elvon omardd Eextviue SlahéyovTog TeTo o’
oha autd Tor Tplor omardd. Tar Tplor autd QUANA EMAEYOVTOL YWplS xavEVa TERLOPIoUS amd Tor 13
ouvolxd onahd TN Tednoviac. Apa oL SuVATOTNTES YU oUTH TNV ETAOYN elvou (133).

Y1n ouvéyela emhéyouue Tor umohotma Telor UM Tou TEENEL amAd vo uny etvan omadid,
emhéyovton OnA. amo ta 3 x 13 = 39 @UAKa ou dev elvan omardid, dlvovTdg pog (339) BUVATOTNTEC.

Enedh n mpdtn emhoyn (tov onadidyv) ebvor aveZdptntn and t dedtepn 0 TEAXS omo-

TENEOUA Elvo
13 39
3 3)
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IMopdderypa 3.3.5. Eivor moAd onuavtixd va tovicoupe 6t 1) amopidunon mou xdvoue oto
[Mopdderyua elvon owoTr emedn 1 P€V0BOC HATAGHEVAC EYEL TIC AXOAOUVES LOLOTNTES

e Eivor tétowa wote dagopetinée ent pépoug emhoyéc (otn wédodo xataoxeuic mou me-
etypdape ol ent pyépoug emhoyég Aoy BLO: TEMTA N EMAOYY TV OTadldY Xal UETE 1|
EMAOYT TV W onadlidv) odNyolv oavayXxao Tixd o€ SLopopETnd AMOTEAEGUL, ol

e Kde duvatd amotéheopa ebvan duvatd va xataoxevaoTtel ue T Yedodod pag.

Or 800 autéc Wotntee pall e€aopoiilovy 6Tl UTdEYEL ocpcptpovooﬁpawrﬁ avTioToly (o aviueca
OE QT TTOU XUTAGKEVALOVUE Xl GE AUTE oL YENOUUE VoL UETENOOLUE, dpo UTOPOVUUE ATTAGL VoL
UETENOOLUE TO TAUOC TWV AVTIXEWWEVWY TOU XATAOEVALOVUE.

o va Tovicouue t0 méco onuavTixég elvar auTég oL 800 WBLOTNTES Xl TOGO TEOGEXTIXOL
TEETEL VoL E(UACTE O AVTIOTOLY A METENUOTA, 0¢ TapaAAdEoupe Alyo To gpwtnua tou Iopade-
fypoatog A¢ pwthcouue To (Bl0 Ye uoVN Blopopd OTL Tpa Bev amoutoUUe akpiPog Tela
QUM v elvon omardid ahAd TouAdyioTor Tl

Ac Bpolye wo Swdwacio xataoxeurc (oOvietn emhoyy). Agol onwodhnote Véhouue
Tplo omodid ag EexvAoouue emhéyovtde to.  Eyouue mdh (133) OLYVATOTNTES YU QUTH TNV
emAoyY. X710 8e0Tepo OTABIO Uével amAd var ETAEEOUUE ShhaL Tplor PUAADL OO TAL EVATOPEVOVTAL
49, ool tdpa Ot pagc Telpdlel vo €youpe emmhéov onadid. 3to BeUTERO GTABIO AOLTOV €Y0oUUE
(439) duvatétntec. B¢ doov ta 800 otddia emhoynic eivan nuaveEdptnta (Tponyoupévee fitay
ave&dpTnTa) UTOPOUUE Xt T8AL Vor TOMATAAGIECOUUE %ot TpVOUPE TEMXS amOTENECUAL

13 49
3 3)
AAGOX!

Ko 0 Aoyog eivan 6TL unopolue va €youue to (Blo amoTéAeopa oxoun xt ov 1 cLVIET
emhoyY| pag oAAGEeL. T'io ToRdBELY UL, 1) XATUOXEUT] HOIC UTOPEL GTO TEMTO GTABLO VoL oG BOOEL
1 &, 2, 3 & xu oto deitepo 4 &, 1 O xou 2 Q. Mrnopel enlong va pag ddoel 0T0 TpdTO
oTdd0 1 &, 2 &, 4 & xou 010 deltepo v pog dwoel 3 &b, 1 O xow 2 Q. H tehinr e€dda etvon
oTIC 600 AUTEC TEQITTWOOELS 1) (Bla. ‘Apa 0 aptduog (133) . (439) TIOU UTOAOY{CUUE TEOTYOUREVLS
elvan awotned (xon Pdhhov xatd ToAD) UeYANITEQOS TNS TEOYUATIXOTNTOC.

IIo¢ pmopolpe va dloptdcoupe tn wEVodo yoc; Mo amhy) andvinon elvor 6Tl umopolue
vou Blaywploouye Tic duvatée e€ddeg o TECOEPEIC XAUTNYORIESC: QUTEC TTOU €Y0UV oXELBWC 3,
axeBae 4, axpBag 5 N oaxpBng 6 orodid. Mropolue ebxoha va petpricouvue Tic e€ddec xdde
xatnyoplag, ovotootnd pe T uédodo tou Moupoadeiypatoc[3.3.4] xou oto téhog vo tpociécoupe
autd To T€ooepa voluepa. ‘Etol to anotéleoya etvor

13\ /39 n 13\ /39 n 13 39+ 13

3 3 4 2 5 6
6mou o xdle mpocdetéo avtinpoonwneel xou Wio xatnyopla. (BeBawwieite 6t xatohofBaivete
aUTH TV avtiototyio.)

Mopdderypa 3.3.6. Av avontifouye (ypddbouue dnh. otn wopeh ag + a1x + agw? + - - +
anz™) to Tohudvugo (1 + z)19 toloc ebvar o cuvteleotic Tou zt;

Ac oxeprodye Ayo mode unohoyilel xavelc To aVETTUYHA EVOC YIVOUEVOU, Yld AmAOTNTO
tou (a+b)? = (a+b)(a+b) Tou éyet BVo udvo Topdyoviee xon dyt 10 6Twe autd Tou nTdye.
To Beloxouue nalpvovtag xdie mpocietéo Tou TE®TOU AEOICUATOC TOAATAACIUCUEVO UE

4 An. éva Tpog €vo xou eTl.

42



x&de mpootetéo tou Bevtepou, xou adpoilouye To amoteEAéouaTa (QUTO AEYETOL ETHUIEPLOTIXT
©6tNTa). Av Aotnév pwtAcoupe Toldg eivar 0 cuVTEAEOTAS Tou ab oTo avdmTuypa, elvon oo
VO POTAPE UE TOGOUE TEPOTOUG UTOREL VoL EUPAVIGTEL TO YIVOUEVO ab XAVOVTOC TO OVETTUYUOL
OTC TUEATEVE.

Abyw avTipeTodoTixdTNTOG TOU TOMAATAAGIAOUOU UTO UTOREL Vo EUPAVICTEL €lte WS ab
elte wg ba. To ab epgaviletar axpBog pio popd, 6Tay cUVBLALOVUE GTO OVATTUYUO TO G OO
NV TN Tapévieon pe to b and tn devtepn. Aev umdpyel dhhog Teomog. Ouolws pio @opd
epavieton xou To ba dtory cuvbudleTon To b and TNV TewT TapéviteoT e To a and Tn deUTEEN.
‘Apc 0 cuvtereoTAC Tou ab oo avdmTuypa ebvar 1+ 1 = 2. Opolwe T a? xou b? uropodv to
wardéva var tpoxddouy e éva uévo tpémo. Tl 1o a?, .y, mpénet vo emheyel To @ xou omd TNV
TN xou omd T deltepn mopévileon, opolwe xo yio o b2, Emfefordveton étol 0 YvwoToc
wac tomoc (a + b)? = a? + 2ab + b?.

AV pwTAGOUPE Yo T0 oLVTEAEGTH Tou a?b oTo avdmTuypa Tou (a+ b)? eivor oo Vo pwTdpe
UE TOGOUS TROTOUE UTOPOVUE VoL GUVBLAGOUUE €va b ue 8o a and T Teeic tapeviécelc (a+b)
TIOU UTAPYOLY OTO YvoUevVO. Autd umopel va Yivel Ue axpiBmg TEElg TPOTOUC Ual Xo dEXEL Vol
TOUUE oo ToLoL TUEEVIEST| EMAEYOUPE VoL Tdpouue To b. Autd mpocbdiopllet OTL and TiC dAAES
000 TAlPVOUUE amd Eval a.

Enavepy6uaoTe ThR0 0TO dpyind oS EPMTHUN X0k POTEUE Y10 TO GUVTEREOTH Tou z# 0To
avémruype tou (14 2)1% Yto avdmtuype auté or mpoodetéor TpoxinTOLY pE EmAOYA, O
xadévag, evog 1 1 evoc o and xdde pla and Tt 10 mopeviéoeic. To 24 howmdv UTopEl Vol
TeoxOeL pe T6o0UE TEoTOUC GOl elvar ol TpoTol va emhé€ouue Tic 4 mopeviéoel, and TiC
omolec Yo mdpovye To . ‘Apa To amotéheoyo etvan

10

1)
ITe6BAnpa 3.3.10. Amd po opdda 10 atdpwv, pe Té6cous TpdTOuG ptopel vou ettheyel
évor Tpupedéc mpoedpeio xwpig Stokprtovg pdioug; ‘Evar Suedéc mpoedpeio pe mpdedpo, avti-

Tpdedpo kaw 3 wéNN; (Téderén: Mo to devtepo epdtnual, emAéETe TO TPoEdpeio emAéyovTog
TPOTA ToV TPdedpo, HeTd Tov avTipdedpo ko, Téhog, Ta Tpio wéAN poli.)

ITe6BANpa 3.3.11. Mé néooug TpdToug urtopolpe va eTuAéEovpe, atd pio ouvnBiopévn
tpdmovia pe 52 @OAAa (Tou ywpilovtaw oe 4 ypopoto ko 13 £idn), mévte YOMa amd T
otoia 2 kékkwa (& 1 Q) kou 3 omabid; Ae poag evdiapépel 1 oelpd eTUAOYHS TWV PUANWV.

ITe6BANpa 3.3.12. Av n &pto ya oo k € {0,1,...,n} peyotomoteitan n Toodrnra
(Z) T ylvetow av n TepLtTog;

ITe6BANpa 3.3.13. Aci€te v TavtdTnTa
" /n n n n n
(1) = ()« () e (1) () -
yiat kéBe n > 0.

Trébeln: Eppnvedote tnv moodtnta 27 tou 8e€100 pélouc we to TARBoc Twv uTtoou-
vohwv tov [n] kow TpooTmaBeiote va epumvedoete opoiwg ko to dbpolopa oto aplotepd
péloc.
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ITeb6BAnua 3.3.14. Aci&te tnv tawvtdTnTal

(1) =(.")

yiow k&Be n > 0 ko 0 < k < nm.

ITe6BAnpa 3.3.15. Avr,s, k eivaw puowkol aptBuot pe r > s 8ei&te 611 0 aptBude s! eivou
Slapétng Tov
(k+1)(kE+2)---(k+7).

ITe6BANpa 3.3.16. Xe éva kouti umdpyxouv 10 kdkkivol kot 8 pdatvol BdAot. Balouue
To XépL pog ko Tudvoupe 4 Bodovug. Mota 1 wbBavdtntor vaw eiva dhol kdkkvor,;

ITe6BANpa 3.3.17. Bydlouvpe 4 yoptid amd o cuvnbiopévn tpdmovia. oo m
TlavéTnTa va stva 890 podpa ko §vo kdkkive;

3.4 To Awwvuuixd Oswpnua

To Awwvuuixd Oedpnua (Oedpnua elvar €var 1oyLEOTATO EPYAAElD Yol UTOAOYLOUOUC
TIOU AVAPEROVTOL OE TOGOTNTES UE Olwvupxolg cuvterectéc. Elvon enlong n mpwtn obvdeon
TWV CUYOLACTIXWY TOGOTHTWY TOU GUVAVTAUE UE OAYEPEIXEG UeVddoUg. Oa pag elvor TOAUTIHO
apYoTERA OE UTOAOYLOUOUS Blapdemy TIUVOUEWENTIXMY TOCOTHTWY, YIo TUQAOELY A UECWY
THOV.

Ocwenua 3.4.1. I'a kdle a,b € R, ka1 axépaio n > 0 w0y Vel

(a+b)" = En: <Z> akork, (3.11)

k=0

Am6deln. To apotepd péhoc eivan évor Yvouevo n mapayoviny owv ue (a + b). Otav
XAVOUUE OAEC TIC TPAEELS, OTOV ONA. EQUPUOCOUYE TNV EMUERLOTIXN WBLOTNTA, AUTO TOU XEVOUUE
elvon 6TL oy nuatiCouue Oha ToL YVOUEVO TOU UTOROVUE VoL PTLEEOUUE DUAEYOVTOS €V TEOGUETED
ond xéde mapdyovto (Selte xou Hopdderypa xou T tpoc¥étoupe, paledovtag uall (Bio
HOVOVUUAL.

Ebvor gavepd 611, epbdcov ol mpocietéol and xdlde mopddetypa ebvar a 1) b xou o mAfvog
TWV TOEAYOVIWY EVOL 72, ORI TA HOVOVULU oL Vol ELPAVIOTOOY EVOL TNS LOPPTHC

akb"_k, (0 <k <n).

A 6 {{eton omoTeEdTOTE € TAEEEL T biXe A 6 T O
To povevuuo autd epooviletor 0TOTEINTOTE EYOUNE ETUAEEEL TO a amtd axpl3mc k amd Touc Tok
edyovtec. AMNG awto oupPaivel ye axpl3ig T6o0UE TEOTOUE 6GOL £Vl OL TEOTIOL VoL ETLAEYOVY
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k mapdryoves amd toug n, Snh. (1), xou autd axpiBoe elvan To TEpLEYGUEVO TOU VEWPAUATOS.
|

Me6BAnue 3.4.1. Moo eivon To avdmruypae Tov (1 + 2)5 oe Suvéyeg Tov ;

To Awwvupixéd Bedpnuo (Oedpnua [3.4.1) €yer toAkéc epappoyéc oe unohoylopole adpol-

OUdTLY.

IMTopddeiypo 3.4.1. Oétoviac a = b =1 oy (3.11)) naipvoupe v tawtdtnTo (Seite xan

T0 [TpéfBrnua |3.3.13)
" (n
2" = .
> (1)

k=0
IMopdderypo 3.4.2. O¢toviac a = 1,b = —1 oty (3.11)) xou ywpilovtag toug apyntixoic
an6 Toug Vetnolg Gpoug Talpvouue 6Tl Yo xdde N To dHPOLOUN TWV BLWVUUXGOY GUVTEAEGTOY
(%) Y k dpTio ebvon (oo pe to ddpotoua yio k TEEITTO

2 <Z> -2 (Z) (3.12)

0<k<n
k mepitto k dptio

Auté elvan povepd 6tay To N elvan TEELITTO, Lol X0 TOTE OL SlwVUXol CUVTEAECTES P dpTio k
Beloxovtar o€ éva mpog éval avtioTolyio UE TOUS GUVTEAESTES e TEPLTTO K (ol toylet mdvTa

() = (,,",)-dette xou to HpdBhnua (3.3.14)), 0dAd dev etvan €Z {oou elxoro Yo dptio k.

IMTopdderypo 3.4.3. Oétovue a = z,b =1 otnv (3.11) xou noparywyilovpe tn oyéon tou
mpoxUTTEL w¢ Teog x. Ialpvouue 1ot

n(l+z)" 1 = Z k <Z> akt
k=1

O¢étovtog Twea = = 1 nalpvouue Tt oyéon
Z k<z> =n2"" 1t
k=1

IMe6BAnua 3.4.2. Troloyiote to dBpotopa > o 27 (7).
Ie6BAnue 3.4.3. Trnoloyiote to dBpotopa Y p o k(k —1)(}).

ITe6BANpa 3.4.4. Oftovtag a = x,b = 1/ kau 2n otn Béon tov n oty (3.11)) Seite

TNV TOVTOTNTY
<2n> -3 <n>2
n) k)’
k=0

e€etdlovtac To ouvteleot Tou otabepol bpov.

ITe6BAnpa 3.4.5.  [lolog o OUVTEAEOTHC TOV a:3y5 oto avémruypa tov (1 + x + y)12;
Ekgpdote tnv andvtnon oog pe Todvwvupikois ouvteheotés. (Aeite tnv )
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3.5 Ilohuvwvuuixol cuvitehecteg

‘Eyoupe el 6tL av 9éhouvpe va emhé€ouye k avtixelyeva and n, ywelc etavdieorn, o tAfdog
TWV TEOTWY va Yivel autod ebvon

<Z>_n(n—1)---(n—k¢+1) o

k! kl(n— k)l

Tu yivetow av Géhouue va emhéloupe, TEM yowplc emavddeon, Wwia ouddo GTOLEWY TOU
{1,...,n} peyédouc ki, wa ouddo peyédouc k2, xAm, xou téhoc wa ouddo peyédoue ki,
omou Y j = 1,...,7 éyoupe 0 < kj < n xou emmhéov woylel ky + -+ - + &k, = n; Me nécoug
TpoTOUC dNh. umopolue va dapepiooupe 1o {1,...,n} o éva clvoro peyédouc ki, oe éva
ocUvoho peyédouc kg xou téhog oe éva civoho yeyédoug ki ;

Ocwpenua 3.5.1. To mAndos tpdénwy va dauepioovue éva odvolo e n otoiyela o€ r olrola
pe peyéin ki, ... ky, pe ki +--- + k. = n, drav 0e uag evoapéper n oeipd twv oTorelwy
pnéoa ota olvoda avtd, eivai

n n!
TR 3.13
(kl,...,kT) T igl - J | (3.13)

AnodeEn. To mpodto alvolo unopel va emheyel pe

ny\ n!
kil N kl‘(nszl)'

TeémoLC. MeTd amd TNy emAOYT TOU TE®WTOU GLVOAOU amouévouv n — ki cTouyelo oyenoluo-
TolnTa, dpa 10 0eUTEPO GUVONO UTOREL VoL ETLAEYEL UE

n — kil - (n—kl)'
ky ) kal(n—ki — ko)!

TeéToLC.  Muveyilovac ot aUTOV TOV TEOTO TUlPVOUUE OTL 1) ETLAOYY TOU TEOTEAEUTOLOUL
ouvolou (ue ky_1 otouyela) urnopel vo yiver pe

( n_kl_"'_kr—Q )

kr_ll(n — ]{71 — = k’r—l)!

Teomoue. Emiong, agol éyouv emheyel To r—1 mpodTor 6OVOAa BV UTEEYEL TAEOV XOoLE ETLAOYY
VoL Yivel apou ta uTOAOLTTAL Ky GTOLYE(O TOU ATOPEVOUY 0XOUT 0L ETOULOTIOMN T AVAY XACTINE THVE
0TO TEAELTALO GUVOAO TIOU TEETEL VoL ETUAEEOUVE.

‘Etol todamhactdlovtag Tic SUVITOTNTES EMAOYOV UaC Yio T TEMTo 77 — 1 cUvola, xou
xdvovtag TI¢ anlonoloelg Tmadpvoupe Tov ToOno (3.13).

m
n
ki, ..k,

ovoudZetan moAvwrupikds owvteeotris (xat’ avahoylo pe to (}) mou ovopdlovran Siwvypukol
ourtedeotés). Tapoatnpeiote eniong 6t

(k’,nn— k) - (Z) - <nik>
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IMapatrenon 3.5.1. Ilpénel vo Tovicoupe 6TL 0 TOANUWYUUIXOS CUVTEAEGTHG (klnkr) ME-
Tpdel To TAHYOC TV TEoTWY va Sopepioovye ta otouyela tou [n] oe clvola peyédoug
k1,..., kr. TamepieyOUeva TV GUVOAGY, OTKE TEVTA, OEV EiVOL OLUTETAYHEVAL, OUMS To GOVORA
Ta (Bl ebvan.

‘Evac ydiiov mo Eexdiopog Tpdmog eivan Vo TOVUE OTL €Y OUNE T oELIUNUEVD XOUTLE, Ywelg
eowtepix dout|, peyédoug ki, ..., k, xa powpdlovye ta ototyeia tou [n] oe autd. O cuvte-
AecThG (klnkT) UETEAEL UE TOCOUE TEOTOUC UTOREL Vo YIVEL qUTO.

IMapatrpnon 3.5.2. O ToOAUWVLUIXOS GUVTEAEGTNAS (k1 " k,«) oev aAldlel av to Ky, ..., Ky
avuxataotadoly and yio petddeot] Toug (av oAAGEeL BNA. amhdS 1 OELRE TOUG).

ITe6BAnpa 3.5.1. ‘Exoupe 10 aplBunuévec umddeg ko Tpiot KOUTLA e XwpNTIKOTNTES 5,
3 ko 2 prmddec. Me mdooug tpdmoug propovpe v PdAhovpe Tig PTddeg ota kouTid; (Aev
UTLEPXEL EOWTEPLKT OELPE OTOL KOUTLA.)

IMe6BAnue 3.5.2. Bpeite to ouvteheoth tov 22y32° oto avdmrtuype tov (z +y + 2)0.

3.6 Aoueploesig xow cuvdoLACUOl peE ETAVAVEST)

Ac ouyfBolicoupe pe P(n,r) 1o thfdog twv 1pénwy pe toug onoloug unopolue va ypddouue
TOV QUOIXO aELIUO N WS QVEOLOUN T A1) EVNTIXWYV UXEQULWY T, . . . , Ty:

n=x1+--+ .
[Mo mopdderypa, av n = 3 xat r = 2 ol TpémoL autol elvat ot
3=34+0=2+1=1+2=0+3 (3.14)

xou Gpa P(3,2) = 4. H oelpd twv tpocdetény o1, . . ., 2y €yl onuaocio. Tnv nocétnta P(n,r)
Vv ovoudlouue mAdos dauepioewy Tou n o€ r koupdtia. Hopotnpeiote 611 dev amoutolue
To 1 v bvon < maol To Yéyedog TV XoUUaTIOV uropel vo etvor xou 0.

Ocwenua 3.6.1. Avn >0 ka1 r > 0 téte 10y Ve

P(n’r):<n+r—1>:<n+r—1>_ (3.15)

n r—1

Anoédedn. Iopiotdvouue Tov aprdud n oo n UTGAEC GTN GEWRE oL TNV TUYOUGH SLopERLo
TOU N, ONA. TOV TUYOVTA TEOTO VoL YPAPouue N = 1 + - -+ + T, GOV €Vl YWEIOUO AUTNAS TNS

oelpdc amd undhe pe r — 1 toydporta (defte Lyhpa[5).
z2 =0 g8 = 29 = 10 = 0
/ =N

VRGN

x1 = X " x3 = 2 zg =1 x5 = 2 1?: 17‘:2 /y \\
4 v \
N

~ - 7 N - ~ / T~
- \\

——
- ~
- ~
s

Exhue Bl Xwpilovrag n = 11 unddeg o r = 10 ouddec pe 9 evBLUEsH TOLMUAT
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H | tou 21 Peloxeton av yetpricouye ndoeg UTdAES UTHRYOLY ATtd TO —00 £MWE TO TEMTO
TOly WU, TO T2 oV UETEHOOLUE TIC UTIAES a6 TO TEMTO €m¢ To deTEPO Tolywua, xhr. Télog
10 Z, Bploxetan av petphooupe Tic undhes omd to tekeutafo (U oprdudy r — 1) tolywua Ewe
T0 +00.

"Apa, yio va petprioouue 1o TARdoc Twv dopepioewmy P(n,r) apxel vo petpiooupe toéoo
OLUPOPETIXA G NUOTOL ALY X0 AUTO TOU Ly AUATOS [9] UTdEYOLY, Aol elval Qavepd OTL o xdie
TETOLO OY MU0l AVTIGTOLYEL X0l Lol SLOPORETIXY) OLOERLOT), Kol AV TIGTEOMAL.

Me mota SLodixacion UmopoUUe AOLTOV VO XUATUCHEUAGOUUE LOVOCHUAVTA £VOL TETOLO YU,
TO %Avouue w¢ e€ng: Palouue mpwTa 0T oelpd N+ 17 — 1 avTixelueva xou xoToTY 0VOoUdLoUUE
ToL N amd oUTA UTGAEG xou To umohotma 7 — 1 Toyduota.  Autéd umopel vor yivel oxpiBog e
(”+:L_1) Teomouc. H 8eltepn 1odtntal uéoa 6T0 cuumépaoua Tou OewpUaTog elvow omAn
ouvéne tne Tawtotntog (3) = (,%,) (ette to HpdBhnua .
|

[ mopdderyua ou@wvo e o Oebpernuo woyvel P(3,2) = (3+§_1) = (g) =470
oolo cupgwvel e v (3.14).

IMeoBAnpa 3.6.1. Bpeite 6hec Tig Srapepioeic Tov 4 oe 3 KOUPATLAL.

ITépo and N onpacia mou €yel To Blo To TEOPBANUA Tou Vo YeTEricouUe To TAYYOC TwY
OlEQICEWY TOU N O T XOUUATIA, TO EQOTNUA OmOoXTA UeYohlTeERN onuacio yiatl elvon €vog
Ll00BUVAUOC TEOTOC TOU VoL pWTHOOLUE T0 eENG:

Me néooug tpodTOUC unopolue va emAélouue k and n otoyelo dtav xdde
oTolyelo amd Tor n umopel var emheyel Eval aneploploTo aprdud amd QopEg, xou OTAY
0 Uoc eVOLAPEREL 1) OELRE TV EMAEYEVTOV GTOLYELWY;

‘Evog 10080vopog tpémog va 9€couye To (Bto epwtnua eivon o axdrovdoc. ‘Eyouue éva odxo
mou €yel p€oa n umdheg. Ou undheg @épouv 1 xde wa tov aprdud tne. EnavorouBdvouue k
(QOPEC TNV TEAEN:

[Todpvouye wior umdhar amd 10 Gdx0 xou YRAPOUUE G €va YapTl ToV aptiud TNe.

’ ’ Ié e
Eneita enavatonoVetolye T undAo 6To 6dxo.

Y10 téhog mopatneolue toug k oprduolc mou yeddoue, ywelc vo pog evadlopEpel 1) oeld
toug. Iléoa etvan Tor BuvaTd BlapopeTINd ATOTEAEGUTY; ATO AUTH TNV EVOANOXTIXT TEQLYPapn
TEOXUTTEL XAl TO OVoua ourdvacuol n otoyeiwy avd k pe emavdleon. To tAfdog autodv Twv
ouvduaopdv cuuforiletan pe () ).

IMTopdderypo 3.6.1. O cuvduaouol Tou cuvéhou {A, B} avd 3 ye enavddeon elvou ol

AAA, AAB,ABB, BBB.

[N mopdderypa, o ouvbuaouog AB B Yewpelton (Blog ye Tov BAB o xon o ototyela Slopépouy
HOVO GTY) GELRA EUPAVIOTG.

6.2. Aci&te 6m yio kéBe 1 woxver () = n. Emlong 61, yi n > 2, woxver

o 3.
(5)=n+().
Y10 téhog authc g Btadxactac emhoyng k otolyelwy pe emavdieon €youpe oto yépta

poc k oprduole, oyt ot avdyxrn SlapopeTinols UETOED Toug, xdde évag amd Toug omoloug
avixer oto ovvoho {1,...,n}. Eow z;, i = 1,...,n, 10 TAfloc autdv v aptduny Tou
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elvon (ool pe 7. Eneldn 0e pag evdlopépel 1 oelpd mou eugavileton xdde éva and o voluepa
TOU EMAEYOUUE, AN UOVO TO TOOES POREC eupaviCeTar, YIvEToL PaveERd OTL

1+ t+x, =k (3.16)

xa OTL x3E BLUPOPETIXG ATOTEAEOUN TNG ETMAOYYC UE emavdleoT avTioTolyel xaL o€ Uior Ola-
(POPETIXH M-8 X1, . . . , T, TOL txavorolel TNy (3.16). Eyouue étol anodeilel to axdrovio.

Ocpnua 3.6.2. Ta dvvatd aroteAéouata emoyns k avuikelpévwy ané n pe enavdleon
etvar ioa to TAnRlog e Tig durvatés dwauepioels tov k o€ n koupdtia. Exoupe 6niadn

(=01

ITeb6BAnua 3.6.3.  Av emlé€oupe k avtikeipeva amd n pe emavdBeon ko Sev ayvoriooupe
™ oepd Twv eThoydv (T.X., ov eTuAéyoupe 3 avTikeipeva artd toe A, B pe emovdBeon, to
atnote éopoto AAB ko ABA Bewpoidvton thpa Stoupopetikd), Tdoeg Stapopetikég eTuloyéc
UTLALPY OVV;

Tréberdn: Autd to epdTnua elvow onuovtikd euvkoAédtepo amd to Oewpnue [3.6.2]

IMTopdderypo 3.6.2. (Ahucidec DNA xatd Gamow) M oduoida DNA eivon o nenepa-
ouévn oelpd and ynuwéc Bdoelg. O Bdoeic autég elvan Yvwotég pe ta ovufora A, C, G xou
T. Eva opvold ebvon o ahuotdoa DNA xou eivon yvwotd 6t utdpyouv oxpiBeg 20 auivoZéa.
Av vnodécouye 6Tl Ao Tor auvo&éa elvon oahuciBeg pe To (Blo uixog, toTe eUxola BAEnouuE
0Tl To Uxog auté Oc umopet va ebvan 1 7 2. Ipdypatt undpyouy axpBag 4 aAucideg urxoug
1 (ot A, C, G xou T) xou 42 = 16 oduoidec prixouc 2 (ot yuorl o tétola ahucida opileto
ond dVo emhoyée pe 4 Suvatdtntes Yo T xde pio). And v dAAn peptd ot ahuoidec DNA
wixoue 3 ebvor to TARdoc 4% = 64, elvon dnh. TepiocbTepee amd 20.

To 1954 o Gamow| npdteve 6Tt Vo ahuaidec DNA xwdixonotodv to Bt ouvold ov xou
Hovo av mepléyouv Ti¢ dieg Bdoelg avelaptrhitwg oepds. Ou aucideg dnh. ACC xou CAC, av
X0l BLOPORETIXES, XWBIXOTOOLY To (810 auvoll. Av 1 unédeon tou Gamow) elvor 6wOTH TOCN
dlapopeTind optvoléa xwdixomootvton ue ohucideg DNA urxoug 3; Me Alyn oxédn BAénouye
oTL 10 TAHY0C TWV BLPORETIXGY auvoZéwy elvor To (Blo ue To TARYOC TV BlUPORETXGDY
GUVOLACUOY TV TecadpwY Yeouudtwy A, C, G xa T avd tpla, ye enavddeon. O apriudg

autog elvon BNA.
4 _ 4+3—-1 _ 6 :6-5~4:20’
3 3 3 3!

CLUPWVEL ONA. 1 uTd¥EoT) Tou GAamOW UE TO TEWAUUATIXG DLATLOTWUEVO YEYOVOS OTL UTEOYOLY
axeBae 20 auwvoléa. ‘Oung, o dhhoug Adyoug, 1 unodeon tou Gamow) €yl anodeyvel 6Tt
OEV Loy VEL.

ITe6BAnpa 3.6.4. Me méooug TpdTOUG pTopolpe var ToTobeticoupe 1 dpoteg Umdheg
ot k koutld Tov elval aplBunpévar pe toug aplBpoic 1 éwe k;

IMTopdderypa 3.6.3. (H xatavour; Bose-Einstein otn otatiotind unyovixf)) LN otatloTi-
x1 unyovixt| e€etdloupe €va cUo TN amd t owudtio xdde Evo and ta onola unopel vo Beloxeton
o€ P OLUPOPETIXEC XUTAOTACELS, T.Y. OE D OlaPopeTIXd evepyeloxd enineda. Mo katdotaon
TOU CUCTHUNTOS Elvol TEpLYedPoUUE OE oL XUTAG Taon elvar To xde cwudtio. ‘Otay to ow-
udtiar ebvon (Blor petald Toug utodéTouue cuvRlwe OTL Bev Eyel onuacio Tol and To ¢ CwUdTLOL
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elvon 010 xqe evepyelond emnedo AN povo Toéoa. Av xdvouue TNy unddeon 6Tl Oheg oL-
Té¢ oL xotaoTdoelc ebvan €€ {oou miavég Aéue 6Tl To GO TNUG Yo oxOROLUEL TNV XaTovou
Bose-Einstein.

Y10 povtého Bose-Einstein noceg SlopopeTité XATAGTACELS TOU CUCTAUATOS UTERYOUY;
Av Véoouvpe x4, © = 1,...,p, va elvon T0 TANH0OC TV cwUaTiwV 6To evepyeloxo eninedo i,
TOTE MEETEL A Vor BLOAEEOUIE TOUC U1 opYNTX00E oxeEpaloUS ; HOTE var €xouy dpoloua t.
Anhady) To TAHYOC XATACTICEWY TOL GLUOTAPATOS Elval {00 pe To TARYOC TwV dlouepioewy TOL

t oe p xopudTLa, ONA.
t+p—1
] .

Kde war amd autég I xaTao ToELS €)EL CUVETKS TAVOTNTA EPPAVIoTS (om Ye Tov avtioTpopo
auToU Tou opELluoL.

ITe6BANpa 3.6.5. Xtnv katavopr} Fermi-Dirac umobBétoupe étL Ta ¢ cwpdTio giva GAa
Spota ko 6t 8 propolv 8o cwudtiar va Bpiokovtan oto iBlo evepyelokd eminedo (vTdp-
Xouv p evepyelakd eminedo). Av ¢ < p doeg BLAPOPETIKEG KATAOTAOELG TOU CUOTHUALTOG
OWUALTIWVY VTTELPYOVV;
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Kegdhawo 4

Touyoleg LETABANTES Ko LECT] TLUN

4.1 Tuyaleg peTtaBANTES KoL N XATAVOUY] TOUG

IMopdderypa 4.1.1. Ac unodécoupe OTL plyvouue 600 Gopéc éva cuvnhouévo (dpt, xau
ouuPBorilouye pe Xp to anotéleopa e Inc pidne (X7 € {1,...,6}) xou Xo to anotéheopa
e 2ng eldne. Opllovue axdun X = Xi + Xa va v 1o ddpoiopa twv 6o pldewv. Ot
rnocotnteg X, X1, Xo ev yével ahhdlouv xdie popd mou mpayuatonoleiton to melpopa. Tétoleg
TOGOTNTES, TWV OTOlWY 1 TYT| e€opTdToL oo TNV €XBACT XATOLOL TELRIUATOS, TIC OVOUALOUUE
Tuyaieg yeTaBAnTéc.

Opopog 4.1.1. Av Q elvon Serypatinde Yweog evog TERAUATOS ovoudlouUe Tuyaia peta-
pAnTr) (TM) mdve oto 2 xdde ouvdptnon méve oto 2. Av X : Q@ - RA X : Q — Z da
ovopdlouye ewdétepa v TM X apifunuic TM evé av X : @ — R A4 X : Q — Z% da
ovoudloupe Ty X moAvdidotatn ¥| dwavvouatikry TM.

Av X : Q = T xou 10 oOvolo Ty T elvan TENEQUOUEVO 1 ocpmf)w']ow(ﬂ wte n TM X
ovoudleton dakpitn).

IMopathenon 4.1.1. Edxola Brénel xavelg EI ot av Xi,..., X, elvoan Swoxprtéc TM xon
My oo dp €EROtEen TM Z = M Xy + -+ + A\ X, eban eniong Soxpitr). "Etol yropolue
ehel¥epa Vo WAGUE Yol TETERPAGUEVOUS Yeouuxo) cuvduacuols Swxettey TM yvepeilovtog
EX TV TPOTEPWY OTL Xt auTol elvon dtaxpitéc TM.

Kdti tétot0 dev oy del yia dmelpoug ypopuxoug ouvouacpols arnd TM. To napdderyuo,
av Xj, 7 =1,2,..., ebvon TM tétoiec hhote 1 X €yel oOVORO TGV TO {O, 2*]'}, t6te 1 TM
Z = Z;’il X opiletan ywplg TedBANUa apod 1 GELRE TEVTA GUYXAIVEL, OTL TWES X0 VoL €Y 0LV
o0 X, odAG unopel ev duvduet (ylor Topddetyua 6tav dheg ol X; ebvan aveZdptnteg — deite
Topoxdtew Tov Oploud Yoo Tov oplopd g avelaptnotag TM) vo ndpel onolovdrnote
mparypotid aptdud tou dothuatog (0, 1) wc th. Iedyuatt, av z € (0,1) téte, ypdpovtac
TOV T GTO BUABLXS TOU AVATUYPOL T = D 2;277, ue z; € {0,1}, Brénoupe 6T gbvan duvatd
vaL €youpe Z = x @Tdvel vo thpouv ot X Ti¢ XATIAANAES TWEC.

! Aprdunowo ovoudletan éva shvoro A av undpyel ent suvdptnon f : N — A ond 10 60OVOAO TV QUGLXHOY
aprdu®y ent tou A. Me dAha Aoy, to A elvon aprdurowo av uropolue va Beoldue pia axohovdia ai, as, . ..
7oL TEPLEYEL OAaL Tal oToLYElRL TOU.

Eivow mpogavég 6t xde nenepacuévo obvolo eivar aprduriotwo. Eniong aprdufopa ochvola givan ov puoixol
aprdpol N, o axéparor Z, ou pntol Q, xapteciavd ywvoueva A x B, 6mov ta A xou B elvon aprduroiua, xon
dmelpeg evdoeig Tou tomou JjZ, Aj, dmou ta A elvan apriprorpa.

30voha nou dev elvan aprdurotpa elvar .y. 0 R 4 éva dildotnua (a,b), a < b. Autd to teheutaio dev eivon
npogavég xou YéAeL anddelln, tnv onolo de VYo dwoouue 3.

2X oNoLuonoWdvTaC 10 YEYOVOS OTL XUPTEGLOVE YVOUEV dptdunoiley oUVONLY UE TEMEPAOUEVOUS TO
TAfdoc Tapdyovtes elvan eniong aptdunouuo
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IMopdderypo 4.1.2. Yo Iopdderyua ot TM rnou oplooue elvar dheg apriuntinég xou
Siaxprtée. HTM Z = (X1, Xa) éyer otvoro Ty o {1,..., 6} xou ebvou Srovuoyarieh TM.

IMopddeiypa 4.1.3. Ac unotdécoupe OTL TUEATNEOVUE Lol XaTawy(Bar oL XUToyedPOLUE T1
xeovixh otiyps; tou Vo néoet 1 npwtn actponh. H TM auth (ypdvoc) elvon piar aprduntixd
A& Oyt Broxprt) TM ool to olhvolo Tudy eivar o Sidotnuoa [0, 00).

IMTopdderypo 4.1.4. Piyvouue évo vouiopo (mou @épvel xopova e mioavotnta p € (0,1))
dmelpec popéc xan €otw X 1 TedTN Popd Tou épyetar xopvae. Auth n TM éyet o {1,2,...}
G GOVORO TV o elvor dpar Stoneptty|, oprdunte TM.

IMapatrpnon 4.1.2. Av €youvue wa TM nou maipvel Tée oe éva un apruntixd civoro,
m.y. wa TM nou naipver tipée K A I' (to anotéheopa g pldng evédc voplopotog), do xwmdixo-
mololue cLVHILS TIC TIES aUTES e puotxols aptduole, Yo Ttopddetypa 1 avti K xou 0 avt
I, dote va Yewpovpe 6T ot TM autéc maipvouy aprduntixéc Tyuée.

Ye UEPINEC MEQINTWOELS OUWS aUTO elvol apxeTd apLotxo. o mopdderyua av €youpe Wi
TM mou mafpver pntée TS, UnopolUe QUOLXE Vo XAVOUUE AUTY TNV XWOIXOTOINCT Tou Ot
xdde pNTd avtioTolyel Eva ax€pono, OUMS oUTH 1) BLadXacTa OTEREITOL PUOLXOTNTUC XA, XATH
AAVOVAL, OEV TPOXELTOL VO TROCPEREL TIMOTA TNV AvdALGT).

[Tévey oto derypotind yweo € undpyer optouévn 1 xatavour mdavdtnrac (Seite Opoud
2.2.2), pa ouvdptnon dnh. p: Q — [0, 1], T.6. 1 A p(w) pac dnhdver téco mdavé efvan o
anotéheopa w 6tav exteheoel to meipapa. Av thpa X 1 Q — T (T éva onotodhnote oUvolo
Tov) ebvan o TM X pe twée oto T, unopolue tdHte vo Vewphioouue €va véo melpoyor Ue
anotéheopa X (w). Exteholye dnh. to mponyoluevo meipaya (autd pe derypatind ydpeo ),
Mo OvEL aUTO %O ATOTEAECUN W € 2, %o AVAUPEQOUUE (G ATOTEAEGUN TOU VEOU UOG
retpdpotoc 0 X(w) € T. To véo autd meipapa €yl 10 T ¢ BeELYHaTIXG YOPO XU ol VEX
xotavopr) mdavétnrac p 2 T — [0, 1] mou opiletan and

p(t) = Plw: X(w) =t

Or miavodewmpntinés epwtioeic hoimdy mou agopoly v TM X hoindv punopolv va ueretn-
YoOv mdve o€ aUTOV Tov VES detypatind yweo T, abvoho Twwy tne X. 'Eyel emxpatroet
OUWS CGUYVEL VoL UMV OVUPEROUACTE GTO VEO QUTO OELYUOTIXG YWEO XAl VO UEAETAUE TETOLL €-
POTAUATA TAVe OTOV TOAG detypatixd yweo 2. O xupldtepog Adyog yi' auto elvan 6Tt TOAD
oYV peAeTdUE Topamdve omd woe TM xou udAoTo o GUVBLAOUOG, OTIOTE Ay TEPLOPLOTEL Xa-
velg 670 derypoatind yoeo Ty wa and tig TM auvtée, mpdén mou mdvia cUVETdYETHL ~ Y ACLUO
Thnpogoplac”, 8e unopel vor UEAETHOEL TIC GAAES.

Opltopodg 4.1.2. Av X elvan o Stoxprtr) TM ye oOvoho twov T tdte ovoudlouvpue TukrdTnta
mbavétnrag e X ) ouvdptnon fx : T — [0, 1] mou 8{deton amd tov TR0

fx(t)=P[X =t

[Mo pa onowadhrote (Stoxprtry A oxt) TM X pe npée oto R opilovue tn ovvdptnon
katavouris tne X wc ) ouvdptnon Fx : R — [0, 1] mou 8{deton and tov tono

Fx(z)=P[X < z].

IMopathenon 4.1.3. H cuvdptnon xoatavophic Fy ebvon o avZouoa cuvdptnon (ot xot’
avdryxn yviota adZouoa) tétota wote limg oo Fix (k) = 0 xou limy_, oo Fix (k) = 1.
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Ebvow enfong npogaveg 6t av X € Z tote vy xdde n € Z €youye

Fx(m)= 3" fx(k). (4.1)

k=—o00

Térog, Y 00 fx(n) =1.

IMapatrpnon 4.1.4. H cuvdptnon xatavounc tne X optleton yia xdde mparypatind & axdud
x oy ebvan Yvwoté ex Twv tpotépwy oTL 1 X malpvel uovo axéponeg Tiwée. Xe autr BEPona Ty
nepintwon woyvel Fx(x) = Fx(|z]) ondte apxel va yelethoer xavelc ty Fx yior oxépouec
HOVO TWES TNG UeTABANTYS.

Optopdg 4.1.3. Abo TM X xou Y Aéyovtar loOvoueg av €youv Ty (Bla cUVEETNOT XoTo-
Vourc.

IMopathienon 4.1.5. Abo TM X xou Y ebvan {oeg av xou pévo av X (w) = Y (w) yio xdde
w € . Anh. v xde €xPBaon tou tepduatog oL X xou Y €youv Ty (Btar Ty, Auth elvon ToAD
woyveh évvota. Avtideta, 0o TM eivar todvopes av €youv amid (av Tedxerton yior dtaxpLtée
petafhntéc) v (Bl muxvotnTo. Do mopdderyua, ov xpatdue dVo Bio {dplar ota yéptor Hog Xat
ovoudooupe X 10 anoTéAeoud TOU TEMTOL xou Y tou deltepou, ToTe ol X xou Y elvon puoixd
LlGOVOUES 0ANG BeV elvon {oeg apol ot xdmotar Tetpduato Yo euQavicouy BlaPopeTINES TIIECS.

IMopdderypa 4.1.5. Av X € {K,T'} elvar to amotéheopa e pldne evée Laptod mou @épvel
xoptyvar e davotnta p € (0,1) tote N muxvotnta mbavétntoe tne X ebvan 1 cuvdptnon
fx {K,T'} — [0, 1] mou diveton and tic wpée fx(K) =p, fx(I') =1—p.

IMapdderypa 4.1.6. Av X € Z elvou to anotéleopa e pidne evog Laplol toHTE

[ 1/6 nefl,....6)
fx(n) _{ 0 AALOC ’

xou exoho BAénovye 6Tt Fx (n) wwovton ye 0 yian < 0, Fx(n) = 1ywen > 6 xou Fx(n) =n/6
yon € {1,2,...,6}.

Mopdderypa 4.1.7. Av X € Z civa 1o anotéheoua tne pine evoc Lapol xan Y = X2

THTE / { ) 2}
1/6 nell,22,...,6
Fr(n) { 0 a\de :

Enione Fy(n) wolta ye 0 yia n < 0, Fy(n) = 1 yia n > 36 xau Fy(n) = [/n]/6 v
ne{l,?2,...,36).

IMTopdderypo 4.1.8. Av A elvau éva onoodrinote evdeyouevo 1 TM X(w) = 1 (w € A)
ovopdletar deixtpta TM tou evdeyopévou A xan malpvel Ty 1 av woylel to A, 0 ol H
ruxvéTnta miavotntae tne A madpver Tyt P[A] otov aprduéd 1, 1 — P [A] otov aprdud 0,
xat 0 morvtol ahAov.

ITe6BAnpa 4.1.1. H ovvdptnon Q2 — R mov eivou ion pe ¢ tavtod ovopdleton otabept
TM pe Ty c. Mowa n mukvétnTee TOAVETNTAC TNC KO TTOLAL 1) CUVAPTNOT KATOUVORAS TNG;

IMTopdderypo 4.1.9. Aéue 6t n TM X elvor opoidpoppa kataveunuérvn oto (TENERAUOPEVO)
obvolo T' av nmocdtta P [X = t] Sev e€aptdtar and to t € T. Autd onuoiver 6tL 1 tuxvdTnta
mdavétnrog eivan {on pe 1/]T| oe xdde ototyeio tou T
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= 9X

ITe6BANpa 4.1.2. Av X eivow opoldpoppa kartavepmuévn oto [n] ko Y Teptypddte

T ouvapthiosg fy ko Fy .

ITe6BAnpa 4.1.3. H TM X € Z éxer mukvétnta mbavétnrag fx. pddte and éva
&Bpotopa T®V TG fx Tov va divel TNV TOVETNTA TWV ToPakETw evieyopévev:

1. {X <0}
2. {Xdpto}

3. {|X| < 100}.

ITp6BAnupa 4.1.4. AvY = —X +b, b otabepd, Sdote éva ToTO Yo TG fy, Fy, péow
tov fx, Fx.

IMTopdderypo 4.1.10. 'Eva voulopa gépver xopwva pe mdavotnta p € (0,1). To plyvouue
dmelpec popéc xou €0t X 1 pldn xatd v onola epgaviletar 1 et xopwva. Eivar @ovepd
ot X € {1,2,...} U {oo}, ool unopel xatd tn Oidpxel ToU TELWIUATOS VoL YNV ELPAVIGTEL
ToTE xopo’avocﬂ Ac ebvar X; = 1 av 10 vouopa @épel xopnva oty i-ooTh pidgn xaw X; = 0 av
pépel Yeduuata. Eyouue, yian =1,2,.. .,

fX(n) = IP)[X :n] = P[Xl =0,Xo=0,..., X, 1=0,X, = 1]7
xo, Aoy tng aveloptnotlog tov evdeyouévoy {X =0}, ..., {X,—1 = 0},{X,, = 1},
fx(n) = P[X1 =0 P[Xoot = 0] P[Xa = 1 =p(1—p)" ), (42)

xou v xde n < 0 éyoupe mpogovas fx(n) = 0. Téhog emewdy {X =00} C
{X1=0,..., X, =0} vy xdde k > 1, xou enedn n mdovétnTor ToU BEVTEPOL EVOEYOUEVOL
wwoltan pe (1 — p)¥, xou dpa cuyrhiver 6o 0 e To k, éneton 6TL

fx(o0) = P[X =o00] =0.

‘Eyoupe hoindv mpocdloploet TAfpeme Ty mtuxvotnta e X.
H X 6ev etvan aprduntiny) TM ago naipvel xan Ty Tiur 0o, ondte dev opiletan 1 ouVAETNo
xatovoung. ‘Oung, urnopel xavelg va yekethoet tnv TM

X ov X menepacuévn

Y = X -1(X nenepooyévn) = { 0 oA ’

3 To 6t ypnowonothoaye 10 oUuPoro 0o Yio va dnhdooupe 6Tt Bev épyetor ToTé xopdva xatd xdmol
eXTEAEOT) TOU TELRAUOTOG TEdXELTAL AmAd Yia piot oUPBaocy xou dev €yel timote va xdvel pe Tic WoTNTES
ueyédouc mou didel xavelc ouvidwe oto olufolo oo, m.y. 6Tl elvan yeyahitepo and xdde puod aptdud. O
urnopovoaye dnA. €€ (oou xohd va dlBaue tuh X =0 X ="TIOTE” oty nepintwon aut.
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nou ebvor oyeddv oiyoupa fom pe v X[ agol P[X #Y] = P[X =] = 0. IV outd
eqopuélouye tov tono (4.1). T n < 0 éyoupe puowd Fy (n) = 0. T n > 0 éyouye

Fy(n) = Y fx(k)

k=—o00

= > p1-pr!
k=1

n—1
= pZ(l —p)t (oMhoryh petofhntic I =k — 1)
=0

= pﬂ (renepaopévn YEWU. OELpd)
1-(1-p)

H nuxvétnro (4.2)) ovoudletan yewpetpikr) katavoun pe tapduetpo p.

IMopdderypa 4.1.11. Ac unotécouye 6Tt X elvan éva Tuyaio onueio tou [0, 1], xou 61t t0 X
elvan opoLopoppa xotaveunuévo oto [0, 1]. Autd onuoiver 6t av A xou B eivon 300 utocvoha
Tou [0, 1] pe o Bo pixog tote P[X € A] = P[X € B].

H aprduntey TM X Sev elvon Sraxptts|, ondte dev opllovye cLVIETNoN TuXvOTHTAC Tdo-
votntog. ‘Ouwe n ouvdptnon xatavourc Tne X optleton xau etvar ToA) €0x0A0 VoL UTONOYIGTEL,
ool Aoyw tne opotdpoppne xatavourc éxoupe PIX € [0,z]] = z. Av hownév & < 0 t61e
Fx(z)=0,avx >116te Fx(x) =1xuoav0 <z <116t Fx(z) ==x.

IMapdderypa 4.1.12. Plyvouue N @opéc éva VOULOUA TOU QERPVEL XOPWVAL UE THAVOTNTA
p € (0,1) xou éotw X 10 mMAAlOC TV Qopdv Tou To voulouo €pyeton xopwva. Ilpogoavag
X €{0,...,N}. I va unohoyiooupe to fx (k) = P[X =k], 0 <k < N, oxe@toUaoTe 6C
e€hc. 'Eotw B 10 0lvoho Ghwv twv utocuvérwy tou [N] yeyédouc k, xo yio xdde B € B
opiCouye TO EVOEYOUEVO

Ep = {10 vouioua @épvel xopthvo TN Ypovixh otiypn t av xou pévo av t € B},

Eivou gavepd 6t ta E, B € B, anoteholv pa Swpépton tou evdeyopévou {X = k}. Enione
v xde B € B n mavotnta tou Ep 1codton Ue pF(1 — p)N—k agol To Ep 1oylel av xou
HOVO oV TO VOULOHOL PEREL XOPWVOL OE XAE Uil amd TG k YPOVIXES OTIYUES TTOU AV XOUY GTO
B xou yedupota oe xde wa and tic undromeg N — £k ypovixéc oTIYUES, oL To EVOEYOUEVA
outd eivon aveZdptnra. Téhoc |Ep| = (ZIX) ondTe

Fx(k) = (]Z >p’“<1 - (0<k<N). (43)

H ouvdptnon xatavouic Fx (k) wobton pe 0 av k < O xawpe Loav k> N. Tw 0 <k < N

dideTan amd Tov tHno
/N
Fx =3 (3 )=
=0

X0l OEV UTIAPYEL YEVIXE XdTmoLo AnA0VUGTEVCT) TOU TUTOU QUTOU.
H nuxvémnta (4.3) ovopdletan Siwvuuikr) katavour pe rtapapétpovs p kar N.
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ITe6BAnua 4.1.5. ‘Exoupe n maikteg mov pixvouv amd éva tipwo voulopo o kabévag.
‘OcoL amd autolg épouv kophve avapixvouv to VOULopd Toug kow éotw X o oplBude
vtV Tov Eavapépvouv kopwve.. Now Bpebel n mukvéTnTae bavédtntoc tne TM X .

IMopddeiypo 4.1.13. Av X > 0 elvan yio TapdueTteog, 1 TuxvoTnTa

fn) =21 (n > 0) (4.4)

ovoudleton katavourj Poisson| pe tapduetpo A. T vo emPBeBoumdoovye 6t (4.4) etvor dviec
Lo TUXVOTNTAL oEXel Vo ETIXUAEGTOVUE TOV TUTO

n
x
e’ = E —,
n!
n>0

mou oy el Y xde x € R.

ITe6BAnpa 4.1.6. H X akolouBel yewpetpiky katavopn] pe mopdpetpo p. Bpeite tnv
TukvéTTa TE X 2.

ITeoBAnua 4.1.7. H X oaxohovbel yewuetpikn katovoun) pe mopdpetpo p ko C elvou
otaBepd. Opifoupe ¥V = X1 (X <)+ C1(X > C). Na Bpebei n mukvétnTee tne Y.

Oplopog 4.1.4. 'Eotw X, ..., X, dwxpitéc TM ndve o éva derypatind ywpo 2. Autéc
Aeyovtan aveédptnres TM av yio xdde x4, ...,z 1oyOeL

PX1=21,....Xp =z, = P[Xy =21] - - P[X,, = xp].

‘Eva dretpo obvoro amd TM mdvew otov (B0 derypotind yoheo Aéyetan aveldptnto av xdde
TEMEQACUEVO UTOGUVOAO Elvor ave&dpTnTo.

IMapatrpnon 4.1.6. Av n X; maipver Tiwéc oto obvoho T; t6te 1 davuopotiny TM
(X1,...,X,) maipver Twéc oto Ty x -+ x T,. H oavelaptnota twv X; unopel 1codlvaya
VoL ypagel »g

Jxnxn) 1,5 tn) = fxy (t1) - fx, (tn)-

ITeoBAnpa 4.1.8.  Aci&te étL av oL dakpitéc TM X ko Y eivow ave&dptnreg téte yio
omowadfmote obvola A kaw B oxver P[X € AY € B] = P[X € A|P[Y € BJ.

IMeb6BAnpa 4.1.9. Acite 6t av oo X ko Y eivan ave&dptnreg téte kaw ou f(X), g(Y)
elvo ave&dptnteg, 6mov f kaw g eivow TuxoVoEG CUVAPTHOELS.

IMeb6BAnua 4.1.10.  Ov X ko Y eivow aveEdptnteg ko todvopeg kaw P[X =1] =

4 "Ocov agopd tic mdavodewpntixnée Toug WLdTntee o TM nou eivar ioec oyeddv olyoupa sivor ouclaGTING
n B TM xou tic Yewpolye ula.
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P[X = —1] = 1/2. Opilovpe Z = XY . Acilte 6t ov X,Y, Z elvow avedptnreg avd 8bo
A& Sy oveEdpTmTe.

MeoéBanua 4.1.11. Ou X kou Y elvow aveEdptnreg ko toévopeg kou P[X = k] = 27F,
k=1,2,.... Troloyiote Tic ToocdTNTEC

1. Pmin{X,Y} <n,

2. P[Y > X],

3. P[X =Y],

4. P[X > kY], via Soopévo Betikd aképaro k,
5. P[X 8Swoupei tnv Y],

6. P[X =rY], v Soopévo Betikd pneéd r.

o0
n=—oo

IMeb6BAnua 4.1.12. Av f kau g eivow ovvaptiioeig Z — R pe F = |f(n)| < o

kow G =527 |g(n)| < oo del&te 6TL To dbporopa

frgn)= > flk)gn—k)= > f(n—k)g(k)
k=—o00 k=—oc0

ouyKkAivel yia kéBe n € Z kou 6TL

o0

Y. Ifxg) < F-G.

n=—oo

Av f g >0 téte f*x g > 0 kow 1 TOLPATIEVE® AVLOOTNTA LOYVEL WG LOOTNTOL.

Opiopoég 4.1.5. 'Eotw f, g : Z — R cuvapthoeic tou ixavoroody »_ o2 | f(n)| < oo xau

opolwg yio v g. H ouvdptnon f * g mou oplletan oo Hpoanua |4.1.12| ovoudleton ovvéhién
v f xou g.

IMeb6BAnua 4.1.13. Aeilte 6u fxg=gx* frouw f*(g+h) = f*g+ f*h, dtav e
oL ouvehi&eic opilovta.

IMapatrpnon 4.1.7. Xenowonowwvtog 1o HpdBinua |4.1.12f Brénovye ot av f xou g elvou
muxvotnTeg miavotnTag, av Onh. umdpyouv TM X xau Y tétoieg wote f = fx xou g = fy,
1, LloodUVaU, ov Yo xdde uio and TiC f xan g loyvouy o

1. f(n) >0, v xdde n € Z,

2. 3l o fn) =1,

T0TE %o 1) CLVEMET f * g emtlong elvan muxvoTTa TdaVOTNTAC.
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Ocdpnua 4.1.1. Av X ka1 Y elvar avebdptntes TM e axépaies Tiués tote
fxqy(n) = fx = fy(n),

yia kdle n € Z.

Arnodeldm.

fx4y(n) = PX+Y =n]

oo

= Z PX+Y =n|Y=kP[Y =k (ané6 Octrpnuo 2.3.1))

k=—o00

= ) PX=n—KP[Y =k

k=—o00

= me% ) fy (k)

k=—o00

= fx* fy(n).

IMTopddeiypa 4.1.14. Eotw X, Y aveZdptnre xou opotdpoppes oto {0,...,m}. Iow n
muxvotnto moavotntog e Z = X + Y

L]

0 1 2 m

Exhua [6l H nuxvétnto e opotdpopyne xatavoprc oto {0, ..., m}

Ipéner guoxd vo vnoloyloouue T cLVEMEN fx * fy 1 fx * fx, agol ot X xou Y elvou
woévopee (€youv dnA. v Bior xatavopr). To 6t n X elvon opotouop@o xataveunuévn oto
{0, ..., m} onpaiver axpBne 6T

hﬁﬂzmiluogngmy

‘Eyouue hoindv

hW=th'kn—)

1
_ (m+1221 0<k<m, 0<n—Fk<m)
1
= (m+1221 0<k<m, n—m<k<n)
1
= — = Y 1(max{0,n—m} <k <min{m,n})
32 ’ ’
(m+1)% <
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[Topatneavtac ot

{k: A<k<BY=([B-A+1)1(A<B),

Tadpvoupe

fz(n) =

m(mm {m,n} —max{0,n —m} + 1)1 (max {0,n —m} < min{m,n}).
IMa va Bpolpe éva mo xatavontéd tno yu ™y fz(n) ywellovpe tic nepntdoec n < 0,
0<n<m,m<n<2mxu2m < n. Ia xdde wa and autéc unopolue va UTOAOYICOUUE
¢ Tpée twv max {0,n — m}, min {m, n}, xou xatoAyoupe oto anotéAeoua

0 n <0
n+1 0<n<m
_ m+1)2 = =
0 2m <n

0 1 m 2m

Exhue 7 H nuvémra me X +Y

IMeb6BAnua 4.1.14.  Na Bpebel n fy(n) péow e fx(n) av Y = X + ¢, émov ¢ évag
otabepdc aképaioc.

4.2 Méon tun wog TM

Opopodg 4.2.1. Av X eivon o TM pe axéponeg tiée tote opiCoupe ) péon niurn) tnge X

60 TOoU TOTOU
¢
[o@)

E[X]= ) nfx(n), (4.5)

n=—oo
av 1) OELRA GUYXAIVEL AOAUTA, AV €YOUUE ONAAON

o0

S Inlfx(n) < co. (4.6)

n=—0oo

Fevixotepa, av X : Q@ — T C R elvon onoodrirote dwoxprty TM, ye 1" oprdunowo, tote 7
péon e tne optletan and tov ToNO

E[X]=) "t P[X =t], (4.7)
teT
xa TEAL povo OTay
D - PIX =1] < oo, (4.8)
teT
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IMTopathienon 4.2.1. Eivor tpogavéc 61t 0 yevixdtepog opioude (4.7) ouunintel pe tov
eldoTEPO, Yior TNV Tepintwon axépatac TM, opoud (4.5).

Ebvau emlong goavepd ot av To evdeyoueva Ag, s € S, ue aprurowo obvoho deixtwv S,
amoTEAOUV OLoépLoT) TOou BelypaTixol yompeou §2 xau €youv tnv wioTHTa 6Tt  TM X elvon
otadepn| oe xde Ay Ye TN s TOTE

E[X] =) cP[Ad].

seS

IMapatrhenon 4.2.2. Av n TM X naipver tenepacuéveg povo Twég toTe N wéon T g
undipyel ool 1 oelpd ([4.5) dev elvon mapd éva nenepaouévo ddpotopa. o mapdderypa, av X
efvan To amotéheopo evog ouvniopévou Loplod, ote fx(n) = ¢1(1 < n < 6) xu

1 1 1

EX|==-1+-2+4---4+-6=23.5.
1] 6 +6 * +6

Tevixdtepa, ov 1 TM X elvon ogotbpoppa xataveunuévn oto {0,...,m} téte E [ X]| = m/2.

IMapatrpnon: H péon i wag TM X, av undpyet, eivon évag kuyptds ouvovaouds tewy
oy e X, Kuptde ouvbuaouds xdmowwy aprduoy (1 Stovuopdtwy) ai,az, ... eivor o
TOCOTNTO TN HOPPNS
Arar + Agag + -+ -

omou Aj € [0, 1] yio xdde j xon

o0

da=1

j=1
H Swpopd onA. and o cuvnhouévo ypauuixé ourovaoud eivol o TEPLOPIOUOS OTOUS GUVTE-
AeoTéc OTL mpémeL va ebvan un apvnTixol xou To dlpotoud Toug TeEneL Vo xdvel 1. Agol howndy
E[X] = ZjerP [X = j] xou oL CUVTEAECTEC UTPOOTE ald TIC QUVATES TUES J TNG XEPOLAC
TM X, dnh. ou tocdtnree P[X = j], eivon un opvntixol xou éyouv dbpoopa 1, éneton ot
ovioe ) péon tuh e X elvon xuptde ouvduaopde TV duvatdy Tev e X (GAov Tov
oxepoiwy Onh.).
IMe6fAnua Néo 1. Avm < a; < M v xdde j xu z = 377, Aja; eivon évag xuptoe
ouvduaouos TwY aj (Bnh. Vi Aj € [0,1] xou Y Aj = 1) t6te dellte ot

m<xz<M.
Yuunepdvete otL av wa oxéponar TM X ixavomotel ndvta m < X < M 161e 1oy Vel xou
m < E[X] < M.
[l undpyer mévta n uéon T e X umd autég Tig utoVEcELS;

IMapatrenon 4.2.3. O Adyog mou anautoVUE Vo Loy el 1 | yio vor dthioouue
YioL TN OERd f elvon 6TL av Oev Loy Vel 1) 1 T67E 10 ddpoloua TNG OELRAC
1 eCopTdTon and TNV oploxn Swodixactio ue TNy omola to opiloupe, 1), ue Al AoYLa,
amd TN oelpd ue Ty omoio adpotlouue Toug bpoug TG f e ([1.7).

Av n TM X elvar mévto un apvnuixs| xaL 1 oelpd 1 amoxAivouv (lolvton Ue
+00), t6te Yo Yewpolpe E [X] = oo.

ITe6BAnpa 4.2.1. Av A C Q eivon éva evdexdpevo kaw X (w) = 1 (w € A) vmohoyiote tn
E[X].
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IMeb6BAnua 4.2.2.  Av n X akohouBei katavopr Poisson (8eite (4.4])) pe mapdpetpo A
dei€te 6L E[X] = A

ITe6BANpa 4.2.3.  Aci&te 6tL av 1 otabepd C' > 0 oprotel katdAnAa TéTe N CUVEPTNON
f(n) = %1 (n > 1) eivow mukvétnta TTbavéTnTag ko éti omoladfrote TM pe mukvéTnTa
fx = f Bev éxer péon ) E [X].

ITeoBAnpa 4.2.4.  Av 1 mukvétnta Tng X elval ouppetpiky) wg mpdg to onueio = € R,
av dnA. oxvel
f(n)=f(2x —n),Vn € Z,

téte, av untdpxet N E [ X] éxouvpe E [ X] = x.

IMopddeiypo 4.2.1. Av T € {1,2,...} elvar 0 ¥pdVOS EUPAVIONS TNG TPWTNG XOPWVAC
oe Wi drelen oxohovdio pldhews evog vouloyatog mou €pyeton xopva Pe TiavoTnTo P, 1)
muxvotnto g 1T’ dlveton and Tov Tomo

fr(n) =p(1—p)" '1(n>1),
OTOTE

E[T]=> p(1—p)" 'n.
n=1

HMpaywyilovtag T oepd > oo g 2™ = (1 — x) 1 xatd bpoug nalpvoupe

oo

1
E ne" = —— .
— (1—x)?

Egapuélovtag autd tov 1m0 yio ¢ = 1 — p naipvouue

1 1
ET)=p==-.
[T] il
O péoog ypdvog eupdvions dBnh. NG TEMTNG XOPMOVAC ENVUL AVTICTEOPWS AVAAOYOS TNG Tiio-
VOTNTOC EUPAVIONS XOPWVOC OE WLoL plhn Tou vouioyatog.

H mo onpavuxd Biotnta tne péong Tuhc elvon 1 yeouuxotntd tne. Ebvar oxdémpo v
TovloTel €00 Twe, avtieta pe To Oswpnua TEUXdTw, TO Oehprnua OEV amoUTEl
avelaptnoto Twv TM. Exel éyxeiton xan 1 ueydn yenowotntd tou.

Ocwpnua 4.2.1. Av o1 6wakprtés TM X ka1 Y éyovr péon tipn kair A, pp € R eivar otaOepés,
wte n TM Z = AX + pY éxea péon npn ka E[Z] = AE [ X]| + pE[Y].

Arno6deln. Eow X : Q = Ty xa Y : Q = T5, 6mov 1o oOvoha 11, T eivon aprdurotua.
OplCouye to evdeydueva
A ={X =5}, (seT),

By ={Y =t} (teTy),
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HOolL
Csi={X=sY=t}, (sel,teT).

‘Eyoupue
E[X] =Y sP[A]=) s> P[Cu,
seTr s€Ty tely
Hal
E[Y]=Y sP[B]=)_tY P[Cs,
teTs teTy seTt
onoTE

AR [X]+pE[Y] = Y P[Co](As+pt) =E[Z],
se€T,teTy

apoU T evdeyopeva Cs ¢, s € T1,t € T, amoteholy dauépton tou ) ota omola 1 TM Z elvon

otadepr| (dette Mopathenon [4.2.1).
|

IMopddeiypa 4.2.2. Yto Iupdderyua umopolpe vo utoroyicovpe ™ E[X + Y]
ywelc va yenowonoljcoupe xadohou T cuvdptnon nmuxvotntag e X + Y mou unolo-
viooaue exel. T v X éyouvue omd to IlpdBAnua ot E[X] = m/2 agol n o-
potdpopen xatavour oto {0,...,m} eivor ovgpete yopw ond to onueio m/2. Téhoc
E[X +Y]=E[X]+E[Y]=2E[X] = 2% =m.

IMapddeiypa 4.2.3. Eotw 6t n X axoloudel tn Siwvuuxr xotavouy| (deite Hapdderypa
4.1.12) ye nopauétpoug p xow N, OTL €y0UuuE dNAAdH

N
Fe) = () -pN k0 < k< ).
H X unopel va viomomdel we to mAfloc twv xopwvdyv ce N aveldptnteg pldeic e-
vO¢ voplopatog mou @épevt xopwvo pe miavotnto p. Apa, av oupPBoiicouvue X; =
1 (pépvoupe xopiva otn j pln) éxoupe

X=X1+ -+ Xpn,
Apa E[X] = E[X)] + -+ E[Xy] = NE[X;] = Np.

IMopddeiypa 4.2.4. X évo dwudtio unotvouv N dTous xot opivouy To XaméAd ToUG OTOV
Teoddhopo, 6mou ouwe Tallouy xdmota ToudLd o avaxatebouy Ta xaméla. Pedyovtog ta N
dropa matpvouy and éva xamého otny TOYN. Ilowog elvon o yéocog apriude Twv atéuwY ToL
TalpVouV 10 0d TOUG XATEAO;

H TM mou pag eviuagépet etvor 11 X, 0 aprdudc v atdpwy, Tou Taipvouy To 8xd Toug
xomého. Ag etvon Xj, j=1,...,N, oo TM X; = 1 (7o dropo j naipvel 10 8ixd T0U XoméNO).
(O TM X dev etvan aveZdptnteg. Totl;) Eivon gavepd bt

X=X 4+Xs+ -+ Xy.

Apa, anbd 10 Oetpnuo gyoupe E[X] = Zé\/:l]E[Xj]. Ernlong, Moyw e ouy-
petplag, €youvue 6t ov X; elvan wbvopeg, dpa E[X]| = NE[X;]. Téloc E[X] =
P[o 1 naipvel o xamélo tou] = 1/n, eniong AMoyw tng ouppetploc. ‘Apa E[X] = 1. Eivau
eviunwotoxd 6t 1o E [X] dev eZoptdton and to N.

To “ondowo™ tng TM X cav ddpotopa GAAGY amhouoTépwy, ot WdMoTa dewxteiwy, TM
elvon éva oD ypriowo epyolelo ot AOon TEOBANUSTLY.
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To mopaxdte eivon eEopeTXd YEYOWO O UTOAOYIOUOUC.

Ocedpnua 4.2.2. Ay X eivar yua duxprer) TM (6 avaykaotikd apifunuikn) kar f ja
aprunuikny ovvdptnon opiopévn oo medio tpucy T tng X téte n TM f(X) éxer péon nun
av

D IFBIPIX =1] < oo,

teT

Ka1 qut) Tote 1000Tal i€

E[f(X)]=) fO)P[X =1].

teT

Anodedn. H anddeln eivon dueon av epapuoéoouue v Hapathenon oTr Olauéplon
Q= Uer {X =t}
[

IMTopathpnon 4.2.4. Metd 1o Oehpnuo ebvan avepd we 1 ouvirixeg (4.6) xon (4.8))
dev ebvan tinote dAho and ) cuviiun E [| X|] < oo (n péon nun wag un apvntixhc TM undpyet
Tdvtor xou efvat TENEPAOPEVOS aptdude 1 4+00).

ITeoBAnpa 4.2.5.  ‘Otav ayopdlete évo CUYKEKPLLEVO TIPOLOV UTIAPYEL TAVTX pECO
otn ovokevaoio éva Toxvidi-ékAngn. Tmdpyouvv ¢ doupopeTikd TéTolal Ty vidiaw Tov
utopet va PBpeite péoa ot cvokevooio ko Ao vt Tl oy vidia etvou €€ ioov OV va
gnpaviotouv. Ayopdlete éva tétolo Tpoidv kdbe pépat. Molog eival o péoog aplbudc Nuepmv
Tov Tiepvdel artd téte mov Ba Ppeite To j-0oTd véo TouyvidL wéxpl va Bpeite to (j + 1)-00Td
véo mouxvid; [lMolog eiva o péoog apbudc Muepdv Tov mepvdel éwg dtou Ppseite ko ta ¢
SlocpopeTikd oy vidio;

Ocdpnua 4.2.3. Av oo TM X ka1 Y eivar avebdptntes ka1 éxouv 1éoeS TIUES TOTE Kal 1)
XY éya péon upn ket E(XY] =E[X]|E[Y].

Anodeldn. Eotw X : Q = T xa Y : Q — T5, 6mou o aOvoha 11, Ty elvon aprdurowuo.
‘Onwe xon otny anoddelln tou Oewphuatog optlouye T eVOEYOUEVAL

Cor={X=5Y=t}, (seT,teT).

‘Eyouye
E[XY[] = ) [st|P[Csl
seTy,teTs
= Z |st|P[X = s]P[Y =t] ond aveloptnoio twv X, Y
seT,teTs
= D IsIPX=3s]-> [P} =1
seTy teTs

= E[X[E[]Y]] < oo,
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onote €youpe Oeiel 6Tt N XY é€yel uéon tiun. Ouolwe

EXY] = ) stP[Cy]
seT,teTs
= Z stP[X =s|P[Y =t] oand aveloptnoio twv X, Y
seT teTs
= Y sP[X=s]-) tP[Y =
s€Ty teTs
= E[X]E[Y].
|
IMapathenon 4.2.5. Ouoing tpoxintel 6Tt av ol X1, ..., Xy elvar évo ave€dptnto cUvoro

and TM téte E[XlXN] :E[Xl]E[XN]

Hocpoc‘c‘r']p‘qc‘q 4.2.6. H ouviriun "X, Y aveldptnrec” oe pnopel vo moapodewpdel oto Oe-
oenuo [4.2.30 Ac elvan, yia mapdderypo, A xou B 800 Eéva yetaldh toug evdeyoueva Ue YeTiny
mﬂocvormoz o xodéva, xar X =14, Y = 1p ot avtiotouyec deixtpiec TM (Beite to Iopddery-
o [A.1.8). Eyouue t6te XY = 1anp = 1y dpo E[XY] = 0 evod E[X] = P[A] > 0 xou
EY]|=P[B] > 0.

IMopddeiypa 4.2.5. 'Eva coudtio extelel éva “tuyolo meplnoto” wg e€hg: ™ ypovixt
otypn 0 Beloxeton otn Véon 0 Tou dfova Twv axecpaiwy apriudy. Me xdie oaxépata yeovixy
otypn plyver éva tiuo voutouo xon oy €pUel x0pMVAL UETOXUVEITOL Lol HOVEDX ELoTERD, oh-
M@C TdeL wo povdda 8eid. Av Aowov yeddouue X yio T peToxivnon Tou cwuatiou xotd
™ Xpovwm oTYPH ] éxouvpe X; € {—1,+1} xu P[X; =—1] = P[X; =+1] = 1/2, dpa
E[X;]=4(-1)+3i1=0H ﬂson TOU CLWUATISOU TN YEOVIXH CTYUN N, €0Tw Sy, UTOREL Vo
Yeapel we
Sn:X1++Xna

OTOTE, omd TN YpouudTnTa e wéone Thc éxouue enione E[S,] = 0 yio xdde n.
Ac unohoylooupe téhog T “péon tetpaywvixy andcTaoy” Tou cwuaTdiou and to 0 T
yeovuh ottypf n. Auth ebvon 1 toodtnta y/E [S2] xou éyoupe

S2 = (X1 + - ZX2+2ZX
1<J

6mou To deltepo dlpotopa etvor yio GAoug Toug delxte ¢, = 1,...,n, ye @ < j. Enedn
X xou X ebvon ave€dptneg av @ # j xou E[X;] = 0 éyouue 6TL o1 péoeg Tipée Ohwv v
mpoceTéwy oTo delTEPo dipoioua etvon 0. Téhog €youue E X]2 = 1 agov ij = 1 mdvta.

‘Apa B [S2] = n xou 1 péon tetpaywvind) ondotaon and 1o 0 ebvon y/n.

IMpb6BAnua 4.2.6. ‘Exovpe n maikteg mov pixvouv amd éva {&pL o kabévag. Av X eivau
to TAf0o¢ twv Levydv Tou @épvouv tov ido optBud var Ppebei n E [X].

ITpb6BAnua 4.2.7. ‘Exoupe n {evydpra ko amd auTd Tor 21 ATopa éva TUX o uTtoohvolo
peyéBoug m mebaiver. Now Bpebel o péoog aplBudv twv Levuyoplddv Tou éxouv aTtopeivel.
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ITpoBANua 4.2.8. ‘Exoupe 800 koutld Tov otnv apxh Teptéxouv 1 kOKKvoug BodAoug
TO TPWTO ko 1 UTAe PBdAoug to deldtepo. Ye kdbe Ypoviknh oty Bdlovpe amd éva XépL
ot k&Be kouti, TLdvoupe amd éva PdAo ko touc evaddoooupe. Na Bpebel o péoog aplBuéde
kOKKW®V BOAWV oTo Tp®dTO KOuTh petd attd k Tétolec evohhayéc.

Trébeln: 'Evac kékkvoc BdAog elvo ato TpdhTo kouTt petd amd k PAnatal av ko poévo
av éyel emAeyel yiow evadlayt éval dptio aplBud opov.

ITe6BANpa 4.2.9. H aképara TM X éxer mukvétnta fx(n). Extelodpe to meipapa mov
Siver Ty otn X adA& 8e PAémovupe tnv Ty outt. Mpémel voe tn pavtédoupe. Av 1 Ty
Tiou B Ttovpe, éotw o aképouog ¢, elvor pkpdTepn amd TN X TOTE TANPOVOURE b - i £VPW,
émov y = | X —t]. Av elvouw peyaddtepn téte mAnpdvoupe a - y. Ou apBpol a,b dTwe ko
M owvdptnon fx(n) pog eivaw yvwotol. Mg mpémel vo euléEoupe To t MOTE Vo £XOUpE TO
MLkpdTEpO duvatd uéoo kboToC;

4.3 Awaonopd ptag TM xow avicotnteg andxAiong

Oplopde 4.3.1. Av X eivon o TM pe péon wuh p = E[X] t6te n daonopd tne X elvou
n nooétnta Var [X] = 0(X) = E [(X — p)?]. Opllovye enlong v tumkn andkion tne X

wc ty nocotnte o(X) = /Var [X].

IMapathenon 4.3.1. Ané tov Opioud yiveton qovepd OTL 1) BLOTOPA Xo 1) TUTILXY
anoxhion wag TM petpolv 1o néco mdavé eivon vo amoxhiver 1 TM X and tn uéon tiun tne.

Mopathenon 4.3.2. Exedh n TM (X — p)? > 0 1 Swonopd e X undpyet méve xou
elvon TEMEQUOUEVOS N apVNTIXOC aprdudg 1 +00, UTd TNV Teolndleon uovo 6t n X €yel péon
Th, Onh. E[|X|] < oo.

ITeoBApa 4.3.1. AvnTMéxel E [Xz} < 00 ToTE Xoupe avarykaoTikd kou B [| X|] < oo.
Trébedn: Tpadte X =Y + Z, émov Y = X1 (| X|<1)kaw Z = X — Y. Acilte 6T
E[Y]] < oo kaw E[|Z]] < 0.

IMe6BAnue 4.3.2. Av E [X?] < oo téte woxler Var [X] =E [X?] — E [X]°.

ITe6BAnpa 4.3.3. Acilte 61t av ¢ eivaw otabepd téte Var [X — ] = Var[X] =
Var [-X].

ITe6BAnpa 4.3.4. Aci€te 6t av Var [X] = 0 téte X = E [X] oxedbv oiyouvpa.
IMTopddeiypa 4.3.1. Av n X ebvan opotdpoppo xataveunuévn oto {0,...,m} téte
E[X? = i LI 1m(2m +1)
—mt 1 6
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xenotponolevtog To amotéheopo tou HpoBifuortoc [1.1.1] Eniong E [X] = m/2 agol 1 mu-
xvotnra e X elvon ouppetex| YOpw ond to m/2. OTdTE, YENoHLoTodVIAC TOoV TUTO TOU
ITpofBAruartog €YOUNE

m?  m(m+2)

1

Ocvpnua 4.3.1. Av oo TM Xq,..., X, evar aveldptnres avd dVo kar éxovy péon nun
ToTe

Var [ X1+ -+ X, = Var [X1] 4+ -+ Var [X,,].

Andédedy. Aceivou pu; =E[X;], j=1,...,n. Hyéontuhme S = X1 +---+ X, undpyet
X looUTOL UE (b = [t + - -+ + [y, OTOTE

Var[S] = E[(S—p)?]
- 2

= E|{ D (X —m)

Jj=1

n

= E Z(Xj—uj)2+QZ(Xi—Mi)(Xj_Mj)

j=1 1<J

= ZVar [X,] + 2 ZE [(Xs = ) (X5 — py)] -

H onédeiln tehewdver pe v nopathenon 6t E [(X; — i) (X — )] = 0 av @ # j, ool ol
TM X; — p; won X5 — pj ebvon aveldptnteg xou €youv uéon T 0.

|

IMopddeiypa 4.3.2. Eotww 6t n X axohouvdel tn duwvuuixr xotovour| (deite Tlopdderypo
4.1.12) ye nopapétpoug p xou N. H X ymogel va uhomoindel w¢ 0 TARYOC TV X0pwVeY
oe N ave€dptnteg pideic evée voplopatog mou @épevt xopwva ye miavotnta p. ‘Apa, av
oupPolicovpe X; = 1 (pépvouyue xopwva ot j i) €xouue

Apa Var [X] = Var [X1]+- -+ Var [Xn] = NVar [X1] = Np(1—p), agol ebxoha PAénoupe
ot Var [X1] = p(1 — p).

Ocedpnua 4.3.2. (Avicotnta Markov) Av X > 0 éyea péon tuni p € R tdre

PIX > A < %

Anddelr. Opiloupe to evdeyodpevo A = {X > Au}. Av T eivor to oOvoro oy e X
61, amd tov optopd e E[X], éyouue

po= > tPIX =t

teT

= Y tP[X=t]+ > tP[X=t

teT t<Ap teT t>Ap

> tPIX =t

teT t>Ap

> AP[X =1
teT t>Ap
= MuP[A].

Y

Y
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H avicdtnta mpoxdntel agpol SlapéGOouYE Blot TOU AL

Mépiopa 4.3.1. (Avicétnta Chebyshev) Av n X éyer nerepaopévn diaonopd o? kai
péon nuun p tote
1
PIX 1l > do] < 5.
AnédeEn. Opilovye tn prropvnin TM Y = (X — p)? pe E[Y] = 02 xou egopuélovpe
oe auth TV ovobtnta Tou Markov(Oedpenua |4.3.2)). Taipvouye

1
P|X —pu| > Ao] = P[Y > \20?) <3z

ITe6BAnpa 4.3.5. ‘Eotw g : [0,00) — [0,00) pat cvotnpd adEovoa ouvaptnon kot X
poe TM térowa dote E [g(| X])] < oo, Aseiéte 6T

E[g(1X))]

PIX|2 X < =00

ITe6BANpa 4.3.6. (AkolouBolue to cupfohopd kow opoloyiat tou Mapadeiypotog
4.2.5]) Xpnowotoleiote v aviodtnta tov Chebyshevyia va Bpeite évar dve @pdypo yia
v P[|S,| > n/10].

ITe6BANpa 4.3.7. ‘Eotw X pa TM mou akolouvBel tn yewuetpikt katovoun e
Tapdpetpo p = 1/2. Bpeite dvw ppdypota yio thv tooédtnta P[X > 10] xpnouomoidvtog
v aviodtnta [Markovkow tnv avioédtnra Tou Chebyshevkouw ouykpiveté ta petad Toug kabog
KoL e TNV akplPr T YU oty TV ToodTNTA.

4.4 T'evvrteieg CLVUETHOELS

Optopdg 4.4.1. Av X eiva po TM nou naipver tpéc oto obvoro N = {0,1,2, ...} téte 1
yevvnpia ovvdptnon tne X elvan n cuvdptnon

o0
Ox(t) =E[tX] =) fx(mt", (it <1).
n=0
IMapatrpnon 4.4.1. Anodeixvicton OTL 1 dTELRT| OELPA GTOV 0pLOUO oLUYXALVEL Yot OhaL
ot pe [t < 1.

IMTopdderypa 4.4.1. Av X = ¢ oyedov oiyoupa t61e $x () = t°.
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IMopdderypa 4.4.2. Av n X axoloulel yewpetpwh xatavour (4.2) ue napduetpo p t61e

ox(t) = Y t"p(l—p)"!
n=1
p oo
= — t(1—p)"
=PI
5 (= )
= —1
1—-p\1-t(1-p)
— pt
1= (1-p)t
IMoedderypa 4.4.3. Av n X axohoudel tn Swwvupd; xatavopd| (4.3)) pe nopopétpouc N
%ol p, TOTE
N
N
Oy (t — t (] — N—n
x(t) 7;) <n>p (1-p)
N
N —-n
- > (N)wra-»
n=0 n

= (1—p+pt)N (ue cvapuoyh Tou Siwvmxol Oewphpatoc [3.4.1])

IMopedderypa 4.4.4. Av n X axoloudel xotavour Poisson| (4.4]) e nopduetpo A > 0 t61e

9]
(I)X(t) Ztn 7)\ _ 7)\2 n' — f)\ t)\ 6)\(1715)'
n=0 n=0

Ocpnua 4.4.1. Av Xy,..., X, evar aveldptnres TM ka1 Y = X1 + - - + X, tdte
Oy (1) = x, (1) -~ P, (1)-

Anéddeln. Py(t) = E [ty] = E [tXl -tXQ---tXT]. Ov TM X1, .., t% ebvan w owtée
aveldptneg dpa Py (t) =E [tX1] - E [t57] = ®x, () - Px, (¢).
|

To endpevo moA) onuavTind Vedpnuo To SeYOUACTE Ywelc amodeln.

Ocedpnua 4.4.2. Ay 6o TM X ka1 Y (mov najprouvr tipuég oo N) éxovv tn ida yevvijtpia
owdpTnon TOTE €lval 100VOUES.

Xenowonowwvrog o Ocwphparo [E.4.1] xou [4.4.2] uropolue ebxola va SelZouye t0 axdhou-
Yo.

Ocecvpnua 4.4.3. (a) Av ot Xq,..., X, elvar aveldptnres ka1 n X; axokovOel tn Siwvuuikr)
katavoun) ue mapapétpous N; ka1 p wre n Y = X; + --- + X, akodovlel tn Orwrvvuikn
katavoun pe napapérpous Ny + --- + N, kai p.

(B) Av o1 X1, ..., X, elvar ave&dptnres kar n X; akodovOel Tn katavouri Poisson e tapdpetpo
Ai >0ttenY = X1+ -+ X, axohovlel tn katavoun Poisson e napdpuetpo A\p+- - -+ A

An6deEy. (o) Eyouue ®x,(t) = (1 —p+ pt)Vi xan and v aveZaptnoio éyouus

By (t) = Dx,(t) - Dy, (t) = (1 — p+ pt)N1H-+Nr,
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ANNG xou 1) Suwvupxr xatovour| ue mapopéteoug Ny + -+ - + N, xou p €xel Ty (Bl yevvrtela
ouvdptnor, dpo (Oempnua |4.4.2) auth eivor 1 xatavopr) e Y.
(B) Eyxoupe ®x,(t) = e*1=8) you ané v avelaptnoia éyoupe
Dy (t) = B, (t) - P, () = Pt FAIA0),

A& xon 1 xortarvour| Poisson| ye mapdueteo Ay + -+ - + A €xel TV (Blor YEVVATELO GUVAETNOM,

o (Oewpnua auth) efvan 1 xatavour; Tne Y.
|

ITp6BAnua 4.4.1.  Tmoloyiote T yevwwfTpLat CUVAPTNGT TNG OULOLOKOPPNG KATAVOUNG
oto {a,...,b},0<a<b.

IMeb6BAnupa 4.4.2. Avn TM X éxel yevwhtpia ouvédptnon ™) $x(t) mola eivor m -
kvéTnTaL o TM Tou éxel yevwitpla ouvdptnon ) P x (¢2);
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