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1. Ymoloyiote T TOPOAXATW OOLY, TTOEOYOVTOTTOLWOYTOG opLh-
UNTY XL TTOEOVOLOOTH OTIoL YPELELETOL.
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2. Ymoloylote Ta TOEAXATW OpLo. ZTor SO0 TEWTO YEVOLUO-
TOLNOTE OLLVYEIG TOPAOTACELS XL GTO TPLTO TNV TOLTOTNT
ud — 03 = (u—v)(u? + uv +v?).
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(3) O¢rovpe u = Yr. Tote z — 8 = (u — 2)(u? + 2u +4). N
T # 8 10 xAdopo toobton pe 1/(u? + 2u + 4) xow teiver
oto 1/12.

3. Ymoloylote Tor TOPOxATL 6pLo, SLaLpwvTog apltbunt) xon
TLOLPOWVOLLAOTY] UE XOTAAANAY] SVVOULY TOL .
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Yovtog Teivel oto 2 xon eivor Oetixds. Taw ddo bpra eivort
ovTioTOL O +00 KoL —00.

4. Ymoloyiote Tor TaPOxTL OpLa, Tpoaéyovtog 6Tl Va2 = |x|.
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5. Ymoloyiote T 300 TAeLELXA HpLa xabeLdg aTd TG TOPO-
XATW CLVUPTNOELG GTO ONUELD TTOL BLVETOL. XTY GUYEYELX ATTO-
Qoolote ay LTTEPEYEL TO avtioToLyo SITTASLEO BPLo.
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Adon:

(1) Aptotepd tov 2 1 f toobTow pe —1 xow deEd pe 1. To
TAsLELXA OpLa elvot —1 o 1, dpo To SiTAELEO HPLO SeV

UTTGPYEL.
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(2) Kovté oo 1 éxovpe .+ 1> 0 xon g(z) = (x4 1) i 1’.
x —
To TAevpLxd OpLa elvar —2 xow 2, dpa To SiTAELPO 6PLO
dev LTTAPEYEL.
(3) Kovtd oto —1 éyovpe x < 0, ontdte yia © # —1 toydet
h(z) = —x+—1 = —1. Ko tx 300 mAsvpixd épLar, qpo
x
%ot To dimAgvpo, eivorr —1.
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7. Ymoloyiote Ta ToEOXATW Optar pe ™ Ponbetor xaTEAANAWY
QPOAYUATWY.
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Abon: Aot [sint| < 1 xau |cost| < 1, éxovpe avtioToLyo
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8. YmoAoyiote T TopoxdTw bpLa 670 R, N eEnyriote Yot Sev
LTTELPYOLY.
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Adon:

(1) To TAevEXG GpLow eivar avtioToryo —oo %ot +0o. AQov
Srapépovy, To Simthsvpo bpLo dev LThpyeL oto R.

(2) T 0 < |z —1] < 1 éyovpe =+ 2 > 2, 4ot TO *AQOPOL
etvow peyoddtepo amé 2/(z — 1)2. To 6pto sivor +oo.

(3) H Sraopd toodton pe (1—x)/x2. T 0 < |z| < 1/2 elvon
LeEYoAUTeEEN ot 1/(22%), dpo Teiver 670 +00.

9. Bopsite toug mpaypatixodg aptbuods a,b bote n cuvaETNoN
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Abon: Ta z < 1 éyovpe f(x) =z + 1, omdte 10 0pLoTEES HpLO
o7o 1 elvon 2. To SeEL 6pto eivar b+ 1. ' cuvéyeta oto 1 TEETTEL
xor opxel vo toydet 2 = b+ 1 = a, dOnA. a = 2 xow b = 1. Me
OUTEG TLG TLUEG M oLVEEToN eivar f(x) = z+ 1 yia xabe x € R.
Ermopévoe (f(z) —2)/(x — 1) =1 yioe  # 1, xa 0 TEHTO 6pLO
elvow 1. Emtiong f(z)/x =1+ 1/z — 1 xabddg © — +o00.

10. YmoOétovpe 6t f, g : [a,b] — R eivow ovveyeic.

(a) Av yro tov optBuo £ € R woyder 6t yioo x60e x € [a, b]
éyovpe f(xz) > £ delEte 6Tt LTAPEYEL oPLOUdE ¢ > £ TToL Vo LaVEL
f(z) > ¢y xébe x € [a,b].

(b) Ay f(z) > g(x) yro x&be = € [a, b] deiEte dtL LIAPYEL § > 0
Tétoto Hote f(x) > g(x) + d yio xébe x € [a,b].

Avor: (a) 'Eotw 6t 1 f mdver to eAdytotd g 670 21 € [a, b).
Téte f(x1) > £ omd v vdOeon pog. Av Béoovpe Aotmtdy ¢ =
f(x1) téTe éxovpe TO {nTOLpEVO.

(b) 'Eotw 6tL 1 f — g, oL elvor GuVEYHC, TLAVEL TO EAGYLOTO
™G 070 T2 € [a,b] xau opilovpe 6 = f(x2) — g(z2) > 0 amd ™V
vTtdbeon pog. Edxoho BAETovpe OTL LE QLT TNV ETLAOYN KOG
LoyVEL To {NTOVUEVO.

11. H ovvéptnon f : R — R elvar ovveyng xow Sev LoyveL
lim, oo f(x) = —00 00Te limy_s 4 o f(z) = +00. AciEte 6Tt 1 f
éxeL otabepd onpelo, vTdpyel SNA. a € R 1.6. f(a) = a.

Abon: To 6t Sev woydel lim, o f(x) = 400 cuvemayeTon
OTL LTTAPYEL KLoe oxoAovbia z, — +00 TETOL WOTE 3EY LOYVEL
lim,, f(zy) = +00. AT pe ™) oeLPd TOL GLUVETTAYETOL HTL LTTAP-
¥eL xémoro M; € R 1.6, f(x,) < M yio ametpo n. AT Ty vTO-
Beon pog yia 10 6pLo 6TO0 —00 TPOXVTTEL OLOLWG OTL LTTAPYEL
Yn — —00 xat My € R tétoia hote f(y,) > Mo yioo dmelpa n.
INoa evxoiio pog xorodue awtég Tig dvo vTaxoiovbieg =, xou
yn (EEYviOVTOC TOL LTTOAOLTTOL GTOLYELL TWY CLEYLXGDY OXOAOLOLWY).

Kottape thpa ™) ovvexn ovvaptnon g(z) = f(x) — = xow 0€-
Aovpe va detEovpe Ot xdmov undeviletal. Apxel v Bpodue dvo
onuelo 6TTOL oL TLUEG TNG g Elvar etepdonues. EdxoAa BAETovpe
otL g(xy) = —00 ooV M f(x,) elvor @Eoaypévy dvw xot opolwg
BAémovpe 6Tt g(ypn) — +00 ooV M f(yy) elvor QEaYREVN XATW.
Apa yroe opxetd peyaro n Oa éxovpe g(xy,) < 0 xow g(y,) > 0
oL efvort T SV0 oMuElr TTOL PAYVOLE.



12. Av f: A — R eivow ovveyrg oto xg € A xou f(xg) > 0 deiEte
OTL LTT&EYOLY €, > 0 TétoLto Wote av = € AN (xg — d, 9 + 0)
tote f(x) > €.

Abon: AoV lim,_,,, f(x) = f(zg) > 0 vGEyeL éva 6 > 0 T.0.
ov z € Axot |x—xo| < va toyder 6t

S (z0)
7~ Fao)] < T30,
OVLOOTNTA 1 OTTOLOL GUYETIAYETOL OTL YLOL VT TOL = LOYVEL ETTL-

ong f(z) > 120

2
QoxUNO.

, TO OTOLO TIOLPVOULUE WG TO € TOL {NTAEL M

13. Av f:[-1,1] — R eivow ovveyng dei€te 6T yLow xdbe € > 0
vrapyet F : R — R, ovveyrg, tétota dote (a) F(z) = f(z) yo
re[-1,1]xuw P) Fz)=0aver<—-1—efz>1+e

Adon:

-1I-E 2[_ \/ i 1r+i,

2xuma 1. [lodg emexteivovpe pio cuvgpTnom dSLa-
TNEWYTUS TN CLVEYELR WOTE Yo undeviletar Alyo
€Ew amod To apyLxd SLAoTNUO.

Ontwg patvetor oto Zyuo E] ETEXTELVOLUE TN GLVEPTNON GTO
dtbomnuo [1,1 + € wg prar yoopptx ovvapton (tng Lopeg
OMA. ax + b) TOL TO YP&PNUE TNG EVKVEL UE évar eLBLYPOLLO
Tunpa toe onueio (1, f(1)) xow (14 €,0). A€ omd to 1+ € v
optlovpe va elvor 0. H ovvéyela péoa 0T0 ovoLytd SLaoTnuo
(1,1 + €) eivor eEoo@aALopévn Lo xoL exel péao v CLYAPTNON
pog divetor amAd amd évo Tomo g Lopeng F(x) = ax + b.
Xt axpo, OnA. ota onpeior 1 xar 1+ € eAéyyovpe edxOAo OTL
Tow TAESLPLXA BpLo elval aLTO TToL TTPETEL. Opoiwg emexteivovpe
TPOG TO. OPLOTEQA.

[TpooéEte 6TL av amAd opioovpe ™y F va eivor 0 extdg ToL
[—1, 1] xavovue ™ ovvéyelo oto onueion £1 extég av ToOYEL M f
voo undeviletal oe xATOLO0 OO AVTA.



14. (a) Acifte 6T 1 ovvdpTon Tov Dirichlet

D(z) = 1 oav x pntdg apLbudg
)0 av z dpprroc aipLbude

dev elvar ovveyng movbevd.
(b) Kataoxevdote pLo ouvapton f : R — R mov va eivor
ovveyng wovo ato 0.

Aboy: (a) To onpavixd oc o) Ty doxnoy eivar OTL xo
T0 0OLYOAO TV ENTWY ELBu®Y Q xaL To GOVOAO TWY KEPENTWY
opBuy Q° = R\ Q eivor avtd oL ovopdlovpe Tuxva GOvolo
oto R.

"Evar abvoho Aéyetal muxvd oto R av pmopodue vo Ppoldpe
oToLXELO TOL Ot omoLodnToTE JLdoTnuo BeTixod pxovg, oL
%o vo elval ovTtd ol 660 ULXEO XOL VoL ELVOL TO L1X0G TOV.

Av pog ddoovy éva drdotnua (a,a +€) pe a € R xow € > 0
ETILAEYOLUE Evar QUOLXO aElBud n > 1/ xal TopoTnEodue OTL
%xA&moLo ToAaTTAdoto tov 1/n, ag to Tovpe k/n pe k € Z, Ha
owvnxeL ato daotnuo. (a,a + €). O Aéyog elval 6Tt TO PLA%0G TOL
dLaoTULOTog elvat peyahdTePO amtd 1/n mou eivar  amdéoToon
ovapeoo. oe dtadoyixd moAaTAdato Tov 1/n. Bprxaype étot
évae onTt6 aptbud ¢ = k/n oto (a,a + €). o voo Bpodue éva

GppnTo apLBUS Todpvove évar opLOLS TG WopPTS g + E Yiox

0PXETA PLEYEAO N, T6G0 peYAAO WoTE 0 opLBpdg o Tdg vou orvn-
%€l 070 SLdotnue (a,a + €), TEdyYpa oL Yivetal av to N giva
OPXETE LEYAAO aob 0 apLbuds q €xet Oetixy) ombéotaon ord Ta
dv0 axpoa Tov StaoTNoTog. EdxoAa BAETovue OTL Evag TETOLOG
apLBudg eivar avoyxootixd dppntog (av dev Rtay Bo propon-
oope, AOvovtac wg TEog To V2, var Seifovpe 6Tt 0 V2 elvou
p1téc, mov Sev efva).

Av tpa tapovpe omolodnNmote = € R woapatnpodue 4T yio
x&be 6 > 0 vmapyovy oto Stéotnue (x — d,x + 0) xow ENTOL
xor appntol apLbpol, dnA. n D malpver xow tipn 1 xow tipm 0.
Avté ovvemdyeton 6Tl TO 6pLo TG D 0T0 = 3ev LTAPYEL, AP N
oLVEPTNOY SEY ELVOL OLVEYNG OE XAVEVX .

(b) Hépte f(z) = xD(x). Xe omotodimote = # 0 pmopodue
eOxoAa vo amodetEovpe T 1 oLYAETNOYN VTN BEY Elvar oLYEYNG
(av Arav téte %o  D(z) = f(x)/x Bo Aray exel ovveyhg, Tov
Eépovpe amd to (a) 61t dev eivan). Xto 0 0 f eivar ovveyhg o
xow f(0) = 0 o emiong |f(z)| < |x|, ToL oLVETAYETOL GTL TO
6pto g f oto 0 eivon 0.




15. (a) Av f,g: (a,b) — R eivow cuveyeic xow yio xé0e = € (a,b)
Vet f2(x) = g%(z) # 0 amodeifte btL eite LoydeL YLow GAX T
x € (a,b) N wotnta f(x) = g(z) eite yroo 6o toydeL N LodTYTAL
f(x) = —g(x). AciEte 6T awT6 dev eivor amapaitnTo GWoTH O
mopaAeiPpovpe Ty vmébeon 6t oL f, g 3 undevilovto.

(b) Av f: (0,400) = R wxavorotel yioe x40s x > 0 ™ oyéon
f2(z) = z Setkre 6 eite wyder yro x4be © > 0 0 LoéTNTAL
f(x) = /x eite yio x40 téToto x LoyleL 1 wodtTe f(x) = — /7.

Ao

]{ () qm =

j{b?{(ﬂ

Yxuma 2. Ot 300 ovveyeic ouvoptioetg (LA o
Tdotyn) oAhob eivar {oeg oL alhob avtibetec.

(a) AoV ot f, g de pundeviCovtar Tovbevd xon eivar ovveyeig
gmeLton OTL xoL M ovvapon h = f/g elvow ovveyig. Amo Ty
vrébeon pog h2(z) = 1 o xé0e = € (a,b), SnA. Yo xébe = €
(a,b) éyovpe h(x) = +1. A6 70 Bewpnuo evdidpeong TLunig
gmeton 0Tt M h elvow otobepn 1 M -1, ov elvor axpLBug owtd
mov B€lovpe va detEovpe.

Av emtpédovpe otig f,g vo undeviovtor avtd Sev LoyVetL.
[Tépte yro Topddetypa (0,1) xow Tig V0 GLYAPTAGELS TTOL POLi-
vovtol oto Xynuo 2.

(b) H ovvéptnon h(z) = f(x)/v/x eivow ovveyig oo (0, +00)
(opob 0 TopavopooThg elvar cuvexhg o de undeviletor - 1
oLVEPTNOY /T Elvol CLUVEYAS WS AVTIOTEOET TNG CLYAPTNONG
x2) xow woyder h%(z) = 1 &po h(z) = +1 xow amwd o HBewpnuo
evdlapeang TLpNG N h mpEmeL va elvor atolbepn 1 1 -1, ov eivo
oxpLPwg To {nTodpEVOo.



