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I[IanemzTaMIO KPHTHE — TMHEHMA MAGHMATIKON KAI E0APMOZMENGN MA®OHMATIKON
Adoelg Ty aoxNoEwy

OL aoxnoelg avTég elvarl eLdXA PTLAYUEVES Yo var oog Hepamedoovy amd Ty ToAD SLtadedopévn
%o emxivduvn aobeévelo ™¢ «TUTOAXTPELOG». Me GAAa AdyLta av Ttpoomabnoete va Tig ADOETE
Péoyvovtog yiow axolovbicg | cuVoPTNOELS TTOL var SlvovTol atd XATTOLO TOTTO TOTE GYEIGY GLYOLOO
fo amotiyete. Eilvor edxoheg aoxnoclg av eMLTPEPETE GTOV EXVTO GOG VO OXEQTEL TLo eAebbepa
€Ew amd Toe SETUA TWY TOTTWVY.

1 AciEte 6t vRdpyeL pLa ovvexne f : [0,10] — R0 tétoia ote

1 5 7 10
jle, xoujf:& xoujzl, xoujleoo.
0 2 6 0

Abon: Dtdkre ™y f va eivor Tovtod 0 extéc and to Staotiparta [0, 1], [2,5],[6,7], ]9, 10]. Zta
SLOOTNUATO. AVTA TTAPTE TNV f va EYEL YPAPNUO €va TPlywvo po Baon to Stdotnuor xon VPog
TETOLO WOTE TO OAOXANPWUA GTO SLACTNUA OVTO YO ELVaL VTO TTOL TTEETEL, ONA., YL TA TTOPATTAV
Sraothipoto vau giva 1, 3, 1 xow (100-(1+3+1)).

2 AeiEte 6TL LTAPEYEL pLor ovveyng f : [0, +00) — R tétola wote

R
lim ff < 00,
R—)ooo

pe limsup, ,  f(z) = +oo, xou pe f(x) > 0 yro x&be x > 0.

Abon: OTédETe TEHTA Pt GLYEETNOY g : [0, +0o0) — R0 madpvovtdc Ty va etvor 0 Tavtod extdg
ot To SLATTALOTO [n, 1 + %] Yoo n > 10. Méoa o€ xébe T€TOLO SLATTNUA TTEETE TN g VA EXEL WG
Yoopnuo Evar Tplywvo pe Baorn to dtaoTnua ouTd xoit BYOG N, TEAYIO TTOL CLVETTAYETOL OTL TO
OAOXMPWPE TS g péoa oe xé&be Tétoto Stdotua eivan 1/n? xon dpa yro xébe R toydet

oo

1
n=10

Méver pévo va eEaopoaiicovue 6Tt 1 oLYAPTNON LOG elval TavToD awatnEd Betinn. [aipvovue wg
TEALXN LOLG CLUVEPTNOY TV CLYAOTNOY)

f@) = o) 410 << D)+ 12 1) 5,

Yioe T omolo exoAa emtaAnfedovpe OAeg TLG TOEATTAV® LOLOTNTEG.

3 Acitre 6Tt LTEEYEL axohovBio cuvapThcEwyY f, : [0,1] — RZY tétoia ote fo fn=11a
x6&be n xow emiong

liminf f,,(x) = 0 xou limsup f,(z) = +o0, yroe xdbe x € [0, 1].

n—o0 n—o0o

Abon: Xwplote mpdta To Staotua [0, 1] oe Staotiuoto pixovg 1/10:

) n n+1
0,1] = | J I}, émov I} = [10, o ] .
n=0
Oplote g 10 TpwTtEg LVOPTATCELS TNG axoAoLBIOG fr () VoL ElVaL OL YOEOKTNELOTIXEG GUVAPTNOELS
AVTOY TV SLooTNULETLwY ToAoTAaotaopéves el 10 (bote va éxovy odoxApwp.o 1):

fo(x) =10xn (2), to n = 0,1,...,9.
1
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2to deltepo oTddo ywpetate To [0, 1] o Staotiuato puixovg 1/100:

* 5 9 n n+1
0,1 = | J I?, émov I} = [102,102]
n=0
Oplote Tig EMOUEVEG GLVOPTNOELS fr, VO ELVOL OL YOPOXTNPLOTIXES OUTWY TWY OLUGTNULATWY TTOA-
AamAaotaopéveg entt 100, wote va €xovy xar TAAL oAoxApwua 1. Xuveylote e’ ATELPOY UE TOV
(dto tpdTo Yweilovtag xabe opd to Stdatnua [0, 1] o oAoévar xat pixpdtepo SLUGTALOTA.
Me tov tp6m0 w6, av x € [0,1] Tote N axorovbio f,(z) o mhpeL ATmELPES POPES TNV TLUN
0 xow &melpeg @opéc ™y Tpn 1, dpa to liminf o limsup g axorovbiog f(z) ivor 0 xou 1
ovTloToLyo.

4 AeiEte 611 T0 0VVOAO Z2 = {(a,b) : a,b € Z} eivow apLburioLuo, 6t vIT&EYEL SNA. Lot axohovBio:
pn€Z% n=1,2.3,...,

Tétol Hote xébe oToLyElo ToL Z2 vou LooVToL UE P YLOL XETIOLO M.

AVom: Avtéd oL TPETEL Vo XAVOLPE lvar vor Bpodue Eva TPOTOo Vo ataplioov e Taw aTotyelor Tov
72, 10 évo. PETE TO ANO, YwPLg vou peiver xavéva atoryeio o’ éEw. H etxdva tou Z? wg tor axépoo
onueta tou emimédov pog Bonbaer o awtd. Mmopodue edxoAao vo x&vovpe Ty anaplbunon pog
Eextvdvtog amd 1o (0,0) %ol xLvoOpEeVOL OE pLar OTEELPOL OTTWS POLVETOL GTO OYNLOL:
37—36—35—34—33—32—31
3é 17—16—15—14—13 30

| | | |
39 18 5— 4— 3 12 29

| | | | | |

40 19 6 1— 2 11 28

| | | | |

41 20 77— 8— 9—10 27
|

42 21—22—23—24—25—126

4.'3—44—45—46—4?—48—49. ..
"Evorg evodloxtixde Tpdmoc yLo vor amoptBuvicovpe to ototysion tov Z2 eivan o eEvc. Ipdpovpe
Ay ={(a,b) € Z*: |al,|b] < k}.

Eivaw @ovepd 6t Z2 = |72 Ak ool xébe atoryeio tov Z2, ag mobpe 10 (z,y) ovixel og x4&mwoto
Ay, (avixet oto Amax {|z],Jy|} %0 OE OAaL TaL Ay, e LEYOADTEQO deixtn). Eivow emtiong @ovepd 61t xé0e
obvoro Ay, elvon memepaopévo (Yoo Ty oxpifelo |Ar| = (2k + 1)? A& awté Se pog ypetdleton).
I306 Aowmdy évac tpémoc vo amaptbuicovpe to Z2: AmapLBpodue to ototyeto Tov Aj, UETd To
ototyeior Tov A, LETE Tar oTolyelar Tov A3 xa ovveyilovpe xat’ avtéy Tov TPOTOo. To oNuavTLXs
oe auTo ival 6TL xabe Ay eivor memepaopévo alvoro xor dpa xdbe amapibunon evog Ay xamoilo
oTLYUN TEASLWVEL xor apyilel M amaplbunon tov Agiq, xA. ‘Etol de pével timota o’ €Ew.

5 AeiEte 6T vTGEYEL pLa axohovbia z, € (0, 1) Tétolta ate x, — 0 xow eTLONG Vo UMY LTTAPYEL
OeixTng ng TETOLOG WOTE N Ty, Vo elval @bivovoa yia n > ng. H axorovbio x, dev mpénel va
eivor dnAadn teAxd pbivovoa.

Aboy: Iépte v axorovbio x,, = 1/n. Avty eivor @Oivovoo dpwe. Kdavte to e€ng: evarldEte
TOUG OPOVUG T10n XOL Tign+1- ETOL SLTNEELTOL V] CUYKALOY XOL XOTOGTPEPETOL 1| LOVOTOVIOL.

6 AciEte 6t vapyeL pta 1-1 xow enl amewxdvion f: N = N tétoia dote yia xabe M > 0 va
VTTAEYEL SLAoTNU wNixovs > M oto omolo 1 f va eivor @bivovoa xaw emtiong 1 f vow uny elvor
adEovoa oe xavEVOL SLEAoTNUO. UxoLg > 2.

AVom: Eexwveiote pue ™ ovvapton f(n) = n, n omolon TEoEavKg eivar 1-1 xor eml ahAé elvor
ovEovoa. Xwpiote to N = {1,2,3,...} oc avEavipeva Staotiuota, mT.Y. ¢ eENg

N=J{2",....2"" —1}.
n=0



ANAAYZH II - AvotEn 2025-26 - ®uAAadio Aoxnoswy 7 - M. KoAovvtldxnc

Méoa o %xd0e tétoLo dtdotnuo (oL %ot aEybs N f To amelxovilel 0Tov EAVLTO TOL) AVTLOTEEPTE
™y f Wote xow TEAL vor TO amelxovilel oTov €EVTO TOL OAAG pe @Bivovoo oeLpd, Vo EYOLUE OTN
véo poag f OMA.

f@Et 1) =2n fvtt—2)=2"41,..., f(2") =2"" — 1.

"Exovue étoL netdyet m f va ivon @bivovoa oe xGbe Stdotuo g wopphg {27,..., 2" — 1} %o
elvot Qavepd 0Tl e PTopel va elvar adEovoa o SLUGTAUTO LNKOVE 3 XAl AVW.

7 Ageivar A =[1,2]U[4,6]. Aci&te 6Tt LTGEYEL pLor axorovbion x, € R ov va éxel wg onueio
OLOOWPEVLOYG axPLBWS Tor oNpeior ToL guvoiov A.

Avon: Xwplote v mpoaypotixy evfeio o Staotiuoto pwnixouvg 1/10 we ekng:

R = U [k’ k+1> _
Pt 107 10
O ywptopdg awtdg opilel xt éva ywELopd Tov A oc TETOL SLUOTNLATO. EEXLVELGTE QTLEYVOVTOG
™V axoAovbior gog TAlPYOVTOG WG TTPWTO XORUATL TNG axolovbiog cog amd Eva atotyeio oe xdbe
SLAOTNUO. TOL TTAPATIAV® YWELoULOV oL Téuvel To A (av vTtdpyovy N Tétola StooTAnATa TOTE
étot opilete o0 N mpwta otouyeion tne axorovbiog oo, To 1, ..., TN).

210 emopevo PBrpa ywpetllete ™y mpoypotixy evbela o SLHOTAUATO UNKOVG ﬁ xow opllete
XOL TTOAL TOL ETTOUEVOL GTOLYELO TNG Xy, TIOLEVOVTOG ATO Ve TETOLO GTOLYELO ot ®&be SLaoTNUA TOL
TOPATIAVE YWELOKLOV TIOL TEUVEL TO A.

Zoveyilete xoT’ oTO TOV TPOTO, 1T dmeLpo. Opovrtilovpe paAloTa OAa To T, Vo elvot dLopo-
ETLXA HETOED TOLG, %L €TAL M axoAoLbiot TOL PTLAYVOLPE EXEL OAOL TOL OPLOXAL TNG OMILELD Vo elvart
%o ONUELNL CLOTWPEVAYG.

Av a € A 16t T avixel oe xdmolo StdoTnue wixoug 107F yio xébe k > 0, dpo LTGEYOLY
otowxela g oaxoAovbiog x, TOL ATEXOLVY ATO TO @ OCOGNTOTE ULXPYN ATOOTHOY, GEX TO a eivol
OMNUELD OLBCWPELONG TNG T,

Mévet va detEovpe 6TL GA T oMUELL CLOOWPEVLONG TNG Ty, EVOL OTOLXELX TOL A. Ag elvor AoLTtdv
b éva onueio oLoCWEELONG TNG Xy XL OG Eivor etiong € > 0. Tote vT&PEYEL xATOLO X, TTOL Y Elvart
€-XOVTA 0TO b %ol PUAALOTO UTTOPOVUE Vo SLOAEEOLIE TO OElXTY ¥ Vo efvort 0GOINTOTE UEYEAOC.
Téte LTGEYEL *Ol ®ETOLO OTOLXELD TOL a ToL Eivar € xovT& 6To T, (PO TO T, SLOAEYTNKE VO
efvo o€ xémoto Stéotua Tov Tépvel To A prxoug 107, ue k 60 peydro Bérovpe). Avté onuoivet
6t 10 b elvor onueio oveawpEevoYg pLog axolovdiog onueiwy Tov A, doo (emedh To A eivar dbo
*AeLoTh SLaoTAUaTa) owvixel 6to A, dTtwg émpere vo deiEovpe.

8 AciEte 6Tl LTAEYEL YL ETLAOYY TTPOONUWY €, = 1 T€Tolor HoTE Tor pepxd abpolopato
00 en

NG OELPAGG Y 7 1 <& vau €YOLY wg oMueian GLGGHEELENG axELRWS Tovg aPLBoVg GTo dLboTNU
[—50, 100].

AVon: Eexivelote oV 0p)N UE TEOONULO €, = +1 YLOL TOUG TPWTOLG GHPOVG TNG TELPAS EWG OTOV TO
abporopo Twv 6pwy Eemepaoet To 100. Metd aAAdEeTe T0 TPOONULO € GTOL TO PEPLXO Aabpotopo
™G OELPAG Vo TTETEL X&Tw amtd To -50. AANAGETE petd To TPdoNUO o +1 Ewg dTOoL TEPATETE TO
100, peté o -1 €wg 6T0L *UTEPRETE K&TW O TO -50, *AT. To 6Tt *&be Popd Ha @praoete, petd
omtd xamoto BApata, otéy o cog elval GUVETELR TOL GTL M GELPG Y | % OTTOXALVEL XAl QOO TOL LEQLXO.
¢ abpolopoto YivovTon 0003NTOTE peYdAa DEAeTE.

Ye xdbe «mEpaopox» TOL XAVoLY Ta LeEPLxd oo abpolopoata amd To 100 €wg To -50 %o amd
70 -50 €wg to 100 7O PApoa eivor xébe @opd pixpdtepo xar teivel oto 0. Avutd onuaiver 6Tl ov
x € [—50,100] tote o xb&be mépaopa Oa LTT&PEYEL Evar LeEPLxd AbpoLGUaL TTOL Elval OAOEVOL XL TTLO
XOYTA OTO Z, AP TO = (VoL ONUEIO CLOCWPEVLOYG.

Aev vTTaEYOLY oNuElr CLOCWPELGNG EXTOG TOL dLaaTHULeTog [—50, 100] apod N axorovbio Twv
neptxedv obpolopdtwy Byaivet extdg Tov drooTAROTOg xdbe PoPd %ot Atydtepo (To THoo Byaivel
teiver 070 0).



