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AVoelg Ty aoxnoewy

O aoxfoetg avTég elval el QTLOYUEVES Lo Vo oag bepa-
TedooVY oo TNV TOAD Srtadedopévy xot emixivdvvy aobévela
™G «TOTOAXTPELOG». Me GAAa Adytar oy TTpooTabfoeTte vor Tig
Nooete Payvovtag Yo axolovbieg 1 ovvaptnoelg mov vo Si-
vovtal omd xémoto TVTTo TOTE oXedOV aLyovpa Hor amotiyeTe.
Eivor edxoleg aoxnoelg ay emLTpédete 0TOV EQLTO TG YO OXE-
@Tel o eAebbepa EEW amd T SEGUA TWY TUTTWY.

1 AeiEre 6T vEYEL Wi ovveyc f ¢ [0,10] — R0 tétoa
WoTE
1 5 7 10
jle, 2OLL jf:3, %OLL le, %OLL fleOO.
2 6 0

0

Avon: DtdEre Ty f va elvor Tovtod 0 extdg omd Tor dLaoT-
nata [0,1],[2,5],[6,7],9, 10]. Xt dtooTUOTO VTG TTEETE TNV
[ va éxel yodonuo éva tplywvo pa Bdon To dtaotnue xot BDPog
TETOLO WOTE TO OAOXANPWUE GTO SLATTNUO VT Vo elval avTo
IOV TPETEL, ONA., YL TO TOEATIEVL StaoThuato vo eivor 1, 3,
1 o (100-(14+3+1)).

2 AciEte 6Tt vThpyeL pLow ovveyng f 1 [0,+00) — R TtéTola
woTe

R
lim ff<oo,

R—o0
0

pelimsup, . f(z) = +oo, xou pe f(x) > 0y xdbe x > 0.

Abon:  OTdETe TP Tl Lo ouvdptnon g : [0, +oo0) — RO
Tolpvovtag Ty va eivot 0 movtod exTtég amd Tor SLUCTHUOTO
[n,n+ %], Yoo n > 10. Méoa o xébe tétolo daotnua TapTE ™)
g Vo EXEL WG YPoPNUoL Eval TPLYwYO UE BAoy To SLAoTNUa oVTO
%o OPog n, TEAYUO TTOV CUVETTAYETAL OTL TO OAOXANPWUA TNG
g péoa oc xébe tétoro Srdotnua eivon 1/n? xow Gpow yiow xébe
R woyvet

1
<2 e
Méver pévo va eEacpoaricovpe 6Tl M CLYAPTNON Lag Elvol To-

v1o0 awoted ety [aipvovpe wg TeAtx Lo ovvaETon ™
1



2

oLYAPTNON
1
fl)=g(z)+1(0<z<1)+1(z> 1)?,

Yioe TNV ool e¥xoAo emaAnfedovpe OAEG TLG THPATIAVL LOLO-
TNTEG.

3 AciEte 6t vTdpyeL axohlovbia cvvapThoewy f, : [0,1] —
/ 4 1 e 7
R=Y tétora wote [; frn =1 yiox %60 n xou emtiong

liminf f,,(z) = 0 xa limsup f,(z) = +o0, vt xébe z € [0, 1].
n—0o0 n—00

Abon: Xwplote mpdhtar To Stdotnua [0,1] o dtoaotiporTor pi-
xovg 1/10:

) n n+1l
— 1 4 1_
[0,1] = nL;JOIn, 6rov I, = [10, 10 }
Optote tig 10 mpwteg ovvaPTAoELS ™G axolovbiog fn(z) vo
elval oL YOPOUTNPELOTIXES OLUVAPTNOELS AVTWY TWY SLOGTNLATOY
roAMamAactaopéveg el 10 (dote va éxovy odoxAfpwpo 1):

fa(z) =10x01 (2), te n =0,1,...,9.

Y10 deltepo oTddLo ywpeliote to [0, 1] oe draoTALOTO LAROLE
1/100:
) n n+1l
— 2 A 2 _
[0,1] = n_ol I:, 6mov I = [102, 102 }

Oplote Tig emMOUEVEG GLYRPTNOELS [, VO EIVOLL OL XOEOXTNELOTL-
XEC AVTWY TWY SLUCTNULATWY TTOAAaTTAaGLaouéveg emtl 100, wote
vou £Y0UY XL TTAAL OAOXANPwRo 1. XuveyloTe ET ATTELPOVY [LE TOV
{dto TpdTo Ywpeilovtag x&be @opd to didatnua [0, 1] oe ohoéva
%o (LXPOTEQPO SLATTULOTAL.

Me tov tpé6mO0 06, av = € [0, 1] Téte N axohovbion f(x) O
TLaPEL ATELPES POPES TNV TLun O o dTteLpeg Qopég Ty T 1,
apo To liminf o lim sup g axoArovbiog f,(x) eivar 0 xow 1
oVTLOTOLY .

4 Aeitre 611 T0 obvoro Z2 = {(a,b) : a,b € Z} eivon opLOu-
oLpo, 0Tt LTTEPEYEL OMA. ULa oxolovBio
2
pmEZ: n=123,...,
Tétolo oTe x&be oToLyElo Tov Z2 vou LGOVTOL PE P YLOL
XATTOLO N.

AVom: AuTto Tov TEETEL Vo xAvoupe elvot va Bpodue Eva TPOTTO
vo amoptiuioovpe Tor oToLyeior Tov Z2, 10 évar UeTd TO GAAO,
ywpic vou petver xovéva otoryeio o’ éEw. H etxdva tou Z2 we ta
oxépara onuelor Tov emLTESOL Log Bonbaet oe avTd. MTOPOVE



eOXOAQ Vou xAvovpe v amopibunon pog Eextvovtog amd To
(0,0) %o xtvodpevoL o€ pLor OTELPO OTIWG QALVETAL GTO Ty
37—36—35—34—33—32—31
3é 17—16—15—14—13 B{I)
39 1I8 5— 4— 3 12| 29
0019 6 1—2 1 28
42{. 2{I) l?— B— g—lilJ 2I?
42 ?5—-7?——?3—?4——?5--7%
43—44—45—46—47—48—49. ..

"Evog evarhoxtindg TpdTog Yo vou amopLtiunoovpe tor otol-
yetow Tov Z2 efvou o eExic. Tpdipovpe

Ay ={(a,b) € Z*: |al,|b| < k}.

Etvow @avep6 6t Z2 = | Ji2 | Ax, apob xébe ooryeio tou Z2, og
Tobue To (z,y) owfxel oe x&moto Ay (avfixet 670 Amax {|af y]}
%ol og OAo Tor A pe peyodtepo deixty). Eivow emiong @o-
vepo 6T x40e obvoro Ay eivar memepaopévo (Yo Ty oxpifeto
|Ag| = (2k+1)% oahré awté Se pog xperdletan). 1800 hovmdy évoc
TpéTOC v oot icovpe to Z2: Antoptfp.odpe Tt gToLyElor Tov
Aj, LETA Tar oTOLYELD TOL Ao, LETA TaL oTOLYELX TOU A3 XL oLve-
xtlovpe xat’ awTdy Tov TPdTO. To onpavTixd oe owTd eival 4T
xa0e A elvor memepaopévo olvoro xal dpo xébe amaplbunon
eVOG Ay xATOLOr OTLYUN] TEASLWVEL XaL apyilel M amopibunon Tov
Agy1, ¥A. 'EtoL 8 pével timota an’ €Ew.

5 AeiEte 6T vTGaEYEL pLta axohovbio z,, € (0, 1) Tétola Wate
xp — 0 %o emiong vo uny vmaEyet SeixTng ny TETOLOG WOTE
N xp vo elvor @bivovoa yia n > ng. H axohovbio x,, dev
TEEneL vo elvot dnAadn teAxd @bivovoa.

Aboy: Iléapte ™y axorovbion z, = 1/n. Avty eivor @Bivovoo
opws. Kavte 1o €Eng: evaldEte Toug 6POLG T10y, XOL T10p+1-
"Etol Statnpeiton 1 00YRALON KoL XATOOTEEPETOL 1] LOVOTOVL.

6 AciEte 6Tt vtapyeL pLoe 1-1 xan entl ametxévion f: N — N
Tétota wote Yo x&be M > 0 vo vtapyel SLeoTNUO UHOLG
> M o7o omoio 1 f va eivow @bivovoo xow emtiong 1 f va
unv eivo abEOLOO GE XAVEVOL SLAGTNULO. UNXOLG > 2.

Aboyv: Eexwveiote pe ™ ovvédptmon f(n) = n, n omolo TEO-
eovog elvor 1-1 xow eml oAA& elvar adEovoa. Xwplote TO
N={1,2,3,...} oe avEavdpevo dtaoTiuoTa, T.). WG EENG

oo
N = U {or, ... 2mtt 1)
n=0

Méoa oe xdébe tétoro Sidotnuo (Tov xat’ apyde v f To omeL-
%0Vi{EL 0TOY EQVTO TOL) AVTLOTEEPTE TNY [ OTE xOUL TAAL VoL TO



oTELXOVILEL GTOV EAVTO TOL OAAG e @Oivovoo OeLPA, Vo ExOLUE
ot Véo pog f OMA.

fEt 1) =2on fentt —2) =2 41, f(2") = 2" — 1.
"Exovpe €tal metdyeL v f va eivar @bivovoa oe xébe Stéotnuo

™G mopeg {27,..., 2" — 1} xau elvon Qavepsd 6t e pmopet
vo glval adEOVOO OE SLACTAUATO UNKOVS 3 XOL BVw.

7 Ageivar A =[1,2]U[4, 6]. AeiEte 4TL LTTAPYEL YLot OXOAOV-
Ol z, € R mouv va €xel wg onpela oLEGWPEPELATG OXPELPHG
Ta onpela Tov ouvoAoL A.

Avomn: Xwplote ™y Tpoypatixn evbeia oe StouoTipoTo Lixovg

1/10 wg €Eng:
R = U [k7 k+1> ]
107 10
keZ

0 ywptopdg ovtdg 0pilel %L Eva ywpLopkd tov A oe TéToLa dLoi-
OTAUOTO. EEXLVEIOTE QTLAYVOVTOG TNV axolovbio cog Taipvo-
VTOG O TTPWTO XOUUATL TNG oxolovbiog oo amd éva atolyeio
oe %&b JLATTNUA TOL TTHPATAVL YWELORLOD TOL TEUVEL TO A
(av vTdpyovy N Tétora Sraotiota téte étol opilete Tow N
PO T oTOLYELRL TG axolovbiog oag, T x1, ..., TN).

210 emépevo Prua ywpellete Ty mpaypotixn svbeta os Sta-
OTNULOTOL LNKOVG ﬁ no 0pilete o TAAL ToL ETOUEVOL OTOLYELO
™G Ty, TOLPVOVTOG ot Evar TETOLo aTolyelo o xabe didoTnua
TOU TTOPATIAV® YWELORLOD TTOL TEUVEL TO A.

Yoveyilete xot’ awTtd TOV TEOTO, T Amelpo. Ppoviilovpe
ULOALOTO OAO TOL Xy, VO ELVOLL SLOPOPETLXE LETAED TOVG, XL ETOL 1
oxohovbice TTOL PTLAYVOLILE EYEL OAXL TOL OPLOXA TNG ONUELOL Vo
elvol xo oNUELDr CLOGWPEVLOYG.

Av a € A 161 0wT6 aviikel og xdmoLo StdoTuo wixovg 107F
Yoo x&be k > 0, dpo vTaEYOLY GToLXELX TNG oxoAovBiag X, TTOL
OTEYOVY OTO TO a 0COINTOTE ULXPY] ATTOCTOOY, GEX TO a VoL
onpelo CLAGWPEVONG TNG L.

Méver va 3eiEovpe 6Tl GAa Tor ONUELOL CLATWPEVONG TNG Ty,
elvor otoryeio tov A. Ag elvat Aotmtéy b Eva onpeio GLGGWPEELOYG
™me T, xo og efvon emiong € > 0. Todte vmdpyel xdmoto x,, TOL
vou lvail €-x0VTA 0TO b %ol LAALGTO UTTOPOVILE Vo SLAEEQLLE TO
deintn v vo elvor 0codMmoTe pLeydhog. Tote vmdpyel kol xdmoLo
oTOLXELO TOL a TToL Elvat € xoVTd 670 T, (APOL To T, SLaAéYTNUE
va glvo o€ xémoto St&otnuo Tov Tépvel To A prxoug 107F, ue
k 600 peydro Bérovpe). Avtd onpaiver 6t to b eivor onueio
OLOOWEELOTS LLog axolovBiog onueiwy Tov A, dpa (emeLdy To
A eivor 800 xAetotd draoThpoTo) owvixel oto A, 6mtwg émpene
vo OefEovpe.



8 AciEte 611 LTAPYEL YL ETTLAOYY] TTEOONUWY €, = £1 Té-
Tolx WOTE To UePLxd abpoiopato g oslpdg Y7 = va
€YOLY WS ONUELX BLGCWPELOTG OXELRWS ToLG apLiuods oto

drdotnuoe [—50, 100].

Adom: Eexiwvelote oty apyn pe TEOoNUO €, = +1 Yoo TOoLg
TPWTOVS OPOVLG TNG OELPAS Ewg GTOL To AbpoLopo Twv Gpwy Ee-
mepaoet To 100. Metd aAA&EeTe TO TTPOONUO WS GTOL TO LEPLXO
abporopo TG oeLpdic vou TTEoEL XATw amd To -50. AANAGETE pLeTd
70 Tpdonuo os +1 wg dtov mepdoete To 100, peta o -1 éwg
0ToL XaTERETE *ATW Ot TO -50, ¥AT. To 6TL *A&be Popd Ho PTa-
OETE, UETA Tl XAToLa BRUATO, GTOXO OOG ELVOLL GUVETELD TOV
OTL M oELPA Z% OTTOXALVEL %O Qo ToL LePLxa Tng abpoiopoto
Yivovtal ocodNmote peydio OéleTe.

Ye x4be «TEPOTUO» TTOL XAVOLY TO LEPLXA oag afpolopota
oméd to 100 éwg T0 -50 %o amd o -50 €wg to 100 7o Pruo
elvor xé&be Qopd pixpdtepo xot telvel oto 0. Avtd onuaiver 6TL
ov x € [—50,100] téte o xdbe TEPaopaL Bor LTTEPYEL Evar LEELXO
abpotopo ToL lval OAOEVOL KoL TTLO XOVTE GTO T, AP TO T ELvorL
OMNUELD BLGGWPEVLOYG.

Aey vTdPYOLVY oNuEir CLOGWPEVLONG EXTOG TOL SLOCTNULXTOG
[—50, 100] apob N axorovbio Twv peptxdy abpotopdtwy Byai-
veL exTOg ToL SLaoTALOTog xAbe Qopd xat Aydtepo (to méoo
Byaiver teiver oo 0).



