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IIaneEnizTaMio KraTHE — TMHMA MAOHMATIKON KAI EoAPMOZTMENON MAOHMATIKQN
Adoelg Twv aoxnoswy

TeAevtaio evnuépwon: 6 Maptiov 2026

1 AmodeiEte 61t oe xdbe dtdotquo (pe Oetixd prxog) vrdpyel pntog optbuds. Acikte
yiorti owT6 ouveTdyeTon 0Tt oe xdbe Srdotnua (pe Betixd pwAxog) LTT&EYOLY ATELPOL
onrol aplbuot.

Abon: Ov aptbpol k/N, yiao N € N otabepd xar k € Z elvor pLoe amelpn optbuntiun
Tpdodog pe PAra (oo pe 1/N. Autd onpaiver 6T yioo xdbe tétoto aplbpd vTTdEYEL Evog
oToL PLOTEPG TOL %L évoag aTa SeELd Tov pe amdatooy 1/N. Ay emtAéEovpe o0 N va elvar
T€toLo Hote To 1/N vo elval pixpdTtepo oo To Uxog ToL SLAGTARATOS TOTE TO SLATTNULOL
avTé Oo TepLéyel alyovpa éva apLipo g Lop@Ng k/N, dAALKS 0 TPETOG TETOL0G 0pLOLOg
OPLOTEPA TOL OLOGTNUATOS XOL O TPWTOS TETOLOG opLOpdg dekLd tov Sraotnpatog Oo
amtéyovy peTaE) Toug > 1/N eved eivor Stadoyixol 6pot g opLtbunTixrg TPoddov.

Yrobétovtag 6t oc xdbe Stdotua €xovpe PNTO oPLbd, LToPOVLUE EOXOAX VO XOTO-
OXEVLAOOLYE Lo GTteLpy axoiovbio PNTWY oTo StaoTue o Té, Eotw I = (a,b). [lpdypat,
ETUXXAOVLEVOL TO TTPONYOVUEVO Oar uTTAPYEL Evag pNtés ¢ € I4. [lalpvovpe petd I vo eivor
EVol LTTOJLAGTNUO. TOL [| TTOL VoL UMV TEPLEYXEL TOV @1 XOLL ETILXAAODUOOTE EXVE TO TTOOY-
YoUpEVO YLo TO Stdotnua Io Taipvovtog €Tol éva 3ebTEPO PNTO ¢ € I5 C I oL elvo oo
XOTAOREVNG OLOPOPETIXOG AUTTO TOV 1. LOLVEYLLOVTAG AT’ AVTOY TOY TPOTTO TTALPVOVUE LD
ameLpy oxorovbio Pty oto 1.

2 Bopeite pto ovvapton f : [10,20] — [0, +00), ppoyuévn xon Riemann oAoxAnpwotuy,
Yot TV omolor vou puny LoyVeL To «Bewpnuo Méong Tiung Touv OAOXANPOUATOS>, Vou
unv vmapyel dNA. onueio a € [10,20] 1.6. f(a) vo toobtan pe to péoo 6po tng f ato
diaotnuo owto: (1/10) 1200 f(z)dz.

N |

Avon: TIGpte T oLuvGpton f(z) = X[10,45)(x) N OOl €xEL UéGO GPO <= ffoo X[o0,45] (@) dv =
eV oL Loveg TLég Tou Ttalpvel elvoe M 0 xow 1 1.

3 H f:[0,1] — [0,+00) elvort ouveyng xor ywnolwsg @bivovoa, dpo vTTéEyeL N ovTi-
otpopn ovvaptnon f1 1 [f(1), £(0)] — [0,1]. Asi&re 61t yrow xébe M € [f(1), f(0)]
LoyOEL

. L
70N < 57 | S do

YodeEn: Lyedldote TO YOAPNUO %Ol EQUNVEVOTE TLG OYETLXEC TTOGOTNTEG WG EWL-
Badd.

AVon: H mpog amddetEn aviobdtnro yodepetor M f~1(M) < fol f(z) dx tng omolog To opt-
oteP0l PEAOG efval To epBadd Tov opboywviov pe xO0PLEPES T oNuEl

(0,0), (f7(M),0), (f~(M), M), (0, M),

opboydvio to omolo PBploxetor xétw amd ™y xaumOAn y = f(z) axpLpug emedn n [ elvon
@bivovoa. Apa 10 epPodo Tov opboywviov eivorl < omd T0 eUPodO HATW AUTTO TNY KAUTTOAY,

IOV ELVOL TO OAOXANPWUOL.
1
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4 H f:]0,400) — [0,+00) elvar @bivovoa, xor vrapyeL xamotog aptbuds M TéTolog
wote Yo x&be R > 0 vou toyvet ff(a:) dx < M. AeiEte 6Tt

(1) oyoer zf(x) < M,

2R

(2) vrépye. oto R 10 GpELO hm jf ) dx xow emiong jf Ydz — 0, ytao R — oo,

xou
(3) zf(x) = 0 vt & — 0.

Aboy: (ID): To zf(z) eivor 0 euPadsd Tov 0pBoYWYIOL e x0PLPEC Taw aMuein

(0,0), (2,0), (z, f(z)), (0, f(x)),

T0 omolo PBploxetorl €€ 0AOXANPEOL X&TW Tl TNV xoUTOAN emteldn 1 f elvor @Oivovoo
(xavte t0 oYAUR), dpo

f )dt < M.
0

): H ovvépmon F(R fo t) dt eivor adEovoa, opod f > 0, kot eporypévn omd M,
apo To 6pLo L = limR_>OO F(R) UTCO(()XEL AN

2R
| f@)dz = F2R) - F(R),
R

xoL T 6pLo Twv VO Tcpooee‘céwv dckld elvor o T dvo too pe L, dpa t0 6pLo NG
moodtnTog optotepa efvor 0.
(B): To eupads tov 0pBywviov pe xopLEEC

(2/2,0), (2,0), (z, f(x)), (#/2, f(x))

toovtan Ue zf(x)/2 %ol To 0pboywvLlo elvar xATw amd TV xoUTOAN ¥y = f(x) dpa

2)/2 < ff(t) dt

/2

%ol opod N moadtnTo dekLd telvel ato 0 yiow © — oo émeton 6t xf(x) — 0.

5A/ 7 - - :R 7 A PR —_ e .
amwﬂuen#m) mmmeﬂ@7ﬂm>Q

n=1g¢€Q g€Qn=1

Adon: 'Eotw
1 1
n n
qeQ
Tioe vau avixel évog mpaypatixds © o évo Sidotnua (¢ — +,q + 1) mpémer xaw apxet
lg — x| < 1/n. A@od yiow xébe TEaYpRoTi*d = LTAEYEL PNTOC ¢ TTOL VoL ATEYEL ATtH TOV T

Ay6TEEO artéd 1/n () 6,1 dAho Béhovpe) émeton 6Tt xé0e = € R avixel og éva TOLAGYLGTOY
oo T SLUOTAUOTO TTOL CGLUUETEYOLY o‘rnv évwon, apa avnxel oto A,. AstEope A, = R

Yyt xabe n, ocpocﬂU(q——,q—i— ) ﬂA =R.

n=1¢eQ
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[Na to devtepo opilovpe
B,=((a—=.a+=>).

A Z A 7 1 1 7
I vou aviixel 0 @ € R ot0 B, mpémnel vo avixet o 6Aa T (¢ — =, ¢+ =) (i GA T
n € N), mwpémel dnA. 1 andoToo ToL ard To ¢ o elvor wxpdTeEy Tov 1/n yior xébe n.
Avto yivetow pévo 6tay N amdotoon eivor 0, dpo pévo Yoo & = g, omoTE €Yovpe OciEel

B, ={q}, nou dpa
U B, = U {a} =Q.

qeqQ q€Q

6 (o) Bpeite plow oaxorovdion ouvoptioewy f, : [0,1] — [0, +o0) tétola wote yiow xdbe
z € [0, 1] vou toyvet lim,,_, fn(z) = 0 %o emiong fol fo(z) dx — oo.

(B) Omtwe to (o) oAA& oL f,, va givor emimtAéoy ovveyeic oo [0, 1].

Yrode&n: To to (a) Sontpdote Ty axorovdio fr(z) = X mt1),1/m)(x) (xa €lvon 1
YOLPOXTNPLOTLXY] CLVAPTNOY TOL GLYOAOL A, Tov eivor 1 evtdg Tov A xat 0 exTdg TOL
A).

Avon: Ag elvon f,, n axorovbion cuvaPTIoEWY TNg LTTEdeLENC. ToTe

1 3

| #u(a) do = n? (%_ n—lu> - n(nn—i— ) %

0

Mo otabepd x> 0 xow n — 00 EYOVIE OTL YLoL LPXETE YEYAAO N Box Exovue % < z omdte O
gyovpe tTeMxa f,(z) =0, adpa yro x&be = > 0 woydel f,(z) — 0. To (dto LoydeL TeTELUUEVA
Yo . = 0 oupot OAeg ot f,, lvor 0 oto 0.

o 1o (B) avtixataotioete ™y f,(z), Tng omolog To Ypdenua eivor éva opboywvio, pe
TNY TUNUOTIXA YOOLULULXY] GUYEPTNOY TNG OTTOLOG TO YPAPMULo elval To TPlywvo pe Béon ™
Bdion tov opboywviov g f, xow xO0PLEY TO LECO TNG AV TAELPEAS ToL opboywviov TNg
fn- H Vo ouvdiptnom eEaxorovbei va teiver xortd onueio oto 0 (apod, Yoo Topadetypa,
eivor < f,,), éxeL ohoxApwpa oxpLBOS To Wod g f, xow dpo TEIVEL oL TTEAL OTO ATTELPO
xo elvoll ouveEYTS.

7 Bpeite plo axorovdio cvvaptioewy f, : (0,1) — R, tétoleg wote vor LTTAPYEL 1
Tapdywyos f! () yioe xébe n € N xow yroe xébe x € (0, 1) xow emiong n oaxorovbia f, va
oLYxAlveL opolopoppa o pa Tapaywyiotun f: (0,1) = R aAA& va vrapyetl = € (0,1)
Yoo To omoto vo uny toyoel fl(x) — f'(z). Bpeite emiong tétolo mapddelypo yLow To
omolo va uny toxvet f(x) — f'(z) yroe xavéva x € (0,1).

Y'mtodeiEn: Aoxwpdote fo(x) = Lsin(nz).

AVov: XpnoLLoToLoDUE TLG GUVOPTAGELS TG LTLOSELENG %ol EYOLUE TTPOPOVKS OTL f (1) —
0 opotéuopea 6o (0,1) (aAr xot oe 0AGXANEO T0 R) 0ot | f,,(x) — 0] < £ — 0. H oproxi
ovvéptnoy f(z) = 0 elvat PLAXE TOVTOD TTaPOYWYLoLUY XoL HE TToPAYwYO 0.

‘Exovpe f;(z) = cos(nz). Av emuréEovpe x = § € (0,1) t61e €x0oLpE OTL YL . TTOAACL-
TAGGLo Tou 8 Loyvel cos(nx) = 1 evdd Yo n g Lop®Ng 8k + 4 €xovpe cos(nz) = —1, dpa
n axoAovbio f; () S ouyxAiver xabohov Yoo v = F.

2Ty mporypotixdTnTo Yor xavéva x € R dev toydel cos(nz) — 0. Avtéd @aivetor TOAD
EVXOAOL OtV YOYNOLULOTTOLOOVLE TOV TOTTO YLOL TO GUYMLITOVO ToL JLTTAaGiov TOEoL:

cos(26) = 2cos* 0 — 1.
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4

Hpdyportt, o To cos(nz) eivor TOAD xovtd oo 0 téte (0étovtog § = nx 6Tov TEONYOVLUEVO
TOT0) Taipvovpe OTL To cos(2nx) eival TOAD xovtd oTo -1, TEdyRo TOL dE WUTOPEL Vo
ovpPaiver av cos(nx) — 0.

8 AmodeiEte 4T TO OGOVOAO OAWY TWV TTOALWYVUWY
P(x) = poa™ + pua @™ 4 - por® + pra + po

UE OX€POLOVG OUYTEAEOTES p; € Z elvan apLiunotpo.

Yrodely: Oo mpémel va meptypdpete pio dtadixaatio oo Oo pTLéyvel dAa To TTo-
ALOYLUA AVTE, TO €Val UETE TO GAAO, XOL TOLAGYLOTOV Lo Qopa To xabéva. ‘Etol
Topdyetot pLar omapifunon Twv ToAvwYVLwY autwy. Mia tdéa eival vo ypnotpomot-
NoETE TNV €ENG ToPATNENOM: YL X&be Quoxd apLtbud N vTTAEYOLY TTETMEPATUEVO GTO
TARBog ToALWYLELA TTOL éxovy xal BabBud (LPNAGTEEN Svopn) < N aAA& %ol GAOLS
TOLG CLVTEAEOTES TOLG XT améAvTy Ttw < N. [ x&be ToALWVLUO TS aVLTE TTOL
poaivovtol Topartave Ttapte N = max {n, |pol, |pi|,- .-, |pal}-

AVorn: Tlepiypdpovpe pior Stadixaoion pe v oroio Ha amoaplburoovpe (avopépovtdc
Tor) OOl TOL TOANDWVLPOL LE AXEPOLOLS CLYTEAEOTEG. Xe xGBe moAvwvLpo p(z) = p,a" +
P11+ 4 pox? + pr + Py OVTLETOLYOVUE TO QUGLXO aELOLO

M(p) = max{n, |po|, [p1],-- -, |pnl}.

[Téoo ToALGYLUA UE OXEPALOVG CUVTEAETTEG LTTEEYOLY UE Bedouévo M (p), ag TOOUE UE
M (p) = k; H amévtnon eivat 6Tt utdpyovy enepaopéve. 0to TAvog (Lmopodue vo modu.e
%ol LE TTEPLOTOTEPT axpiBeLor TOoO elva, AAAG o Td O oG elvot amoPaiTNTo YL O TH TO
TEOBApa). TIPQYRATL, YLOL VO XOTOOKEVAOEL XAVELS TO TUYOY TTOALWOYLYO p pe M(p) = k
emAéyel xot apyfy Totog Bo eivar o Babudg touv d (éyxovpe k + 1 emroyég YU owTo,
Toug Babpoic 0,1,2, ..., k), uetd emAéysl to oo Oo eivar to py (éxovue Tic emLAoYEC
—k,—k+1,...,k— 1,k vt owtd), moro Oat eivor to p; (i8teg emAOYES e TO o), KATT, €wG
67ouL eTttAéEovpe To py ((dteg emthoYég e Toug dANoLS GLYTEAEGTECS). TToAaTTAdGLALOVTaC
Tig enti LEPOVLC ETLAOYES oG TTatPvoLpE GTL LTEGEYOLY TO TOAD (k + 1)(2k + 1)*! tétoLa
TTOALWOVOLOL.

Acg ovopaoovpe Cf TO GUVOAO TV TTOAVWVOUWY LE AXEQULOVE CUVTEAEGTES TTOL €XOLV
M(p) = k. MOAg SelEape 6Tl Tor oOvora Cy, eivor emepaouéva. Eivor emtiong mpopovég
ot 1 évwon (row 6Aa ta k € N) Ty ouvédwy Cj eivat T0 6UVOA0 GAWY TWY TTOADWYVBUKY
pe oaxepaiovg ovvtereatés. H Stadixaoion amoplunong pag eivoe n eEng: amoporbpobue
TEWTA O Tar aToLyelor Tov Cp, LeTA OAa Tax atotyeior Tov Cf, Tov Cy xAT. To onuavTixd
edw elvar 6t O tax O, elval TemepaoUEVa, GEPa OAL TO BHLOTO TEALXA EXTEAOVVTOL.



