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1 Amodei&te 6t oc xdbe didotnuo (pe Betind pAxog)
LTTAEYEL PNTOG oPtbuds. AstEte yrotl awtd cLvvETAYE-
To 6t og x60e ddotnuo (pe OeTind puixog) LTTEEYOLY
ametpoL pnrol apLpot.

Abon: Ov aptbpol k/N, yioo N € N otabepd xou k € Z
elvow pLa amelpn opLbuntinn tpdodog pe Buoe too pe 1/N.
Avtéd onpalver 6t yioo x&be tétoro oplbpd vTdpEyeL €vog
OTOL OPLOTEPG TOL XL VoG OTo OEELR TOL HE ATTOOTOON
1/N. Av emAéEovpe to N va elvar tétoto vote to 1/N
voo efvot xpdtePo amtd TO UNXOG TOL SLUOTNUATOS TOTE
7o Otdotnua avtd Oa mepLéxel alyovpa évar apLbpo g
©nop®ng k/N, ahALtdg 0 TPWTOG TETOLOG aptbudg opLaTeRd
TOUL SLAGTNUOTOS XOL O TEWTOG TETOLOG opLidg SeELd Tov
draotipotog o améyovy petoEd toug > 1/N eved eivor
oLadoyLxol 6pot g apLbuntinng Tpoddov.

Ymobétovtag 6Tt og xabe dtdotnua €xovpe PNTO 0ELOUO,
UTTOPOVUE EVXOAD YOI XUTOOKEVAGOVUE ULOL ATTELDY] OAXO-
Aovbia pnTedy oto ddoTnua avTd, éotw I; = (a,b). [lpdy-
LOLTL, ETULXOAODLEYOL TO TTPONYOLREVO Dot LTTAPYEL Evag P1-
T6¢ ¢1 € I;. llaipvovpe peta I va givot €vor LTTOSLAGTNLOL
ToL [ TTOUL VoL UMY TEEPLEYEL TOV () XOLL ETUXOAOVLAOTE EAVE
TO TTPONYOVIEVO YL TO OLtaoTnuo I Tolpvovtog €Tl Eva
3eVtEPO PNTO ¢ € I C 17 oL ELVOL OTTO HUTAORELYG OLOL-
QPOPETLXOG ATTO TOV ¢ . LLYEYLLOVTOCS AT QVTOY TOY TPOTO
TaLPVOLUE [Lor ATELPN oxoAovbior PNty oto I4.

2 Bpeite pLa ovvépton f: [10,20] — [0, +00), @pory-
©wévn xot Riemann oAoxAnpwotuy, yLto Tny omolo Vo unv
toxveL 1o «Oswpnuo Méong Tiung tov OAoxAnpwup.o-
TOG», VoL Uy LTTAEYEL OMA. onuelo a € [10,20] .. f(a)
vo. Loovtot e to Héco 6po g f 0To SteoTNUa oVTO:

(1/10) [ f(x) da.
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Adon: Hocp‘ts 'cn ovvaE™oN f(x) = Xpo,as)(x) N oTolor €xet

uéoo 6po 15 fm noa5)(x) dz = 1 eved oL pbveg TLuég TTOL

motpvet eivo 1 0 xow M 1.

3 H f:]0,1] = [0,400) elvo ovveyng xaL ywnoiwg
pbivovoa, dpo v&EYEL N avtioTPoey cuvdptnon [ :
[f(1), £(0)] — [0,1]. AeiEte 6Tt yrae x60e M € [f(1), f(0)]

toyVeL
L L
< Mojf(x dx

Y'nodeEn: Xyedibote T0 YPdoNUO o EQUNVEVGTE
TLG OYETLXES TTOOOTNTEG WG EUPadE.

Auc‘q H mpoc amddetEn aviodtnro ypdopetow M f~1(M) <
fo x) dxr TNg omolog To ocpto’cspo ushog elvor T0o epPodo
ToV opf)oycowou LE XOPVLPEC Tow oMUElo

(0,0), (f7H(M),0), (f1(M),M), (0,M),

opboywvLo to omolo Bploxetol xATW ATTO TNY XOUTOAN y =
f(z) oxpLBdc emedn v f eivon @Bivovoo. Apa to epPads
Tou opboywviov eival < amd to euPodd xATW ATd TNV
XOUTIOAY], TTOL E{VOLL TO OAOXANOWUO.

4 H f:[0,400) — [0, +00) elvar pbivovoo, xor vTTEEYEL
xamotog opLtbpos M tétolog wote yro xébe R > 0 va
R

LoyVeL ff(x) dx < M. AciEte 6Tt
0
(D oyoeL xf(x) < M,

(2) vmépyeL oo R o GpLo hm jf ) dx xow emtiong

2R

ff(m) dx — 0, ytao R — 00, xou

(3) ;c%f(x) — 0yt & — oo.

Avon: (I): To zf(x) eivar o epPadsé Tov opboywviov pe
XOPLEEG T ONUELR

(0,0), (2,0), (=, f(z)), (0, f(z)),
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70 omolo Pploxetal €€ OAOXANPOL XATW ATTO TNV KOUTIVAY
emedq] 1 f elvan @bivovoa (xévte To oyAua), dpo

I
0

E): H ovvépmon F(R) = fo t)dt eivow ou)F,ouooc
opod f > 0, xou (ppou{usvn oTo M apo To 6pto L =
limp_,o FI(R) vTtapyet. ANG

2R
| f@)dz = F(2R) - F(R),

%ol Tor 6pLo Twv dVo TPOocheTéwy dekLd eivarl xaL T dVo
loo pe L, dpa to 6pLo TG ToocoHTTOG orploTePd eivort 0.
B): To euBadé tov opbywviov pe xopvLPEC
(#/2,0), (2,0), (z, f(z)), (x/2, f(z))
toovtal ue = f(x)/2 xow To opboywvio elval xétw amd Ty
XOUTTOAN ¥y = f(x) dpo

)/2< [ f(t)dt

z/2

xoL oot N mood T dekLd telvet 070 0 yioe v — 00 €meTa
ot xf(z) — 0.

= 1 1
5 A 7 3 _ - — R 7 z
eiEte 6L ﬂ U (q 4 + n) %ot emiong Ot

n=1q¢eQ
~ 1 1
Un <q——,q+—> - Q.
n n
qgeQ n=1
Adon: 'Eotw

1 1
n n
q€Q

[ vou avixet évag mpoypotixde © oe éva dtaotnua (g —
1 1 4 I'4 7 ’
= q+ ) TPEMEL %o opxet Jq — x| < 1/n. A/q)ou i xabe
TEOYRLOTIXO & VTTEPYEL PNTOS ¢ TTOL VO ATEYEL OTTO TOV T
Aydtepo antd 1/n (] 6,1 dAro Béhovpe) émetar 6Tt xdbe
r € R avixel oc évar TOLA&YLOTOV OTTO TO SLOCTHULOTO
TTOL GLUULETEYOLY GTNY EVWOT], APO YVNXEL OTO A,,. Asigaus

A, = R vy %ébe n, ocpocﬂU(q——,cH— ) ﬂA =

n=1qeqQ
R.



IMoe to dedtepo optlovpe
~ 1 1
By=[]la—- — .
q L (q n7 q + n)

[N vou avnxer 0 x € R ot0 B, TEETEL vou oaviixeL o OAL TOx
(¢—L,q+ 1) (yro 6Aex T n € N), mpémet SnA. M oamdoTooy
ToL oTtd TO ¢ Vo elvort ULxpdTEEY TOoL 1/n Yiow x&be n. AuTtd
vivetot pévo 6tay N améotaon ival 0, dpo pévo yra x = g,
omote €yovpe dettel B, = {q}, xou dpo

Us=U{=0

q€Q q€Q

6 (o) Bpeite pLo axorovbio ovvaptioewy f, : [0,1] —
[0, +00) Tétolar ote yio xébe = € [0,1] va toydet
lim,, o fn(x) = 0 xou emiong fol fo(x) dx — oc.

() Omwe to (o) ARG ot f,, vou elvo emitAéoy ouve-
¥elc oo [0, 1].

Yrodey: Twe to (o) Soxipudote v axolovbio
fa(®) = 2®Xme)1m(2) (xa glvor M xopoxtmoLotixd
oLYAPTNOY TOL cLYOAOL A, Tov elvor 1 evtég tov A
%o 0 extic Tov A).

Avon: Ag eivor f,, n axorovbion cuvoPTNoEWY TNG LTLODEL-
Enc. Tote

7 11 n®
ffn(x)dx:n?’ (ﬁ_n+1) :m%oo.

0

Mo otabepd © > 0 xow n — oo €xovpe OTL YLOL XPXETA
neyaro n Bo Exovpe % < x orote Oa éxovpe TeEMxd f,(x) =
0, apo yioo xébe x > 0 toydel f,(z) — 0. To (dto Loyvet
TeTpLppéva Yo ¢ = 0 agob OAeg ot f, eivar 0 oto 0.

o to (B) avtxotaotioete ™y fu(x), Tng omolog To
Yodpnuo elval évo 0pBoywvLo, UE TNV TUNUATIXE YOO~
ULXY] CLYAPTNOY TNG OTOLOG TO YPAPNUA Elvat TO TELYWYO
ue Béon ™ Bdon tov opboywviov g f,, ko xOPLPY TO
KLEDO TNG Avw TTAELPAS Tov opboywviov tng f,. H véa ov-
véptnon eEoxorovbel vo teiver xatd onpeio oto 0 (apov,
vioe Topdderypa, givor < ), €xel OAOXAAPWUOL axELBOS
TO ULOO NG f,, %Ol QEO TELVEL XOlL TTEAAL OTO BATELPO %O
elvol ovveyng.



7 Bpeite plo axorovbio cuvoptioewy f, : (0,1) — R,
TETOLEG DOTE VO LTTAPYEL M TToPdywYos f!(x) yia xdbe
n € N xat yia xé0e = € (0,1) xow emiong n axoAov-
Bia f,, voo cUYUALVEL OUOLOLOPPA OE (L TTOEOY WYLOLUT
f:(0,1) = R aAAé v vmeépyet x € (0,1) yia To omolo
va uny toyvet fl(z) — f'(x). Bpeite emiong tétoto mo-
p6deLypo yio To omolo vo uny tayvet f(z) — f'(z) yio
xoavévo x € (0,1).
Yddedy: Aoxwpdote f,(x) = +sin(nz).

Adon:  XpnolpomoLtodue TLg oLVOPTNOELS TNG LTTOSELENS
X0 EYOVUE TTPOPOVLG OTL fr,(z) — 0 opotépoppa ato (0,1)
(aANG xor oe OAOXANEO TO R) apob |fn(z) — 0] < L —
0. H optaxn ovvaptnon f(z) = 0 elval @uotxd mTovtold
Topoywylotun xot ue mtapaywyo 0.

‘Exovpe f)(x) = cos(nz). Av emuAéEovpe © = § €
TOTE €YovpE GTL YLow n TTOAOTTAGGLO ToL 8 LoyVeL cos(ne
1 eved yra n g pop@yg 8k + 4 éyovpe cos(nz) = —1,
N oxolovbia f)(z) de ovyxiiver xabdrov yio x = I.

v mpoypaTxdTTe Yoo xovévae © € R dev Loydet
cos(nz) — 0. Avté @aivetor TOAD eOXOAX OV YENGLLOTIOL-
NOOLUE TOV TOTO YL TO CLYNUITOVO TOL JLTTAdGioL THEOUL:

cos(20) = 2cos? O — 1.

Mpdeyportt, o To cos(nz) eivat ToAD xovtd oto 0 tote (0€-
ToVTOC 0 = NnT GTOV TEOYOVUEVO TOHTO) TOLPVOLUE GTL TO
cos(2nzx) elvor TOAD %x0vTd 670 -1, TEAYUO TTOL S UTTOPEL
va. ovpBaivel av cos(nz) — 0.

O, 1)

apo

o~

8 AmodeiEte 4Tl T0 GVVOAO OAWY TWVY TTOAVWYVULY
p(x) = ppa” + po1x™ ' 4o 4 poa® + 1o+ po

UE OXEPOILOVG GUVTEAEOTEG p; € Z elvan apLiunaotuo.
YodeEn: Oo mpeEmel va teptypdupete pLo drodLxo-
oloe Tov Hor PTLAYVEL OAOL TOL TTOAVWYLRLO AVTA, TO EVOL
WETE TO AANO, X0l TOUAAYLOTOV ULO (POPA TO Xabévar.
"Etot mopdyetal Lo amopifunon twy ToAvmydpey o-
TV, Mo Ld€a elval vo xpnolpomotnoete Ty eENg mo-
patNenom: yLo xabe puoxd apltbud N vmdpyovy meme-
paopéva oto TANBog TOALWYL L TTOL €Y0LY ol BoBd
(LPNAGTEEN Sdvapn) < N oAAG xat GAOLS TOLS GLVTE-
Aeotég Toug xat améAvty Tun < N. ['a xébe mo-
AVOYLUO OTTWG OV TA TTOL POLYOVTOL TTOLPOTIAVE TTAPTE

N = max{n, \po\, |P1|> cee |pn|}
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Adoy: Ileprypdpovpe plo dtadixaoion pe ™y omola Ho
anaptuioovpe (ava@épovtdeg To) GA T TTOADOYLULOL LE
OXEPALOVG OLYTEAECTEG. Xe xdbe TOALWYLWO p(x) = pLa™+
P14 o 4 pea? 4+ prx + po OVTLOTOLYOVUE TO PUOLYO
optbuo
M(p) = max{n, po|, [p1],- .. |pnl}.

[Téoa ToOALWYLPULO LE OXEPALOVG CUYTEAEGTES LTTAPYOLY WLE
dedopévo M(p), ag movpe pe M(p) = k; H amdvtnon ei-
voir 6Tt LTTEEYOLY TETEPAOPEVA 6T0 TIARB0g (UToPovUE
YO TTOVULE KOl UE TLEPLOCOTEPY axpifela OO elval, AN
auTtd de pog eivar amopaitnTo YU awTd To TEOBANUR).
[Mpdryportt, YLor VoL XOUTOOXEVATEL XOVELG TO TUYOV TTOALW-
yopo p pe M(p) = k emhéyel xat’ opyny motog Oo eivor
0 PBabudc touv d (Eyovpe k + 1 emhoyée y.' awTd, TOLC
Bobpove 0,1,2,..., k), petd emréyel To oLo B eivor to
po (éxovpe g emhoyée —k, —k+1,....k — 1,k vy awto),
moto Ba eivor to py (idieg emhoyég Ue TO py), *AT, €wg
6tov eTtAéEovpe To py ((8Leg emtAoYég e Toug GANOLE GL-
vteAeotég). TloAamAaotalovtag T el LéPOLg ETULAOYES
pog Totpvoupe 0Tt LTEEYOLY TO TOAD (k + 1)(2k + 1)k +1
TETOLOL TTOAVWYLULOL.

Ac ovop.édoovpe Cy T0 GOVOAO TWY TTOAVWYVULY UE AXE-
palovg cLYTEAEGTEG oL Exovy M (p) = k. MéAg delEope
0Tt Toe oVvoAa O, etvar memepaopéva. Elvar emiong mpo-
pavéc 6T M évwon (yro 6Aa tow k € N) twv cuvorwy Cy
efvol T0 GOVOAO OAWY TWY TTOAVWYOUWY UE AXEPXLOVS GUL-
vteAeotés. H Staduraocio amapibunong pog sivar n ekng:
omopatbuodpe mpwTo 6Aa T ototxeior Tov Cp, UETE OA
T otoLyxelor Tov C, Tov Cy xAT. To onuovtixd €3 elvor
0Tt O T O, elval Temepaouéva, dpa OAa Tor Bripota
TEALXA EXTEAODVTOL.



