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I[IanemzTaMIO KPHTHE — TMHEHMA MAGHMATIKON KAI E0APMOZMENGN MA®OHMATIKON

Ou aoxfoelg avTég elvan yior vor AvBovy amd eodg Toug (Sovg. Tlpoomabeiote va Mdoete doo yiveTon
TepLtoobtepeg ToLy €pbete ota epyaotnpta g [apaoxevrg dmov bo cag mapéyetar Porbeta yio ™)
AOOYN 60wV OO VTEG DEV EYETE XUTAPEQPEL VoL ADOETE.

[Mpoomabeite vor ypdpete xétw T ETUYELPNLATA C0OC KE TEOTO WOTE vou Qodvetor xobopd ToLo
TPOTOOY ETLXaAELoTE xAbE QOopd xal TS TPOXVTTTEL TO Xd&be TL TO oTolo LoyvpileaTe.

Dépte owT6 TO PUANGSLO pali cog 6TO EQYOGTNOLO.
TeAevtaio evnuépwon: 18 dePpovapiov 2026

1 H f:[0,1] — R eivow ovveyng ato [0, 1]. Xpnotpomotdvtag to Oedpnuor Bolzano-Weierstrafs
delEte 6T v f elvan paypévn oo [0,1]. Mny emixoaieoteite xamoto dAro Bewpnuo.

2 H f:(0,1) = R eivor opotépoppa cvveyng oto (0,1). AsiEte 6tL eivor @paypévn oo (0,1).

3 ‘Eyovpe f(z) = €*, vyt z € [0,1], N évag peydrog @uotxds opltbude xor n Stopéplton Py Tov
[0,1] o N Srootipoto wixovg 1/N to xabéva. Ymoroyiote To xétw Riemann &bpotopa g f oo
[0, 1] vyt T drapépron Py . O timog mov Oo Bpeite Oo mpémer va elvor 600 yivetor mLo artAdg ot
vou elvot UOLXE cLYAPTNOY Lovo Tov N. Bpeite émetta To dpLo awtg TG ToodHTNTOS Yiow N — 00.

4 Av f(z) = ax (6mov a > 0 eivor pro otolbepd), deiEte bt av P eivon pio Stopéprom tou [1, 2] xon
L, U ta &t xor ve Riemann abpolopoto yio v f mov avtiotoryoldy otn Stopépton P detEte
6t n moodtta (L + U)/2 Sev eEaptdton amd ™ diapépton P.

5 H f:]0,1] = R eivar ovveywg mapoywyiown oto [0,1] (TAevpixés mapdywmyol ato dxpo).
AciEte 6T vThpyel pLta otabepd M Tétow Wote av P eivor pioe Stopépton tou [0, 1], ue 6Aa Tt
StaoTAUaTd g unxoug < €, xot L, U ta xétw xaw dve Riemann abpolopata g f yia avtn
Stapépton t6te U — L < Me.
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oto dtdoua [0, 1]. Apob To xdvete aTd, O TOLA TLUY OVOLLEVETE VO CUYXALVEL TO Sp;

. Exppdote Ty moodtnta S, w¢ x&tw Riemann dbpotopo tng v 1 — a2

7 Bopeite éva mapddetypo oovaptong f = [0, 1] — R tétota hote 1 | f| elvor Riemann oAoxAnpwaotun
o7o [0,1] aAA& n f Bev elva.

8 Amodeitre 6Tl M TopaxdTw ovvdptnon f : [0,1] — R eivar Riemann oAoxAnpwotun:

Fa) = 1 ava =21y xémowo n € N,
)0 e,

YrodeEy: Tpémet, av € > 0, va Bpeite Stopépton P tov [0, 1] T.od. U(f, P) — L(f, P) < e. Aoxrpdote
(Lo SLOWEPLOY] TTOL TO TTPWTO TNG SLAGTNUO aTtd aPLoTePd va eivat to [0, €/2] xow armd xeL xow TéP
vou €xel OAQL TOL GAACL TNG SLOOTAUATO LooUxN UE TO TTANH0G Tovg Vo elval Evag UEYRAOG PUOLXAS
optbuoég N. EmAéEte to N wdote va Loydel v emtbountn avioodtnro.
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9 Bpeite éva mopdadetypo axohovbiog a, TOL Vo LXAVOTOLEL TNV OWLGOTNTOL |Gy — Gpt1| < —
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OMG v U oLYxALvel og Tpoypotixd optbud. Emiong Bpeite mapadetypa axorovbiog b, Tov vo
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LXovoTtoLel TV todTTa |by — byy1| = — %o M by, vou GUYXALVEL GE TTEOYLOITLXG apLOUO.
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10 Bpeite ptor axorovbio a, mov va €yerl xdbe mporypotind opltbud wg onueio cvoowEeLOTS.
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