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I[IanemzTaMIO KPHTHE — TMHEHMA MAGHMATIKON KAI E0APMOZMENGN MA®OHMATIKON
AVoelg TV aoxnoewy

1 Me yp7om T0L € — & 0pLopod TNg GLVEYELOS SetEte 6Tl ) ouvdpon f(x) = 22 elvon ovveyg
yioo = 1.

Abon: Ag etvar € > 0. TTpémet va Bpodpe § > 0 Té€T0L0 thoTe
(D |.T—1|§(5=:>‘1’2—1‘§€.

EE apyng amopaotilovpe ot 10 § O eivor < 1, omdte av Loydel n vdbeon g dvw CLYETTAYWYNG
Bo éxovpe avayxaotixa 0 < z < 2. H embount aviedtnro ‘372 — 1‘ < € yphpeTal LoodHVoL
lz—1] < 3 (Tapatnpeiote 6T Aoyw g owvtodtrtag 0 < z < 2 3e ypetdletal vor ovnoLYAoOLE
yior Undeviopd Tov TapovouaoTh). Av Aotmtdy emtAéEovpe T0 § HoTe va toydel (TdvTto vTE TNY
v6Beon 0 < x < 2) § < 45 T6TE N embopnT ovVETOYWYN () royver. Ouwce, apod 0 < x < 2
gyovpe v +1 <3 dpo § < 55, dpo opxel vou emtAéEovpe § = min {1,¢/3}.

Zyxono: To min pmxe yiotl Bopdpoote Ty apyixn Log amdéeoon ot BElovpe to § vo elvor
< 1. EE aAlov de pog epmodilet xavelg va emtAéEovpe to § ocodnmote Utxpd O€hovpe. Ilpémet
Opweg vo elvot 0eTtixd xow va pny eExpTtdtor amd TImoTe TEPO Ao TO € XL TO ONUELO OTO OTOLO
vToAoYL{ovuEe TN cLVEYELX. AUTO TO TEAELTALO OUWG FEY ELvaL LETUPANTO GTN CUYXEXPLUEVT AOKNOY),
0oV EAEYYOLUE LOVO TN oLVEYELX 0TO 1. O NTAY AOLTIOV GQAALN AV ETUAEYOUE THOATIAVL TO §
vo elvor  Togdtta €/ (x + 1) oot to § owTéd eEopTdTa amd TNV TOGHTNT T

2 Addote éva mapaderypo ouvaptons f : (1,2) — R mov va eivor Tovtod ouveyrg oto (1,2)
OANG Gyt porypévy ato (1,2).

Adoy: f(x) = ﬁ Eivow ouveyfg wg TTNAIX0 LYEYWY cLVAPTACEWY (TETOLEG DOTE O TOLPOWOULAOTAS
de undevileton 070 eSO 0pPLoKOV) %o dev eivor QEorypévn apod lim, 1. f(x) = +oo.

cos% x#0
0 z=0
OPOLOPOPPO. GLYVEYNG 6T0 dtdoTnue [—1, 1]; Opotdpoppa cuveyrc oo R;

3 Aeikte 61t n ovvdpmon f(z) = x - elvar ovveyng moavtov. Eivar v f(x)

Avon: H f elvow ovveyng oe onpeio extdg TOL PUNdevdg wg oVVHETN Xo YLVOUEVO GUVEYWY GUYOTN-
oewy. ['a ™ ovvéyeta ato 0 taportnpodpe 6t |f(x)| < |z| yroo x&be z, dpa lim, o f(z) =0 = f(0).
Emteldy] elvor ouveyng ato Qpoyévo xAetotod Stéotnuo [—1, 1] eivor xo opotépop@o GUVEYNG EXEL.

H ovvaptnon eivar opotbépoppo ovveyxng xow oto R. I v to amodeiEovue avtd delyvovue
TP T GTL ELVaIL OPOLOPOPPOL GLVEYTG 6TO TBYOA0 A = [, +00). AvTé Loydet yratt f/(z) = (zcos i) =
cos 2 + Lsind xou éxovpe |f/(z)| < 3 ot0 obvoro A, omdte N ouvhpTon eivon Lipschitz oto A xau
OLYETIMS OULOLORLOPPA GLVEYNG exel. Me Tov {dLo TpdTo Tpox\vTTTEL OTL 1 f ELVOL OLOLOKLOPPO GUVEYNG
ot0 B = (—o00, —3].

A6 ™V opoLdpope cuvéyela g f oe x&be éva amd ta tplar abvora A, B, [—1, 1] mpoxdmteL
OULOLOLOPYY GLUYEYEL TNG OTNY EVwon avTwy, ONA. oto R. Ag dobue mwe.

Ag deikovpe xat’ apyfy 6Tl 1 f elvor opolpopeo cuveyfc oto [—1,4+00) = [—-1,1] U A. Ag eivor
€ > 0 xot 61 > 0 tétolo wote
(2) Ve,y € [=1,1]: o —y| <01 = [f(x) — f(y)| < e
H dmop€n evig tétotov d; TpoxdTTeL amtd Ty opoLOpopen cuvéyelo ato [—1,1]. Opolwg vTédpyet
éva 09 > 0 tétoLo wote

(3) Ve,y e Atz —y| < b = |f(z) — fy)| <e

1
27

1
6= min{51,52,4}.

1

Mopotnpodpe tHpo 6tL [—1,1] N A =[5, 1] xow Sraréyovpe
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Av 1o z,y € [—1,400) xou |x —y| < § émeTon xaT oYY OTL T T,y OVNXOLY Xow TaL SVO GTO
[—1, 1] $ xow Toe 30 70 [%, +00) (axpLBig emeldy] Toe V0 O TE GVVOAX TEUVOVTOL OE Evor SLATTNUO
uixoug 3). Apo xoahuTTépacTe amd ptor omd TLg 300 oYEoELs @ xow @) xow ovumepaivovpe 61t
@) - f)l < e

Me autd tov TpdTOo TEPVANE aTtO TNV OLOLOUOPPY GLVEYELX OE XAl Evar amd Tor VO ULxPHTEP
(ko TEPVOPEVO GOYOAR) OTNY OUOLOLOPYT GLVEYELX 0TV éVvwoy| Toug. Kévovtag autd Tov cuANO-
Yiopd oxbpun pLor eopé (e tow obvohor B xow [—1,+00) GLUTEPAIVOLPE TNV OLOLOKLOPPY, GLVEYELOL
og 0AOxAnpo To R.

ZyoAta: EvxoAa pmopel xaveig va delEet 4Tl oy plor ouvaptnon f Elval OpOLOOPQO. GUYVEYNG OE
xébe éva amd dvo Teuvopeva StaoTiuoTo TOTE Vol XOL OUOLOUOPPO GLYEXNS GTNY EVMOY] TOUG.
Kdévte to. I[lpoooyn 6pws. Aey eivor owotd 6t av K, L eival dbo tuyoion TERVOUEVO VTTOGOYOAX
tou R (6t xot’ avdryxn Sraothporta) xow 1 ovvépton f: K UL — R eivor opotdpopo. cuveyfig
xor 010 K xow 0710 L toTE glvor opoldpopeo ouveyng xot oto K U L. Mmopel voo unv eivor xov
ovveyng oto K U L. Bpeite éva tét0L0 TOpadetypo.

4 'Eotw A évo abvoro mpoypatixwy optbudy. AsiEte ot plo ovvédptnon f: A — R dey eivou
POOYUEYY oy %o LOVO o LTEaEYEL oxolovbia z, € A T.&. |f(zy)| — +oc.

Abon: Av vmtépyer TEéTola axorovbio TéTE elval TPoPavEg OTL S umopel va vTdpyeL otabepd C
ol wote Vo € A |f(z)] < C, dpo n f dev elvor @porypévn.
AvtioTpopa, vtofétovtag 4Tl 1 f dev elvar Qpayuévy Exove bTTobEoeL OTL

VM >0: JzeA: |f(z)>M.

XENOLULOTIOLOVUE TWEA oT] TNV TEoTaoy Stadoytxd yioo M = 1,2,3,..., xo 4tov TN YENOLLO-
ToLoVpE Yoo M = n ovopdlovUE X, TO ONUELO TOU A TTOL TPOXVTTTEL KO TOL €XEL TNV LOLOTNTO
|f(zn)| > n. Eivow @ovepd tdhpa 6t | f(xy,)| — +oo.

Zyoho: Ay O€her xaveic vo EgopTwbel Tig amtdALTES TLLES OTO CLUUTIEQPAOUA TNG AOXNONG TOTE
N oWoTN TEOTOOY elvar OTL 1 f ey elval QEayréyn av xoL Lovo oy LTTaEYEL oxolovbio =, € A pe
f(zn) = 400 M LRGPEYEL oaxorovbia x,, € A pe f(x),) — —oo. [ldg TPOXVTTTEL OWLTO ATO TNY AoXNON
oL Adoape; ‘Exovpe Bpet axohlovbio z, € A pe |f(x,)| — +o00. Znv oaxorovbia f(z,) vdpyoLY
ameLpol Betixol 6pot A LTTAEYOLY ATteLpoL oV TLXoL Gpot (R xat ta dVo). Ay vrtobéoovpe To TEEWTO
TOTE 0 aUTY TNY LTTaxXoAovOia To dpLo tng f(zy) lval +00 eved av vobéaovpe To dedtepo ThHTE
oc auT] TNy vraxoAlovbia to dpLo eivor —oo.

5 AmodeiEte 6Tl M ouvdpTno f(x) = e* dev elvon opoldpoppa cuvexng oto (0, +00).

Abon:  Av ftov ToTE Yo € = 1, yioo Topadetypo, vmapyel 6 > 0 tétolo hote |z —y| < § =
le? —e¥| < 1. Madpvovpe y = = + § omdte yro xabe x € (0, +00) txavomoteitor  vdheon ™G Avw
OLVETIOYWYMG KO AP TTPETEL Vo LOoYVEL TO ovuTépaopo. Ouwg

e’ — e”‘s‘ =e%(e® —1) > 00, YIX T — +00,

TEAYO. ASVYOTO OV |em — e”‘s‘ < 1. Apa 1 ouvéptnom dev eivat opoLdpop@o cuveyng oto (0, 400).

1
6 AmodeiEte 6Tl M ovvapTnon f(x) = ] dev elvar opoLduoppo cuveyng oto (1,2).
Tz —

AVom: Omtwg oL oty TEONYOVUEVY] AoxnoT €XOLUE OTL Yo xabe § > 0

. 1 5
Am, (@) = fe+o)f = Mmoo 5y

= +OO,

apo M f dev elvon opoléuopeo cuveng ato (1,2).
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7 Adote moapddetypa pta ouvdpong f : (0,1) — R mov eivor cvveyig xow QEoryULEYn ohAd
6y opoLépopo ovvexng oto (0,1).

/, . 7 ’ 7 _ l 7 s, ’
Auon./ Eva Tt/O(pO(S&LYp.O( elvor n GLYEPTNON f(x) = COS . ],*]wou TPOPOVEG |f(x)| <1 xou etvou
ovveyng wg oVvhean ouveywy cuvopTRoewy. Apxel va Bpodue onueiar oL vo eival 000dNTOTE
XOVT& LETOED TOLG %O TTOL OL ELXOVES TOLG JeV Elvarl xovTd UETOED Toug. Av, yiow xdmoto n € N

TRPOVYE T = 71 xow y = m 6t f(z) =1 %o f(y) = —1 xou &po |f(z) — f(y)| = 2. Opwg 7

dtoupopd |z —y| = m@nt Dr umopel vou Yivel 600 utxpn BéAovpe ay amAd emtAéEovue To n va

elvot peydio.

8 Av pa ovvéptnom f, optopévn oe éva drdotnua (Eoaryévo A GyL) €xeL TavTod TapdYwYo
xot |f'(z)] < 10 yioo xé0e = oto Tedio optopotd deilte Gt M f elvor OpOLOLOPPO GLVEYHG GTO
nedio optopod . (Y'nddeEn: Xpnorpomnoreiote to Pewpnuo Méong TLunic.)

AVom: An z,y onueio oto Tedio optopot g f, tote f(x) — f(y) = f(§)(x — y) yra xdmoro €
avépeoa ot x xow y ard to Osdpnuo Méorg Tipvg (€36 eivar oL XPNOLLOTTOLOVILE TO YEYOVHS OTL
70 Tedlo opLopod g f elvor dtdotnua, xor &po M f elval optopévn xot Topoywylolun avapeoo
ot z,y). Apo |f(z) — f(y)| = |f(&)||x —y| < 10|z —y| (BnA. n ovvaptnoyn f eivow Lipschitz pe
otobepd 10). Av thpo € > 0 emtAéyovpe & = €/10 xor Gpa LoyveL N ovvemaywY |z —y| < § =

[f(z) = f(y)l <e

9 Av a > 0 novvdptmon f: A — R Aéyetan tdmov Lipschitz-a av vméipyet pioe Betiny otabepd
C > 0 ttoia ote yio x&be z,y € A vo toydet | f(x) — f(y)] < Clz — y|”.

(o) AciEte 6t TéToLeg oLVOPTAGELS Elvol Op.OLOKLOPPO. cLYVEYEIC oTOo A.

(B) Addote éva mapdderypo evic draoTApotog A %o pag ouvdptnong f @ A — R mouv va
elvow Lipschitz-3 oAAé 6y Lipschitz-1.

(v) AeiEte 6Tt oy a > 1 tdTE 0L pdveg ovvapThoels ot éva Stdotnuor A Tou eivan Lipschitz-a
eivar oL otabepéc.

Avon: (o) ZTov 0pLop6 TG OUOLOPOPPYS GUVEXELNC ThpTe § = (¢/C)V/°.

(B) H ovvdpton f(x) = z'/? 670 [0, 1] Sev eivow Lipschitz-1: av z = 0,y > 0 t6te | f(z) — f(y)| =
y'/2. Ay éyovpe y/? < Cy téte émetan y > 1/C? omdte N aviobTTo awTh Se Umopel vou Loyt YLl
Ohoe Ta y > 0. [Nt v deiEovpe 6L elvan Lipschitz—% motpvovpe 0 < x < y xot TEETEL v detEovpe
ot

ViV < Cly—a)2
NoA\amhactalovtog Ye /& + /y Talpvouue LGoSHvauo

y—a<Cly—2)"2(Vr+vy).

AvT6 eivar oodvvayo pe (y — )% < C(Va + V/Y) To omoto énetan and Ty (y — z)1/? < NIR
C=1o0poby—zx<y.
(v) Av a > 1 xow n f eivow Lipschitz-a téte yia x8be = € A éxovpe
Fath) — f(@)] _ [hl°
h — [n]

aoo f'(z) =0 yioo x60e x € A ondte v f eivor otabep.

= n|* ' =0y h—0,

10 AmodeiEte 6TL M ouvdpTnon f(x) = cosz elvor opoltduoppo cuveyng oto R.

Avon: |f'(z)] = |—sinz| < 1 &pa n ovvdptnon eivow Lipschitz oto R pe otabepd 1 xor dpo
opoLopop@o. cuveyng oto R.
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1
11 T v axorovbio a, LtoyxdeL |an — ani1] < , Yt xébe n € N. AeiEte 6Tt 1 a, oLYXAlveL
0E TTEOYUOTLXG oELOPO.

Abom: Apxel va deiEovpe 6t 7 a, civor Cauchy. ‘Eotw € > 0. O Bpodue ng € N té€toto vote av
m,n > ng TOTE vou LOYVEL |a, — ap| < €.’Exovpe, vobétovtag m > n > nyg,

|an - am| = ‘an —Qp41 + Ont1 — Apy2 +Apg2 — -+ Q-1 — am‘
S ‘an - an—f—l’ + ’an—i-l - an+2| + -+ |am—1 - am’
1 1

| /\

1 , , .
+- 4+ —5 (3 ypnotpornorioope Ty vrdbeon)
m

)?

| AN

(n+1
=1
27

1

Opwe N osLpa zk% elvor ouyxAlvovoa o LTTAEYEL Ny TETOLO WOTE Ziino = < e (“n ovpd

g oeLpdig teiver ato 07), xow awTh axpLPag eivar 1 Aoy ToL ny TOL xdvovpe. ‘Exovue étot
oamodeikel 0Tl M ay, lvor Cauchy, dpo oLYXAlvEL 08 TEOYUATIXG 0ELOUO.

12 'Eotw a, € R xou
a1 t+ag+ -+ an

n

Hn =

N oxolovbia Twy UEowy CPwWY NG ay.

AeiEte 6TL av a, — a TéTE XOUL Yy —> . AciETe eTtiOMG, BploXOVTOG XATAAANAO TOASELY.OL
oxohovbiog a,, 6Tt To avTloTEOPO eV LoYVEL YEVILXA, OTL UTTOPEL ONA. VO GUYXALVEL ] L1y, YWELS
VOU GUYXALVEL M Gy

Abon: Ag elvor € > 0. Téte vmapyel ng € N t€tolo Kote YL n > ng vo LoyVel a — e < ap, < a + €.

"Exovue emiong, yra n > ng,

_amtaxt---tap a1t axtcct0ng | gl T angt2 Tt an
Hn = n N n * n ’
E@’ 600v ng eivor atatbepd To 6pLo Tov TEWToL TPoahetéou dekLd eivar 0, dpa To GPLO TOL Ly, Elvart
Ong+1 + Apg42 + -+ -+ apn
n
—ng

70 6pLo Tov debTEPOL Gpov (av LTdpyeL). Ag eivar s, =

(a—e)"=

A6 v apLotep avtodTTo TEOXVTITEL M ovtodTrTtex liminf s, > a — € eve amd 0 dekLd aviodtnTa
TEOXVTTEL M avtooTTe limsup s, < @ + €. 'Exovpe detEetl Aotmdy, yio xébe € > 0,

. Tote éxovpe

0 <5y < (ate)

a — € <liminfs, <limsups, <a+e€.

Apoa liminfs,, = limsup s, = a, xow Gpo lim p,, = lim s, = a.

Mo mopddetypor oxorovbiog dmov €xovpe oOYXALON TWY HECWY OPWY OAAG OYL TNg oxoAlovbiog
UTTOPOVUE VO TTEPOLE, TT.Y., TNV axorovbio a, = (—1)", N ool TEOPOVKG d GUYXALVEL OAAG OL
néaot bpot g elvot |y, | < % o apot iy, — 0. Mot GAAN AboY eivol voo Tépovpe v axoiovbio

a 1 oav n téAeto ‘cs*cpocywvo
" 0 aAlMg

Ko oot 1 axorovdia mpopovidc de ouyxAivel (aipver dmetpeg @opég ty Ty 0 %o dmelpeg
Qopéc Ty TLp 1) xan oL péoot 6pot TG PEACCOVTOL WG

OO TEAELOL TETPAYWYA VTTAPYOLY TELY TO N < Vn

1
= :7%
Hin n ~n Vn




