
H
ar
m
on

ic
A
na

ly
si
s
-
Sp
ri
ng
20
19
-2
0
-
M
.K
ol
ou
nt
za
ki
s

UNIVERSITY OF CRETE – DEPARTMENT OF MATHEMATICS AND APPLIED MATHEMATICS
Problem Set No 13

Solutions

1. If f ∈ C1(T) show that
∑

n∈Z

∣∣∣f̂(n)∣∣∣ < ∞ (and thus that the Fourier series of f converges uniformly to
f). ∑

n ̸=0

∣∣∣f̂(n)∣∣∣ = ∑
n ̸=0

1
|n|

∣∣∣inf̂(n)∣∣∣.
Solution: We know that f̂ ′(n) = inf̂(n), for all n ∈ Z. So we have∑

n ̸=0

∣∣∣f̂(n)∣∣∣ = ∑
n̸=0

1

|n|

∣∣∣inf̂(n)∣∣∣
=

∑
n̸=0

1

|n|

∣∣∣f̂ ′(n)
∣∣∣

≤

∑
n ̸=0

1

|n|2

1/2

·

∑
n ̸=0

∣∣∣f̂ ′(n
∣∣∣2
1/2

by the Cauchy-Schwarz inequality

=

∑
n ̸=0

1

|n|2

1/2

· ∥f ′∥22 by the Parseval identity and since f̂ ′(0) = 0.

Since f ′ ∈ C(T) we also have that f ′ ∈ L2(T), so the upper bound we found above is a finite number.
Since

∑
n

∣∣∣f̂(n)∣∣∣ < ∞ the Fourier Series of f converges absolutely and uniformly on T.

2. Compute, as a function of α ∈ R \ Z, a formula for the series
∞∑

n=−∞

1

(n+ α)2
.

Let f(x) = π
sin(πα)e

i(π−x)α. Show that f̂(n) = 1
n+α (n ∈ Z) and use Parseval’s formula.

Solution: You can verify the identity f̂(n) = 1
n+α suggested in the hint by evaluating carefully the integral

f̂(n) =
π

sin(πα)
1

2π

2πw
0

ei((π−x)α−nx dx.

Then, by Parseval’s identity, we have∑
n

1

(n+ α)2
= ∥f∥22 =

π2

sin2(πα)
1

2π

2πw
0

dx =
π2

sin2(πα)
.

3. If f(x) = x, for x ∈ [0, 2π], compute the Fourier coefficients of f and use Parseval’s formula to compute

the sum
∞∑

n=1

1

n2
.

Solution: We have f̂(0) = π and for n ̸= 0 we can calculate (using integration by parts) that f̂(n) = i
n . By

Parseval’s identity we obtain

π2 +
∑
n ̸=0

1

n2
=

∑
n∈Z

∣∣∣f̂(n)∣∣∣2 = ∥f∥22 =
1

2π

2πw
0

x2 dx =
4

3
π2,

which implies
∞∑

n=1

1

n2
=

π2

6
.


