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Agstract. The investigation of geometric properties of log-concave probability mea-
sures, in parallel with the study of volume distribution in high-dimensional convex
bodies, has produced a sequence of profound results in asymptotic convex geometry.
These developments have culminated in a definitive affirmative solution to Bour-
gain’s slicing problem, established in recent works of Q. Guan and of B. Klartag
and J. Lehec. In this survey, we present the principal tools and methods under-
lying these breakthroughs and review several of their main consequences for the
asymptotic theory of convex bodies.
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1. INTRODUCTION

Bourgain’s slicing problem asks whether there exists an absolute constant ¢ > 0
such that
max{vol,_((KN&YH:£eS" > ¢

for every convex body K C IR" of volume 1 whose barycenter is at the origin. A
natural framework for studying this problem is provided by the isotropic position
of a convex body.

A convex body K c R" is called isotropic if vol,(K) = 1, its barycenter is at the
origin, and its inertia matrix is a multiple of the identity. Equivalently, there exists
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a constant Lg > 0 such that

f(x, EVdx = Li
K

for every & € S"~!. The constant L is called the isotropic constant of K. Every convex
body admits an affine image that is isotropic, which is unique up to orthogonal
transformations; this affine image is called the isotropic position of K.

It is known that an affirmative answer to the slicing problem is equivalent to the
following statement:

There exists an absolute constant C > 0 such that
L, := max{Lg : K is an isotropic convex body in R"} < C. (1.1)

In view of this equivalence, we shall use the terms isotropic constant conjecture,
Bourgain’s slicing problem, and hyperplane conjecture interchangeably throughout
this article.

The notion of the isotropic constant extends naturally to the setting of finite log-
concave measures. A finite log-concave measure u on R” is called isotropic if it is
a probability measure, its barycenter is at the origin, and its covariance matrix
Cov(u) equals the identity I,. The isotropic constant L, is defined appropriately so
that uniform measures on isotropic convex bodies are recovered as a special case.
A theorem of K. Ball shows that, in fact, for some absolute constant ¢ > 1,

L,<L,:= sup{L, : u is an isotropic log-concave measure on R"} < cL,.

Around 1985-6 (published in 1990), Bourgain [28] obtained the upper bound L, <
cvnlnn and, in 2006, this estimate was improved by Klartag [72] to L, < cvn. Ac-
tually, Klartag obtained a solution to the “isomorphic slicing problem", by show-
ing that, for every convex body K in R"” and any ¢ € (0,1), one can find a con-
vex body T C IR" with barycenter at the origin and a point x € R" such that
1+&)'T CK+x < (1+¢Tand Ly < C/+e for some absolute constant C > 0.
Later, Dafnis and Paouris [40] developed a different approach based on small-ball
probability estimates, obtaining the slightly weaker bound L, < c¥/n(Inn)>.

A second main question in this area is the Kannan-Lovdsz-Simonovits conjecture
about the isoperimetric constant y, of an isotropic log-concave probability measure
u, defined as the largest constant y > 0 such that

W (A) > x min{u(A), 1 - u(A))

for every Borel subset A of R", where u*(A) is the Minkowski content of A. We
shall consistently refer to the Kannan-Lovasz-Simonovits conjecture as the KLS
conjecture.

If we set y, = 1/x, then the KLS conjecture becomes the question if there exists
an absolute constant C > 0 such that

Y, = sup{y, : u is an isotropic log-concave measure on R"} < C.

An equivalent way to formulate the KLS conjecture is to ask that the Poincaré
inequality holds for every isotropic log-concave probability measure p on R” with a
constant that does not depend on the measure or the dimension 7.

It is now known that Bourgain’s slicing problem has an affirmative answer, and
it is also known that ¢, < ¢ VInn. Moreover, an affirmative answer has been given
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for the thin-shell conjecture, which concerns the concentration of an isotropic log-
concave random vector X around the sphere of radius vn. More precisely, the thin-
shell conjecture asks if there exists an absolute constant C > 0 such that, for any
n > 1 and any isotropic log-concave probability measure p on R", one has

f (1xl — Vi)du(x) < C-

This statement implies that most of the mass of y is concentrated on a thin spher-

ical cell whose width t is much smaller than the central radius +/n. It also im-

plies that high-dimensional log-concave distributions have approximately Gauss-
1

ian marginals. If we define ¢’, = EVar#(lxlz), where Var,(f) is the variance of f with

respect to u, then the thin-shell conjecture is equivalent to the question if

0, := sup{o, :  is an isotropic log-concave measure on R"} < C.

Note that 0, < Cy, for every Borel probability measure 1 on IR", and hence o, < Ci),,.
On the other hand, Eldan and Klartag [46] showed that there exists an absolute
constant C > 0 such that, for every n > 1,

L, < Coy,

therefore the KLS conjecture implies that L, is bounded; in fact, any upper bound
for ¢, is an upper bound for L,, up to an absolute constant.

A key tool underlying the recent progress on these conjectures is stochastic local-
ization, introduced by Eldan in his PhD thesis. This method allows one to decom-
pose a high-dimensional probability measure into a mixture of simpler, randomly
localized measures, and to study their evolution via stochastic analysis. Using this
approach, Eldan [45] proved that

) 0
¢2<Clnny | =
k=1

showing that the thin-shell conjecture implies the KLS conjecture up to polyloga-
rithmic factors. Combining this result with work of Guédon and E. Milman [66],
one obtains the bound ¢, < C¥/nlnn. Later, Lee and Vempala [93] developed a
variant of Eldan’s stochastic localization and obtained the bound ¢, < c/n. In a
breakthrough work, Chen [37] proved that one has ¢, < exp(C+/Inn(Inlnn)), and
hence 1, < n® for any ¢ > 0 and all large enough n. This development was the

starting point for a series of important works, that led to the estimate ¢, < c Vlnn
by Klartag [78]. This is currently the best known result on the KLS conjecture.

A recent technical breakthrough by Guan [65], who also obtained 0, = O(Inlnn),
was used by Klartag and Lehec [82] to prove the isotropic constant conjecture (1.1).
Soon thereafter, Bizeul [16] gave an alternative proof. More recently, Klartag and
Lehec [83] confirmed the thin-shell conjecture.

The resolution of these three conjectures shows that the isotropic position pro-
vides a canonical regular position for convex bodies. There are several other well-
known positions of a convex body in IR”, such as the John position, the ¢-position,
and the M-position. As we explain in Section 3, the solution of the slicing problem
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implies that the isotropic position is an M-position. Moreover, as shown in [70], if
K is isotropic then

2
BY 2B cKC Jn(n+2)B,

n
so the geometric distance to the Euclidean ball is at most #, as in John’s position.
This naturally leads to the question of whether the isotropic position is as effective
as the ¢-position for bounding the parameter MM*. Defining the Minkowski func-
tional px(x) = inf{t > 0 : x € tK} and the support function hx(y) = max{(x,y) : x € K}
of K, we set

MI) = [ podo and M) = [ o) doto),
gn-1 gn-1
where o is the rotationally invariant probability measure on S"~!. It is always true
that M(K)M*(K) > 1.

A classical result due to Figiel-Tomczak-Jaegermann [48], Lewis [95], and Pisier
[121] asserts that for any symmetric convex body K c R” there exists T € GL, such
that

M(TK)M*(TK) < clnn,
where ¢ > 0 is an absolute constant. Without assuming symmetry, it is natural to
consider the parameter
E(K) = inf M(TK)M*(TK),
where the infimum runs over all invertible affine transformations T of R” satisfying
0 € int(TK). It turns out that the isotropic position yields a sharp upper bound for
E(K).
E. Milman proved in [108] that if K is isotropic in R", then

M*(K) < CVn(Inn)’Lg < c; Vn(Inn)?, (1.2)

where the second inequality follows from the boundedness of L,,. The dependence
on n is optimal up to the logarithmic factor. The dual estimate for M(K) in the
isotropic position was obtained recently by Bizeul and Klartag [17], who showed

that

M(K) < e (1.3)

Vn

Combining (1.2) and (1.3), we obtain
E(K) < c5(Inn)? (1.4)

for every convex body K c R", which is optimal up to logarithmic factors. Thus,
the isotropic position may be viewed as a natural ¢-position, up to polylogarithmic
losses.

We present the main ideas behind these results in Section 10, and illustrate
the significance of (1.4) through several applications to fundamental problems in
asymptotic convex geometry.

We conclude this introduction with an overview of the article’s structure.

e Section 2 introduces isotropic position, the slicing problem, Bourgain’s isotropic
constant conjecture, and their connections with asymptotic versions of other
classical questions in convex geometry.

e Sections 3 and 5 discuss consequences of the slicing theorem in the asymp-
totic theory of high-dimensional convex bodies.
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e Sections 4—6 develop tools from asymptotic convex geometry and log-concave
measures, leading to a reduction of the isotropic constant conjecture to a
suitable small-ball estimate.

e Sections 7-9 present stochastic localization method, Klartag’s estimate to-
wards the KLS conjecture, the proof of the slicing theorem and some of the
key ideas underlying the proof of the thin-shell conjecture.

e Section 10 is devoted to the MM*-estimate for isotropic convex bodies and
some of its applications.

e Section 11 provides a detailed discussion of the technical covariance esti-
mates that play a crucial role in the developments described above.

We refer to Schneider [127] for classical convex geometry, to [2, 3] for asymptotic
theory, and to [32] for isotropic convex bodies and log-concave measures.

2. ISOTROPIC POSITION AND THE SLICING PROBLEM

We start with basic notation and definitions from convex geometry. We work in
IR", which is equipped with the standard inner product (:,-). We denote the corre-
sponding Euclidean norm by |- |, and write B} for the Euclidean unit ball, and $"
for the unit sphere. Volume in R” is denoted by vol,,. We write w, for the volume of
B and o for the rotationally invariant probability measure on 5"'. We also denote
the Haar measure on O(n) by v. The Grassmann manifold G, x of k-dimensional sub-
spaces of R" is equipped with the Haar probability measure v, . For any integer
1<k <n-1andany F € G, we denote the orthogonal projection from IR” onto F by
Pr. We also define B = By N Fand Sp = S" ' NF.

The letters ¢,c¢’,c1,c, etc. denote absolute positive constants whose value may
change from line to line. Whenever we write a ~ b, we mean that there exist abso-
lute constants ¢, ¢, > 0 such that cia < b < ca. Also if K,C C R" we will write K ~ C
if there exist absolute constants ¢;, ¢, > 0 such that ¢;K C C C K.

A convex body in R" is a compact convex subset K of R” with non-empty interior.
We say that K is symmetric if K = —K, and that K is centered if its barycenter bar(K)

is at the origin, i.e. if
f (x,&)dx =0
K

for every & € "1, If K is a centered convex body in R" then {T(K) : T € GL,} is the
family of positions of K.

The radial function px : R" \ {0} — RR* of a convex body K with 0 € int(K) is the
function px(x) = max{t > 0 : tx € K}, and the support function of K is defined for
every y € R" by hx(y) = max{(x, y) : x € K}. The mean width of K is the expectation

@) = [ h(©do(d
Sn—l
of hx over the sphere. The radius of K is

R(K) = max{|x| : x € K}
and the volume radius of K is the quantity

vol,(K) |
vol,(BY)

vrad(K) = (
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The polar body K° of a convex body K with 0 € int(K) is the convex body
K°={xeR":{(x,y) <1forall y € K}.

For every convex body K C IR" we write K for the multiple of K that has volume 1;
in other words, K := vol,(K)"'/"K.

A closed bounded set K # {0} in R" is called a star body if for every x € K \ {0} we
have that the interval [0, x) is contained in the interior of K (thus, every straight line
passing through the origin crosses the boundary of K at exactly two points different
from the origin), and the Minkowski functional of K defined by px(x) = inf{t > 0 :
x € tK} is a continuous function on R".

§ 2.1. Isotropic convex bodies. A convex body K in IR” is called isotropic if it has
volume vol,(K) =1, it is centered, and there is a constant &« > 0 such that

f(x, yYdx = a?|yf* (2.1)
K

for all y € R". It is useful to note that the isotropic condition (2.1) is equivalent to
the fact that

fxix]-dx = a0 (2.2)
K

for everyi,j=1,...,n, where x; = (x, ¢;) are the coordinates of x with respect to any
given orthonormal basis {e;,...,e,} of R". This is in turn equivalent to the fact that
for every linear map T : R" — R" (we write T € L(IR")),

f{x, Tx)dx = a?tr(T). (2.3)

K

Another consequence of the isotropic condition (2.1) is that

flxlzdx = Z f{x, ei)2dx = na.
K =1 %

Note that if K is an isotropic convex body in IR” then U(K) is also isotropic for every
U € O(n).

The next proposition shows that every centered convex body has a linear im-
age which satisfies the isotropic condition. Moreover, this isotropic position of K is
unique up to an orthogonal transformation.

Proposition 2.1. Let K be a centered convex body in R". There exists T € GL, such
that T(K) is isotropic.

To see this, note that the operator My € L(IR") defined by Mk(y) = fK(x, y)xdx is
symmetric and positive definite; therefore, it has a symmetric and positive definite
square root S. Consider the linear image K = S7(K) of K. Then, for every y € R" we
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have

f(x, y)*dx = | det 5| f(S‘lx, y)2dx = | det | f(x, Slyydx
K K K

= |detS|_1< f(x,S‘1y>xdx,S‘1y> = |det S| "{MS™ 'y, S'y) = |det S| yI*.

Normalizing the volume of K we obtain an isotropic convex body.

We can now show that the isotropic position of a convex body is uniquely deter-
mined up to orthogonal transformations, and arises as a solution of a minimization
problem. Let K be a centered convex body of volume 1 in R”. Define

A(K) = inf{ f wldx: T € SL,Z}. 2.4)
We shall show that a position K; of K, of volume 1, is isotropic if and only if
f|x|2dx = A(K). (2.5)
K

Fix an isotropic position K; of K. We know that there exists @ > 0 such that

f (x, Tx)dx = a*tr(T)

for every T € L(IR"). Then, for every T € SL,, we have

flxlzdx— fITxlzdx— f(x T*Tx)dx = a’tr(T°T) > na® = flxlzdx (2.6)

where we have used the arlthmetlc-geometrlc means inequality in the form tr(T°T) >
n(det(T*T))V/". This shows that K; satisfies (2.5). In particular, the infimum in (2.4)
is a minimum.

Note also that if we have equality in (2.6) then T*T = I, the identity operator,
and hence T € O(n). This shows that any other position K of K which satisfies (2.5)
is an orthogonal image of K;, therefore it is isotropic. Finally, if K, is some other
isotropic position of K then the first part of the proof shows that K, satisfies (2.5).
By the previous step, we must have K, = U(K;) for some U € O(n).

Based on the above we may define the isotropic constant of any convex body K in

R" by
1
i = min{———— [afdx : TeGL),
n ol (TR J
TK

where K = K — bar(K) is the centered translate of K. Note that Ly depends only on
the affine class of K. Note also that if K is isotropic then for all £ € S"~! we have

f{x, Edx = L.
X

The isotropic constant conjecture, which is now a theorem, is the following state-
ment.
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Theorem 2.2 (isotropic constant problem). There exists an absolute constant C > 0
such that for any n > 1 and any convex body K in R" we have

Lx <C
A strong formulation of the isotropic constant problem asks whether equality in
L, := max{Lg : K is an isotropic convex body in IR"} (2.7)

is attained when the convex body K C IR” is a simplex. An affirmative answer to
this question, together with the equality sup, L, = 1/e, would have far-reaching
consequences. In particular, it would imply Mahler’s conjecture concerning the
product of the volume of a convex body and the volume of its polar body; see [77].

There is an analogous strong version of the slicing problem in the class of cen-
trally symmetric convex bodies. In this setting, one asks whether the supremum
in (2.7), when restricted to centrally symmetric convex bodies (that is, the ones sat-
isfying K = —K), is attained by the cube. If this conjecture were true, it would imply
the Minkowski lattice conjecture; see, for instance, Magazinov [103].

As we will see, the isotropic constant problem is equivalent to Bourgain’s slicing
problem.

§ 2.2. Bourgain’s slicing problem. The isotropic constant problem was stated
explicitly as a question in the article of V. Milman and Pajor [111] and in the PhD
Thesis of K. Ball [6]. The question appears for the first time in the work of Bour-
gain [25] on high-dimensional maximal functions associated with arbitrary convex
bodies. Bourgain was interested in bounds for the L,-norm of the maximal function

Mk f(x) = sup mflf(x+y)ldy >0
tK

of f e Llloc(lR”), where K is a symmetric convex body in R". Let C,(K) denote the best
constant such that

IMk fll, < Co(KIIfII,
and C;1(K) the best constant so that the weak type inequality

IMk flh,eo < Cra(KIflln

is satisfied (recall that ||g]li. := sup,.,tg"(t), where g" is the decreasing rearrange-
ment of g, is the Lorentz norm of ¢ with indices 1 and o). Stein proved in [130]
that if K = B} is the Euclidean unit ball then C,(B}) is bounded independently of
the dimension for all p > 1. Bourgain showed that there exists an absolute constant
C > 0 (independent of n and K) such that

IMillr2rny—12rry < C.

Around the same time, the result for || Mkl|2rr)2rr) Was generalized to all p > 3/2
by Bourgain [26] and, independently, by Carbery [35]. By the definition of My it
is clear that in order to obtain a uniform bound on || Mk|;—., one can start with
any suitable position T(K) of K. Bourgain used the isotropic position; the property
that played an important role in his argument was that when K is isotropic then
Lx[KN&*| ~ 1 for all £ € S"~'. We shall explain this fact in this subsection. Bourgain
[25] mentions the fact that Ly > ¢ and asks whether a reverse inequality might hold
true.
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The slicing problem, which is now a theorem, can be formulated as follows.
Theorem 2.3 (slicing problem). There exists an absolute constant ¢ > 0 such that
max{vol,_1(KN&):EeS" Y >¢ (2.8)
for every centered convex body K of volume 1 in R".

To see the connection of Bourgain’s slicing problem with the isotropic constant
problem, we shall exploit the fact that the moments of inertia of a centered con-
vex body are closely related with the volume of its hyperplane sections that pass
through the origin. In the isotropic case this relation takes the following form.

Theorem 2.4. Let K be a centered convex body of volume 1 in R". For every & € S*!

we have
1/2

“ f G, x| < C2 (2.9)
K

< 7
vol,_1(K N &L) vol,1(KN &)

where c1,c, > 0 are absolute constants. In particular, if K is isotropic then for every
& € §" ! we have
1 C2

— < VOln_l(K N CSJ_) < —

Lo L (2.10)

For the proof, given & € §"~! we consider the function f(f) = fi(t) = vol,-1 (KN {x :
(x,&) = t}), t € R. It is a consequence of the Brunn-Minkowski inequality (see [2,
Section 1.2]) that In f is a concave function on its support.

We restrict our attention to the symmetric case. Then, f is even and ||f|lc =
£(0). For the proof in the general case, which is more or less the same, we need an
additional fact (that can be found in Fradelizi [50]) which shows that hyperplane
sections through the center of mass are, up to an absolute constant, maximal: If K
is a centered convex body of volume 1 in R" then, for every & € 5"},

Iflle < € £(0) = evol,1 (KN &ET).

Proof of Theorem 2.4 (symmetric case). Let f := fx:. To prove the left-hand side of
(2.9)wesetb= [ f(Hdt =1 and define

8(®) = llflle Lo p/1f11(F)-

Since ¢ > f on the support of g, we have

Of F(t)dt < Of g(t)dt

for every 0 < s < b/||fll~. The integrals of f and g on [0, +c0) are both equal to b. It

follows that
fg(t)dtéff(t)dt
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for every s > 0. Then,

(o] [o¢]

f P f(tdt = { Of 2sf(t)dsdt = f 2:{ f f(t)dt]ds

0 0

> f 25 [ fm g(t)dtst = f £ o(t)dt

0 s 0
b/l flleo

2 b’
= N fllodt = ——-.
Of St = SraE
This shows that

0]

24 ’ 2b® B 1
If(x,é) dx—zoj‘t f(t)ydt > S - T2f0R

To prove the right-hand side inequality of (2.9) we distinguish two cases. Assume
first that there exists s > 0 such that f(s) = 1 f(0). Then,

00 S

%: f f(Bdt > f f(t)dt?sf(s)=%5f(0),
0 0

because, since In f is even and concave, we have that f(f) > f(s) on [0,s]. On the
other hand, if t > s, then

6= (F@) " (F®)’,
which implies that f(f) < £(0)27"/*. We now write

o s e}

Pfdt = | £f(dt+ | £f(Hdt < £0) | £dt+ | £(0)27"dt
o= fesous Jeromeo fra |

0 0 s

[se]

= £(0) [§ s’ f MZZ“du] < cf(0)s < co/(£(0))

1

2

Now, assume that, for every s > 0 on the support of f, we have f(s) > % £(0). Then,
the role of s is played by sy = sup{s > 0: f(s) > 0}. We have 1 > 1£(0)sy and

0 0 I 2£(0)s?
ftzf(t)dt = zftzf(t)dt = 2ft2f(t)dt < f(3) 02 .
e ) ) 3(f(0))
Thus, we get the same estimate as before, without using the fact that In f is concave.

O

Theorem 2.4 reveals a close connection between the isotropic constant problem
and the slicing problem. In fact, one direction is very simple by the previous discus-
sion; assume that the slicing problem has an affirmative answer. If K is isotropic
then Theorem 2.4 shows that all sections K N &+ have volume bounded from above
by c,/Lk. Since (2.8) must be true for at least one & € S"~!, we get Lx < c»/c.
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Conversely, we will show in § 2.5 that if there exists an absolute bound C for
the isotropic constant, then the slicing problem has an affirmative answer. We
shall first discuss the connection of the isotropic constant problem and of the slicing
problem with two other classical problems from convex geometry and then establish
the equivalence of all four of them.

§ 2.3. Busemann-Petty problem. The Busemann-Petty problem was posed in
[34], first in a list of ten problems concerning central sections of symmetric convex
bodies in R"” and coming from questions in Minkowski geometry. It was originally
formulated as follows:

Assume that K; and K, are symmetric convex bodies in R" that satisfy
vol,_1(K; N &Y) < vol,1 (K N EY)
for all & € "7, Does it follow that vol,(K;) < vol,(K;)?

The first breakthrough on the Busemann-Petty problem came in 1975. Larman
and Rogers [89] chose K, = B] and proved that if n > 12 then there exist symmetric
convex bodies K; which are arbitrarily small perturbations of B} such that the pair
(K1, BS) provides a negative answer to the problem. The proof is probabilistic in
nature.
Ball [7] proved that if Q,, = [-1/2,1/2]" is the cube of volume 1 in R” then vol,_1(Q,N

&) < V2 for all & € . Then, he observed in [9] that, if n > 10, and if K; = Q, and
K, is the Euclidean ball of volume 1, then

vol,1(Q, N &Y < V2 < wn—lw;% = vol,_1(K; N &Y)
for all & € S*!. Ball’s counterexample is essentially different from the one of Lar-
man and Rogers: the cube is far from being a perturbation of a ball. After Ball’s
example, counterexamples to the Busemann-Petty problem were given indepen-
dently by Giannopoulos [57] and Bourgain [27] for n > 7, and by Papadimitrakis
[120] in dimensions n = 6 and n = 5.

The key notion that led to the final solution to the Busemann-Petty problem is
Lutwak’s definition of an intersection body. The intersection body IK of a symmetric
convex body K in IR” is the symmetric convex body whose radial function is defined
by

pik(&) =vol,.1(KN&Y), &e s,
Lutwak observed in [100] that intersection bodies are closely connected with the
Busemann-Petty problem. Using simple facts from the theory of dual mixed vol-
umes one can see that if K; is an intersection body then the answer to the Busemann-
Petty problem is affirmative for K; and any symmetric convex body K,. However, if
K; is a symmetric convex body that is not an intersection body, then K; and a pertur-
bation K, of K; provide a counterexample to the question. Therefore, the Busemann-
Petty problem has an affirmative answer in IR” if and only if every symmetric convex
body in IR” is an intersection body. Using this reduction of the problem, Gardner
[52], [53] and Zhang [139] gave a negative answer to the problem for n > 5 by pro-
viding examples of non-intersection bodies in R®. Around the same time, Gardner
[54] proved that every symmetric convex body in R® is an intersection body, and
hence the Busemann-Petty problem has an affirmative answer in dimension n = 3.
For a few years it was believed that the problem has a negative answer in the re-
maining case n = 4. Through the work of Koldobsky who established a Fourier
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analytic characterization of intersection bodies in [86] it was understood that the
case 1 = 4 was still open. Zhang [141] proved that the answer in R* is affirmative,
and around the same time, using the Fourier analytic approach, Gardner, Koldob-
sky and Schlumprecht [56] gave a unified solution to the problem in all dimensions.
Thus, the answer to the Busemann-Petty problem is positive if n < 4 and negative
for all higher dimensions (see the books of Gardner [55] and Koldobsky [87] for a
complete discussion of the problem and its history).

The asymptotic version of the Busemann-Petty problem, which is now a theorem,
can be formulated as follows.

Theorem 2.5 (asymptotic Busemann-Petty problem). There exists an absolute con-
stant ¢ > 0 such that if K; and K, are centered convex bodies in RR" that satisfy
vol,_1(K; N &) < vol,_1(K, N EY) for all & € S ! then VOln(Kl)% < cvoln(Kz)%.

In Section 2.5, assuming that the isotropic constant problem has an affirmative
answer, we shall give a proof of Theorem 2.5, restricted to the class of symmetric
convex bodies, with the help of Busemann’s formula. Later on we shall discuss an
alternative approach which works for the class of centered convex bodies and also
settles the lower-dimensional asymptotic Busemann-Petty problem.

§ 2.4. Sylvester problem. Let K be a convex body of volume 1 in R" and let
X1,...,X;41 be random points which are independently and uniformly distributed
in K. Their convex hull conv{xy,...,x,;1} is a random simplex contained in K. For
every p > 0 we define

1/p

mP(K) = f o fVOln(COHV{Xl, ceey xn+1})pdxn+1 cee dxl
K K

If we drop the assumption that vol,(K) = 1 then we normalize as follows:
1/p

1
m(K) = Wf“'fVOIH(ConV{xlr'--/xn+1})pdxn+1"'dxl
K K

Then, m,(K) is invariant under non-degenerate affine transformations: If T € GL,
and u € R", then m,(K) = m,(TK + u) for all p > 0. The quantity m;(K) is the
expectation of the normalized volume of a random simplex inside K.

Sylvester’s problem asks for the affine classes of convex bodies for which m,(K) is
minimized or maximized. It is known that, for every p > 0,

m,(K) > m,(B;)

with equality if and only if K is an ellipsoid (see e.g. Groemer [63] and [64] for the
case p > 1 and Giannopoulos and Tsolomitis [59] for an extension to all p > 0).
The problem of the maximum is completely open in dimensions n > 3. The simplex
conjecture asserts that for every convex body K in R”,

my (K) < mi(Ay)

where A, is a simplex in R". This has been verified only in the planar case (see [18]
and [19]).
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Sylvester’s problem is related to the isotropic constant problem: in fact, one can
check that the simplex conjecture implies that L, < C. To see this, we consider the
variant of m,(K)

1/p
1

Wf...fvoln(conV{O,xl,...,xn})i’dxn...dxl

K K

Sp (K) =

It is not hard to compare the quantities m,(K) and S,(K).

Proposition 2.6. Let K be a centered convex body of volume 1 in R". Then, for every
p > 1 we have

5,(K) < my(K) < (1 +1)S,(K).

Now, note that vol,(conv{0,xi,...,x,}) = &|det(x; ..., x,)|. The function fi:K—>R

n!

defined by x; — |det(xy,...,x,)| for fixed x; in K, j # i, is a seminorm, as is the
function g; : K — R defined by

xi|—>f---fldet(xl,...,xn)|dxi+1---dxn
K K

for fixed x; in K when j < i. It is a well-known fact, following from Borell’s lemma
(see Section 4 below) that

C
Hﬂmmﬁégﬂﬂmm) 2.11)

for any seminorm ¢ and any 1 < p < gq. With successive applications of Fubini’s
theorem, using each time (2.11) with p = 1 and g = 2, we obtain the following.

Proposition 2.7. Let K be a centered convex body of volume 1 in R". Then,
$2(K) < ¢"51(K),

where ¢ > 0 is an absolute constant.

Consider the matrix of inertia (Mx);; = f x;ix;dx of K with respect to some fixed

K
orthonormal basis of R". The connection of 11,(K) and S,(K) with the isotropic con-
stant of K becomes clear by the next identity, which is known as Blaschke formula.

Proposition 2.8 (Blaschke formula). Let K be a centered convex body of volume 1
in R". Then,
det(My)

S3(K) = — .

Proof. By definition,

S%(K):f---fvoln(conv{o,xl,...,xn})zdxn~--dx1.
K X

We write x; = (x;;),j = 1,...,n. Then,

P53 = [ [ Idetta, .. P, oo,
K

K
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and expanding the determinant we get

n')zsg(K) f f Z € r Xi a(z))( Z f[ Xi( z))dxn e dxl
i=1
= f : f Z Eo€r l[ xi,o(i)xi,T(i)]dxn ceedxg
K K J

0,T i=1

= f f Z%r xi,o(i)xi,qxo(i)))dxn"'dx1
K K
n
ZE({;H fxix(p(i)dx
o,p i=1 X

=n! det(MK),
which completes the proof. O

It is not hard to check that if K is a centered convex body of volume 1 in R” then
for every T € SL, we have that Mk = TMT", and hence det(Mg) = det(Mr)). If
we choose T so that T(K) will be isotropic, then Mk, = Li[n, and hence det(My) =
det(Mr()) = LY. Therefore, we get the next theorem.

Theorem 2.9. Let K be a centered convex body in R". Then,
L = n! S3(K).

Remark 2.10. Theorem 2.9 already gives the simple bound L, < /. Indeed, if K
is an isotropic convex body in IR” then, noting that S,(K) is obviously bounded by 1,

we get
Ly < Vn!'< V.
What is more interesting is the next observation.

Fact 2.11. If the simplex conjecture is true, then Lx < C for every n > 1 and any
convex body K in R", where C > 0 is an absolute constant.

Proof. Consider the simplex A, = {x e R": —ﬁ <x <5, Yo x < } Then, A/, =
(n)'/"A, has volume 1 and barycenter at the origin. A simple computatlon shows

that 2
5 ()
fxidx <o)y

A
and since My is symmetric and positive definite, Hadamard’s inequality gives
det(My N+ \"
€ (MATI) < l (n') < l.
n! n!'\(n+2)! n!

Now, if K is an isotropic convex body in R” we have assumed that m;(K) < m;(A)),
and combining Propositions 2.6 and 2.8 with Theorem 2.9 we obtain

= V! $,(K) < V! ¢"$y(K) < V! "my(K) < V! c"my(AL)
< Vil d'(n + 1)S1(A?) < Vil ¢ (n + 1)So(A%) < (n + 1)

(A7) =
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This shows that Lx < 2c. O

Fact 2.11 has probably been, at least for some people, the strongest evidence that
Bourgain’s slicing problem should have an affirmative answer. Now that this has
been confirmed, we can reverse the argument to obtain an affirmative answer to
the so-called asymptotic Sylvester problem.

Theorem 2.12 (asymptotic Sylvester problem). Let K be a convex body in R". Then,

(ml (K))l/n ~ L

Vn

In fact, Blaschke formula shows that Theorem 2.12 is equivalent with an affir-
mative answer to the isotropic constant problem.

§ 2.5. Equivalence of the four problems. We have already seen that Theo-
rem 2.3 implies Theorem 2.2, and that Theorem 2.12 is equivalent to Theorem 2.2.

Next, we show that Theorem 2.2 implies Theorem 2.3. Let K be a centered convex
body of volume 1 in R”. Consider the ellipsoid E3(K) defined by

191,00 = M) = [ (5,97
K

where My is the matrix of inertia of K. The ellipsoid Ep(K) is the Binet ellipsoid of K.
Note that K is in isotropic position if and only if Ez(K) = L;'Bj. It is not hard to see
that the volume of E;(K) is invariant under the action of SL,. From the definition of
the Binet ellipsoid we check that if T € SL, then |[|ylls,rx) = [IT"ylle,«x) for all y € R”,
therefore

Ep(T(K)) = (T")(Ep(K)).
It follows that
vol,(Es(T(K))) = vol,,(Ep(K))

for every T € SL,,. Now, we use the fact that T(K) is isotropic for some T, € SL, and
this implies that

vol,(E5(T(K)) = vol,Ex(To(K))) = voL,(L'B}) = w,Ly".

Assume that the isotropic constant conjecture has an affirmative answer and let
K be a centered convex body of volume 1 in IR”. Integration in spherical coordinates

shows that
vol,(Ep(K .
L = OO (e dote)

Sn—l
and hence there exists a direction & € §""! such that

f(%(f)zd?f = ll&lle, 0 < Ly < C2.
K

Then, from (2.9) we see that vol, (K N &*) > ¢;/C and this proves the slicing con-
jecture.

It remains to show the equivalence of Theorem 2.2 with Theorem 2.5. In the
symmetric case, one way to do this is using the Busemann formula.
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Theorem 2.13 (Busemann formula). If K is a convex body in R" with 0 € int(K),
then

vol, (Ky! = f vol, 1 (K N XS, (K N EY)da(E).
gn-1

Theorem 2.13 is an example of the so-called Blaschke-Petkantschin formulas
which, roughly speaking, allow us to compute the integral of a function of k-tuples
(x1,...,x¢) of points in R” by first integrating over all such k-tuples in some F € G,
and then averaging with respect to the Haar measure v, x on G, .

Let K be a symmetric convex body in R". Since all central hyperplane sections
K N &+ are symmetric, and hence centered, from Theorem 2.9 we know that

anl LKQEJ-

(S &)™ = (Sakn &)™ ~ =

Therefore, Theorem 2.13 has the following immediate consequence.

Corollary 2.14. Let K be a symmetric convex body in R". Then,
1/n

Vol (07 = | [ Lizkvol (K £do(e

Given that the isotropic constant of any convex body is bounded from above and
from below by an absolute positive constant, we get:

Corollary 2.15. Let K be a symmetric convex body in R". Then,
1/n

Vol 0% = | [ vol, ik £4)dote)
1
Now, let K; and K, be two symmetric convex bodies in IR” that satisfy
vol,.1(Ky N &Y) < vol,1(Kp N ET)
for all & € S*!. Corollary 2.15 shows that

vol,(Ky)" ' < ¢} fVOln—l(Kl N&EY'do(é) < cf fVOln—l(KZ N&)'do(&)
Gn-1 gn-1
< civol,(Ky)" ™,
which gives
vol, (K1) < czvol,(Kp)' ™
for an absolute constant c; > 0. This shows that Theorem 2.2 implies Theorem 2.5
in the symmetric case.
Conversely, assuming Theorem 2.5 we can give a direct proof of Theorem 2.2. Let
K be an isotropic convex body in R”. Choose &, € S"~! so that

vol,_1(K N &y) = max vol,_1(K N &)
£esn-1

and r > 0 so that w,_17"™! = vol,.1(KN &7). Then,
VOln—l (K N EJ_) < wn—lrn_l = VOln—l((ng) N él)
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for all & € S*1, therefore
n, n—1

vol,(K)"™! < ¢"vol,(rBy)" ™ =

vol,.1 (KN &))" < cfvol,1(KN &)Y,

n—l

for some absolute constant c; > 0. Since vol,,(K) = 1, we see that
VOln_l(K N éé) > 1/C1.

On the other hand, K is isotropic and hence we have vol,_{(K N &*) ~ 1/Lg for every
& € §" 1. It follows that Lx < C for some absolute constant C > 0.

3. THE ISOTROPIC POSITION IS AN M-POSITION

Let K and C be two convex bodies in R"”. The covering number N(K, C) of K by C
is the least integer N for which there exist N translates of C whose union covers K:

N
N(K,C)=min{N € N: Fx,,...,xy € R" such that K ¢ | ] (x; + O)}.
j=1

The next theorem of V. Milman [110] establishes the existence of the so-called M-
position of a convex body.

Theorem 3.1. There exists an absolute constant f > 0 such that every centered
convex body K in R" has a linear image K which satisfies vol,(K) = vol,(B}) and

max{N(K, B}), N(Bj, K), N(K®, By), N(B3, K°)} < exp(pn). (3.1)

We say that a convex body K which has volume vol,(K) = vol,(B?) and satisfies
(3.1) is in M-position with constant f.

Pisier [122] (see also [123]) has proposed a different approach to this result in the
symmetric case, which allows one to find a whole family of M-positions and to give
more detailed information on the behavior of the corresponding covering numbers.
The precise statement is as follows.

Theorem 3.2. For every 0 < a < 2 and every symmetric convex body K in R" there
exists a linear image K, of K such that

max{N(K,, tB}), N(B}, tK,), N(K;, tB}), N(Bj, tK3)} < exp (C(a)n)

for every t > c(a)'*, where c(a) depends only on a, and c(a) = O((Z—a)‘“/ 2) asa — 2.

As we will see in this section, the fact that L, < C implies that the isotropic posi-
tion of any convex body is an M-position with an absolute constant 5. This in turn
shows that isotropic convex bodies satisfy the reverse Brunn-Minkowski inequal-
ity. It also leads to a simple proof of the reverse Santal6 inequality of Bourgain and
V. Milman [29].

§ 3.1. Covering estimates. We assume that L,, < C. Our goal is to show that every
isotropic convex body is in M-position with an absolute constant f.
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Theorem 3.3. Let K be an isotropic convex body in R". Then,
max {InN(K, D), In N(D,,, K), In N(K®, D}), In N(D;, K°)} < i,

where D, is the centered Euclidean ball of volume 1 in R" and p > 0 is an absolute
constant.

The proof is based on an observation of V. Milman and Pajor in [111]; they gave
an estimate for the covering numbers N(K;tB}), t > 0, where K is a convex body in
R", in terms of the quantity

LK) = — [ 1y de.
1+1
vol(K)'* J

Lemma 3.4. Let K be a convex body of volume 1 in R" such that 0 € int(K). For any
t > 0 we have that

InN(K, tB!) < cnhi(K)

+1In2, (3.2)

where c¢; > 0 is an absolute constant.

Proof. Consider the Borel probability measure u on R" defined by

[J(A) — lfe_pK(x)dx.
CK

A

where px(x) = inf{t > 0 : x € tK} is the Minkowski functional of K and cx =
f , exp(=pk(x))dx. A simple computation, based on the fact that {x € R" : px(x) <
t} = tK for any t > 0, shows that cx = n!.

Let {x1,...,xn} be a subset of K which is maximal with respect to the condition
|x; — xj| > t for i # j. Then K C [J;;n(x; + tB}), and hence N(K,tB) < N. Let a > 0.
Note that if we set y; = (2a/t)x;, by the subadditivity and positive homogeneity of
px and the fact that px(x;) < 1, we have

1
plyi+aBy) > — fe_pK(x)e_pK(y")dx > e ! u(aBy).
K
aBj

The bodies y; + aB} have disjoint interiors, therefore Ne=2/ ‘u(aB5) < 1. This shows
that

N(K, tB}) < e*/!(u(aBy)™.

Now, we choose a > 0 so that u(aB}) > 1/2. A simple computation shows that

yi= [ lduco = o+ D160

Rﬂ

By Markov’s inequality, 1(2yB}) > 1/2, so if we choose a = 2y, we get
N(K, tB}) < 2exp(4(n + DI (K)/t)
for every t > 0. O
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If K is an isotropic convex body then I;(K) < vnLg. Let D,, = EZ be the centered

Euclidean ball of volume 1. Since D,, ~ vnBj, Lemma 3.4 shows that

conLyg can (3.3)
t t ’

for any t > 0 (note that if t is large then this estimate is trivially true, since every
isotropic body K satisfies the inclusion K C (n + 1)LxB}; see [32, Theorem 3.2.1]).
Knowing that, for any set S,

N(S-S,2D,) = N(S—-S,D, — D,) < N(S,D,)?,

we can use (3.3) to also get an upper bound for the covering numbers of the differ-
ence body of an isotropic convex body K by D,;:

InN(K, tD,) <

N

2
InN(K - K, tD,)) < =2,

The next lemma allows us to bound the dual covering numbers N(BZ, tK®).

Lemma 3.5. Let K be a convex body in R" which contains 0 in its interior. For every
t > 0 we set A(t) := tInN(K, tB}) and B(t) := tInN(B}, tK°). Then, one has

sup B(t) < 16 sup A(t).
t>0 t>0
In particular, if K is isotropic (or a translate of an isotropic convex body which still
contains 0 in its interior), then
C21’13/ 2LK

In N(Bj, tK°) < InN(Bj, H(K - K)°) < —

(3.4)

where ¢, > 0 is an absolute constant.

Proof. We use a well-known idea from [134] (see also [92, Section 3.3]). For any
t > 0 we have (2K°) N (4K) C 2¢B}. Passing to the polar bodies we see that

t 2 t 2
Bg C conv (EKO, ?K) C -K°+ ?K

-2
We write
t 2 2t 2 1 1_ ¢t
N(B,,tK°) < N|[=zK°+ -K,tK°| < N(-K,zK°| < N|(-K,-B, |N|-B,, =K°
(B 1K) (2+t ) (t2) (t42)(422)
t
_ N(K, ng)N(Bg,ztm.
Taking logarithms we get B(t) < 8A(t/8) + %B(Zt) for all t > 0. This implies that
B :=sup, , B(t) < 16A, and the result follows. O

Since Dj, ~ (1/ vn)BY, (3.3) and (3.4) immediately imply the following.

Proposition 3.6. Let K be an isotropic convex body in R". Then,
max{In N(K, tD,), In N(DZ, tK°)} < %
for all t > 0, where c > 0 is an absolute constant.

We shall also use the next covering lemma, which provides some standard en-
tropy estimates that are valid for arbitrary convex bodies in R".
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Lemma 3.7. Let K and L be convex bodies in R". If L is symmetric, then
vol,(K + L/2) < on vol,(K+ L)

< < .
N(L) vol,(L/2) vol,(L) (3.5)
If L is arbitrary, then
vol,(K + L)
<4t —. .
N(K, L) <4 vol.(0) (3.6)
Moreover,
vol,(K + L)
———— = < 2"N(K,L). .
vol,(L) N(K L) 3.7)

Proof. The proof of (3.7) is an immediate consequence of the definitions. To prove
(3.5), note that if N is a maximal subset of K with respect to the property

x,yeNandx#y = |lx—yll.>1,

then K C (J,n(x + L), while every two sets x + L/2,y + L/2 (x,y € N) have disjoint
interiors when x # v.

Finally, when L is not necessarily symmetric, we recall that N(K+x, L+y) = N(K, L)
for every x,y € R", and also that the ratio vol,(K + L)/vol,(L) obviously remains
unaltered if we translate K or L. Hence, we can assume that L is centered, in which
case it follows from [112, Corollary 3] that

vol,(L N (=L)) = 27"vol,(L).
But then, from (3.5) we get that
Lvol,(K+ (LN (=L))) < g vol,(K + L)
vol,(LN(=L)) ~ ~  voly(L)

and this implies (3.6). O

Let K be a convex body in R”. The function z — vol,(K)vol,((K — z)°), defined
on int(K), is strictly convex and has a unique point of minimum, the Santalé point
s(K) of K. The Blaschke-Santalé inequality states that vol,(K) vol,((K —s(K))°) < w?.

One can also prove that if bar(K) = 0 then s(K°) = 0. Since (K°)° = K, we see that if
bar(K) = 0 then

N(K,L) < N(K,L N (-L)) < 2

vol,(K) vol,(K°) = vol,((K° — s(K°))°) vol,,(K°) < w?.
Therefore, we get:
Theorem 3.8. Let K be a convex body in R" with either bar(K) = 0 or s(K) = 0. Then,
vol,(K) vol,,(K°) < w? = vol,(Bj)*.

Combining Proposition 3.6 with the Blaschke-Santal6 inequality and Lemma 3.7,
we can now prove Theorem 3.3.

Proof of Theorem 3.3. From Proposition 3.6 we already know that

max {N(K, D,), N(D;, K°)} < exp(cn).
For the other two covering numbers we note that N(D,,, K) < 8"N(K, D,)) by Lemma 3.7,
which means that In N(D,,, K) < (¢ + In8)n. Similarly,
vol,(K° + Dy) <o vol,(K° + Dy)

N(K°,D2) < 2" <
(K D) vol,(D?) vol,(K°)

<4'N(D,, K°),
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which means that In N(K®, D;) < (¢ + In4)n, where we have also used the fact that
vol,(K) = vol,(D,) and hence vol,(K°) < vol,(D;) from the Blaschke-Santalé in-
equality. This completes the proof. O

§ 3.2. Bourgain-Milman inequality. The Bourgain-Milman inequality [29], also
known as reverse Santal6 inequality, states that there exists an absolute constant
0 < ¢ < 1 with the following property: for every n > 1 and any convex body K in IR"
with 0 € int(K),

s(K) = vol,(K) vol,(K°) > c"w? = c"vol,(B})?, (3.8)
where ¢ > 0 is an absolute constant. The existence of an M-position for any convex
body and the asymptotic form of the Santalé inequality and its inverse are inter-
connected results. We illustrate this by giving a very simple proof of the Bourgain-
Milman inequality starting from the fact that every isotropic convex body is in M-
position.

The discussion about the Blaschke-Santal6 inequality in the previous subsection
shows that if 0 € int(K) then

vol,(K)vol,(K°) > vol,,(K — s(K)) vol,,((K — s(K))°)
therefore we may replace K by K; := K — s(K). Then, we know that bar(K7) = 0. It is
also easily checked that
vol,(K) vol,(K®) = vol,(T(K)) vol,((T(K))")
for every T € GL,, and hence we may assume that K7 is in isotropic position. Then,
from Theorem 3.3 we know that
max { InN(K7, Dy,),InN(D,,, K3),InN(Ky, D), InN(D,, K1)} <cn,

where D, is the centered Euclidean ball of volume 1 in R” and ¢ > 0 is an absolute
constant. It follows that

vol,(D,) < N(D,, K7) vol,(K7) < e”'vol,(K?),
vol,(D;) < N(D;, K;y) vol,(K7) < e™vol,(K3),
and hence
w? = vol,(D,) vol,(D3) < e¥vol,(K;) vol,,(K?)
which proves (3.8).

§ 3.3. Reverse Brunn-Minkowski inequality. As a consequence of Theorem 3.3
and Lemma 3.7, we get the “reverse" Brunn-Minkowski inequality.

Theorem 3.9. Let Ky, ..., K, beisotropic convex bodies in R". Then, forany A4,..., A, >
0,
m
vol, (A Ky + - -+ + ApK) ™ < cym Z Ajvol, (K)'” (3.9)
=1

where ¢; > 0 is an absolute constant. Moreover, if K; and K, are isotropic convex
bodies in R" then, for any A1, A, > 0,

Vol (A1KS + MKV < ca(Ayvol, (K" + Agvol, (KS)U"). (3.10)

where ¢, > 0 is an absolute constant.
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Proof. From Proposition 3.6 we know that
NMKy + -+ A, Ky, t(A + -+ Ay)Dy) < N(K;j, tD,) < exp(cmn/t),
j=1
and hence
vol,(A1Kq + -+ - 4+ A K)V" < e (HAL + -+ + Ay))

for every t > 0. Choosing t = cm we see that

m m
VOl (A1Ky + -+ AK) " < cym Y Ay = cm Y Avol, (K"
j=1 j=1

with c; = ec. For the second claim, note that Theorem 3.3 implies that
N(MK7 + A,K3, H(A + A2)Dy) < exp(2cn/t)
for every t > 0, and apply the same reasoning as before to write
vol, (A K5 + A,K3)Y" < 2¢(Aq + Ag)vol,(Do)V™.

Since K; and K, are isotropic, the argument of the previous subsection shows that
vol,(D;) < e”'vol,(K?) for i = 1,2. In this way we obtain (3.10) with c, = 2ce’. O

4. LOG-CONCAVE PROBABILITY MEASURES

A Borel measure i on R” is called log-concave if y(H) < 1 for every hyperplane H

in R” and
u(AA + (1= A)B) > u(Ay' u(B)'

for any pair of compact sets A, Bin R” and any A € (0,1). Borell [23] has proved that,
under these assumptions, u has a log-concave density f,. Recall that a function
f :R" = [0,0) is called log-concave if its support {f > 0} is a convex set in R” and
the restriction of In f to it is concave. The Brunn-Minkowski inequality implies that
if K is a convex body in IR” then the indicator function 1y of K is the density of a
log-concave measure, the Lebesgue measure on K.

We say that u is symmetric if u(—B) = pu(B) for every Borel subset B of R” and that
u is centered if the barycenter bar(u) = f ,xdu(x) of u is at the origin, i.e.

f 0 Edu() = f 6 &) fu()dx =

Rﬂ

for all & € S"7'. If u is symmetric then f, is even and it follows that ||/l = f.(0).
On the other hand, Fradelizi [50] has shown that if y is a centered log-concave
probability measure then

[ fulleo < € £,(0). (4.1)

Let f : R" — IR be a measurable function. For any a > 1 we define the 1),-norm
of f as follows:

Il =inf >0 [[exp(@f1/0r) du <2,

Q
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provided that the set on the right-hand side is non-empty. Note that the i,-norm is
exactly the Orlicz norm corresponding to the function t € R — eI —1. An equivalent
expression for the {,-norm in terms of the L,-norms is that

Iz,
Ifll, ~ sup =17,

pza

up to some absolute constants.
A well-known lemma of Borell (see [32, Lemma 2.4.5] for a proof) asserts that if
u is a log-concave probability measure on R” then, for any symmetric convex set A
in R" with u(A) = @ € (0,1) and any ¢ > 1 we have
t+1

1—y(tA)<a(1;a)T. 4.2)

Using Borell’s lemma one can show that there exists an absolute constant ¢y > 0
such that for every log-concave probability measure u on R”, for any seminorm
f:R"—> R and any g > p > 1, we have

1/p 1
f frdp| < f £ dp

(a proof'is given in [32, Theorem 2.4.6]). In particular, ||f]ly, < cillfll;, where ¢; > 0
is an absolute constant.

Ip

1
<cog f P du (4.3)

/9

§ 4.1. Isotropic log-concave probability measures. For any log-concave prob-
ability measure u on R" with density f,, we define the isotropic constant of u by

(s9P e @)’ s
Y= (—fwfy(x)dx ) (det Cov(w)™,

where Cov(u) is the covariance matrix of  with entries

o ¥ fu@) dx o xifu@)dx [, ¥iful) dx
Jou i o fu@dx [, fu)dx

A log-concave probability measure u on IR” is called isotropic if it is centered and
Cov(u) = I,, where I, is the identity n X n matrix. By the definition of the isotropic
constant, if u is isotropic then L, = || fyllg”. Note that a convex body K of volume 1 is
isotropic if and only if the log-concave probability measure g with density Li1x/,
is isotropic.

Let u and v be two log-concave probability measures on R". Let T : R" — IR" be a
measurable function which is defined u-almost everywhere and satisfies

v(B) = w(T™'(B))

for every Borel subset B of R". We then say that T pushes forward u to v and write
T.u = v. It is not hard to check that for every log-concave probability measure u
on R" there exists an invertible affine transformation T such that the log-concave
probability measure T.u is isotropic, and Lr,, = L,.

COV([J)Z"]' =

111



One can prove that the isotropic constants of all log-concave measures are uni-
formly bounded from below by a constant ¢ > 0 which is independent of the dimen-
sion. If u is an isotropic log-concave probability measure, then

L= I ~ (£0) " > ¢ (4.4)

where ¢ > 0 is an absolute constant (see [32, Proposition 2.3.12]). The isotropic
constant problem for log-concave measures, which is now a theorem, can be stated
as follows:

Let u be an isotropic log-concave probability measure on R". Then,

L,= ||fH||(1Xf” < C, where C > 0 is an absolute constant.

We can define L, := max{L, : i is an isotropic log-concave probability measure on R"}.
Since Lx = L, < L, for every centered convex body K in IR", it is clear that L, < L,.

§ 4.2. K. Ball’s bodies. Let u be a centered log-concave probability measure on
R". Note that f,(0) > 0, where f, is the density of y. An important family of con-
vex bodies associated with u was introduced by K. Ball, who also established their
convexity in [8]: for every p > 0, we define

[S¢]

K,(u) ={x€R": fr”‘lfy(rx) dr >

0

£,
p

From the definition it follows that the radial function of K,(u) is given by

1/p

. oo
Ok, () (X) = m Of prf~t fu(rx)dr (4.5)

for x # 0. It is easily checked that if K is a convex body in R” with 0 € K then
K,(1x) = K for all p > 0. A very useful observation is that

f,U(O)VOIn(Kn([J)) =1.

To see this, we write

k() (€)
vol,(K,(w)) = 1dx = nw, " drdo(&)
S]]
_ nwy n—1 drd _ L dx = L
_M%IJ},M@raa Mm!ﬁ@x 0

using (4.5) and integration in spherical coordinates.
Another important observation is that, for every 0 < p < g we have that

F(p + 1)% n_mn
———— K, (1) € Ky(1) S er ™1 Ky(p). (4.6)
I'(g+ 1)
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A proof'is given in [32, Proposition 2.5.7]. As a consequence we obtain an approxi-
mate formula for the volume of K,,,(1). When p > 0, we have

1 1.1 +
e < FOF ol Ky () < e F, @
while for —n < p < 0 we have
e < £,(0) 7 Vol (Kyip() 77 <. (4.8)

If u is an even log-concave probability measure on R" then T = K,,;»(u) is a sym-
metric convex body that satisfies

ClLy < LT < Csz

where ¢, ¢, > 0 are absolute constants (see [32, Proposition 2.5.9]). Furthermore, if
( is isotropic, then T = vol,(T)™/"T is an isotropic convex body. In the case where the
measure [ is centered, but not necessarily symmetric, we prefer to work with the
convex body K,.1(u) instead of K,,»(u). The reason is that T = K,,1(u) is a centered
convex body in IR” and we still have that

ClLy < LT < CZL‘U,

where c;,c; > 0 are absolute constants.
We briefly sketch the proof (for more details see [32, Proposition 2.5.12]). First
we check that T is centered and satisfies

1
dx = —— d

for all £ € S"71. Borell’s lemma implies that for every y € R"

1/2

: N - 1
VOln(T) f<x’ y> dx ~ VOln(T) f|<x’ y>| dx = f‘u(O)VOIn(T) fl(xl y>|f,u(x) dx
T T

R"

1/2
1
~ fuO)vol,(T) f @y fuwdx|

which, combined with the fact that T and f, are both centered, implies that there
exist absolute constants c;,c, > 0 such that as positive definite matrices

c1Cov(1r) < (vol,(T)£,.(0))*Cov(u) < c,Cov(Lr).
Therefore,

1/n ) 1/n
(detCov(lr)) " ~ (volu(T)£.(0)*( det Cov(u)) .

From the definition of the isotropic constant it follows that

1

Lr= vol,(T)!/n
~ (fuQ)vol,(T) 7L,

(4.9)

(et Cov(in))" = vol, (1) (£, O)vol, (1) ( det Cov(y)
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where we have also used the fact that ||£.l)" ~ £,(0)'/ by Fradelizi’s inequality
u u

(4.1). Finally, applying (4.7) with p = 1 we get that

ntl o (4.10)

e < (fu(O)vol,(T)*7 < e

and this completes the proof. This discussion shows that

L,~L,.
In particular, knowing now that L, < C, we get:

Theorem 4.1. There exists an absolute constant C > 0 such that L, < C for every
isotropic log-concave probability measure on R".

§ 4.3. L,-centroid bodies. Let i be a centered log-concave probability measure
on R". For any p > 1 we define the L,-centroid body Z,(u) of u as the convex body
whose support function is

1/p

hz,w(Y) = f 1<, P fu(x)dx| ,  yeR"

The convex bodies Z,(u) are always symmetric, and Z,(T.u) = T(Z,(u)) for every
T € GL, and p > 1. Note that if u is isotropic then Z,(u) = B}. Also, from (4.3) it
follows that, for every 1 <p < g,

Z,(1) € Zo() € %qu(y), (4.11)

where c > 0 is an absolute constant.

If u = Ak is the Lebesgue measure on a centered convex body K of volume 1 in R"
then we denote Z,(K) := Z,(Ak). In this case we have some additional results. For
every p > n we have that

Z,(K) 2 027 (K) (4.12)

where ¢, > 0is an absolute constant and Z.,(K) = conv{K, —K}. This is a consequence
of the inequality

I+ I
[ s eopae > S I ma 6, -,
K

which holds true for all £ € S"~! and p > 1. Therefore, if p > n we see that

||<1 E)”LP(K) ~ maX{hK(é), hK(_E)}/

and hence Z,(K) 2 cZ.(K). In particular, the Rogers-Shephard inequality vol,(K -

K) < (2:)V01n (K) for the difference body K — K of K (see [2, Theorem 1.5.2]) implies
that

¢ < vol,(Z,(K)Y" < vol,(K = K)V" < 4 (4.13)

for some absolute constant ¢ > 0.
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A nonsymmetric variant of the L,-centroid bodies of u is defined as follows. For
every p > 1 we consider the convex body Z/ (1) with support function

1/p
hz:w(y) = [“f (x, y>’ify(X)dX] ,  YyeR,

where a, = max{a,0}. When f, is even, we have that Z;(u) = 2‘1/PZp(y). In any case,
it is clear that Z;(u) € Z,(u). One can also check that if 1 <p < g then

(%)m Zi () S Zi(u) S o (4(66_ 1)) %Z;(y). (4.14)

(for a proof see [66], where the family of bodies Z;;(y) =2l Z,(u) is considered).
The L,-centroid bodies were introduced, under a different normalization, by Lut-

wak and Zhang in [101], while in [117] for the first time, and in [118] later on,

Paouris used geometric properties of them to acquire detailed information about

the distribution of the Euclidean norm with respect to . A basic observation of
Paouris is the next asymptotic formula that appears in [118].

S
=

Theorem 4.2. Let u be a centered log-concave probability measure on R". Then,

1 < (£0) vol.(Z (u))) <o, (4.15)
where c1,c, > 0 are absolute constants.

Proof. Direct computation shows that, for every p > 1,

VOl (K (1)) f G, E)F dx = f G, 0 dx = ——

m(“) Kn+p(.u)

o f (£ d

for all & € S*1, or equivalently

Zy BVl (Kt ()P £ (O)F = Z, (). (4.16)
Now, let 1 < p < n. Using also (4.7) we see that

1 - n+ - -
EZP(KMP(‘U)) < fy(o)l/nzp([-l) Ce pzp(Knﬂ?([J)) C 2eZ,(Ky+p(Wh))- (4.17)
On the other hand, using (4.6) we can check that
M, @) (&) * @i (8)

for every & € S"'. This shows that Z,(K,.,(1)) = Z,(Ky+1(u)). Therefore, for all
1<p<nweget

1 ful 07" Z,() € Zy(Boa (1) € 2 (02, (1) (4.18)

where ¢, c; > 0 are absolute constants.
Now recall that, since u is centered, the body K,.i(u) is also centered. Applying

(4.13) for the body m(y) we see that
VOln(Zn(KnH(,u)))l/n ~ 1
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and hence, by (4.18),

1/n _
(0 vol ()" % Volu(ZuEorr ()" ~ 1.
This completes the proof. O

§ 4.4. Marginals and projections. Let u be a log-concave probability measure
on R". For any 1 <k <n-1andF € G,x we define the marginal of  with respect to
F setting

1p(u)(A) == u(Pg'(A))
for every Borel subset A of F. One can check that 7ir(u) is a log-concave probability

measure on F, whose log-concave density f.() agrees almost everywhere with the
function 7r(f,) defined by

e (£)(x) = f £.)dy. (419)

x+F+

Then, for every measurable function g : F — R we have
[ sese= [ g@mw i
R" F

It follows that if f, is centered then, for every F € G, we have that rz(f,) is also
centered, and if f is isotropic then mr(f,) is also isotropic.

A basic observation of Paouris from [117] is that any projection of the L,-centroid
body of i coincides with the L,-centroid body of the corresponding marginal of .

Theorem 4.3. Let i be a centered log-concave probability measure on R". For every
1<k<nandanyF € G,,andp > 1, we have that

PF(Zp([J)) = Zp(T(F(Pl))- (4.20)

The proof is a direct application of Fubini’s theorem.
Applying Theorem 4.2 to 7r(u) and taking into account (4.20) we obtain the fol-
lowing result.

Theorem 4.4. Let u be a centered log-concave probability measure on R". Then, for
every 1 <k <n-1and any F € G, we have

&1 < (re(£)(O) volPHZ(F)) " < en, (4.21)

where c1,c, > 0 are absolute constants.

5. GEOMETRY OF ISOTROPIC CONVEX BODIES

In this section we still assume that L, < C. We shall discuss a few additional
important consequences of this fact on the geometry of high-dimensional isotropic
convex bodies.

§ 5.1. The ellipsoid intersection conjecture. We start with the positive answer
to the following conjecture.
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Theorem 5.1 (ellipsoid intersection conjecture). For every centered convex body K
of volume 1 in R" there exists a centered ellipsoid & of volume vol,(E) = vol,(K) =1
such that

vol,(KNc16) > 1Vol 2(K)

where c; > 0 is an absolute constant.

For the proof we may assume that K is isotropic. Then, f lx[?dx = nL% < Cn for

K
some absolute constant C > 0. From Markov’s inequality we immediately see that

vol,(K'\ V2CnBj) = vol,({x € K : x| > V2Cn}) < ZCLn flxlzdx < 5

It follows that vol,(K N V2C vnBg) > 1vol,(K) and since D, ~ nB} it is simple to
check that

1
vol,(KN ¢ D,) > Vol 2(K)
for some absolute constant ¢; > 0.

Let us note that the ellipsoid intersection conjecture is in fact equivalent to the
isotropic constant conjecture.

§ 5.2. Volume of sections and projections. The next theorem gives a very
useful estimate for the volume of sections of an isotropic convex body through its
barycenter.

Theorem 5.2. Let K be an isotropic convex body in R". Then, for every 1 <k<n-1
and any F € G,
vol,_((K N FHY* ~ 1. (5.1)

Proof. We denote by 1k the isotropic log-concave probability measure with density
L¥1 £ and write fx for the density of ux. Fix 1 <k <n-1and F € G,x. We know

that np(yK) is isotropic. Using (4.18) with p 2 we get:

VOl(Zo (K (r(1x)))
Lreme :( : zvo]{k(lBP)F - ] ~ nF(fK)(O)l/k(

) vole(Pe(Zo(ux))) |-
= mr(fK)(O)l/k( voly(B) ) ,

where we have also used the identity Z,(mr(ux)) = Pr(Z»(ux)) from Theorem 4.3.
Since K is isotropic, we get

Zo(ux) = Lg'Zo(K) = By and hence Pr(Zs(uix)) = Br.

Moreover, we have

e(f)(0) = f fiy)dy = Ligvol, (LK N F*) = LEvol, (K N FY).

voli(Z(mtr(uik))) e
volx(Br)

Combining the above we conclude that Ly—. .., ~ Lkvol,«(K N FH)Vk, which is
assertion of the theorem. O
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The next inequality, due to Rogers-Shephard and Spingarn, estimates the prod-
uct of the volumes of a projection of a convex body K in IR” and of the section of K
with the orthogonal subspace (see [124] for the first and [129] for the second claim).

Theorem 5.3. Let K be a convex body in R" with 0 € int(K). Then, forany 1 < k < n-1
and any F € G, x we have that

n

voli(Pr(K)) vol,_x(K N F*) < (k

) vol,(K).

If bar(K) = 0 then we also have that
vol,(K) < voli(Pe(K)) vol,_(K N F*).
In the case where K is isotropic, these estimates lead to the next fact.

Theorem 5.4. Let K be an isotropic convex body in R". Then, forany 1 <k<n-1
and any F € G, x we have that

n
1 < volp(Pp(K)YF < C2p
where c1,c, > 0 are absolute constants.

This follows from Theorem 5.3 and from the fact that if K is isotropic then vol,,_; (KN
FY)Vk ~ 1 by Theorem 5.2.

§ 5.3. Volume of the centroid bodies. A lower bound for the volume of the
L,-centroid bodies Z,(K) of a star body K in R" has been given by Lutwak, Yang
and Zhang in [102], and later Haberl and Schuster in [67] obtained a similar lower
bound for the nonsymmetric L,-centroid bodies Z;(K) of K. If K is a star body, with
respect to the origin, in R” then, for every 1 < p < oo, the body M;(K) is defined
through its support function

1/p

hM;(K)(]/) =|cup(n+p) f (x, y>’idx ’

K

n+
)
The normalization of M, (K) is chosen so that M;(B;) = B} for every p. Haberl and

Schuster [67, Theorem 6.4] proved that if K is a star body, with respect to the origin,
in R" then, for every p > 1,

vol,(K)™»~'vol, (M (K)) > vol,(B;)

with equality if and only if K is a centered ellipsoid in R". Since M;(K) = (cyp(n +
p)P Z3(K), we conclude that if vol,(K) = 1 then

where

, 1/p
voly(Z3 (KN = (cup(n + p)) " Pvol, (M (K)'" > (W) :

Taking into account the value of the constant c,, we can formulate this result as
follows.
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Proposition 5.5. Let K be a convex body of volume 1 in R". Then,
vol (ZP(K))”” vol, (Zp(Bz))l/’1 c/p/n

and
vol (Z+(I<))1/’1 vol, (Z*(BZ))”” cp/n

for every 1 < p < n, where ¢ > 0 is an absolute constant.

Paouris [117] showed that a reverse inequality holds true (up to the isotropic
constant). Although the next theorem is stated for p € [2,n] in [117], in view of
(4.11) it is clear that the result remains true for all p € [1,n].

Theorem 5.6. If 11 is an isotropic log-concave measure on IR", then forevery1 <p <n
we have that

vol,(Z,(u)"'" < c+fp/n. (5.2)

Moreover, if K is a centered convex body of volume 1 in R", then for every 1 < p <n
we have that

vol,(Z,(K)'" < c+fp/n Lk < c1+p/n, (5.3)

where c,c; > 0 are absolute constants.

For the proof we shall use a number of classical facts from the Brunn-Minkowski
theory (see [127] for a complete exposition). Steiner’s formula asserts that for every
convex body C in IR” we have

ny _— - n k
vol,(C + tB) = kzz;‘ (k)Wk(C)t
for all t > 0, where Wi(C) = V,«(C) = V(C;n - k,B};k) is the k-th quermassinte-
gral of C. Also, the Aleksandrov-Fenchel inequality 1mp11es the log-concavity of the
sequence (Wy(C),..., W,(C)), and in particular we have that

1/i 1/j
W, z(c) ”—j(c) ! (5.4)
Wy g W ’ '
for all 1 <i < j <n. We shall also use Kubota’s integral formula:
W, n(C) = Z))— f Vol (PEH(C)) dvym(F), 1<m<n—1. (5.5)
mG?’I m

Proof of Theorem 5.6. It is enough to prove (5.2) for integer values of 1 <p <n-1.
Observe that for any F € G,,, we have

vol,(Pr(Z,(w)? = vol,(Z,(me(u)? < 1

(@)

where we have used Theorem 4.3, Theorem 4.2 and (4.4) for the isotropic density
frew = Te(f). Applying (5.5) we get

Wi P( P(H))
Wp

Now, we apply (5.4) for the convex body C = Z,(u) with j = n and i = p; this gives
W(Zy (W) > volu(Zy ()", ",

< Co,

a)np
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Combining the above, we get
a)l/n
vol,(Z,(u)"" < +/Cz.
P
Wp

Since a);/ ¥ ~ 1/ Vk, we obtain (5.2). For the second assertion of the theorem we

may assume that K is isotropic (because the volume of Z,(T(K)) is the same for all
T € SL,). Consider the measure ux with density L1 «. Then, ug is isotropic and
K

we easily check that Z,(ux) = L' Z,(K). Thus, the result follows immediately from
(5.2) and the fact that the isotropic constant conjecture is true. O

§ 5.4. Lower dimensional Busemann-Petty problem. In this subsection we
discuss a natural generalization of the Busemann-Petty problem, for lower dimen-
sional sections. Let 1 < k <7 —1 and let 8, x be the smallest constant > 0 with the
property that for every pair of centered convex bodies K and C in R” that satisfy

vol,_ (KN F) <vol,_«(CNF)
for all F € G, ,—«, one has
vol,(K)'" < B vol,(C)'F .
It is known that g, , > 1 if k < n—3, while for k = n -2 and k = n — 3 (two- and three-
dimensional sections) it is not known whether g, has to be strictly greater than 1.

The asymptotic lower dimensional Busemann-Petty problem asks if the constants
B are uniformly bounded. The next theorem provides an affirmative answer.

Theorem 5.7. There exists an absolute constant C > 0 such that B, < C for all n
and k.

For the proof we introduce the dual affine quermassintegrals of a convex body.
Let 1 <k <n-1. For every convex body K, or more generally for any bounded Borel
set, in R", the k-th dual affine quermassintegral of K is defined by

1

kn
W (K) = vol,(K)" & f vol, (K N F)"dv, x(F)
nk

Grinberg proved in [62] that this is an affinely invariant quantity and that
Wi(K) < Wi(BY) < Ve (5.6)
for every bounded Borel set K of positive volume in R".

Now, let K be a centered convex body in R". Since Wi(K) = Wi(T(K)) for every
T € GL,, we may assume that K is isotropic. From Theorem 5.2 we know that
vol,_ (K N FY)Vk ~ 1 for every F € G, , and hence

i
Wi(K) = fVOln—k(K N Fl)ndvn,k(P) ~ 1.
nk

In other words, for every centered convex body K in R” and any 1 < k < n—1 we
have that
€1 < \I"k(K) <0 (5.7)

where c;,c, > 0 are absolute constants.
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Proof of Theorem 5.7. Let K,C be two centered convex bodies in IR”". Assume that
for some 1 <k <n -1 we have that

vol,_ (KN F) < vol,_x(CNF)
for all F € G,,,—x. Then,

3=

W (K) vol,(K) & = f vol,_«(K N F4)'dv,, «(F)

G i
i
< f vol, (C N FYY'dv, (F)| = Wi(C) vol,(C)% .

Gk

Taking into account (5.7) we get
k
vol,(K)'% < (gl’ig) vol,(0)% < (z—j)k vol,(0)

and the result follows. O

Note. In particular, the case k = 1 of Theorem 5.7 shows that the isotropic con-
stant conjecture implies the asymptotic Busemann-Petty conjecture for the class of
centered convex bodies, thus completing the discussion in §2.5.

The affine quermassintegrals of a convex body K in IR” were introduced by Lutwak
in [99]. We shall discuss an appropriately normalized variant that was considered
by Dafnis and Paouris in [41]. For every convex body K in IR” and every 1 < k < n
we define the normalized k-th affine quermassintegral of K by

kn

Du(K) 1= vl (K7 | [ Vol (Pr(O) " dria(F)

nk

Grinberg proved in [62] that these quantities are invariant under volume preserv-
ing affine transformations. In this language, Lutwak conjectured in [100] that the
affine quermassintegrals satisfy the inequalities

Di(B) < Di(K). (5.8)

Dafnis and Paouris studied in [41] an isomorphic variant of Lutwak’s conjecture,
which asks if there exist absolute constants c¢;,¢; > 0 such that for every convex

body Kin R" and any 1 < k <
c1\n q)k(K) Cy \/ (59)

Note that in the case k = 1, (5.9) follows by the Blaschke-Santal6é and the Bourgain-
Milman inequality, while in the case k = n — 1 the conjectured rate of growth for
@,_1(K) is again true, by the Petty projection inequality and its reverse, proved by
Zhang [140].

The left-hand side of (5.9) was proved by Paouris and Pivovarov in [119]; it con-
firms Lutwak’s conjecture in an isomorphic sense. The proof relies on a duality ar-
gument, that employs the Blaschke Santal6 inequality and the Bourgain-Milman
inequality, combined with Grinberg’s inequality (5.6). Subsequently, E. Milman
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and Yehudayoff [109] established the sharp lower bound ®(B}) < ®(K) and veri-
fied Lutwak’s conjecture, including a characterization of the equality cases, for all
1 <k <n-1: ellipsoids are the only local minimizers with respect to the Hausdorff
metric.

Regarding the upper bound in (5.9), an almost optimal estimate (up to a Inn-
term) was given by Dafnis and Paouris in [41]. Let us briefly recall their argument:
The Aleksandrov inequalities (see [127, Section 6.4]) imply that if K is a convex body
in R"” then the sequence

1/k

Qk(K) = wikaOIk(PF(K))an,k(F) (5.10)

Gn,k

is decreasing in k. In particular, for any 1 < k < n — 1 we have Qi(K) < Q;(K), which
may be written in the equivalent form

k

ifvolk(Pp(K))dvn,k(P) < w(K), (5.11)
Wy

Gn,k

where w(K) is the mean width of K. Then, by Holder’s inequality,

i

[ volrrortanu®)| < [ vobr) | <al o,

Since the term on the left-hand side of this inequality is invariant under volume
preserving affine transformations, we may assume that K has minimal mean width,
and it is known that in this case we have w(K) < ¢ vnInn vol,(K)!/" for some absolute
constant ¢ > 0 (see [2, Chapter 6]). Combining the above we get

Dy(K) < c; Yn/kInmn. (5.12)
It was also shown in [41] that

DL (K) < c3(n/k)*? \/In (en/k).

In other words, if k is proportional to n then the upper bound for ®(K) is of the
order of 1. The main question that remains open is whether the Inn-term in (5.12)
can actually be dropped.

§ 5.5. The deviation inequality of Paouris. Our goal in this subsection is to
briefly explain the proof of a very useful deviation inequality of Paouris from [117].

Theorem 5.8. Let 1 be an isotropic log-concave probability measure in R". Then,
p({x € R" : |x| > ct Vn)) < exp (—t \/ﬁ) (5.13)
for every t > 1, where c > 0 is an absolute constant.
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The proof of Theorem 5.8 is reduced to the behavior of the moments of the function
x = |x|. For every p > 1 we define

1/p
4@0=Lfmwmm].

If K is an isotropic convex body in R" then we set I,(K) := I,(ux). From (4.3) we see
that for all y € R" and p,q > 1 we have
Lpg(1) < caply().
In particular, we have
Lp(u) < copl(p)
for all p > 2. Paouris proved the following.

Theorem 5.9. There exist absolute constants c1,c, > 0 such that if | is an isotropic
log-concave probability measure on R" then

I(u) < cilx(p) (5.14)
forall p < co\n.

Assuming that we have proved Theorem 5.9, we obtain Theorem 5.8 as follows.
We consider an isotropic log-concave probability measure u in R". From Markov’s
inequality, for every p > 2 we have

u(llxl > L)) <e ™.
Then, Borell’s lemma gives

X . o3 (s+1)/2 "
plild > P ) < A-e () <e

for every s > 1. Choosing p = ¢, Vn, and using (5.14), we see that
u({lxl > c1e’L(u)s}) < exp(—cz Vns)
for all s > 1. Since p is isotropic, we have I,(u) = vn. This proves Theorem 5.8.

We pass to the proof of Theorem 5.9. We will actually prove a stronger statement.
Theorem 5.10. Let 1 be a centered log-concave probability measure on R". For every
p>1,

I(w) < C(L(w) + RZ, (W), (5.15)
where R(Z,(u)) = max{|x| : x € Z,(u)} is the radius of Z,(u).

Note that if u is isotropic then R(Z,(u)) < cp, and hence the right-hand side of

(5.15) is bounded by ¢; max{l>(u), p}. Since L(u) = vn, for all p < Vn we get
L,(u) < comax{l(u), p} = c1lr(u),

which is exactly the statement of Theorem 5.9.
The proof of Theorem 5.10 requires a number of basic results from the asymptotic
theory of convex bodies. We write k.(C) for the largest integer k < n which satisfies

n
n+k

Vik ({F € Gy w(ZC) lx] < he(x) < 2w(C)lx|, x € F}) >
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In the terminology of [2] this is the so-called Dvoretzky dimension of C°, i.e. the
largest k for which the majority of k-dimensional sections of C° are 4-Euclidean. The
next theorem of V. Milman and Schechtman from [114] shows that the dimension
k.(C) is determined by the parameters w(C) and R(C) up to an absolute constant.

Theorem 5.11. There exist absolute constants cy,c, > 0 such that

for every symmetric convex body C in IR".

For every p # 0 we define

1/p
w,(C) = f hC(Q)Pda(Q)] .

n-1

Note that w;(C) = w(C). The parameters w,, p > 1 were studied by Litvak, V. Milman
and Schechtman in [97].

Theorem 5.12. Let C be a symmetric convex body in R". Then,

R(C)vp R(C)vp }
Vn Vn

for all 1 < p < n, where c1,c; > 0 are absolute constants.

max {w(C),q } < wy(C) < max {2w(C), o)

Note that the behavior of w,(C) changes when p ~ n(w(C)/R(C))*>. This value
of p is roughly equal to the “dual Dvoretzky dimension" k.(C) of C. One also has
w,(C) ~ R(C), and since w,(C) < R(C) for every p > 1 we conclude that w,(C) = R(C)
for all p > n.

Concerning w,(C) for negative values of p, Klartag and Vershynin [85] established
the next important result.

Theorem 5.13. Let C be a symmetric convex body in R". Then, w,(C) = w_,(C) for
all 1 < p < ck.(C), where ¢ > 0 is an absolute constant.

We start with the next lemma, which relates the p-moment of the Euclidean norm
with respect to u with the parameters w, and the L,-centroid bodies of .

Lemma 5.14. Let p be a log-concave probability measure in R". For every p > 1 we

have
W (Zy() = /ﬁw)

Proof. Direct computation shows that for every x € R"” we have

1/p
[ f I<x,£>l”do(£)] =an,p\/%lxl,
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where a,,, ~ 1. Since

1/p
W,(Z,(1)) = [ f f , €>|”d#(X)d0(é)] ,

n-1 R"

the lemma follows. m|

Proof of Theorem 5.10. We start with the formula I,(u) = ¢, ,w,(Z,(1)) from Lemma 5.14,
where c,, ¥ max{1, \/n/p}. Therefore, we need to show that

wy(Zy(1)) < C min{1, \p/n} (Ia(w) + R(Zy()))

Since w,(Z,(1)) < R(Z,(1)), we clearly have the result when p > 1, and hence in the
sequel we may assume that p is an integer and 1 <p < n.
From Theorem 5.12 we have that

wy(Z, (1)) < e max{w(Z, (1), VpIRZy(w))- (5.16)
Therefore, the theorem will follow if we show that, for all 1 <p <n,
w(Zy(1)) < C+/p/n(l(p) + R(Z,(1))). (5.17)

If p > k.(Z,(u)) then we have

W(Z, (1) < 2 P/MR(Z, (1)) (5.18)

by Theorem 5.11. If p < k.(Z,(u)) then by the definition of k.(Z,(u)) we can find some
F € G,,, that satisfies both

f IPE P dps(x) < ex(p/mE(w)

(this is justified by averaging over all F € G, x and then applying Markov’s inequal-
ity) and

W(Z,()Br € PH(Zy(W)): (5.19)

Since Pr(Z,(1)) = Zy(rtr(1)) and 7tp(u) is a p-dimensional centered log-concave prob-
ability measure, we get

N ( det Cov(np(y)))r”
- = p
(Il Lre(

Using the fact that L, > c for an absolute constant c > 0, we see that

vrad(Z,(nr(u))) = (5.20)

1/2
lxPPdrerpu(x) 12
vrad(Z,(mp(u))) < ¢s (f T ) < Ce (fIPP(x)I2 dy(x)) < c7p/nl(p). (5.21)
Tip(U
Combining (5.19) and (5.21) we see that
w(Z, (W) < csg+p/nly(u). (5.22)
This completes the proof. O
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In the case where u = pg for an isotropic convex body K in R", the inequality
(5.13) takes the form

vol,(fx € K : x| > ct ViLk}) < exp (~t Vn) (5.23)

for all t > 1. Taking also into account the fact that Ly ~ 1, we obtain a much stronger
statement than that of the ellipsoid intersection theorem of § 5.1.

6. A REDUCTION OF THE SLICING PROBLEM

In this section we do not assume the affirmative answer to the isotropic constant
conjecture. We discuss small-ball probability estimates for isotropic log-concave
probability measures, starting with the work of Paouris in [118]. In particular,
we describe a reduction of the isotropic constant conjecture to such small-ball esti-
mates. An optimal result of this type turns out to be the key fact in the affirmative
answer to the problem given by Bizeul in [16].

First we introduce two parameters that are essential for the study of these ques-
tions.

§ 6.1. The parameter 4.(u). A parameter which was originally central in the
work of Paouris is g.(u), which is defined for every centered log-concave probability
measure u in R", as follows:

3.(u) = max{p € [2,n] : k.(Z,(n)) > p}.
The next proposition provides a lower bound for g.(u).

Proposition 6.1. There exists an absolute constant ¢ > 0 with the following prop-
erty: if 1 is a centered log-concave probability measure on R" then

q.(1) > ¢ \Jk(Za(w)).

Proof. We set q. := g.(1). From Theorem 5.12, Lemma 5.14, Holder’s inequality, and
the simple observation that L(1) = Viw,(Z,(u)), we get

W(Zy (W) > €10, (Zy. (1) = 2 NG/ 1l (1) > 23/ nla(p) = ca\g./n Nnws(Zo(w)).
In other words,
w(Zy, (W) = c2 \gaw(Zy(u)). (6.1)
Since R(Z,, (1)) < c3q.R(Z,(u)), using the definition of g. and Theorem 5.11 we write

w(zq*(y)))z 0 W Zo(w) | k(Za()

2q. > k.(Z,, > con|——=——| = cun >c . (6.2)
72 K2y 1)) > (R(quu)) T SvA™ R

This shows that g.(u) > ¢ \k.(Z,(u)) for some absolute constant ¢ > 0. O

Note that if yu is isotropic then k.(Z,(1)) = n. Therefore, in the isotropic case we
have:

Corollary 6.2. There exists an absolute constant ¢ > 0 with the following property:
for every isotropic log-concave probability measure 1 on R",

q(1) > cVn.

We close this subsection with the following observation.
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Theorem 6.3. Let 1 be an isotropic log-concave probability measure in R". If' 1 <
p < c\/n, then

w(Zy(u) = p- (6.3)

For the proof we write w(Z,(1)) = w,(Z,(1)) = +/p/nl,(1) = /p, where the first
equality holds because c V1 < g.(u) by Corollary 6.2, the second comes from Lemma 5.14
and the third follows from Theorem 5.9.

§ 6.2. Small ball probability estimates. Let u be a centered log-concave proba-
bility measure on R". We extend the definition of I,(1), allowing negative values of
p, in the obvious way: for every p € (—n, o), p # 0, we define

1/p
L(u) := [mf IxPPdu(x) | .

n

Also, given any C > 1, we define the parameter

g-c(u, ©) :=max{p > 1: () < Cl,(w)}- (6.4)
The first main result of this section is the next theorem of Paouris from [118].

Theorem 6.4. Let 1 be a centered log-concave probability measure on R". For every
integer 1 < k < q.(u) we have

Le(p) ~ L(w).

In particular, Theorem 6.4 shows that for every 1 < k < g.(u) we have I;(u) < clx(u),
where ¢ > 0 is an absolute constant. Assuming that p is isotropic and taking into
account Corollary 6.2, we immediately obtain the assertion of Theorem 5.9.

The proof of Theorem 6.4 is based on two identities.

Claim 6.5. If u is a centered log-concave probability measure on R" and 1 < k < n-1
is a positive integer, then

-1/k

Lwh%kfmmmmmm , (6.5)

nk

where

_k . 1/k
Cnjk = ((n )w k) ~ \/ﬁ

nws,
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Proof. Let 1 <k <n-1. Then, we have

f e (fu)(0) dv i (F) = f s (fu)(0) dviui(E) = f f fu(y) dy dvy,u-i(E)

Gn,k Gn,n—k nn k E

_ f (1~ s f f R E () dr dog(E) A i(E)

n n-k

_ (1= K)wni k(un-k ffnklf“ 1) dr do(&)
gn-1

_ (n=Kawu f K ~_ (n=Kwnk
 nw, b fuo) dx = nw D).
R}‘l

n

It follows that
» ~1/k
(1’1 — k)wn—k
Ii(u) = (n—a)n Te(fu)(0) dv, 1 (F)
nk
(=R \ /¥
Finally, we check that ¢, = (T) ~ \n. |

Claim 6.6. If C is a symmetric convex body in R" and 1 < k < n — 1 is a positive
integer, then

wi(C) ~ VK f vol(PHO) dvau(F)| 6.6)

nk

=

Proof. Using the Blaschke-Santal6 and the Bourgain-Milman inequality, we write

1/
ZUlC— d()é d()éan
_k( ) ;[ (E) ( )] ffllé“(PFC) ( ’ k( )
1/k

| [ volu(Pr(C))° N vol(BY)
N f vol gy B = f TN A I

Gﬂ,k nk

k

and the result follows. m|

Now, consider a centered log-concave probability measure 1 on R” and an integer
1 <k <n-1. Recall that from Theorem 4.4 we also have

1
VOl (Pr(Zk(p))) 1k ~ mr(fu)(0) V.

for every subspace F € G, ;. Combining Claim 6.5 and Claim 6.6 we get

kin L(u) = w_i(Zi(w))- (6.7)
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Proof of Theorem 6.4. Let 1 < k < n —1. We know that wi(Zi(u)) = Vk/nIi(u) and
(6.7) shows that we also have w_i(Zi(1)) = Vk/nI_i(u)
We set ko = |4.], where g. = g.(u). Then,
KZa(p) ~ K2y () > 0. > ciko 6.8)

From Theorem 5.13 we have

W (Ziy (1)) = Wi(Ziy (1)) (6.9)

for every 1 < k < c2k.(Zi, (1)), and (6.8) shows that (6.9) holds for every k < c3q.(u).
Setting ki = |c3g.(u)] = ko, and using the fact that Z; (1) = Z, (1), we get

Wi, (Ziy (1)) = Wi, (Ziy (1))- (6.10)
It is now clear that I (u) ~ I (u) and since k; ~ g.(u) we see that g — I, (u) is
“constant” in the range 1 < |g] < cq.(u). |

Suppose that y is isotropic. Then, q.(1) > ¢1 Vi, and since L(u) < L(1) < el ()
for all 1 < p < cq.(u), we obtain the following.

Corollary 6.7. Let 1 be an isotropic log-concave probability measure on R". Then,
g-(tt, Co) = ¢ Vn, where c,(y > 0 are absolute constants.

Another consequence of Theorem 6.4 is the next small-ball probability estimate:

Theorem 6.8. Let 11 be an isotropic log-concave probability measure on R". Then,
for every 0 < ¢ < ¢y we have

u({x € R" : x| < e Vn}) < V7, (6.11)
where €y, c > 0 are absolute constants.
Proof. We know that L (1) < c11_,(u) for all 1 < p < ¢, V/n. It follows that
px € R" : x| < el (w)}) < p(fx : x| < crel,(w)})
< (cre) < €/,
for every 0 < € < ¢;? and p < ¢, Vn. This gives the result with ¢y = ¢;> and ¢ =
cr/2. O

The next theorem of Dafnis and Paouris [40] shows that if the hyperplane con-
jecture is correct then there are absolute constants 7,(y > 0 such that, for every
isotropic convex body K in R”, one has g_.(ux, (o) > tn.

Theorem 6.9. There exists an absolute constant ¢ > 0 such that, for every n and
every isotropic convex body K in R",

q—c((uK/ CLn) >n-1

Proof. Using Theorem 5.2, for every 1 < s <n — 1 we write
-1/s

Iy(K) = Vn f vol,_s(K N F+) dv, ,(F)
Gh,s
-1/s
Lz ’ VL
s+1 (TE(UK)) nLg
~ - 7 n,s F > .
vaf( n )dv,<> .
Gn,s
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This shows that
¢1 VnLg 0 VnLg
L = L
because it is known that L; < c3L, for all integers 1 < s < n — 1 (see [30]). Since
I,(K) = VnLg, we get
g-(K, ¢;'Ly) :==max{p > 1: L(K) < ¢;'Lyl_,(K)} > n — 1.

This is the claim of the theorem. m|

I{(K) >

§ 6.3. A reduction of the isotropic constant problem. In the previous subsec-
tion we introduced the parameter

g-(K, Q) := max{p > 1: L(K) < CI_,(K)}.

We shall show that the hyperplane conjecture is equivalent to the following state-
ment:

There exist absolute constants c,Cy > 0 such that q_.(K,Cy) > cn for
every isotropic convex body K in R".

We already know that there exists a parameter 4. := 4.(K), related to the L,-centroid
bodies of K, with the following properties:
(i) g.(K) > cVn,
(i1) g-(K,Cp) > g.(K) for some absolute constant (; > 1, and hence, [;(K) <
COI—q* (K)
What is not clear is the behavior of I_,(K) when p lies in the interval [g., n].

The main idea of Dafnis and Paouris in [40] is to start with an “extremal” isotropic
convex body K in R” with maximal isotropic constant Lx = L, which is at the same
time in a-regular M-position. Their starting point, which has a rather technical
proof, is the following precise statement.

Theorem 6.10. There exist absolute constants x, T > 1 and 6 > 0 such that, for every
a € [1,2), we can find an isotropic convex body K, in R" with the following properties:
(1) LKL,, > 6Ln:
(i) for every t > t(2 — a)™%/?

InN(K,,  ViiBY) < ———

(2 _ a)Za ta'

Sketch of the proof. We shall give a very rough sketch of the proof of Theorem 6.10
for the case a = 1. We should note here that the idea of considering convex bodies
with “maximal" isotropic constant and their M-ellipsoids had been previously used
by Bourgain, Klartag and V. Milman in [30].

We may assume that n = 2m is even, and we start with an isotropic convex body
Ky that has isotropic constant Lg, > 6¢L,,, where 0y € (0,1). Then, for every k-
codimensional subspace F of R*" we have

(6.12)

L_
Kit
volyy (K N P ~ =20 < (5),
K

where ¢;(0g) is a constant depending only on 6y. If &; is a 1-regular M-ellipsoid for
Ky then we see that for every F € G;,,,, we have

vol,(Pr(Ko)"'™ < ¢1 vol,(Pr(E1))™.
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From Theorem 5.3 we know that
1/m

1/

(vol,u(Ko N F)vol,(Pr:(Ko))) "~ (vol(&1 N Fyvol,(Pr(&r)))  ~ 1.
Combining the above with the fact that, for any 1 < k < n -1, the maximal/minimal
volume k-dimensional section and projection of an ellipsoid coincide, we conclude
that

¢2(50) < vol,,(K N FHY™ < ¢1(80)
for every F € Gy, . Using this fact we can check that if A; > --- > A, > 0 are the
semi-axes of & then A, ~5 Vn. Now, we use the standard fact that there exists
Fy € Gy m such that Pr (E1) = A,,Bg,, and hence

¢3(60)Br, € Pr,(E1) € a(80)Br,.

Then, we define W = K,,.,1(7tr,(Uk,))) and K3 = W x U(W), where U € O(2m) satisfies
U(Fo) = Fy. The convex body K; satisfies the assertion of the theorem fora =1. O

Then, Dafnis and Paouris try taking advantage of the fact that small-ball esti-
mates are closely related to estimates for covering numbers. The key lemma is the
following.

Lemma 6.11. Let K be a centered convex body of volume 1 in R". Assume that, for
some s > 0,
rs :=InN(K,sB]) < n. (6.13)
Then,
I, (K) < 3es.

Proof. Let zy € R" be such that vol,(K N (=z + sB})) > vol,(K N (z + sBY)) for every
z € R". It follows that

vol,((K + zo) N sBY) N(K, sB2) > vol,(K) = 1. (6.14)

Let g = r,. Then, using Markov’s inequality, the definition of I_ (K + z) and (6.13),
we get
vol, (K +20) N3 L(K+2z9)B;) <31 <e=¢"< M%SBZ)
and hence
vol,((K + z) N 371 _,(K + z9)B}) < vol,((K + zg) N sB}),
which implies that
37, (K+z) <s.
Finally, we can check that I (K +z) > e I ((K) forany 1 < k < n—1and z € R"
Indeed, using Claim 6.5 and the fact that K is centered (more precisely, Fradelizi’s
inequality (4.1) for the centered log-concave function 7. (1x) where F € G, ;) we
write

-1/k
I_k(K + Z) = Cnk fVOln_k(K + Z) N FJ') dvn,k(F)
nk
-1/k
Cnk n 1
> 7 VOln_k(K NF )dvn,k(P) = EI_k(K)

nk
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This proves the lemma. O
We can now prove the main theorem.

Theorem 6.12. Assume that q_.(K, C) > pn for some C > 1, some € (0,1) and every
isotropic convex body K in R". Then,

Lo < S 1nie/p),

VB

where C > 0 is an absolute constant.

Proof. We set a := 2 —In(e/B)™" and, for this value of a, we apply Theorem 6.10 to
find an isotropic convex body K, which satisfies its conclusion: for some absolute
constants x,7 > 1 and 6 > 0 it holds that Lx, > 6L, and

In N(K,,, t ViBY) < % for all t > 7In*2(e/p).

We may clearly assume that 72 < ex as well. We choose
h = (ex)!/r—= N In*(e/p).

Note that 7 < vex < (ex)'?, and hence t; > T%lnz(e/ﬁ) > 7In*?(e/p). Therefore,
(6.12) is valid for t = t;, and this shows that

Kn

= h’lN(Ka, t \/EBS) m < —( \/—)“n B ﬁi’l

Then, from Lemma 6.11 we get
I, (K,) < 3et; Vn.
On the other hand, since g_.(K,, C) > pn and r; < n, we have that
ViiL, = L(K,) < Ty (Ko).
It follows that

2
L. <3eCh = 3eC(er) /"= In(e/f) < 2 Cx

VB VB

Since Lk, > 0L,, the result follows. O

In*(e/p).

Remark 6.13. Since q_.(K, (o) > ¢.(K) > ¢ v/n for some absolute constants {, > 1 and
¢ > 0, we may apply Theorem 6.12 with C = {; and 8 = ¢/ v/n to get

CC 4 2 6\/ﬁ 4 2
L, < — In"(—) < 1 ,
N Vnln ( p ) c1 Vn(lnn)
where c; > 0 is an absolute constant. This is a non-trivial estimate for L, slightly

weaker but close to the estimate L, = O(+/nInn) of Bourgain [28] and the estimate
= O(+/n) of Klartag [72].

We close this section with a much more direct reduction of the problem but with
a much stronger assumption. We shall use the following corollary of Theorem 6.10.
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Proposition 6.14. For every n > 1 there exists an isotropic convex body K in R" such
that Ly > c1L,, and

vol,(K N venBy) > ¢
where c; > 0 are absolute constants.

Proof. We apply Theorem 6.10 with @ = 1 to find an isotropic convex body K in R"
such that Lx > ¢;L, and

InN(K, ¢ viBl) < 22
for all t > c;. Then, if we set c; = /c; it is clear that
1 = vol,(K) < ¢"N(K, vcnB}) vol, (K N y/c;nB}) < e”vol, (K N vcnBy),

and the result follows. m|

From Proposition 6.14 we deduce the following direct reduction of the isotropic
constant conjecture to small-ball estimates.

Theorem 6.15. Assume that there exist ¢, cy > 0 such that for every isotropic convex
body K in R" and any 0 < € < ¢y we have that

vol,({x € K : |x] < e VnLg}) < %",
Then, L, < C for all n > 1, where C = C(&g, ¢y) depends only on ey and cy.

Proof. Proposition 6.14 shows that there exists an isotropic convex body K in R"
with L, < C;Lk and vol,(K N VCynBj) > ¢l for some absolute constants C, Cy, c2 > 0.
On the other hand, applying the hypothesis we see that for any 0 < ¢ < ¢,

vol,(K N e VnLg BY) < &,

1
Choosing ¢; = min {éo,C } and comparing the above inequalities, we get

C2C,

€1

2 < CL2 <

n

7. ELDAN’S STOCHASTIC LOCALIZATION

Eldan’s stochastic localization has been the key for the recent developments in
Bourgain’s slicing problem and other well-known isoperimetric problems about high-
dimensional log-concave probability measures and convex bodies, such as the Kannan-
Lovasz-Simonovits conjecture that we shall discuss in the next section. In this sec-
tion we briefly introduce the stochastic localization scheme that we shall use.

First we recall some preliminaries from stochastic calculus. We refer to [116],
[125] and [44] for definitions and background on semimartingales and stochastic
integration.

Let x; and y; be real-valued stochastic processes. The quadratic variations [x];
and [x, y]; are real-valued stochastic processes defined by

mAmZmA%fmdu%AmZmﬂ%wW%J
=1

|PI—0 |PI—0
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where P = {0 =179 < 71 < 7, < --- T t} is a random partition of the non-negative real
line, |P| = max, (1, — 7,_1) is the mesh of P, and the limits are taken in probability.
Note that [x]; is non-decreasing in t and [x, y]; satisfies the equation

byl = 50+ = bx= gl

Assume that the processes x; and y; satisfy the differential equations dx; = a(x;)dt +
o(x;)dW; and dy; = b(y,)dt + n(y:)dW; where (W) is a standard Brownian motion.
Then we have

t t

1= [ s and eyl = [ ountds
0 0

Also, d[x, y]; = o(x:)n(y:)dt.
Analogously, for vector valued differential equations dx; = a(x;)dt + X(x;)dW; and
dy, = b(y,)dt + H(y;)dW,; we have that

[x, %] = f (Z(x)ET(x,))ids  and  d[x', i1 = (Z(x)H' (y,))idt.
0

We shall use It6’s formula: If (x;);s9 is an R?-valued semimartingale and f : R —» R
is twice continuously differentiable, then

df(x 1 > f(x o
df(xt):Z j;if) ax' +5 ) di;;j) d[x, .. (7.1)
L)

i

§ 7.1. Eldan’s stochastic localization. A variant of the stochastic localization
scheme that we shall use was introduced by Eldan in [45]. Then, his idea was used
in a number of subsequent works [94], [37], [80].

Given a probability measure u = uy on R” with density o = gy, the starting idea
of localization is to restrict the distribution to a random half-space and then repeat
this process. The discrete version of this procedure is to define

Or1(x) = Qt(x)(l + ‘/E@C — 4y, w))

where 4, is the barycenter of the measure p;, the parameter i1 > 0 is sufficiently
small and w is a standard Gaussian random vector. So, each step is a renormal-
ization of the measure with a linear function in a random direction. Using the ap-
proximation 1+ y ~ e/"3¥" as ¥ — 0 we see that this process introduces a Gaussian
factor in the exponent, which is more and more concentrated as t — co. Eventually,
ur becomes a Dirac measure, and then any set has measure 0 or 1. The idea is to
stop at a large enough time t so that the density would include a strong Gaussian
factor but at the same time we would still be able to compare the original measure
p with .

In stochastic localization, the discrete steps described above are replaced by in-
finitesimal steps. Given a probability measure y on R” and a standard Brownian
motion (W;);~0, we consider the stochastic differential equation, indexed by x € R",

doi(x) = 0(x) {x — a;, dWy), oo(x) =1,
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where 4, is the barycenter of the probability measure with density g;(x) du(x). Note
that (W});»o is the same Brownian motion for every x, so that all the processes g;(x)
are driven by the same noise. This simplified version of Eldan’s process was intro-
duced by Lee and Vempala in [94].

We may assume that g;(x) > 0 for all ¢, almost surely. We have

d| [ atrduc)| = [ doduc) = Rf (¢ =)o) du(x), dW;) = 0

n Rn

by the definition of a,, which shows that the total mass of g;dy remains constant.
So, u¢ := ordu is a random probability measure for every ¢t > 0. We can also check
that g;(x) is a martingale for all x. In particular,

E(0:(x)) = 00(x) = 1
for all x. This shows that the random measure y; is equal to u on average:
E(u) = p.
Finally, we can solve the equation
doi(x) = o(x){x — ar, dW})
explicitly: Applying It6’s formula to In g;(x) we get

do(x)  1do)]

d(In g,(x)) = o) "2 2w

— (x = a, dW,) - %pc _aPdt,

which gives

t t
oi(x) = exp f(x — ag, dW,) — % flx —ag*ds| = exp (Ct +(x, &) — élxlz),
0 0

where (c;) and (&;) are random processes that do not depend on x. This shows that
u is obtained from p by a random Gaussian tilt with random linear term and nor-
malization, but deterministic quadratic term tx|>/2.

This means that if the original measure u is log-concave then the measure y; is
t-uniformly log-concave (i.e. the function @t(x)e”x'2/ 2 is log-concave) almost surely,
and the process becomes more and more peaked as t grows. In summary, starting
with a log-concave probability measure y, this construction yields a family (u;);-0 of
random probability measures such that

e for every t > 0, u; is t-uniformly log-concave.
e the original measure y is recovered as the mixture of the random measures
s, in the sense that y = E(u).

Moreover, the process (i) is constructed as a solution of a stochastic differential
equation, and using Itd’s formula enables a quantitative analysis of its evolution in
time.

§ 7.3. Construction of the process. A rigorous construction of this stochas-
tic localization process is provided in [81] (see also [84]). Consider a standard
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n-dimensional Brownian motion (&;) defined on some probability space (Q, A, P)
equipped with a filtration (A;). For every x € R" the process (E;) defined by

E; =exp (<xl &) — §|x|2)

is a martingale. Then, for any test function g, the process
t
N; = fg(x) exp ((X, &) — §|XI2) du(x)
Rn

is also a martingale, and in particular we have that IE(N;) = Ny = E(g).
We define the random probability measure p; on R” with

1
duy(x) = 2 exp ((x, &) — %IxIZ) du(x) (7.2)
where

t
Zy = f exp ((x, &) — Elxlz) dp(x)
R‘Vl
is a suitable normalization constant. Then,

N =2 [ g diuto
RH
We fix T > 0. Since (Z;);<r is a positive martingale with expectation equal to 1, if Q

is the probability measure on (Q, A) with density Z; with respect to P we have that
the process (M;) defined by

M = | g(x)du(x)
/

is a martingale with respect to Q. Using Girsanov’s change of measure formula we
check that the It6 derivative of M; is given by the formula

vt = ([ gt - ) duto) awe)

IRII

where a; = fw x du(x) is the barycenter of ;.

One can also obtain a concrete description of the law of (&;). It is proved in [84]
that (&;) has the same law as the process (X + W;) where (W;);»o is a standard
Brownian motion and X is a random vector which is independent from (W;);»o and
is distributed according to u.

§ 7.4. Time reversal. Let ¢ denote the density of u with respect to the Lebesgue
measure. Then, we can reformulate the definition (7.2) of 1, as follows:

(7.3)

f L _ Jre 8@ xp (¢&ex) = L) dx
gapr =

[ 000) exp (&1, x) = L[x) dx
for any test function g. We introduce the heat semi-group

Pif(x) = E(f(x + W) = f =y,
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where y(x) = (2mt)™/2e /% is the density of the Gaussian measure with mean 0
and covariance matrix tI,,. Then (7.3) takes the form

P1/(g0) (ét)
du; = ——=(=).
]Rnfg e Piio \f

Now set s = 1/t. Since the process (&;) has the same law as the process (tX + W;) we
tX + W,

have
&
?t = t = X + SWl/S

in law. Since W, := sW, is again a standard Brownian motion we conclude that

up to the time reversal t = 1/s, the process ( f gdu)i=0 has the same distribution as
(Qs8(X + Wy))ss0, where Qs is the operator defined by

_ DPy(g0)
=y

Qsg

Since the heat semigroup is self-adjoint in L?(dx) we may also check that
Q.g(X + Wy) = B(g(X) | X + W).

Combining the above we see that, up to the time-reversal ¢t = 1/s, the stochastic
localization process (u;)i initiated from u can be viewed as the evolution of the
conditional law of X given X+ W;, where (W;),-( is an independent Brownian motion.
In particular, for every test function g the variable f]Rn gdu; has the same law as

E(¢(X) | X + V/sG) where G is a standard Gaussian random vector independent of
X.

8. KANNAN-LOVASZ-SIMONOVITS CONJECTURE

Let u be a Borel probability measure on R". For every Borel set A C IR” we define
the Minkowski content u*(A) as follows:

Ap) — u(A
H+(A) = h¥n(}pf M,

where A; = {x € R" : dist(x, A) < t} is the t-extension of A. The isoperimetric ratio of
A is defined by x,(A) := u*(A)/ min{u(A),1 — u(A)}. Then, the (reciprocal) Cheeger
constant 1, of u is the quantity
min(u(A), 1 - u(A))
=su =su ,
vemsP T @ T T @

where the supremum is over all open sets A ¢ R" with smooth boundary and 0 <
u(A) < 1. It follows from results of Rothaus, Cheeger, Maz’ya (see [21]) that if a, is
the smallest constant with the property that for every integrable, locally Lipschitz
function f : R” — R one has

f ()~ Eu(Dldu(x) < a, f IV G du(),
J

RPZ
then a,/2 < ¢, < 2a,.
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§ 8.1. Isoperimetric profile. The isoperimetric profile I, : [0,1] — [0, +o0] of u is
the function

I,(t) = inf{u™(A) : A Borel, u(A) = t}.
Note that

t
= su - i
Vi = S, minll(), 1, = ]
The next important result of E. Milman, whose proof employs deep tools from geo-
metric measure theory, is very useful.

Theorem 8.1. Let 11 be a log-concave probability measure on R". Then, the isoperi-
metric profile 1, of u is concave on (0, 1), and for every t € (0,1) we have I,(t) = I,(1-1).
As a consequence,

t 1

= Su = .
Y o LB 21,(172)

The concavity of the isoperimetric profile on a convex domain was first obtained
by Sternberg and Zumbrun in [131]. They showed that if n > 2 and K is a convex
body in R", then I,, is concave on [0, 1], where A is the uniform probability measure
on K. Kuwert later noted in [88] that IXL =1 js also concave on [0, 1]. This is precisely
the correct power to use. Kuwert’s result was extended to convex domains in Rie-
mannian manifolds with non-negative Ricci curvature by Bayle and Rosales [14].
E. Milman showed in [106] that the concavity of I, remains valid for log-concave
measures on R".

Theorem 8.1 asserts that we can calculate the Cheeger constant of a log-concave
probability measure u by looking only at Borel sets A with pu(A) = 1/2. In fact,
E. Milman proved in [106] that one can determine the order of the constant ¢, just
by testing 1-Lipschitz functions of the form x — d(x, A).

Theorem 8.2. Let u be a log-concave probability measure on R". Then,

) (8.1

N~

0y~ sup [ de, At i) >

Ril

§ 8.2. Kannan-Lovasz-Simonovits conjecture. Kannan, Lovasz and Simonovits
conjectured in [70] that the isoperimetric ratio of any Borel set A with respect to the
uniform measure Ax on a convex body K in IR” should be, up to an absolute constant,
at least as large as the minimal isoperimetric ratio over all half-spaces. Recall that
when K is an isotropic convex body in R” then 1/Lk is approximately equal to the
(n—1)-dimensional volume of the section of K with any hyperplane passing through
the origin: we know that vol,_1(KN&Y) =~ 1/Lg for every & € S*~1. On the other hand,
vol,_1(K N &*) is the Minkowski content of the intersection of K with the half-space
Hg = {x: (& > 0} or H; := {x € K:(x,&) < 0}. Therefore, the KLS conjecture
amounts to asking whether 1,, < cLx. Taking into account the isotropic constant
conjecture and the different normalization that we have chosen in the definition
of isotropic log-concave measures, we can restate the KLLS conjecture in the more
general setting of isotropic log-concave probability measures as follows:
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Conjecture 8.3 (KLS conjecture). If u is an isotropic log-concave probability mea-
sure on IR" then the reciprocal Cheeger constant of u satisfies 1, < C for some absolute
constant C > 0. In other words,

Yy, = sup{ip, : u is an isotropic log-concave measure on R"} < C.

Kannan, Lovasz and Simonovits [70] gave an upper bound for 1, in terms of the
quantity
1

J1(K) := voL.(K) f |x — bar(K)| dx,
K

where bar(K) is the barycenter of K.

Theorem 8.4. For every convex body K in R" one has
Pag < ci(K). (8.2)

The proof of Theorem 8.4 exploited the localization lemma of Lovasz and Si-
monovits from [98], a very useful tool that allows one to reduce inequalities for
log-concave functions in IR” to one-dimensional inequalities. Note that, if K is an
isotropic convex body in IR” then

0 < ([ ebar) " = i,
K

and hence (8.2) implies that
Yy < cVnly, (8.3)
where ¢ > 0 is an absolute constant.

The KLS conjecture is stronger than the isotropic constant conjecture. Ball and
Nguyen [10] showed that L, < exp(cy?) for an absolute constant ¢ > 0. In fact, from
their work one can conclude that for each individual isotropic log-concave proba-
bility measure u, a bound for the KLS constant implies a bound for the isotropic
constant: one has that L, < exp(apfl). An important result of Eldan and Klartag
[46] establishes a linear dependence of L, on 1,,.

Theorem 8.5. There exists an absolute constant C > 0 such that, for every n > 1,
L, < C,,.

Theorem 8.5 shows that any upper bound for ¢, implies an equivalent, up to an
absolute constant, upper bound for L,,. In fact, as we will see in this section, Klartag

has established in [78] the upper bound ¢, < c Vinn.

§ 8.3. Poincaré constant and KLS constant. The Cheeger constant is closely
related to another isoperimetric constant associated to p, the Poincaré constant,
defined to be the best, i.e. the smallest, constant 9, with the property that

2
Ve = [ Pan-| [ rau| < [wreay
RVI

RH n

for all locally Lipschitz functions f : R" — R with f IV du < co. We shall use the
fact that the Poincaré constant is subadditive: if u, v are probability measures then
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wa < Sﬁ + 92, where u = v is the convolution measure of u and v; this follows by a
classical variance decomposition and the convexity of t — #> (see e.g. [24]).
A theorem of Maz’ya [104], [105] and Cheeger [39] shows that the Poincaré con-

stant 9, of u is bounded by the reciprocal Cheeger constant 1),.

Theorem 8.6. Let 11 be a Borel probability measure with reciprocal Cheeger constant
Y. Then its Poincaré constant 9, satisfies

Sy < 2¢,. (8.4)
On the other hand, the assumption that u is log-concave implies a reverse in-

equality with a constant that does not depend on the dimension. The next theorem
is due to Buser [33] (see also Ledoux [90]).

Theorem 8.7. Let 11 be a log-concave probability measure on R". Then, 1, < c9d
where ¢ > 0 is an absolute constant.

)

§ 8.4. Improved log-concave Lichnerowicz inequality. One of the crucial
ingredients in Klartag’s estimate for ¢, is an improved log-concave Lichnerowicz
inequality which we now describe.

In what follows we assume that p is a log-concave probability measure with a
density o = ¢7?, where ¢ is a convex function on R". There are some issues that
we shall ignore in our discussion. What we will do requires that u is regular. We
assume that the density g of u is smooth and positive on R”, and there exists 6 > 0
such that 6I, < V¢ < 67'I,, where V2@ denotes the Hessian of ¢. Also, we assume
that ¢ and all its partial derivatives grow at most polynomially at infinity. One can
obtain a reduction to this case, because of the following lemma: For every u and
¢ > 0 we may find a regular v that satisfies 9] > 97, — ¢ and [|Cov(v) — Cov(u)llop < &.
A proof of this fact is given in [78, Lemma 2.1].

We consider the class ¥, of all functions u on R" which are smooth and have
subexponential decay relative to g, i.e. there exist C,a > 0 such that

()| < ———e,
Vo(x)

where ¢ is the density of u. We also require that the same is true for the partial
derivatives of u. The Laplace-Beltrami operator is defined for u € ¥, by

Lyu = Au— Ve, Vu).

The Laplace-Beltrami operator satisfies the basic identity

f(Lyu)vdy = - f{Vu, Voydu (8.5)
R R
for all u,v € ¥,. We will also use Bochner’s formula
j‘(Lyu)2 du = f”VZM”%Is du + f{(VZ(p)Vu, Vuydu (8.6)
R R R
which holds true for every u € ¥,. Note that —L, is essentially self-adjoint and
positive semi-definite in #, c L*(u), and has a discrete spectrum Ay < A; < -+ <
Aj < ---. The minimal eigenvalue A of L, is 0, a simple eigenvalue with constant
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eigenfunctions. Let A, = A; denote the smallest positive eigenvalue of L. If -L,g =
Aug with fgdy =0, then

Ay f g dp = f (~L.8) gdu = f Vgl dy.
IRH Rn Rn

This shows that 1/4, < Sﬁ. In fact, we have equality by the next lemma.
Lemma 8.8. For every log-concave probability measure 11 on R" we have that
1/A, = Sﬁ.

Proof. Define the energy functional
&)= [ V7, Vg)du
Rl’l

for f, ¢ € F,. Note that &(-, -) is linear in each of its arguments and &(f, f) > 0 for all
f € Fu. We can write any f € ¥, as

f = {f, wo)wo + Z(f, wj)wj,
j=1

where —L,w; = Ajw; and w; form an orthonormal sequence in L?(u). Note thatw, = 1,
and hence (f, wg) = f fdu. For every s > 1 we have that

0< 8{f - Z(f,wj>wj,f - Z(f,wk>wk]
j=1 k=1

= &(F, f) =2 ) (fwpEw;, )+ ) f ) f, 0wy, w0,

=1 jk=1
On observing that
8(%()]', wk) = /\]' fijk dy = A]'(Sj,k
Rl‘l
and

8w, f)= [, Vpdp= [ (Lyw) faw=1, [of dp=Adf )
RVI R)’I R”
for all 1 < j, k <s, we conclude that

0<&(f, )= ) Al w)?,
j=1

and this shows that

AMVar,(f) = Ay ffzdy—[“ffdy] <i/\j<f,wj)2<8(f,f):fIVflzdy.

R" j=1 R

It follows that Sfl < 1/A4, and this completes the proof. O
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Definition 8.9. We say that a Borel probability measure p on R” with density
0 = e™? is t-uniformly log-concave if the function g(x)e™’/? is log-concave. Then,

(x) — % is convex, that is V2@(x) > tI, for all x € R".

A theorem of Bakry and Ledoux [4] asserts that if y is t-uniformly log-concave
then

2= — < :
=< (8.7)

This inequality is known as the log-concave Lichnerowicz inequality, because it is
analogous to some investigations of Lichnerowicz [96] in Riemannian geometry (see
[5] and [91]). The following stronger “improved log-concave Lichnerowicz inequal-
ity" was proved by Klartag in [78].

Theorem 8.10. Let t > 0 and let u be a t-uniformly log-concave probability measure

on R". Then,
1 [ICov ()l
2 = — <K —P .
o T ; (8.8)

Note that (8.8) is stronger than (8.7), since [|[Cov(u)llop < 1/, (see Remark 8.12

ICov(1)llop 1 1 1 . .
below), and hence -/ n < Now So, from (8.8) we get T < —W, which in turn
gives (8.7). On the other hand, the Kannan-Lévasz-Simonovits conjecture asks for
the estimate

= <cliCov{pllp

u

for an absolute constant ¢ > 0. Therefore, in the context of t-uniformly log-concave

measures, (8.8) stands between the Bakry-Ledoux theorem and the Kannan-Lévasz-
Simonovits conjecture.

Equality in Theorem 8.10 is attained when i is a Gaussian measure, with any

covariance matrix. In this case we have that Si and ||Cov(u)llop coincide, and they

also coincide with the inverse lower bound on the Hessian of the potential. If yf,f ) is

the distribution of a Gaussian random vector of mean zero and covariance matrix

sI, in R" then ¥ satisfies the assumptions of Theorem 8.10 for ¢ = 1/s while 9%, =
Vn

ICOV(lop = s.
The proof of Theorem 8.10 is based on the next lemma.

Lemma 8.11. Let 11 be a regular log-concave probability measure on R" with density
o = e %, where ¢ is a convex function. If w, is an eigenfunction corresponding to
Al = /\HJ with ||ZU1||L2(“) = 1, then

f (Vp)Vor, Vaon) dps < A2ICov(p)lop.
R”

Proof. Applying Bochner’s formula (8.6) for w;, we get
2= f (Lyw:)? dy = f (Vp)Vewr, Vior) dy + f V220112 dp.
Rﬂ RH RH
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Note that

[vwisau =Y, [ wowpay

e =1 %

> M Z f|3iw1|2dy — Z
=1 5o i=1

~ 1| [ Vo du -

KRH

Rn

2]

f&iah du
]Rn

2
wal du ]

Rn

2

Therefore,
2

7

A > f (V2Q)Vwy, Vawyydu + A2 — A4

RH

wal d‘u

IRTI

which implies that
2

f((Vzgo)le,Vdey <A . (8.9)

IRM

wal du

R

Now, let & € S"! and consider the function gs(x) = (x, &). Set E; = f g:du. We may

write
2
= Lowl,Vgad#
n 2
f w1 gsdp

R

<A f wr du - f (g¢ — E<)*du = AX(Cov(p)E, &),
]Rn

R”

2 2

( f Ve, du, &)

Rn

f(_L/lwl)gé du
Rn

f wi(g — Ex)dy

R"

2

:/\f :/\f

taking into account the fact that f wy du = 0. It follows that

2
]Rn

]Rn
= /\%”COV(H)”op

2

< A7 sup (Cov(p)é, &) (8.10)

565"’1

= sup
éesn—l
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Combining (8.9) and (8.10) we obtain the assertion of the lemma. O

Remark 8.12. For every & € S"! we have Vg, = &, and hence

1 1
<®m%@=wm@<7fW%mpxﬁ
1 1

IRI'I

This shows that
1
”COV((U)”op <. (811)
M
Proof of Theorem 8.10. By Lemma 8.11, using also the assumption that V2 > tI,,
we have that

=t [ VP < [(P)Viwr, Vo) du < AICov @l
R” R"

which implies that

C 0
AL t

This is the claim of the theorem. m|

§ 8.5. Stochastic localization. Let u be an isotropic log-concave probability mea-
sure on IR” with a regular log-concave density o = e™?. Set gy = 0, yo = y, ap = bar(u),
Ap = Cov(u) = I, and Ag = A,,. In particular, since p is isotropic, we have [|Ag|lop = 1,

and we aim to show that
c

=cC
”AO”op

for an absolute constant ¢ > 0. For t > 0 and £ € R" consider the measure y;: with
density

Ag =

e<x,5>—tIXI2/2

1
Ore(x) = Zie 00(x),

where Z,: is a suitable normalizing constant. Note that u;: is t-uniformly log-
concave and if we set A, = A, ,, Ay = Cov(us ) etc., then

t
Aig > (|[———— >t
o WW%p

by Theorem 8.10. As in Section 7, we choose &; in a random way, by the stochastic
differential equation

50 = 0/ dét = th + at,&dt/

where (W)) is a standard Brownian motion in R” with W, = 0. One can check that
(&40 coincides in law with the process (tX+W;):»0, where X ~ u is independent from
W;. We set

Wi = Ueg, O = Org,,ar = bar(uy), Ay = Cov(u), Ay = Ay,
From It6’s formula we see that

doi(x) = o (x){x — a;, AWy), x € R".
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The process (0:(x))=0 is @ martingale with respect to the filtration induced by the
Brownian motion, and in particular

E(0(1) = ao(x) = 0(x) (8.13)

for all t > 0 and x € R". Recall that Ay = I, because y is isotropic, therefore ||Alop =
1. One of the crucial properties of the covariance process (A;):so is the following fact.

Theorem 8.13. For every 0 < t < ¢/(y? Inn) we have
]E ”Atllop < C/ (814)
where C > 0 is an absolute constant.

In Section 9, this estimate will be combined with the small-ball reduction from
Section 6 to yield the slicing bound. A sketch of the proof of Theorem 8.13 will be
presented in the Appendix (Section 11). We also need the next lemma.

Lemma 8.14. Let f € L*(u). For every t > 0 we have that

E (Var,,(f)) < Var,,(f) < (2 + ALO)IE (Var, (f)).

Proof. For f € L*(1) we set

M (f) = f F(x)01e(x) dx.

RH

This is a smooth function of &, and differentiation under the integral sign shows
that

VeM,(f) = f(x — ) f(X)0re(x) dx = f(x —are)(f(x) = Mie(f))ore(x)dx.  (8.15)
R" R”

From (8.13) and Fubini’s theorem we see that

Var,,(f) = f(f — Mo)*00 = E[mf(f—Mo)ZQt] (8.16)

RH n

=E [“f (f - Mt)zpt] + E(M; — My)>.
E [mf(f — M),

Next, we observe that

Note that

= E(Var,,(f)) < Varg(f).

E(M; — My)* = Var(M;) = Var(M,z,(f)).

Recall that & ~ tX + W;, where X has distribution 4 and W, is a Gaussian random
vector in R”, independent from X, with mean zero and covariance matrix tI,. From
the subadditivity property of the Poincaré constant we get

2

t
9 = 0w, SO+ 9, = Tt (8.17)
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From (8.15) and the Cauchy-Schwarz inequality we see that
VM= sup [ G- () - Mus( s

uesSn-1
]Rn

< Mucllop Var,, ()

for any & € R". Using the Poincaré inequality for the random vector &; and (8.17),
we get

Var(Myg (1) < (1+ ) FEIVa Mo ()P (8.18)
t
<1+ ) (1A g Var, (1)
t

( ) Var@,(f)

where we have also used the fact that [|A||,, < 1/t. Combining (8.16) and (8.18) we
see that

Var,,(f) < E(Var, () + (1 N Aio)nz (Var, () = (z + Aio)lﬁ (Var, (),
as claimed. O

A consequence of Lemma 8.14 is the next proposition.

Proposition 8.15. For any a > 0 and 0 < t < aA,

E( v ”At”op)

— <ci(a+2)E1/A) < ci(a+2) , (8.19)
Vit
where ¢, > 0 is an absolute constant.
Proof. Recall E. Milman’s Theorem 8.2 which states that
cAy' < sup Var,(f), (8.20)
P

where the supremum is over all 1-Lipschitz functions f : R” — R and ¢ > 0 is an
absolute constant. Therefore, we may choose a 1-Lipschitz function f : R* — R
such that

Var,(f) > cAy'/2. (8.21)

Lemma 8.14 and the Poincaré inequality imply that

Var,(f) = Var,,(f) < (2 + a)E (Var, (f)) < 2+ a)]E[/\l f v leQt] (8.22)
IRVL

< 2+ a)EMAMD.
Now, the left-hand side inequality in (8.19) is a consequence of (8.21) and (8.22),
while the right-hand side inequality follows from (8.8). O

§ 8.6. Upper bound for the KLS constant. We are now ready to prove Klartag’s
upper bound for 1,,.
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Theorem 8.16. For any n > 2 we have that
Y, < CVlnn,
where C > 0 is an absolute constant.

Proof. We may choose an isotropic log-concave probability measure u on IR” so that

P > % (8.23)
From (8.14) we know that, for t = cy;?/ Inn,
E(yI4ddlop) < Bl < Co, (8.24)

where C; > 0 is an absolute constant. By the definition of ¢ and the fact that i, =
Yy = 9, and Ag = 9,2 we get

t<ay;,” < ap? < o (8.25)
Then, we can apply Proposition 8.15 with @ = ¢3. Combining (8.19) with (8.24) and

the choice of t gives
E(/Il1A¢lo
Ayt < CZM <Se Csy, Vinn. (8.26)
Vit Vit

Then, from (8.23), (8.26) and the equivalence A;' = 92 ~ ¢? we get
Y2 <42 < CsAy' < Copy Vi,

which shows that ¢, < C VInn for an absolute constant C > 0. |

9. THE SLICING THEOREM

Our aim in this section is to describe the affirmative answer to the slicing prob-
lem. More precisely, we shall show that the equivalent isotropic constant conjecture
is true.

Theorem 9.1. There exists an absolute constant C > 0 such that L, < C forall n > 1.

We shall present the proof of P. Bizeul [16] which makes use of the reduction to
small-ball estimates that we presented in Section 6. In what follows, we say that a
random vector X in R" is b-subgaussian if for every p > 1 and any & € §"!

(B KX - E(X), &) < bp.

The small-ball estimate of Theorem 6.8 can be also stated for a not necessarily
isotropic log-concave random vector. Then, it takes the following form (see Paouris
[118]).

Theorem 9.2. Let X be a b-subgaussian log-concave random vector in R" with co-
variance matrix A. For any 0 < ¢ < c¢p and any y € R,

cotr(A)

P (IX — Y < e tr(A)) < ePHbelt T

where cy > 0 is an absolute constant.
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One can check that the theorem is tight, up to absolute constants, by consider-
ing the case where X is a standard Gaussian random vector. However, for general
isotropic log-concave random vectors, it provides a suboptimal exponent of order
vn. Lee and Vempala [94] obtained an improved estimate using stochastic local-
ization.

Theorem 9.3. Let X be an isotropic log-concave random vector in R". For any y € R"
and any 0 < ¢ < ¢,

CO n

IP(IX —yP < sn) < g viilnt)

where ¢y > 0 is an absolute constant.

In the previous section we discussed the best known bound for the KLS constant,
due to Klartag [78]: we saw that

2 <Clnn

for some absolute constant C > 0. Inserting this estimate into Theorem 9.3 we get
an exponent which is of the order of n up to a factor (Inn)?>. However, even if we
knew that the KLS conjecture has an affirmative answer, the estimate of Lee and
Vempala would still include a suboptimal factor Inn.

§ 9.1. The slicing theorem. Following Bizeul [16] we shall see how one can remove
the extra logarithmic factor that appears in Theorem 9.3 and establish an optimal
small-ball estimate.

Theorem 9.4. Let X be an isotropic log-concave random vector in R". For any 0 <
e <candany y € R",

1P(|X -y < sn) < gon
where cy > 0 is an absolute constant.

Then, we will show that Theorem 9.4 implies the isotropic constant conjecture.
In Section 6 we described in detail the work of Dafnis and Paouris and the reduction
of the isotropic constant conjecture to the optimal small-ball estimate. Theorem 9.4
is actually equivalent to Theorem 9.1. For the inverse direction note that if L, is
bounded above by some constant C; > 0 then we have seen that the same holds true
for L,. This means that for any isotropic log-concave random vector X with density
f and any ¢ > 0 and y € R", we have that

1P(|X -y < En) = f f(x)dx < C'vol,(VenBl) < (Cpe)"'?,

which implies Theorem 9.4.
Before entering the details, we briefly outline the main steps of the proof.
e By the reduction of Section 6, it suffices to establish the small-ball estimate
stated in Theorem 9.4.

e To this end, we introduce Eldan’s stochastic localization scheme and its as-
sociated covariance process, whose behavior is controlled using the results
of Appendix 11.

e These estimates are then combined with Guan’s results to derive the re-
quired small-ball bound.
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e Finally, the slicing estimate follows from the small-ball bound via Theo-
rem 6.15.

We start with some preliminary facts that will be used in the proof. The first one
is a variant of Theorem 9.2.

Lemma 9.5. Let X be a b-subgaussian log-concave random vector with covariance
matrix A. Then, for any y € R" and any 0 < € < ¢y we have that

¢ tr(/-‘i)3

4n||A||op€ 8n20b2HA||(2)P
tr(A)

P (X - yP < etr(4)) < (

where ¢y > 0 is the constant from Theorem 9.2.

Proof. Let Ay > ... > A, be the eigenvalues of the matrix A. For any 2 < k < n we
have that

n k-1
A > Y Ai=tr(A) = Y A > tr(A) — kAy. (9.1)
i=k i=1

k = max {[t;(f)J, 1} .
1

If k > 2 then (9.1) implies that

We choose

tr(A)

2n '
which remains true when k = 1. Let E be the k-dimensional subspace associated to
the eigenvalues A4,..., A, and let Xy = PrX be the projection of X onto E, and A =
PrAPg the covariance matrix of Xz. Then, Xr is b-subgaussian and its covariance
matrix satisfies :

A =

\

_ 2n k tr(A)?
Atllop < [1Allop, Af'llop < ——,  tr(Ag) > —tr(A) > .
” E”op ” ”op ” E ”op tl'(A) I‘( E) n I'( ) 4n||A||op
Let y € R" and define yg = Pry. If 0 < € < ¢y then
P (X -y < etr(A)) <P (IXg - yel < etr(A))
cotr(AE)
< € tr(A) \ P1eloplaz lop
~\ tr(Ap)
cotr(A)?
- dne||Allop \ se2r21413,
S wA4)
where the second inequality follows by applying Theorem 9.2 to Xg. O

We shall also use some classical facts about log-concave vectors. The next lemma
is a special case of (4.3).

Lemma 9.6. There exists an absolute constant ko > 1 such that for any log-concave
real random variable Y and any p > 2

(EIYP)"? < kop (E[YP)'2.
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Recall also that a random vector, or its density, is called t-uniformly log-concave
for some t > 0 if it is log-concave with respect to a Gaussian of variance % The next
lemma follows from a log-concave/convex correlation inequality of Hargé [68].

Lemma 9.7. Let X be a t-uniformly log-concave random vector. Then, X is

<)

subgaussian.

Proof. Without loss of generality we may assume that t = 1 so that X is log-concave
with respect to the standard Gaussian measure denoted by y,,. We may also assume
that E(X) = 0. Hargé’s result states that if f is log-concave and g is convex then

Cov,,(f, & <0. 9.2)
Let f be the relative density of X with respect to y,. Applying (9.2) with g(x) =
[(x, EMF for all p > 1 and all & € S*! we obtain the result. O

§ 9.2. Reduction to small diameter. A first observation, which has been also
used in previous approaches to the problem, is that in order to prove Theorem 9.4
we may assume that X is supported in a ball of radius of the order of +/n and that
y = 0. In this subsection we explain this reduction.

Lemma 9.8. Let X be an isotropic log-concave random vector in R". There exists an
isotropic log-concave random vector Y which has support inside the ball B(0, \/c1n),
where c¢1 > 0 is an absolute constant, and satisfies

P(IX -yl <eva) <P(Y]<2e Vi)

for every 0 < ¢ <1and any y € R".

%N( of X, where X is an indepen-
dent copy of X. Then, X; is an isotropic symmetric log-concave random vector with
the property that, for any r > 0,

Proof. We consider the symmetrized version X; =

~ 1/2
P(X-yl<r)=[P(X-yl<r X-yl<r)| (9.3)
1/2
< H’(‘\}E(X %) < \/_r)]
= [P(1x11 < \/Er)]m.

We set K = B(0, 8«3 Vi) = {x € R" : |x| < 8«7 Vn}, where «y > 1 is the constant from
Lemma 9.6, and define the random vector

X3 = Xq - Ixex.

If £ is the density of Xj, then X, has density
= filk
Jefi

where the inequality above holds because fK fi > 1. To see this, we first use the fact
that X; is isotropic and Markov’s inequality to write

<2fily, 9.4)

P(X; € K% = P(Xq|* > 64x;n) <

1
E' (9.5)
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K

We know that X, is symmetric, and hence, from (9.4) we get
COV(XQ) < 2In
In fact, we claim that

%In < Cov(X3) < 2I,. (9.6)

To see the left-hand side inequality, for any & € S"! we write

f (x, EY fo(x) dx > f (x, £ f(x) dx
R" K

“1- [ er o dx
KC
1/2

>1-P(X; € K)? f (x, &) fi(x) dx

1 1
>1- S—KS (2K0)2 f<x/ E>2f1(x) dx = E/
]Rn

where we have used the Cauchy-Schwarz inequality, Lemma 9.6 and (9.5). Finally,
we set

X3 = COV(Xz)_l/ZXZ.

Note that X3 is an isotropic log-concave random vector by construction. Further-
more, using (9.6), we see that it has support inside the ball B(0, 8 \/EK% v/n). For any
0 < e <1, setting r = ¢ Vn we get
P (X € B(y,7)* <P (X € B0, V27)) 9.7)
<IP(X, € B(0, V27))

P (X5 € Cov(X2)/2B(0, V2r))

IP(

< P(X; € B(0,2r))

where we used successively (9.3), the fact that B(0, V2r) ¢ K = B(0, 8«2 y/n) and in
the last line the inequality (9.6). O

It is now clear from (9.7) that in order to prove Theorem 9.4 we may assume X
has support inside a ball of diameter c; Vi, where ¢; > 0 is an absolute constant.

§ 9.3. Bounds for the shrinkage of sets. The main idea for the proof of Theo-
rem 9.4 is again to use stochastic localization as in the previous section. We recall
some basic facts from Section 7. If u is a log-concave probability measure with
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density o with respect to the Lebesgue measure, for t € R and £ € R” we define a
density

1 :
0s(0) = ™), xeR" (9.8)

tE
where Z; : is a normalizing factor. Note that g, s is t-uniformly log-concave. We also
define

Apg = f X0t (x) dx
R”

and

A= [P0,
R
the barycenter and covariance matrix of g;; respectively. The tilt process (&;)io is
defined as the solution of the stochastic differential equation:

dét = at,&dt + th (99)

where (W;);5 is a standard Brownian motion. The process g, is the stochastic
localization process starting at p. We abbreviate g = ¢;¢, and similarly for the
barycenter and covariance, a; and A;. We also define u; to be the random measure
with density g;. For any x € R", g; is an It6 process satisfying the stochastic differ-
ential equation

do(x) = (x — a;, AW o (x). (9.10)

Integrating (9.10) we see that for any integrable function ¢, the process ( f » PAL) 0
is a martingale. In particular, for any ¢t > 0

E,(p) = E(E,(¢)) 9.11)

Therefore, for any ¢t > 0 we have decomposed the original log-concave probability
measure 1 into a mixture of measures p; which are t-uniformly log-concave.
By the log-concave Lichnerowicz inequality (8.7) we have that

A < ?In (9.12)

almost surely, in the sense of symmetric matrices. Using Klartag’s improved log-
concave Lichnerowicz inequality of Theorem 8.10, Guan [65] obtained a lower-bound
on the trace of A; up to a time of order 1:

Theorem 9.9. Assume that the starting measure 1 is an isotropic log-concave prob-
ability measure. Then,
]E(tr(A(;l)) > 01n,
where 61 > 0 is an absolute constant.
A skt)atch of the proof of Theorem 9.9 will be presented in the Appendix (Sec-
tion 11).

Our goal in this subsection is to obtain estimates for the evolution of the measure
of sets along the stochastic localization process under the additional assumption
that p has bounded support of diameter D.
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Proposition 9.10. Let u be an isotropic log-concave probability measure with bounded
support of diameter D. For any measurable set S and any A > 1 we have that

24 1
u(S) <e™ p(S)t

with probability at least 1 — %, where (U;)i=0 is the stochastic localization process
starting at L.

Proof. Let S C IR" be a set of positive measure and let g, = 14(S). Using (9.10), we
can check that

g = <f(x - ﬂt)d#t(x)rdwt>-
S

Then,
2

dlgl: = dt.

f (x - a)dpu ()
S

Note that y; is supported in the same set as p, which has diameter D, and hence

2 2
f(x —a)du(x)] < sup |x—af fd‘ut(x) < D*uy(S)* = D*g7.
S xesupp(p) S
It follows that
dlgl; < D*grdt. (9.13)
. ~ 1 dgr  1d[gl: C 1. .
Using It6’s formula (7.1) we compute d( In(g; )) = —? + 572 which implies that
t 8t
2
dE(In(g7")) < %, and hence
Dt
-1 -1
E(In(g;")) <In(g5') + - (9.14)

Now, let A > 1. From (9.14), using Markov’s inequality, we see that with probability
at least 1 —

DZ
In(g7) < A (1n(g51) ; Tt)
Equivalently,
1 < l1 + Dt
ng() X A ngt 2
and the result follows. m|

§ 9.4. Proof of the slicing theorem. We start with the proof of the optimal
small-ball estimate of Theorem 9.4.

Proof of Theorem 9.4. Lemma 9.8 shows that it is enough to consider an isotropic
log-concave random vector X distributed according to an isotropic log-concave prob-
ability measure u with support of diameter c; v, where ¢; > 0 is an absolute con-
stant. Let (u;)-0 be the stochastic localization process starting at u and let X; be
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the random vector with law ;. Let 6; be the constant in Guan’s Theorem 9.9. We
consider the event

Eo = {tr(A()l) P 617’1/2}
Lemma 9.11. We have IP(Eo) > 67/2.

Proof. We set py = IP(Ep). From (9.12) we know that A;, < 6%1,1 almost surely, and
hence

n
o1 < IE (tr(Ay,)) = E (tr(As,)1g, ) + E (tr(As ) 1gg) < — + =,
1
which implies that py > 63/2. O
Let ¢y > 0 be the constant from Lemma 9.5. For every 0 < ¢ < ¢y we set S, =

B(0, Ven). We also fix A = :—2. Proposition 9.10 shows that the probability p; of the
1
event

Ei = {ms )< e g (5001 }

2
satisfiesp1 > 1 - Z—l, therefore

62
P(EcNE)>po+p1—13 Zl > 0.

On the event Ey N E; we have tr(As,) > 611/2, and also [|As, [lop < 1/ 61. Moreover, X,

is 1/ v/6,-subgaussian by Lemma 9.7. Inserting all these estimates into Lemma 9.5
we get that
Egbflgn
czbln zéln 16€ 256 Eoésn
lu'(sé) e 7 ['151(5 ) i e 7 (?) 1
1

(s, 256¢2
& < &y = min T, ﬁ exp|-— 50(52 .

if we assume that

Thi 2001 5? 256c2\ oot
is establishes Theorem 9.4 with ¢y = mm{ 5 55¢ €XP (_W)' ﬁ} O
Proof of Theorem 9.1. Basically, we repeat the proof of Theorem 6.15. From Propo-
sition 6.14 we know that there exists an isotropic convex body K in R” with L, < C;Lg
and vol,(K N VCynBy) > ¢ for some absolute constants Cy,Cy, ¢ > 0.

Theorem 9.4 shows that there exists an absolute constant ¢y > 0 such that for any
0 < e < ¢,

vol,(K N e VnLg BY) < e

1
<0

) }, and comparing the above inequalities, we get Ly <

Choosing ¢, = min{co,c

\/C, /&1, and hence

This shows that L, is bounded by an absolute constant. O
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§ 9.5. The thin-shell conjecture. A third well-known conjecture about isotropic
log-concave probability measures is the thin-shell conjecture which has its origin
in the central limit problem, the question to identify those high-dimensional distri-
butions that have approximately Gaussian marginals. A typical example is given
by the random vector X = (Xj,...,X,) which is distributed uniformly in the cube
Q(n) = [- V3, V3]" (the normalization is so that Var(X}Z.) =1foralll <j<mn) Itis
well-known that, if the &;’s satisfy e.g. Lindeberg’s condition, then the distribution
of

(X8 =) &X;
j=1

is approximately Gaussian. A second example is given by the ball D(n) = Vn + 2BJ.
Let X be a random vector which is uniformly distributed in D(n). From Maxwell’s
observation that, if n is large enough, then

t
o({Eest: i<t~ /% fexp(—szn/Z) ds

for allt € [-1, 1], as well as the symmetry of D(n), one can check that the distribution
of (X, &) is close to the standard normal distribution for any & € §"~1.
Assume now that y is an isotropic Borel probability measure on IR", i.e. normal-
ized so that
E,(x)) =0 and E,(xixj) = 0, ,j=1,...,n
It has been observed that if u satisfies a “thin-shell bound" then the central limit
problem has an affirmative answer for y. More precisely, if

‘u({xEIR”:||x|—\/E|>€\/E})<€

for some ¢ € (0,1/2), then, for all directions & in a subset A of S"~! of measure
0(A) > 1 — exp(—c1 Vn), we have

P (X, &) <t)—D(t)| < coe +n7%) for all t € R,

where ®(t) is the standard Gaussian distribution function and ¢y, ¢c;, « > 0 are abso-
lute constants.

Note that in the statement above we have assumed that the dimension is large
enough but we have not assumed independence of the coordinate functions x  x;
and we have not made any symmetry assumptions about u. Sudakov’s work [132]
is probably the first place where it is observed that a thin-shell condition implies
that most marginals of a high-dimensional distribution are approximately Gauss-
ian. Related early works are the ones by Diaconis and Freedman [43], and by von
Weizséker [137]. The case where y = pk is the measure with density Ly 1 « for an

isotropic symmetric convex body K in IR” was studied by Anttila, Ball and KPerissi-
naki in [1] who showed that a thin-shell estimate implies an affirmative answer to
the central limit problem for ugx. This work made the central limit problem widely
known among people working in convex geometry. A clear exposition of both the
general and the log-concave case can be found in Bobkov’s article [20].

As Klartag notes in [76], it is not hard to construct simple examples of isotropic
distributions for which a thin-shell estimate is not possible. If we write o; for the
uniform probability measure on the sphere tS"! then, for t; = Vn/2 and t, = V7n/2,
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the isotropic probability measure u = %(th +0;,) does not have Gaussian marginals,
and hence it does not satisfy a thin-shell bound. However, it was conjectured that
the assumption of log-concavity guarantees a thin-shell bound. Bobkov and Koldob-
sky [22] defined the parameter
1
afl = EVarH(IxIZ)
and asked if
0, = suplo, : u is an isotropic log-concave probability measure on R"} < C

for some absolute constant C > 0. It is easily checked that this is equivalent to the
question if there exists an absolute constant C > 0 such that, for any n > 1 and any
isotropic log-concave probability measure  on IR”, one has

E, (x| - Vin)> < C%.

Moreover, applying the Poincaré inequality for the function f(x) = x> we see that

Var,(jx?) < 49, f Pdp(x) = 49%n,
R”

which shows that o, < 29,, and hence
o, < Cyy

for all n, where C > 0 is an absolute constant. In other words, the KLS conjecture
implies the thin-shell conjecture. An important fact is that the thin-shell conjecture
is also related to the isotropic constant conjecture. Eldan and Klartag [46] proved
that there exists an absolute constant C > 0 such that

L, < Co,

for every n > 1.
The first non-trivial upper bound for ¢, was given by Klartag in [73] in his proof
of the central limit theorem for convex bodies. He proved that

g, < Cn/lInn.

This estimate was then improved to g, < Cn?5°0 by Klartag [74], to o, < Cn®/®
by Fleury [49], to 6, < Cn'/® by Guédon and E. Milman [66], and to ¢, < Cn'/* by
Lee and Vempala [93]. A consequence of the more recent developments on the KLLS

conjecture is that 0, < C VInn by the corresponding bound ¢, = O( VInn) of Klartag
in [78]. An even more recent breakthrough of Guan [65] showed that

0, < Clnlnn.

Finally, Klartag and Lehec [83] announced an affirmative answer to the thin-shell
conjecture.

Theorem 9.12. There exists an absolute constant C > 0 such that
Var,(|x[*) < Cn

for every n > 1 and every isotropic log-concave probability measure 1 on R". Equiv-
alently, sup, 0, < C.
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Using reverse Holder inequalities for polynomials of a random vector distributed
uniformly in a convex body (see [28], [115]) one can deduce from Theorem 9.12 that,
for any isotropic log-concave probability measure p on R" and for any ¢ > 0,

u(lx € R" : [|x = V| > 1) < ¢ exp(=¢, V).

This is a thin-shell estimate because it shows that if 1 < t < +/n then most of the
mass of y is concentrated on a thin spherical cell {x € R" : vn —t < |x| < Vn +t}
whose width t is much smaller than the central radius /.

The proof of Theorem 9.12 starts from ideas that Klartag used in [75], where he
established an optimal thin-shell bound for unconditional log-concave measures.
This approach was extended by Barthe and Cordero-Erausquin in [12] who adapted
Klartag’s techniques to provide spectral gap estimates for log-concave measures
with many symmetries, and by Barthe and Klartag in [13]. Given a log-concave
probability measure u on R”, let H'(u) be the space of all functions f € L?(u) with
weak partial derivatives in L?(u), equipped with the norm

1Ry = f Py + f v Ry

Barthe and Klartag showed in [13] that C°(R") is dense in H'(u). Now, for every
f € L*(u) with [ fdu =0, define

1/2

I fllz-1¢0) = sup ffgdy g € H'(p), flVglsz

RH
= sup ffgdy : ¢ € CX(RY), f|Vg|2dy <1
In [13] and [75] it is shown, by using Bochner’s formula, that

1A < IVARL, = Z 1911 (9.15)

for every smooth function f € H'(u) that satisfies f fdu =0 and f Vfdu = 0. Ap-
plying (9.15) for an isotropic log-concave probability measure u and the function
f(x) = |x]* = n, we see that

n
2 2
Var,(Ix[*) < 4 E [l
im1

Klartag and Lehec prove the next inequality, which immediately implies Theo-
rem 9.12.

Theorem 9.13. There exists an absolute constant C > 0 such that

Z e, < Cr

for every n > 1 and every isotropic log-concave probability measure 1 on R".
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The proof is based again on stochastic localization. Klartag and Lehec consider
the family of exponential tilts of log-affine perturbations of the original measure
u and construct suitable couplings between these tilts. Then, they use these cou-
plings to bound the H'(u)-norm by the growth of the covariance process (A;)io
using a variant of Guan’s technique from [65].

10. TuE MM*-ESTIMATE FOR ISOTROPIC CONVEX BODIES

Let K be a convex body in R"” with 0 € int(K). In this section we discuss the
parameters

ME) = [ pu©)do© and MK = [ he©do(o
Sn—] Sn—]

where pg is the Minkowski functional and /ik is the support function of K.

Recall that vrad(K) = (Voln(K) /voln(Bg))l/n denotes the volume radius of K. It is
known that

M(K)™! < vrad(K) < M*(K) = M(K®),

where K° = {y €e R" : (x,y) <1 for all x € K} is the polar body of K. The right-hand
side inequality is a classical inequality of Urysohn, while the left-hand side inequal-

ity follows by integration in spherical coordinates and an application of Holder’s
inequality. Therefore,

M(K)M*(K) > 1.

As mentioned in the introduction, a fundamental fact in the other direction, fol-
lowing from results of Figiel-Tomczak-Jaegermann [48], Lewis [95] and Pisier’s
estimate [121] on the norm of the Rademacher projection, states that for any sym-
metric convex body K in R” there exists T € GL, such that

M(T(K)) M*(T(K)) < clnn,

where ¢ > 0 is an absolute constant. In the general case, without the symmetry
assumption for K, one considers the parameter

E(K) = inf M(T(K)) M*(T(K))

where the infimum is taken over all invertible affine transformations of IR” for which
0 € int(T(K)). The study of the question to obtain a sharp upper bound for max E(K)
started with a work of Banaszczyk, Litvak, Pajor and Szarek, who showed in [11]
that if K is a convex body in IR"” which is in John’s position (i.e. the ellipsoid of
maximal volume inscribed in K is the Euclidean unit ball) then

M'(K) < cVnlnn.

When K is in John’s position, from the inclusion K 2 Bl we also obtain the trivial

upper bound M(K) < M(B}) = 1, and this implies that E(K) < ¢ VrInn. This estimate
was improved by Rudelson in [126]: he showed that if K is a convex body in R" then

E(K) < cVn(Inn)®

where ¢, b > 0 are absolute constants.
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Our goal in this section is to present the known upper bounds for the parameters
M*(K) and M(K), when K is in the isotropic position. E. Milman proved in [108] that
if K is a symmetric isotropic convex body in R” then

M*(K) < ¢; Vn(Inn)Lg < ¢, Vn(Inn)?

where the second inequality takes into account the fact that now we know that
L, < C. Urysohn’s inequality shows that the dependence on 7 is optimal up to
the logarithmic term. Some first non-trivial results about the dual problem, to
estimate M(K) in the isotropic position, were obtained in [60] and later in [58],
where it was shown that M(K) < C(nlnn)3/y/n (see also [128]). Very recently,
Bizeul and Klartag [17] obtained the optimal (up to the Inn-term) upper bound

Clnn
Nz .

In the next subsections we present these developments.

M(K) <

§ 10.1. A general approach. A starting point for the question to bound M*(K) is
Dudley’s entropy estimate (see e.g. [123, Theorem 5.5]):

VaM'(K) < C; Z —ek(K BY) (10.1)

where e(A, B) is the k-th entropy number of A and B, defined for k > 1 as
ex(A,B) = inf{t > 0: N(A,tB) < 2F°1}

We set e(K) := ex(K, B)). Although (10.1) is usually stated for symmetric convex bod-
ies, it should be noted that the same estimate holds true for nonsymmetric convex
bodies too. This follows from the observation that M*(K) = %M*(K —K) and

ee1(K — K, B < 2e/2(K, BY) (10.2)
for every even integer k, as a consequence of the simple estimate
N(K - K, 2t,B) < N(K, t,BI)N(=K, t;B}) < 22

if ty = ek/z(K, Bg)

The MM*-estimates that were obtained in [108] and [58] depend on the following
volumetric parameters that can be defined for any convex body K in R" with 0 €
int(K):

wi(K) ;= sup{vrad(KNE): E € Gui}, w(K):=sup{vrad(Pe(K)): E € Gy},
and
w, (K) :=inf{vrad(KNE): E € Gux}, v, (K):=inf{vrad(Pg(K)): E € G}.
If K is symmetric then we have that
0<c<w (K)n(K°) <1 and 0<c <oy (K)uw(K®) <

where ¢ > 0 is an absolute constant, by the Blaschke-Santalé 1nequality and the
Bourgain-Milman inequality. Note that, for every F € G,,

vol(Pr(K)) < N(Pr(K), ex(K)Pr(Bj))voli(ex(K)Br) < N(K, ex(K)Bj)ex(K)*vole(Br)  (10.3)
< (2ex(K))*'volk(By),
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and hence,
In view of (10.4), the next theorem of V. Milman and Pisier [113] is an alternative,
and sometimes stronger, version of Dudley’s bound.

Theorem 10.1. For every symmetric convex body K in R" one has
VnM*(K) < ¢, Z iRadk(K)vk(K), (10.5)
= Vk

where Rady(K) := sup{Rad(Xp,(x)) : F € G,x}, and Rad(Y) < c3In(d(Y, é’;ﬁm(y)) + 1) is the
Rademacher constant of Y.

We refer to [2, Chapter 6] for more information on the Rademacher constant;
what we really use here is that Rady(K) = O(Inn) for all 1 < k < n. When K is as-
sumed isotropic, Theorem 10.1 is the basis for the M*-estimate of E. Milman [108],
which is essentially optimal and, as we will see, can be easily transferred to non-
symmetric convex bodies.

For the M-estimate we need to introduce the so-called Gelfand numbers. Given
any pair of convex bodies K, L in R"” with 0 € int(K) N int(L), the Gelfand numbers
cx(K,L), 0 < k <n—1 are defined as follows:

k(K L) = inf{diam;nr(K N F) : F € Gy ¢},

where diam,(B) := inf{R > 0 : B € RA}. We set c(K) := cx(K, B).

In the symmetric case, Carl’s theorem [36] relates any reasonable Lorentz norm
of the sequence of entropy numbers {¢,,(K, L)} with that of the Gelfand numbers
{cw(K, L)}. In particular, for any a > 0, there exist constants c(a), c’(a) > 0 such that,
forany n > 1

sup kex(K,L) < c(a) sup k*c(K, L), (10.6)
k=1,...n k=1,..n
and . .
Z ke (K, L) < ¢'(a) Z K10 (K, L). (10.7)
k=1 k=1

In fact, Pisier deduces the covering estimates of Theorem 3.2 from an application
of Carl’s theorem, after establishing the following estimates:

1/a
max{ci(K, &), c(K°, &} < cr(a) (%) forallk e {1,...,n), (10.8)

where ¢c;(a) = O(2-a)?) asa — 2".
The next theorem from [58] can serve as a basis for the M-estimate.

Theorem 10.2. Let K be a symmetric convex body in R". Then foranyk=1,...,n/2,

n n
cx(K) < e In (e+ E)wk(K). (10.9)
In other words, there exists F € G, ,_p such that
n n
KNFcepln (e+ E)wk(K)BF, (10.10)

and dually, there exists F € G, ,,_o such that

Pr(K) 2 v (K)Br. (10.11)

cZln(e + &)
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Proof. Givenk =1,...,n/2,let €be an a-regular M-ellipsoid for K, for some o € [1,2)
to be determined. By the second estimate in (10.8), we know that there exists
E € G, -« so that:

1 (k\""
P:(K) 2 ()() P:(E). (10.12)

Consider the ellipsoid & = Pr(E), let H be the subspace spanned by the k shortest
axes of &, and set F to be its orthogonal complement into E. Then, F € G, ,_» and

Pr(&) 2 vrad(Pu(E')) Br. (10.13)

On the other hand, we can give a lower bound for vrad(Py(K)): From Theorem 3.2
we know that N; = N(K, tE) < exp(c(a)n/t*) for every t > c(«)!/*, where c(a) [c1(a)]*.
Let x1, ..., xy, be points in R” such that K C Uf\:’tl (x;+tE). Then, Py(K) C Ul: (Pr(x)+
tPy(&)), and hence

voli(Py(K)) < N; voly(tPy(E)) < exp(c(a)n/t*)voly(Pr(E)).
Choosing t = c(a)a (n/k)s = c1(2)(n/k)s we see that

vrad(Py(E)) >

Cy k Ve
o (E) vrad(Py(K)) >

From (10.13) and (10.14) we get

¢ k 1/a )
it 7 (K). (10.14)

and then (10.12) shows that

2/a
Cy k _
Pr(K) 2 - K) Bg. 10.1
Choosing a« = 2 — ln(m T we obtain (10 11). The estimate (10.10) then follows by

Corollary 10.3. Let K be a symmetric convex body in R". For everyk=1,...,nand
a >0,

" m\* n n
(K, B}) < (@) sup ( - ) 2 n (e + 2 on(K),
where c(a) > 0 is a constant depending only on a.

Proof. The claim follows from Theorem 10.2 and Carl’s theorem (see (10.6)). Since
k = cx(K, B}) is non-increasing, there is no difference whether we take the supre-
mum on the right-hand-side just on the even integers. O

Corollary 10.4. Let K be a symmetric convex body in R" such that K C RB}. Then,

=1
ViM(K)<c ) — min{ —In(e+ wk(K)}
;‘ it v
Dually, for every symmetric convex body K in R" with K 2 rB} we have that

1
VnM(K) < Z —mln{ ln(e+ %)W}
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Proof. We explain the first claim, and then the second follows by duality. For the
proof it is enough to combine Dudley’s entropy estimate (10.1) with Carl’s theorem
(see (10.7)): we have

VM (K) < ¢ Z —ek<1<> <c Z —ck<1<

Since ¢(K) < R for all k, the assertion follows from the estimate (10.9) of Theo-
rem 10.2. o

§ 10.2. MM-estimate for isotropic symmetric convex bodies. Let K be an
isotropic symmetric convex body in R"”. First we describe a simplified version of
E. Milman’s proof of the next almost sharp estimate for the mean width of K.

Theorem 10.5. Let K be an isotropic symmetric convex body in R". Then,
M*(K) < c Vn(Inn)? (10.16)
where c > 0 is an absolute constant.

Proof. A direct consequence of Theorem 10.1 is the inequality
VM (K) < c(In n)Z —vk(K) (10.17)

We shall apply (10.17) for an isotropic convex body K in R". Let F € G,x. From
Theorem 5.4 we know that voly(Pr(K))'/F < c17 where c¢; > 0 is an absolute constant,

and hence ,
vrad(Pr(K)) ~ Vivolu(Pr(K)'/*¥ < c;—

A
Therefore, vi(K) < con/ Vk for all 1 < k < n — 1. Going back to (10.17) we get

VnM*(K) < cz(Inn) i i = c3n (Inn) Z E < egn(Inn)?,

and the theorem follows. O
Next, we prove the upper bound for M(K).

Theorem 10.6. Let K be an isotropic symmetric convex body in R". Then,

1/3
M(K) < 1 (10.18)
Vn
where c > 0 is an absolute constant.
Proof. From Corollary 10.4 we know that
1n ny 1
VAM(K) < ¢ Z —mm{ ,zIn e+ E)v; (K)} (10.19)

where v, (K) := inf{vrad(Pp(K)) : F € G} and r is the “inradius” of K. Since K is
isotropic and symmetric, we know that

hx(&) = 1< EMlewwy = 1K EMlr) = Lk = 1,
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and hence K 2 ¢, B)). Therefore, we may use (10.19) with » ~ 1. From Theorem 5.4 we

also know that vol(Pr(K))"* > ¢, for every F € G, , and hence vrad(Pr(K)) > c; Vk,
which gives

v, (K) = ¢c3 Vk.

Set k, = (n Inn)?3. Inserting the above estimates into (10.19) we get

VAM(K) < ¢4 Z i min {1, %}

[Z Z n lnnJ ~ (n Inn)"?,

This proves the theorem. O

§ 10.3. The nonsymmetric case. In the nonsymmetric case the upper bound
for M*(K) remains the same. In fact, the proof does not present any difficulties.
Let K be an isotropic convex body in IR” and consider the difference body K — K of
K. Since 0 € K we have that K C K — K and hence M*(K) < M*(K — K). In fact,
M*(K) = %M*(K — K). We apply Theorem 10.1 for K — K to get

VAM (K = K) < c1(Inn) Z Lok - K). (10.20)
= Vk

Given 1 <k <n -1, for every F € G,,x we have
vole(Pr(K — K))'* = vol(Pr(K) — Pr(K))"* < 4voly(Pp(K))'/¥,

by the Rogers-Shephard inequality vol,(C—C) < (zkk)volk(C) where Cis a k-dimensional
convex body. Then, as in the proof of Theorem 10.5, we see that v(K — K) < con/ Vk,
and inserting these bounds into (10.17) we get VnM*(K) < c3n(Inn)?.

An upper bound for M(K), when K is isotropic but not necessarily symmetric, was
given by Vritsiou in [138]. For every isotropic convex body K in IR” one has that
Cn10/22(1n n)5/22

\n
where c > 0 is an absolute constant. The proofis based on the existence of f-regular
M-ellipsoids for nonsymmetric convex bodies. It is proved in [138] that for every
B € (0, %) there exists a constant d(f) > 1 such that the following holds: For every

convex body K in IR" with either bar(K) = 0 or s(K) = 0 there exists a linear image Kg
of K such that

M(K) < (10.21)

max{N(Kg, tB}), N(K, tB3), N(BS, tKy), N(By, tK5)} < exp(d(p) n/t) (10.22)
ﬂ
for every t > d(B)/F. Moreover, the constants d() satisfy d(B) ~ ( (%)) :
O((Z — 5[3) ) as f — é_, where c(a) with a = 5 iﬁ are the constants appearing in

Theorem 3.2.

§ 10.4. The optimal M-estimate of Bizeul and Klartag. Very recently, Bizeul
and Klartag [17] established an (almost) optimal upper bound for the M-functional
of isotropic convex bodies.
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Theorem 10.7. Let K be an isotropic convex body in R". Then,

clnn

M(K) < Nr

where ¢ > 0 is an absolute constant.

The purpose of this subsection is to outline the main ideas underlying this result
and to explain its connection with recent advances in comparison inequalities be-
tween log-concave measures and Gaussian measures, going back to an inequality
due to Eldan and Lehec [47], which quantifies how expectations of norms under
isotropic log-concave measures compare to their Gaussian counterparts.

Eldan and Lehec considered the parameter

72 = sup sup Z E, (xix(x, )
Boogesml oy

where the first supremum is over all isotropic log-concave probability measures u
on IR”, and proved the following result.

Theorem 10.8. Let 1 be an isotropic log-concave probability measure on R". For
any symmetric convex body K in R" we have that

f il du(x) < e Vinnz, f il dy ()
IRY[ ]Rn

where y, is the standard Gaussian measure on R" and c; > 0is an absolute constant.

A fundamental result of Eldan [45] asserts that 7,, can be controlled in terms of

the thin-shell constant
on = sup 4/ Var,(|x])

‘U
where the supremum is over all isotropic log-concave probability measures p on R".
Eldan proved that
o
2 _k
T, <0 Z X

where ¢, > 0 is an absolute constant. Consequently, progress on the thin-shell
conjecture has direct implications for comparison inequalities between log-concave
measures and Gaussian measures.

Bizeul and Klartag observed in [17] that these comparison results extend natu-
rally from norms to gauge functions, that is, non-negative, convex, 1-homogeneous
functions on R". Moreover, they obtained two-sided estimates in this broader set-
ting.

Theorem 10.9. Let X be an isotropic, log-concave random vector in R" and let G be

a standard Gaussian random vector in R". Then for any gauge function || - || on R",
L E|G| < ElIX|| < ey, VINn E[G, (10.23)

¢u Vinn

where c1,c, > 0 are absolute constants.
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Theorem 10.9 shows that any isotropic log-concave measure is sandwiched, in the
gauge order, between two centered Gaussian measures whose covariances differ by
logarithmic factors. In particular, such a measure may be compared to Gaussian
measures with covariance matrices of order (Inn)?I, and (Inn)I,. The right-hand
inequality in (10.23) is essentially due to Eldan and Lehec, while the left-hand
inequality relies on new ideas.

The proof of Theorem 10.9 once again exploits Eldan’s stochastic localization
scheme. A key step is to truncate the spectrum of the covariance process A; by
introducing a bounded matrix-valued process X; = f(A;), where f acts on eigenval-

ues and satisfies

1
EI" <X <21 almost surely.

The associated martingale
t

thIZSdWS

0

(where (W,)s0 is a standard Brownian motion in R” with Wy, = 0) has quadratic
variation uniformly comparable to tI,,, which allows for robust Gaussian comparison
estimates.

An observation attributed to Maurey, and made explicit by Eldan and Lehec,
asserts that if a continuous martingale (M;) satisfies

Mlr<r-I, almost surely,

then its terminal value can be represented as
VAR VA
MT = \/; ! 2 2/

where Z; and Z, are (possibly dependent) standard Gaussian vectors. As a conse-
quence, for any convex function F,

E (F(Mp)) < E(F(VrG)),

yielding sharp upper bounds in terms of Gaussian expectations.
Conversely, it is shown in [17] that if a martingale admits a stochastic integral
representation
t

M, = f T dW, with I,5>r-1,
0

then the quadratic variation dominates that of +/r W,. In this regime, a convexity
argument combined with the heat semigroup and It6 calculus shows that for any
convex function F with at most polynomial growth,

E (F(M7)) > E (F(vr Wr)).

Taken together, these two comparison principles allow one to sandwich the localized
martingale between Gaussians at appropriate time scales, provided the covariance
process is controlled.
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A further essential ingredient is a reverse Holder inequality for norms and, more
generally, gauge functions of Gaussian random vectors. A version of Kahane’s in-
equality asserts that for a standard Gaussian vector G ~ y, and any p > 2,

(E|IGIP)"? < c P EIGII.

In the present context, Kahane-type inequalities serve two purposes. First, they
allow one to control second moments of gauge functions in terms of their first
moments, which is crucial when estimating error terms arising from exceptional
events in the stochastic localization process. Second, they ensure that expectations
of gauge functions behave regularly under Gaussian scaling, making it possible to
compare [E||v;|]| and E||W;|| uniformly in the dimension.

Once Theorem 10.9 is established, the proof of Theorem 10.7 follows readily. Ap-
plying the two-sided comparison (10.23) to the gauge function x — pk(x) and to the
uniform measure on a convex body K in isotropic position, we obtain

ViM(K) = Vn f px(x) do(x) ~ E (p(G)) < e, Vinn E (px(X)) < ctp, Vinn,
SVl—l

since px(x) < 1 for all x € K. Under the KLS conjecture, the logarithmic factors in
this estimate would improve to their conjecturally optimal order.

In summary, the optimal M-estimate of Bizeul and Klartag emerges from a syn-
thesis of Gaussian comparison inequalities, stochastic localization, martingale bounds
on quadratic variation, and refined moment inequalities for gauge functions. Be-
yond yielding sharp bounds for M(K), this framework provides a unified perspective
on the geometry of isotropic log-concave measures that is likely to find further ap-
plications.

§ 10.5. Diameter of the Minkowski compactum. The definition of the Banach—
Mazur distance can be extended to the setting of not necessarily symmetric convex
bodies as follows. If K and D are convex bodies in IR”, their Banach—Mazur distance

is defined by
dpm(K, D) = minf{t > 0: T(K) + y € D + x C H(T(K) + y)}

where the minimum is taken over all x, y € R” and all linear isomorphisms T € GL,,.
A fundamental open problem for many years was to determine a sharp upper
bound for the diameter

d, = maxdpu(K, D)
KD

of the Minkowski compactum with respect to the Banach—Mazur distance. This
question was finally resolved in the recent work [17] of Bizeul and Klartag.

The connection between the diameter problem and MM*-estimates has been known
for a long time. Recall that for any convex body K c IR” we define

E(K) := min M(TK)M*(TK),

where the minimum is taken over all invertible affine transformations T of IR” such
that 0 € int(TK). The following theorem reduces the problem of bounding the di-
ameter of the Minkowski compactum to that of minimizing the product MM" in the
nonsymmetric setting.
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Theorem 10.10. Let K and D be two convex bodies in R". Then,
dem(K, D) < cn VInn(E(K) + E(D)),
where ¢ > 0 is an absolute constant.

A proof of Theorem 10.10 may be found in [3, Theorem 6.3.1]. It relies on the
method of random orthogonal factorizations, introduced by Benyamini and Gordon
[15]; see also the related works of Tomczak—Jaegermann [133] and Davis, V. Mil-
man, and Tomczak—Jaegermann [42].

In view of Theorem 10.10, obtaining sharp upper bounds for d, reduces to find-
ing a position of a convex body K for which the quantity M(K)M*(K) is as small as
possible. Recall that in the centrally symmetric case one always has

E(K) := min M(T(K)M"(T(K)) < Cln, (10.24)

where C > 0 is an absolute constant. A position T(K) satisfying (10.24) is called an
{-position of K. The almost optimal M*- and M-estimates obtained by E. Milman
and by Bizeul-Klartag show that the isotropic position already provides a canonical
{-position for arbitrary convex bodies. Indeed, if K is an isotropic convex body in
R", then
M(K)M*(K) < c(Inn)®

for an absolute constant. Combining this estimate with Theorem 10.10 yields the
following essentially optimal bound for the diameter of the Minkowski compactum.

Theorem 10.11. Let K and D be two convex bodies in R". Then,
dBM(K, D) < cn(ln 7’1)7/2,
where ¢ > 0 is an absolute constant. In particular, d, = O(n(Inn)’/?).

Theorem 10.11 reveals the striking fact that the diameters of the symmetric and
nonsymmetric Banach—Mazur compacta are of essentially the same order.

§ 10.6. Isotropic position is a regular M-position. Another important conse-
quence of the MM*-estimate for isotropic convex bodies is an almost optimal non-
symmetric analogue of Pisier’s Theorem 3.2 on the existence of a-regular M-positions
for centrally symmetric convex bodies.

In addition to Theorems 10.5 and 10.7, the proof relies crucially on the Sudakov
and dual Sudakov inequalities (see [2, Chapter 4]). These inequalities assert that
if K is a symmetric convex body in R”, then for every t > 0,

N(K, tB}) < exp(cnM'(K)*/?) and N(Bj, tK) < exp(cnM(K)*/#),

where ¢ > 0 is an absolute constant.
In what follows, for every convex body K in R” with 0 € int(K) we define the outer
and inner regularizations of K by

Kout = conv(K,-K) and K, = KN (—K).

It is clear that K;, € K C Ky, and both K, and K;, are origin-symmetric. Using
the identities (conv(A U B))° = A° N B° and (A N B)° = conv(A° U B°), valid for convex
bodies A, B with 0 € int(A N B), we obtain the duality relations

(I<out)O = (Ko)in and (I<in)O = (Ko)out/ (1025)
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The third named author observed in [136] that the M*-estimate of Theorem 10.5,
together with the M-estimate of Theorem 10.7, implies that every isotropic convex
body K c R" is (almost) in a 2-regular M-position.

In the next theorem we set r, = w,""; recall that r, ~ Vn.

Theorem 10.12. Let K be an isotropic convex body in R". Then, for every t > 0,

max|N(K, tr,B3), N(B, tr,K*)} < exp(L20), (10.26)

max{N(r, B}, tK), N(r,K°, tB3)} < exp( (10.27)

where v, < c1(In n)?* and 6, < c;Inn.

Proof. Let K;, and K,,; denote the inner and outer regularizations of K. Observe
that

M(Kin) = M'((K*Jout) < M'(K° = K°) = 2M"(K°) = 2M(K) (10.28)

and
M (Kout) € M'(K = K) = 2M*(K). (10.29)

Since Ki, C K C Ky, it is clear that M(K,;) < M(K) and M*(K;,) < M*(K).
Combining the Sudakov inequality with (10.29), we get

N(K, tr,B}) < N(Kou, truB}) < exp(cnM' (Kouw)?/(rat)?) (10.30)
< ex p(4ch (K)?/(rt)? ) exp()/nn/tz)
Similarly, using (10.28) we obtain
N(r,K®, tB}) < N(ru(Kin)®, tB}) < exp(cnriM'((Kin)°)*/#) (10.31)
= exp(canM(Km)2 / tz) exp(4cnr2M(K)2 / tz) exp(ézn/ tz)
Applying the dual Sudakov inequality and (10.28) yields
N(ruBj, tK) < N(ruB}, tKin) < exp(cnr2M(Kin)/1) (10.32)
< ex p(4cnr2M(K)2/t2) exp(ézn/tz)

and, using (10.29), we similarly have

N(By, t1,K°) < N(B3, tr(Kow)®) < exp(cnM((Kow)*V'/(rt)?) (10.33)
< ex (CnM (Kout)*/ (1) ) = exp(4ch (K)?/(rut) ) exp()/nn/ tz)
Combining (10.30)—(10.33) completes the proof. O

Some first geometric applications of Theorem 10.12 were obtained in [136], in-
cluding new inequalities comparing the volumes of sections and projections of a
convex body whose barycenter or Santalé point lies at the origin with those of its
inner and outer regularizations. These results highlight the role of isotropic nor-
malization as a unifying framework bridging the geometry of symmetric and gen-
eral convex bodies.
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§ 10.7. A multi-integral norm. Let K be a symmetric convex body in IR”. For any
s-tuple C = (Cy,...,C;) of symmetric convex bodies C; of volume 1 in R", consider
the norm on R°, defined by

S
s = [ [ |2t
G ¢, =t

wheret = (t1,...,t;). If C = (C,..., C) then we write ||t||c: x instead of [|t||c k. A question
posed by V. Milman is to determine if, in the case C = K, one has that || - |[x:x
is equivalent to the standard Euclidean norm up to a term which is logarithmic
in the dimension, and in particular, if under some cotype condition on the norm
induced by K to R" one has equivalence between || - |[x: x and the Euclidean norm.

This question was studied by Bourgain, Meyer, V. Milman and Pajor. For sim-
plicity let us assume that vol,(K) = 1 (this is only a matter of normalization). It
was proved in [31] that

S
lelex > cvE( [T 16)
j=1

where ¢ > 01is an absolute constant. Later, Gluskin and V. Milman obtained a better
lower bound in [61], in fact working in a more general context: Let A = (A4,...,As)
be an s-tuple of measurable sets of volume 1 in IR” and let K be a star body of volume
1 in R" with 0 € int(K). Then,

Itk > cltl (10.34)

for all t = (t1,...,t;) € R°. Their argument was based on the Brascamp-Lieb-
Luttinger inequality (see also [3, Chapter 4]).

In this subsection we shall see that the original question of V. Milman has an
affirmative answer. Since |[t||xsx = |It|lrx)s,rx for any T € SL,, we may restrict our
attention to the case where K is isotropic.

For any centered log-concave probability measure u on R"” and any symmetric
convex body K in IR”, consider the parameter

Li(u, K) :=f||x||1<dy(x). (10.35)
RYI

Let C be an isotropic symmetric convex body in IR” and let Xj, ..., X; be independent
random vectors, uniformly distributed in C. For any t = (¢;...,t;) € R® we write v,
for the distribution of the random vector #;X; + --- + £, X;. Since ||t||c: x is a norm,
we may always assume that |t| = 1. Note that v; is an even log-concave probability
measure on R” (this is a consequence of the Prékopa-Leindler inequality; see [2]).
We write g for the density of v;. Our starting point is the next observation from
[38].

Lemma 10.13. For any t = (t;...,t) € R®, we write v, for the distribution of the
random vector t1 X, + --- + t.X;. Then,

lItllcs x = f llxllkdve(x).
IRYI
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It is easily verified that the covariance matrix Cov(1) of v; is a multiple of the
identity: more precisely,
Cov(vy) = LE I,

It follows that the function fi(x) = L}.g¢(Lcx) is the density of an isotropic log-concave
probability measure u; on R". Indeed, we have

fft(x)xix]- dx = L} fgt(ch)xixj dx = L fgt(y)yiyj dy = 0;;
IRYI RH RV(
forall1<i,j<n.

One may easily check that if u is an isotropic log-concave probability measure on
IR" and K is a symmetric convex body in R” then

f I (g, LK) dv(LL) = f f ellugodv(U) du)

O(n) R" O(n)
= M) [ sl duta) > VM
Rﬂ

where v, 0 denote the Haar probability measures on O(n) and S"! respectively. It
follows that

f Il o Av(U) ~ (Le VaM(K)) [t (10.36)
O(n)

Therefore, one might hope to obtain a quantity of the order of Lc vVnM(K) |t| as an
upper estimate for ||t||c:x. The next theorem of Skarmogiannis [128] provides a
logarithmic in 7, and independent from s, upper bound for ||t||c: k.

Theorem 10.14. Let C be an isotropic symmetric convex body in R" and K be a
symmetric convex body in R". Then,

lItllcs x < c1 Vi(lnn) M(K)It|
for every t = (t,...,t;) € R, where c; > 0 is an absolute constant.

In the case C = K, Theorem 10.14 and (10.34) show that, for any isotropic sym-
metric convex body K of volume 1 in IR",

c1ltl < litlls x < c2 Vi(nm) M(K)Llt]

for everys > 1 and every t = (#4,...,t) € R°, where ¢; > 0 are absolute constants and.
Thus, we have a reduction of V. Milman’s question to the problem of estimating the
parameter M(K) for an isotropic symmetric convex body K in IR”. Now, combining the
boundedness of L, with Theorem 10.7, and taking (10.34) into account, we obtain
an affirmative answer.

Theorem 10.15. Let K be a symmetric convex body in R". Then,
c1lt] < [tk x < c2(Inn)?ft]
for every t = (t1,...,t;) € R, where c1,c; > 0 are absolute constants.

The estimate of Theorem 10.14 is based on the next result.
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Theorem 10.16. Let u be an isotropic log-concave probability measure on R". For
any symmetric convex body K in R" we have that

L (1, K) < ¢ Vn(Inn) M(K)
where ¢, > 0 is an absolute constant.

Proof. Let u be an isotropic log-concave probability measure on R". We shall use
Theorem 10.8. Recall that
n UZ

where ¢; > 0 is an absolute constant. Since 0, < C where C > 0 is an absolute
constant, one gets

n (72
T,21 < sz ?k < CglI’lTl.
k=1
Therefore, Theorem 10.8 immediately implies that

b K)i= [ leduto) < cotnn [Tl o)
R” R”

where ¢, > 0 is an absolute constant. Finally, integration in spherical coordinates
shows that

[ty < Vi [ heledote) ~ Vv
Rn gn-1
and hence the proof of Theorem 10.16 is complete. O

We can now complete the proof of Theorem 10.14, and hence of Theorem 10.15
too. We combine the approach of [38] with Theorem 10.16.

Proof of Theorem 10.14. We compute

lItllc: x = f”x”K dvy(x) = L" f”x”Kft(x/LC)dx = chllyllxdyt(]/)
R R R
and hence we get
lItllcs xk = Leli (e, K) (10.37)
for all t € R® with [t| = 1. Now, we use Theorem 10.16 to estimate I;(u, K). As a
result, we obtain the upper bound
lItllc: x < c1Lc Vr(Inn) M(K) ~ Vn(Inn) M(K),

which is the assertion of Theorem 10.14. m|

11. AppENDIX: COVARIANCE ESTIMATES

In this appendix we study the covariance process (A;): associated with the sto-
chastic localization of an isotropic log-concave measure and sketch the proofs of the

two main technical covariance estimates that were used for the bound ¢, = O( VInn)
and the bound L, = O(1). We first derive stochastic differential equations for the
barycenter and covariance (Lemma 11.2), then use a matrix-valued It6 argument
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combined with the improved log-concave Lichnerowicz inequality to control the op-
erator norm of A; (Theorem 11.7). Finally, we adapt Guan’s argument to obtain a

dimension-independent bound on IE(tr(Af)) (Theorem 11.14).

Out first main goal is to prove Theorem 8.13 which we state again below for the
convenience of the reader.

Theorem 11.1. For every 0 < t < ¢/(? Inn) we have
E[|Alop < C, (11.1)
where C > 0 is an absolute constant.

In fact, using the improved log-concave Lichnerowicz inequality (Theorem 8.10)
we can show that the statement of Theorem 11.1 is true for all 0 < t < ¢/(Inn)?.

As in Section 9, if u is a log-concave probability measure with density o with
respect to the Lebesgue measure, we consider the stochastic localization process
starting at p. The tilt process (&;)is0 is defined as the solution of the stochastic
differential equation d&; = a; ¢, dt +dW, where (W));» is a standard Brownian motion.
For t > 0 we denote by p; := p; ¢, the measure with density g, ¢, (x) = ie“"é”‘%'x'z o(x),
and we write a; := a,¢, and A; := A;;, = Cov(us,) for the barycenter and covariance
matrix of u, ¢, respectively.

§ 11.1. Preliminary observations. In Section 7 we saw that, for any test function
f, the martingale M; = fRn fdu, satisfies

My = (| fO0—ar) du, dW,),
/

where (W) is some standard Brownian motion. This extends to vector valued
functions as follows. If F : R” — RR* is a vector valued function that grows mildly at
infinity, then the process (M;);so given by

Mt:de‘th

IRH
is a martingale, and

dM, = ( f F(x) ® (x — a;) dy, AW, ).

]Rn
To see this, writing x; for the i-th coordinate of a vector x € R” we get

n

dM, :Z f F(x)(x — ar)i dye | AW, (11.2)

i=1

n

Applying (11.2) to the tensors F(x) = x and F(x) = x ® x and then rearranging the
terms appropriately, we obtain the next lemma.

Lemma 11.2. If a; = f xduy(x) and A; = f (x — a)®*du,(x) are the barycenter and
covariance matrix of L, introduced in Section 7, then da, = A}dW, and

dA, = Z f(x - at)®2 (x — ay) d,llt th,z‘ - Atz dt.
i=1 Y,
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As Lemma 11.2 shows, the derivative of the barycenter is expressed in terms of
the covariance, and the derivative of the covariance depends on 3-tensors.

§ 11.2. Auxiliary results. We start with an inequality about the Hessian of the
function ¢(A) = tr(e) where A is a symmetric matrix.

Lemma 11.3. Let ¢ be the function defined on the space S,(R) of symmetric n X n

matrices by ¢(A) = tr(e?). For every pair of symmetric matrices A, H we have that
V2p(A)(H, H) < (V(A), H?) = tr(e"H?),

where V2((A) is the Hessian matrix of ¢ at A, viewed as a bilinear form on S,(R).

Proof. Assume first that the matrix A is positive. We use the following fact (see

[81] for a simple proof): If K and H are symmetric matrices, and K is positive semi-
definite, then for any s, m € IN we have

tr(K°'HK™H) < tr(K*™H?).

Applying this inequality we get
k-1
1
V2(A)(H, H) = )| o Y tr(A*HAH)
k=1 s=0
1 .
<) k(A HY) = (e H).
k=1

For the case where A has some negative eigenvalues, we observe that ¢ satisfies
the identity

P(A +t1,) = e'Pp(A)
and differentiating this equality with respect to A we see that V¢ and V¢ also
satisfy the same equation, which means that adding a multiple of the identity to A

leads to an equivalent inequality. This reduces the proof of the lemma to the case
of positive A. O

Recall the equation for A;
dAt = Z Ht,ith,i - A% dt,
i=1

where
H;; = f(x —a)®(x — ay);i dpy
RTI
and a; is the barycenter of y;,. Therefore, the matrix H;; is of the form E(X;X®?)

for some random vector with mean 0. In what follows, for any u € S"! we define
H, = E((X, u)X®?).

Lemma 11.4. Let X be a centered log-concave random vector. Then,

sup [[Hullop < c1llCov(X)I57

op
uesn-1

where ¢, > 0 is an absolute constant.
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Proof. Let u,v € S"!. Using the Cauchy-Schwarz inequality we get

1/2 1/2
(Hu(v),0) = B((X,u) (X, 0)?) < (B(X,u)?) " (EX,0)) .
Since the random variable (X, v) is centered and log-concave, its fourth moment and
the square of its second moment are of the same order. It follows that

(H,(0),0) < e (EX,0)?) " (E(X, 0)%) < cal Cov(0)I2

for some absolute constant ¢; > 0. Taking the supremum over all u and v in $""! we
conclude the proof. O

Lemma 11.5. Let X be a centered random vector with finite Poincaré constant 9(X).
Then,

n

¥ (e

i=1

<48(X) [ICov(X)I3,-

op

Proof. For every coordinate vector e; we set H; := H,,. In this notation the lemma
asserts that

3 (Hzu,u) < 490 ICov (X)I2,

i=1
for every u € S"'. We check that }.;;(H?u, u) = tr(H) and, using the assumption
that X is centered, from the Cauchy-Schwarz inequality and the Poincaré inequality
we get

tr(H2) = E((X, u) (H,X, X))

< (E¢X, wp?) " (Var((H. X, X))

< (B, w?) " (420EIH,XP)

= (Cov(X)u, u)2(48(X) tr(H2Cov(X)))
1/2

<IICoV(X)llop (49 (X) tr(H}))

This shows that tr(H;) < 49*(X)[[Cov(X)Il5,, which is exactly the assertion of the

lemma. m|

The last result that we need is a deviation inequality for martingales (see Freed-
man [51]).

Lemma 11.6. Let (M;)i»o be a continuous local martingale with My = 0. For every
u>0and o # 0 we have

P@3t > 0: M, > uand [M]; < 0%) < o121

The argument for Lemma 11.6 follows the usual proof of Freedman’s inequality
for martingales with bounded quadratic variation. We first check that if (Z;) is a
square integrable martingale such that [Z]; < o? for all t+ > 0 and almost surely,
then Z., = lim Z,; exists and satisfies

t—+00

P(Zo > 1) < e7/@
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for all u > 0. Then, we consider the stopping time
T =inf{t > 0: [M]; > 6%}
and apply the previous claim to the martingale (M;) stopped at time 7.

§ 11.3. Proof of Theorem 11.1. The basic step is to prove the next theorem.

Theorem 11.7. Let u be an isotropic log-concave probability measure on R" and let
(Ap)i=0 be the covariance process of the stochastic localization starting from u. Then,

P(3 <t A > 2) < exp(-—)

forall 0 <t < where ¢y > 0 is an absolute constant.

ln n)2’

Proof. We consider the function hig(M) := £ In(tr (¢#)) on S,(R). Then, k; is a smooth

function and
Inn

B
We choose f of the order of Inn so that hz(A;) tracks the largest eigenvalue A .. (A;)
of A; uniformly in n.

From It6’s formula we see that

N (M) < %lnar (@) < Ama(M) +

dhﬂ(A)=<Vhﬁ(A),ZHidB — (Vhs(A), A% dt) + szhﬁ(A)(Hl,H)dt
i=1

The matrix
eP4

tr(ef4)
is positive semi-definite and has trace 1. Using Lemma 11.3 we see that the second
derivative of /i3 satisfies

M = Vhy(A) =

V2hy(A)(H;, Hy) < Btr(MH?).
This implies that

dhy(A) < Ztr(MH dB; +Etr(MZ HZ) dt.

i=1

We concentrate on the absolutely continuous part. Since M is positive and has trace
1, from Lemma 11.5 we see that
n
S
i=1 op

tr (M i le] <
i=1

Since y; is t-uniformly log-concave almost surely, from the improved log-concave
Lichnerowicz inequality (Theorem 8.10) we get

2 ”At”op 12
9, <= ,

dhg(A Ztr(MH)dB + —j A2t

i=1

<492 A2,

and hence
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Next, we give an upper bound for the quadratic variation of the martingale part.
For any u € S"! we set H, = Y, Hiu;. Then, Lemma 11.4 shows that

Z tr(MH;) u; = tr(MH,) < [Hllop < callAd2.

It follows that
Y r(MH)? < Sl

The above calculations show that

t
Adlop < hp(A)) < hy(Ao) + Zi + 28 f PANEE dr (11.3)

1
=1+ M+Zt+2[3f AL dr

where (Z;) is a continuous martingale starting from 0 with quadratic variation that
satisfies

t
[Z]; < c2f||A,||§p dr. (11.4)

We choose = 21Inn, and assume that there exists s < t such that [|Al, > 2. If s
is the smallest such time, then before time s the operator norm of A is less than 2,
and then (11.3) shows that

3 3
2 = ||Agllop < ot Zs+ 38" Inn < 5+ Zs+ 3t 1Inn,
where c; > 0 is an absolute constant. If t is a sufficiently small multiple of (In )2
then this last inequality implies that Z, > %. Moreover, (11.4) shows that [Z]; <
48 < c4t. Therefore,

1
P@Es <t IAdlop > 2) < ]P(Hs >0:7Z. >~ and [Z], < c4t)

W

Applying Lemma 11.6 we conclude the proof. O
Theorem 11.7 implies the upper bound for the expectation of A;.

Proof of Theorem 11.1. Since ; is t-uniformly log-concave, we have A; < %In, and in
particular ||A|,, < 1/t, almost surely. Therefore,

1
EllAtlop <2+ ZP(llAtlop > 2)-

Since x exp( ) is a bounded function of x, Theorem 11.7 shows that
E[|Alop < C
! Co(hf11 71)2]'

on the time interval [O
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Note. Instead of the improved log-concave Lichnerowicz inequality, we could have
bounded §,, by the KLS constant 1,,. It is not hard to see that for any log-concave
random vector X

(X) < PlICov(X)lop,
so we can use the inequality

2 2
SHt < Ebn”Atllop-

Using this estimate instead of Theorem 8.10 we would get Theorem 11.1 in the
(weaker) form that we have stated it.

The second main estimate, which played a key role in the proof of the isotropic
constant conjecture, is Guan’s theorem [65], which we state again below for the
convenience of the reader.

Theorem 11.8. Let i be an isotropic log-concave probability measure on R". Then,
E(tr(As)) > d1m,

where 61 > 0 is an absolute constant.

§ 11.4. Auxiliary results. For i, j,k =1,...,n we denote

R;j(t) := Rjj(t, &) = f(x — ap)(x — ap)i(x — ar) 0., (x) dx

IRH

and

Rint) = R1,) = [ (= e = v = aions (0) d
Rﬂ
where x; are the coordinates of x with respect to an orthonormal basis {u;(t, &)},
of eigenvectors corresponding to the eigenvalues 0 < Ay(t,&;) <--- < Au(t, &) <1/t of
Aie,. Weset Ai(t) := Ai(t, &) fori=1,...,n.
For any r > 0 let

d(r;t) =max{i > 1: Ai(t) < r}.
Lemma 11.9. Let r > 0and t > 0. For any 1 < k < n we have

d(r;t)
Z R%,(t) < 4£72P2 0 (8),

i,j=1

Proof. Fix t and let E be the subspace of R"” spanned by the first d(r; t) eigenvectors
of A;¢,. The measure vg = (Pg). e, is t-uniformly log-concave and Cov(vg) < rPr. We
set
d(r;t)
gK(%) = gelxif) = Y RipHx = ai(x - ;.

ij=1
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Using the Cauchy-Schwarz inequality and Theorem 8.10 we write

d(r;t)

1/2
ZRU,{ f () (x — ap)dve(x) < +/Var,, () [ f (x - ﬂt)kd{ltét(x)]

i,j=1

1/2
C o 1/4
- < ()| [
E

1a (A0 1/2 d(rt) 1/2
2|5) [ZA(t z]k(t>] <2 VAt 3/4[2&11{(0]

i,j=1 i,j=1
and the lemma follows. O
The starting point of Guan’s work is the next lemma.

Lemma 11.10. For any smooth function f : [0, ) — R with bounded second deriv-

ative we have
(Z A2 F (A (t))]

d i "(Ai(1))
ZE((f(A) = ( Y IR, (o A =S
where the quotient in the above formula is interpreted as f"(Ai(t)) if Ai(t) = Aj(t).

e 0 — A0

Lemma 11.10 is applied for a function f(A) which is quadratic when A is relatively
large and exponential when A is small. In this way, the analysis of A; is restricted
on the large eigenvalues. The precise construction of such an f is given in [65,
Lemma 2.2].

Lemma 11.11. Let Dy > 4 and % < . There exists b € [20, 5] and an mcreasmg
twice differentiable positive function f on [0, 00) such that f(r) = P if 0 <
o —1/Dg and f(r) = br* if r > ro, which satisfies |f(r)] < D3f(r) for all r > 0.

A direct consequence of Lemma 11.9 and of the fact that A,(t) < 1/t is that if
i >d(rg;t) + 1 then

b Y R2(t) < 4btT A (12 Ai(1) < 4bET AP = 47 F(A(E)). (11.5)

jk=1

Instead of estimating [E(tr(A;)) directly, Guan is using the above in order to estimate
[E(F;), where

Fo= )" fAi(h) = tr(f(A)
i=1
To this end, we apply the formula of Lemma 11.10. The first step is the next lemma
(see [79]) which exploits (11.5) and the fact that, for any x,

Zn: Rfjk(t) <3 zn: Zl:Rl?jk(t).

i,jk=1 i=d(x;t) jk=1
A]‘(t)>x

This last inequality holds true because Rfjk(t) is symmetric in i, j, k, therefore we
may sum over those triples that satisfy i > max{j, k} and then multiply by 3.
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Lemma 11.12. For any t > 0,
300 4OOD(2)
t Vi

Proof. Since the second summand in Lemma 11.10 is negative, we have

d 1y f1 i) - f1(A(D)
EE(tr(f(At)))<1E[§Z|Ri,j(t)|z Y CERY0) J (11.6)

ij=1

]E(Ft) ( ) E(F}).

Consider the sum

(11.7)

fAul) = £ A 0)
DRI,()F Y CERYOR

We split this quantity into four sums, according to whether i, j < d(r¢; t) or not. From
(11.5) we see that

1]1

n

b Z IR (D2 = b Z ZRk(t) Z ZRk(t) <1271 Z FAiD).

i,j=d(ro;t)+1 i,j=d(ro;t)+1 k=1 i=d(ro;t)+1 jk=1 i=d(ro;)+1
(11.8)

Recall that ry < §. Using again (11.5) and the fact that x/(x — y) < 3 (ro + %) when
X =1+ % and y < ry, we see that the indices with i < d(r;t) and j > d(ry + 1/3;¢) or
i>d(ro+1/3;t) and j < d(ro; t) contribute to the sum (11.7) at most

d(ro;t) d(ro;t)
1o n ]( ) 10 n

Y, ), ZRk()/\(t)_/\(t)\217'3(ro+1/3;t)2 Yy Zka

i=1 j=d(ro+1/3;t)+1 k=1 i=1 j=d(ro+1/3;t)+1 k=1

(11.9)
< 54b Z Z R2,(H) < 216t Z FAi(D).
i=d(ro+1/3;t)+1 jk=1 i=d(rp;t)+1
Since |f”(r)| < D3f(r) for all r > 0, the indices with i, j < d(ry + 1/3;¢) contribute to

the sum (11.7) at most

d(ro+1/3;t) n 2 d(ro+1/3;t) n
f'Ai6) = fA®OI _ Dy
Z ZRvk(t) () = M)l ) Z

R, (5 f(max(Ai(h), A,(8)).

(11.10)
We split the last sum into two parts. From Lemma 11.9 we see that the terms with
k < d(ry + 1/3;t) contribute at most

1
2 4 L
i,j=1 k=1 i,j=1 k=1

2 d(ro+1/3;t) d(Ai(t) d(ro+1/3;t)
=0 D, fAu) Y RO <6DG Y A@PAMA) (L1
i=1 jk=1 i=1
d(ro+1/3;t) d(ro+1/3;t)
< 6D 2(ry + 1/3)72 Z FA(D) < 6-32D212 Z FAi(D).
i=1 i=1

Using Lemma 11.9 again, and taking into account that b € [1 l] f(3) < 2 and

20 5
Zx < bx? = f(x) for x > %, we see that the terms with k > d(ry + 1/3;t) contribute at
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most

n d(ro+1/3;t) d(ro+1/3;t) n
DY Y f) Y RA(M <ADEOHro+1/3 Y A
k=d(ro+1/3:)+1 =1 j=1 k=d(ro+1/3;t)+1
(11.12)
60 -
R3/2 2,-1/2
<8-3%. — Djt Z FAD).
k=d(ro+1/3;t)+1
From (11.8), (11.9), (11.10) and (11.11) we finally get
d 12+216 Dj 5 60 -
TpE) < (225210 L 20 3302 .3/2._} i
~E(F) ( T max{6 372,832 = |E ;f()\ (t)
400D?
< (@ + 0)113( )
t Vi
and the proof is complete. O
A consequence of Lemma 11.12 is that
s 700
E(F,) < (;) E(F,) (11.13)
for all 0 < t <s < Dy*. It is known (see [80, Lemma 5.2]) that this implies the bound
P(llAtllop > 2) < 1 exp(—c2/t) (11.14)

for all 0 < t < ¢3/(Inn)?. In particular, if 0 < t < t; = ¢/(Inn)?, where ¢ > 0 is an
absolute constant, then

P(llAdlop > 2) < (11.15)

S

§ 11.5. Proof of Theorem 11.8. We set s; = 7/3 and consider the function f; = fp,,,
from Lemma 11.11 with 7y = s; and Dy = (Int;)*. If we assume that n > ny, where
ng is a large enough absolute constant, then we know that D, > 3. We define F;; =
tr(f1(As)) and using (11.15) and the fact that A; < %In we see that

E(F14,) < (1 - %) n f1(2) + %n A/h) = (n—1)e ™0 4 2, (11.16)
For k > 2 we define

k
I8, Z IInt™2,  fie = fantgrse  Fre = tr(fi(Ar)

i=2

wl\l

t = |Int;_4

We denote by b, the constant in [20, —] from the construction of the function f; =

fantys,. We set kg = maxfk > 1 : f < e}, Since the summands in the sum of the
definition of s, decay very fast, if we assume that n > n, for a large enough absolute
constant 1, > 0 then we see that s; € [3, 3] and 0 < t; <t <+ <t < e Also, for
every 2 < k < ky we have

g - (Ing)t

Sk_1 = Sk — (11.17)
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Lemma 11.13. Let n > ny, where ny is a large enough absolute constant. For all
1<k< ko andt e [tk, tk+1],

E(Fi;) < n exp(—(In t)?). (11.18)
Proof. We shall show that for every k > 2 and r > s;_4,
fi(r) < 5fra(r). (11.19)

If r > s, then
M) _ by
fiea(r)  bra

If s;_1 < r < s, then
fe(r) < fi(si) = bisi < 4bg_ysy < 5byoir® = 5fia(r)

So, (11.19) is true. We shall prove (11.18) by induction on k. For the case k = 1,
recall that t; = ¢/(Inn)?. Using (11.13), (11.16) and the fact that b < 1/5 we see that
£,1700 s 2
E(F;,) < (H) E(Fy,) < tl_m((n — 1) Inhl/3 4 42 /5) < ne”nh)
for every t € [t,t,], provided that n > ny. Now, let k > 2 and assume that (11.18)
holds true for k — 1. From (11.17) and (11.19) we have

n d(sk-1;tx) n
E(Fys,) = IE(Z fkui(tk»] = IE[ Y SN+ Y fkui(tk»]
i=1 i=1 i=d(se_1;t)+1

n

<E (d(sk—l} tk) e(lntk)4(5k—]—5k) +5 fk—l(Ai(tk))]

i=d(sg-1;t)+1

_ 7/2
<ne M 4 BIE(F ).

From (11.13) and the induction hypothesis we see that if t € [t, t,1] then

tre1 700 tre1 700 —|Int|7/? —(Int;_1)?
E(Fy,) < (t—) E(F,) < (t—) [ne it 4 5 gmntia’] (11.20)
k k
=700 ,—|Int;["/? -700 1'% L jimne o 1 g
<n [tk700€ [In | +5tk7008 £ ] <n [Ee ntel® Ee |In t] ]’
using also the fact that #, < exp(—100) and f, = |In t_4|7'°. Now, (11.20) gives (11.18)
and the proof is complete. O

We can proceed now with Guan’s main estimate in [65].

Theorem 11.14. Let p be an isotropic log-concave probability measure on R". If
(A0 is the covariance process associated with the stochastic localization starting
from i, then

E(tr(A})) < cn

for all t > 0, where ¢ > 0 is an absolute constant.
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Proof. We first assume that n > n, where n, is a large enough absolute constant.
Let ¢; > 0 be an absolute constant such that ¢; < i 41. If t € [t1, 1] then there exists
1 <k < kg such that t; <t < t;;1. From Lemma 11.13 we know that

E(tr(A?)) = (Z /\Z(t)) (—) n+IE[ Z /\f(t)]
(i:1:(t)>8/3)

< 69—4n +20E(F:,) < n (69—4 + e—<1“fk>2) < 8n.
On the other hand, if 0 < < t; then (11.14) and the fact that A; < %In show that
n N
E(tr(A7)) < 4n P(1Allop < 2) + 5P(IAlp > 2) < 4 + =5 exp(—ca/t) < 8n

where we have taken into account that t < ¢/(Inn)?> and n > ny. Note also that if
t > c¢; then

1
E(tr(A?)) < < 5n
c
because A; < iln. Finally, the case n < ng is covered e.g. by [80, Corollary 5.4]

which provides a bound for lEIIAtIIgp and hence for lE(tr(Atz)). O
It is not hard now to prove Theorem 11.8.

Proof of Theorem 11.8. Using the formula

dA; = f(x — a)®(x — a;, AW,y duy(x) — AZdt

and taking into account that Ay = I,,, from the estimate E(tr(A?)) < cn for every t > 0
we see that

E(tr(A;)) > tr(Ag) —ctn = (1 — ct)n

and hence

E(tr(A;)) > 61n
for all 0 < t < 61, where 6; is a suitably small positive absolute constant (one may
choose 6; = 1 O

+1

Theorem 11.1 and Theorem 11.8 play an important role in the derivation of the
main results ¢, = O( Vlnn) and L, = O(1) that we discussed in Sections 8 and 9.
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