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Abstract. We study a generalization of the Erdős-Falconer distance problem over
finite fields. For a graph G, two embeddings p, p′ : V(G) → Fd

q of a graph G are
congruent if for all edges (vi, v j) of G we have that ||p(vi) − p(v j)|| = ||p′(vi) − p′(v j)||.
What is the infimum of s such that for any subset E ⊂ Fd

q with |E| ≳ qs, E contains a
positive proportion of congruence classes of G in Fd

q? Bennett et al. and McDonald
used group action methods to prove results in the case of k-simplices. The work of
Iosevich, Jardine and McDonald as well as that of Bright et al. have proved results
in the case of trees and trees of simplices, utilizing the inductive nature of these
graphs.

Recently Aksoy, Iosevich, and McDonald combined these two approaches to obtain
nontrivial bounds on the “bowtie” graph, two triangles joined at a vertex. Their proof
relies on an application of the Hadamard three-lines theorem to pass to a different
graph. We develop novel geometric techniques called branch shifting and simplex
unbalancing to reduce our analysis of trees of simplices to a much smaller class of
simplex structures. This allows us to establish a framework that handles a wide
class of graphs exhibiting a combination of rigid and loose behavior. In F2

q, this
approach gives new nontrivial bounds on chains and trees of simplices. In Fd

q, we
improve on the results of Bright et al. in many cases and generalize their work to
a wider class of simplex trees. We discuss partial progress on how this framework
can be extended to more general simplex structures, such as cycles of simplices and
structures of simplices glued together along an edge or a face.

“The shortest path between two truths in the real domain passes through the
complex domain."

- Jacques Hadamard
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1. Introduction
The Erdős distance problem is a classical problem in geometric combinatorics.

Originally introduced by Erdős in 1946, it asks for the smallest number of distinct
distances determined by a subset of Rd under the standard Euclidean metric. The
original conjecture in [ Erd46 ] states that for a subset P ⊂ Rd, d ≥ 2, with size
|P| = N, the least number of distances determined by P is on the order of N

2
d−ϵ for

ϵ > 0. The case of d = 2 was resolved by Guth and Katz in 2011 within a
√

log N
factor of the best known lower bound ([  GK15 ]) . The case where d ≥ 3 is still open
with best known bounds from Solymosi and Vu in 2008 ([ SV08 ]). The Falconer
distance problem is similar in nature to the original Erdős distance problem and
asks for the minimum Hausdorff dimension of a set E ⊂ Rd needed to achieve a
positive Lebesgue measure of distances. In [  Fal85 ], Falconer conjectured that if
the Hausdorff dimension of E is strictly greater than d

2 , the set of distances {||x −
y||, x, y ∈ E} with the standard Euclidean metric has positive (one-dimensional)
Lebesgue measure. This conjecture is still open in all dimensions. For d = 2, the
best threshold is 5

4 from Guth et al. in 2018 ([  Gut+20 ]), and for d ≥ 3 the best known
bound is d

2 +
1
4 − 1

8d+4 were found by Du et al. in 2023 ([  Du+23 ]).
In [  IR07 ], Iosevich and Rudnev introduced the Erdős-Falconer distance problem

over finite fields, an arithmetic analogue to these two problems. In Fd
q, for q a prime

power, we define the distance between two points x, y ∈ Fd
q as

||x − y|| = (x1 − y1)2 + · · · + (xd − yd)2. (1.1)
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The Erdős-Falconer distance problem over Fd
q asks for the minimum size of a

subset E such that pairs of points in E determine all possible distances in Fq, or
more generally, a positive proportion of distances in Fq  

1
 . More precisely, it asks for

the infimum of all s ∈ R such that |E| ≳ qs implies that E contains all distances,
or a positive proportion of distances, in Fq, where q is treated as an asymptotic
parameter.
Remark. Here, as in most other papers on the subject, we write X ≲ Y to mean
there is a constant C with X ≤ CY independent of q, and similarly, we write X ≳ Y
if X ≥ CY for a constant C independent of q. We say X ≈ Y, or that X is on the order
of Y, if X ≲ Y ≲ X.

This problem has been actively researched over the past two decades. In [ IR07 ],
it was proved that for E ⊂ Fd

q and s = d+1
2 , if E ≳ qs then E contains all distances in

Fq. In [ Har+11 ], the authors showed that this s is tight in odd dimensions even for
the weaker problem of considering a positive proportion of distances. In d = 2, this
exponent has been improved when considering a positive proportion of distances,
first to 4

3 in [  Cha+12 ], and recently to 5
4 in [  Mur+22 ], which is the best known result

as of this writing.
An interesting analogue of the original Erdős-Falconer distance problem in Fd

q

generalizes the notion of the distance set determined by a set of points E in Fd
q.

Definition 1.1. Given a graph G, we say that two embeddings p, p′ : V(G) → Fd
q

of a graph G are congruent if for every (vi, v j) in the edge set of G, we have that
||p(vi) − p(v j)|| = ||p′(vi) − p′(v j)||.

For a general graph G, what is the infimum of s such that |E| ≳ qs implies that
E contains an embedding of G in each congruence class, or a positive proportion of
congruence classes of G in Fd

q? The original Erdős-Falconer distance problem over
Fd

q relates to the case where G is the complete graph on two vertices.
A natural graph to consider in this generalization is the complete graph on k + 1

vertices, whose embeddings correspond to k-simplices in Fd
q. To this end, we often

refer to both the complete graph on k + 1 vertices and embeddings of this graph in
Fd

q as simplices of dimension k. In [  Ben+17 ], Bennett et al. proved that for n ≤ d,
E ⊂ Fd

q, and s = dn+1
n+1 , then E contains a positive proportion of congruence classes of n-

simplices in Fd
q whenever |E| ≳ qs. To achieve this, the authors adapted group action

methods from the continuous case of the Falconer distance problem, see [ Gre+15 ].
While the distance function in (  1.1 ) isn’t a norm, it is still invariant under trans-
formations in Od(Fq), the group of orthogonal transformations over Fd

q with respect
to the standard inner product. These group action methods over finite fields have
found success in proving results for rigid graphs. For d = 2, [  Ben+17 ] improved the
s = dn+1

n+1 exponent for 2-simplices due to a stronger bound on the finite field analogue
1Although this is not a metric, it is standard in the literature to refer to it as a distance due to

historical connections to the Erdős and Falconer distance problems.
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of the Mattila integral in this setting. In 2019, McDonald [  McD20 ] used group ac-
tion techniques to extend the results of [  Ben+17 ] in both the Fd

q and F2
q settings to

n-simplices for n ≥ d.
Results have been proven for loose graphs as well, such as paths, cycles, and

trees, where a group action approach is less clear. In this setting, success was
found in using techniques that take advantage of the inductive nature of these
graphs. In [ Ben+16 ], the authors proved that for G a path of arbitrary length,
E ⊂ Fd

q and s = d+1
2 , if |E| ≳ qs, then E contains at least one embedding of G in

every congruence class, and so E contains all congruence classes of G in Fd
q. Similar

results have been proved in [  IJM21 ] when G is a tree for s = d+1
2 . These results have

been generalized in [  Bri+23 ], where for simplices of sufficiently small dimension
relative to the ambient space, the authors proved that for E ⊂ Fd

q, and s = m + d−1
2 ,

if |E| ≳ qs then E contains all congruence classes of embeddings of a certain class of
trees of m-simplices.

In [  IP19 ], Iosevich and Parshall proved a much more general result: for any con-
nected graph G with maximum vertex degree t, E ⊂ Fd

q, and s = t + d−1
2 , if |E| ≳ qs

then E contains at least one embedding of G in every congruence class. While this
result gives nontrivial s for any G in a sufficiently high dimension space, the spe-
cialized results of [  Ben+17 ] and [ McD20 ] yield better results on high-dimensional
simplices, and [  Bri+23 ] yields better results on the class of simplex trees they han-
dle for all dimensions of the space. This suggests that the techniques that are used
to work with a graph G should vary with the properties that G exhibits.

Very recently, in [  AIM24 ], Aksoy, Iosevich, and McDonald took a step toward
combining the group action techniques for simplices and the inductive techniques
for paths and trees to handle the bowtie graph B shown in Figure  1 , a graph that
exhibits a combination of rigid and loose behavior. To do this, the authors first
reduced the problem to bounding a sum corresponding to the number of pairs of
congruent embeddings of B in E, following a similar setup as in [  Ben+17 ]. Then, by
the Hadamard three-lines theorem from complex analysis, they convert the problem
from bounding the sum corresponding to B (a 2-simplex attached to a 2-simplex) to
a sum corresponding to the kite graph K (a 3-simplex attached to a 1-simplex), as
shown in Figure  1 .

B K

Figure 1. The “bowtie” graph, B, and the “kite” graph, K.

Morally, as paths are much more abundant than high-dimensional simplices, if E
is large enough to contain a positive proportion of congruence classes of 3-simplices,
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then E should also contain a positive proportion of congruence classes of K. To
prove this rigorously, the authors split up the sum corresponding to K to isolate the
contributions from the path and those from the 3-simplex. Then, the path terms
can be bounded using the inductive techniques from [  Ben+16 ], and the 3-simplex
terms could be bounded using the group action techniques from [  Ben+17 ].

In this paper, we generalize the techniques of [  AIM24 ] to obtain nontrivial
bounds on s for a much wider and more complex class of graphs exhibiting a combi-
nation of rigid and loose structure. In particular, we focus our attention on a class
of graphs that we call simplex trees.

Definition 1.2. For a simplex S, let V(S) denote the set of vertices of S. Let T be a
single simplex or let T = {Si : i ∈ I} be a finite set of simplices. We denote by NT (Si)
the set of all simplices in T sharing a vertex with Si. We drop the subscript T when
it is clear from context. We say T is a (connected) simplex tree if |T | = 1 or if
|T | > 1 and T satisfies the following properties:

(1) For any i, j ∈ I distinct, we have that |V(Si) ∩ V(S j)| ≤ 1.
(2) For each a, b ∈ I, there exists a path of simplices in T from Sa to Sb, i.e., there

exist distinct integers i1, . . . , in ∈ I such that Si1 = Sa, Sin = Sb and Si j+1 ∈ N(Si j)
for each 1 ≤ j ≤ n − 1.

(3) There is no closed loop of simplices, i.e. there do not exist distinct integers
i1, . . . , in ∈ I such that for each 1 ≤ j ≤ n, we have that Si j+1 ∈ N(Si j) and
Sin ∈ N(Si1). Note that for a connected simplex tree, Si ∈ N(S j) if and only if
|V(Si) ∩ V(S j)| = 1.

Our definition may be viewed as a natural generalization of an undirected tree,
where each simplex may be viewed as a vertex and each vertex shared by two sim-
plices may be viewed as an edge between them.

Remark. Our definition of a simplex tree is more general than the definition given
in [  Bri+23 ]. Their class of simplex trees is formed by taking a standard graph-
theoretic tree, and to each edge, attaching a k-simplex sharing this edge. This
means that for any simplex in a tree considered by [  Bri+23 ], only two of its vertices
may be shared by other simplices. Under our definition of simplex trees, however,
a simplex can share any number of its vertices with other simplices. Secondly,
while the definition in [ Bri+23 ] requires all simplices in the tree to have the same
dimension, in our definition, simplices can have different dimensions throughout
the tree.

1.1. Statement of main results. Our main theorem deals with how big E needs
to be to ensure it contains a positive proportion of congruence classes of T .

Theorem 1.3. For a simplex tree T and an integer k such that 1 ≤ k < d+1
2 , define

Nk = k +
∑
S∈T

dim(S)>k

(dim(S) − k). (1.2)
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For an E ⊂ Fd
q, suppose that for s = max

(
dNk+1
Nk+1 , k + d−1

2

)
, |E| ≳ qs. Then E contains a

positive proportion of congruence classes of embeddings of T in Fd
q.

Note that for a given T and k, Theorem  1.3 results in some s < d, and therefore
this result is nontrivial for all simplex trees T . Naively, for any graph G and a
space Fd

q, one can find a nontrivial s (i.e. s < d) such that for any E ⊂ Fd
q and |E| ≳ qs,

E contains a positive proportion of congruence classes of G in Fd
q by first finding

an s for the complete graph on the number of vertices of G, and then applying the
corresponding results of [ Ben+17 ] and [  McD20 ]. However, Theorem  1.3 and all
subsequent theorems in the introduction yield better bounds than this method.

The idea of the proof of Theorem  1.3 is as follows. We first generalize the setup of
[ Ben+17 ] to reduce the problem to bounding a sum corresponding to the number of
pairs of congruent embeddings of T in E. We develop two techniques called branch
shifting and simplex unbalancing that algebraically modify this sum in ways that
correspond to geometric modifications of T . This allows us to reduce to the problem
to bounding a sum corresponding to the modified T . We apply these techniques re-
peatedly until our modified T consists of one large simplex of dimension Nk with
trees of k-simplices attached to a single vertex. From here, we use Fourier analytic
techniques to isolate the contributions of each of these two different structures from
the sum, handling the large simplex with group action techniques in the spirit of
[ Ben+17 ] and [  McD20 ] and handling the smaller trees of simplices with the in-
ductive techniques from [  IJM21 ] and [  Bri+23 ]. Once E is large enough to contain a
positive proportion of congruence classes of Nk-simplices and all congruence classes
of trees of k-simplices, which occur at s = dNk+1

Nk+1 and s = k+ d−1
2 , respectively, we show

that E contains a positive proportion of congruence classes of T . Therefore, the
geometry of our reduced structure dictates our threshold for s.

The value of k in Theorem  1.3 can be viewed as a parameter that determines
how much the resulting s relies on inductive techniques rather than group action
techniques. When k is small, we modify T to have a very large central simplex and
simplex trees of very small dimension attached to a vertex. Then, the strength of
our result relies much more heavily on group action techniques rather than induc-
tive techniques. On the other hand, when k is large, we modify T to have a smaller
central simplex, while the simplex trees sticking out of it are of higher dimension.
In this scenario, the group action techniques yield a smaller s, at the cost of in-
ductive techniques yielding a larger s to guarantee that E contains all congruence
classes of trees of k-simplices. The flexibility we gain by adaptively scaling between
group action techniques and inductive techniques yields a vast generalization of
the methods of [ AIM24 ]. See Figure  2 for an illustration of how scaling in k affects
the modification of T . Note that the edges inside of the simplices are omitted for
clarity.

Note that when the dimension of Fd
q is much larger than the dimension of sim-

plices in a simplex tree T , it is always optimal to pick k as the dimension of the
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k =
1

k = 2

Figure 2. Two modifications of a simplex tree corresponding to differ-
ent k.

largest simplex in T . However, when the dimension of Fd
q is comparable to the di-

mension of the simplices, the choice of k is more nuanced. For example, Theorem
 1.3 gives the best results for a chain of three triangles in F4

q for k = 1, and gives the
best results for a 6-simplex attached to a 3-simplex in F6

q for k = 2. If the dimension
of the simplices inT is bounded, it becomes optimal to pick a larger k as the number
of simplices in T increases.

In the case where the simplices in our simplex tree are sufficiently small, we get
a result using purely inductive techniques.

Theorem 1.4. Consider a simplex tree T consisting only of simplices of dimension
at most n < d+1

2 . Fix E ⊂ Fd
q and put s = n + d−1

2 . If |E| ≳ qs then E contains a positive
proportion of congruence classes of T in Fd

q.

This result follows by using branch shifting to convert our simplex tree T to the
form of a tree of n-simplices in the sense of [  Bri+23 ]. From here, using Theorem
1.12 of [  Bri+23 ] gives the desired result.

When working with simplex trees of only n-simplices for n < d+1
2 , Theorem  1.4 

generalizes the results of [  Bri+23 ]. We achieve the same exponent s = n + d−1
2 in

Theorem 1.12 of [  Bri+23 ] but for a wider class of simplex trees than they consider.
In many cases where a simplex tree contains simplices of dimension close to d+1

2 ,
Theorem  1.3 improves on the results of [  Bri+23 ]. For instance, for a chain of three
triangles in F4

q, choosing k = 1 in Theorem  1.3 gives s = 17
5 , while Theorem 1.9 of

[ Bri+23 ] gives s = 7
2 . It is worth noting that for n < d+1

2 , [ Bri+23 ] and Theorem  1.4 

give values of s independent of the size of the tree, but Theorem  1.3 weakens as
the size of the tree grows. This is because upon Hadamard three-lines reduction,
the results of group action techniques are sensitive to the size of the large simplex,
while the results of inductive techniques are independent of the size of the simplex
tree. As n grows, Theorem  1.3 becomes more and more reliant on group action
techniques, even when k is chosen to be maximal.
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For all simplex trees, we also improve the results of Iosevich and Parshall in
[ IP19 ]. When T has a simplex of dimension at least d+1

2 , the methods in [  IP19 ] give
trivial results, and when T has all simplices of dimension at most n for n < d+1

2 ,
applying Theorem  1.4 improves on the result of [  IP19 ]. Furthermore, our results
are independent of the maximum vertex degree of T , as Theorems  1.3 and  1.4 only
depend on the set of simplices in T rather than their configuration. For example,
these theorems yield the same bounds for a chain of n-simplices of length ℓ and a
collection of ℓ n-simplices sharing a common vertex. This gives further indication,
as [ Bri+23 ] discusses, that maximum vertex degree is not always the right notion
of complexity.

Due to a stronger bound on the finite field analogue of the Mattila integral in F2
q,

in this setting, we obtain a slightly better result.

Theorem 1.5. For a simplex tree T , define

N = 1 +
∑
S∈T ,

dim(S)>1

(dim(S) − 1).

If E ⊂ F2
q with q ≡ 3 (mod 4) is such that

|E| ≳ q
4N

2N+1 ,

then E contains a positive proportion of congruence classes of embeddings of T in
F2

q.

This result is novel in the sense that [  IP19 ] and [ Bri+23 ] both give trivial results
for simplex trees in F2

q. The restriction of q ≡ 3 (mod 4) is to rule out the existence
of a square root of −1 and the resulting radius zero spheres in F2

q. These cause tech-
nical obstructions in obtaining the improved bound on the finite field analogue of
the Mattila integral, necessary when applying group action techniques to our large
central simplex (as in the discussion after the statement of Theorem  1.3 above). An
argument in [  Ben+17 ] was able to work around the q ≡ 1 (mod 4) obstructions for
embeddings of 1 and 2-simplices in F2

q via explicit analysis of the “bad cases” in this
setting. Therefore, with a more careful analysis of the q ≡ 1 (mod 4) setting in the
case of overconstrained simplices in F2

q, it is believable that Theorem  1.5 should
hold for q ≡ 1 (mod 4) as well.

It is interesting to note that we obtain the same results as in Theorems  1.3 and
 1.5 when we delete a number of edges from some complete graphs in our simplex
tree. More precisely, in Section 2, we note that for k ≥ d, a congruence class of
an embedding of a complete graph on k + 1 vertices (i.e. a k-simplex) is defined by
d(k + 1) − (d+1

2

) pairwise distances rather than all (k+1
2

) distances. Therefore, given a
simplex structure, we may remove up to (k+1

2

) − d(k + 1) +
(d+1

2

) edges of any simplex
of dimension at least d and obtain the same bounds as in Theorems  1.3 and  1.5 .

In Section 2, we discuss some preliminaries from Fourier analysis and the tech-
niques used in [ Ben+17 ] and [  AIM24 ]. In Section 3, we generalize the methods
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used in [  AIM24 ] to isolate terms corresponding to high-dimensional simplices and
low-dimensional simplex trees in the sum corresponding to a simplified simplex
tree T . In Section 4, we present the proof of Theorems  1.3 and  1.5 . Given a simplex
tree T , we recursively build a sum corresponding to T and reduce the problem to
bounding this sum. Then, we define and prove branch shifting and simplex unbal-
ancing. Finally, we inductively apply these two geometric operations to reduce to a
case where we may apply the methods in Section 3.

In Section 5, we discuss partial progress in applying the Hadamard three-lines
framework to cycles of simplices. As in Section 4, we are able to reduce to a class of
cycles with only one large simplex. However, in bounding the sum corresponding to
this simple class of simplex cycles, technical issues arise in trying to separate the
terms corresponding to the large simplex and to the small simplices.

In Section 6, we briefly discuss future work on structures of simplices glued to-
gether at an edge or a face, as well as a probabilistic approach to the Erdős-Falconer
distance problem that may circumvent the technical obstructions in Section 5.

2. Preliminaries
2.1. Analytic preliminaries. We first state some of the Fourier analytic machin-
ery we need.
Definition 2.1. Suppose f : Fd

q → C and suppose χ is a nontrivial additive character
on Fq. Then we define the m-th Fourier coefficient of f as

f̂ (m) = q−d
∑
x∈Fd

q

χ(−m · x) f (x). (2.1)

We also have the usual inverse finite Fourier transform, defined by

f (x) =
∑
m∈Fd

q

χ(m · x) f̂ (x). (2.2)

Lemma 2.2 (Parseval). For f as above,∑
m∈Fd

q

| f̂ (m)|2 = q−d
∑
x∈Fd

q

| f (x)|2. (2.3)

For further reading on the finite Fourier transform see, for example, Chapter 7
of [ SS03 ].

We now review some tools we use in bounding sums later on in this paper.
Lemma 2.3 (Log-convexity of Lp-norms). For p0, p1 ∈ R+, define

pr =

(
1 − r

p0
+

r
p1

)−1

. (2.4)

Then, for f ∈ Lp0 ∩ Lp1, we have
|| f ||pr ≤ || f ||1−r

p0
|| f ||rp1

. (2.5)
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Theorem 2.4 (Hadamard three-lines theorem). Suppose f (z) = f (x+iy) is bounded,
continuous on the strip {z : Re(z) ∈ [a, b]}, and holomorphic in the interior of the strip.
Put

M(x) = sup
y∈R
| f (x + iy)|. (2.6)

Then log(M(x)) is convex on [a, b]. Therefore, for any t ∈ [0, 1], we have
M(ta + (1 − t)b) ≤ M(a)tM(b)1−t. (2.7)

Throughout this paper, we often apply the Hadamard three-lines Theorem in the
setting below, so we state it here for convenience.
Corollary 2.5. Consider a function ψ : R2 → R that can be extended to a function
from C2 to C. Suppose that the complex function Ψ(z) = ψ(a1 + z, a2 − z) satisfies the
criteria of Lemma  2.4 in the strip {z : Re(z) ∈ [−a1, a2]}, and for each x ∈ [−a1, a2],
|Ψ(x + iy)| is maximized at y = 0. Then, we have that

ψ(a1, a2) ≤ ψ(a1 + a2, 0)s1ψ(0, a1 + a2)s2 , (2.8)
for s1 =

a2
a1+a2

and s2 =
a1

a1+a2
.

Finally, we have a finite field variant of Taylor’s Theorem that is a special case
of Lemma 2.1 of [ Ben+17 ].
Lemma 2.6. For any function ϕ : Fd

q → R≥0 and any n ≥ 2, we have that∑
x∈Fd

q

ϕn(x) ≲ q−d(n−1)||ϕ||n1 + ||ϕ||n−2
∞

∑
x∈Fd

q

(
ϕ(x) −

||ϕ||1
qd

)2

. (2.9)

2.2. Geometric preliminaries. We define the geometric counting function λθ
and highlight some important properties, as in [  Ben+17 ].
Definition 2.7. Given a subset E ⊂ Fd

q and a θ ∈ Od(Fq), the group of orthogonal
transformations over Fd

q, define the function λθ : Fd
q → R by

λθ(w) =
∣∣∣{(u,u′) ∈ E2 : u − θu′ = w}

∣∣∣. (2.10)

We also have ||λθ(w)||1 = |E|2, ||λθ(w)||∞ = |E|, and λ̂θ(0) = |E|
2

qd .

For all d ≥ 2, we have the following bounds on sums over λθ.
Proposition 2.8 (Lemmas 4 and 5 of [ McD20 ]). For λθ as defined in Fd

q, we have
that for |E| ≳ q

dn−d+1
n , ∑

θ∈Od(Fq)

∑
w∈Fd

q

λn
θ(w) ≲ |E|2nq−dn+(d+1

2 ). (2.11)

We also have, independent of the size of E, that∑
θ∈Od(Fq)

∑
w∈Fd

q

(
λθ(w) − λ̂θ(0)

)2
≲ q(d

2)+1|E|2. (2.12)
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In F2
q, we have the following result.

Lemma 2.9. For any function h : F2
q → R≥0, for q ≡ 3 (mod 4)

||ĥSt||4 ≲ q−
3
2 ||hSt||2. (2.13)

See Theorem 4.4 of [ Cha+12 ] for the original proof, or the proof of Lemma 2.4
in [ AIM24 ] which more closely matches our notation. Lemma  2.9 allows us to get
better bound on sums of λθ as presented below.
Proposition 2.10. For q ≡ 3 (mod 4), λθ defined as in ( 2.10 ), and |E| ≳ q

4n−4
2n−1 , we

have ∑
θ∈O2(Fq)

∑
w∈F2

q

λn
θ(w) ≲

|E|2n

q2n−3 . (2.14)

Furthermore, independent of the size of E, we have∑
θ∈O2(Fq)

∑
w∈F2

q

(λθ − λ̂θ(0))2 ≲ |E| 52 q. (2.15)

Proof. The second part of the above Proposition is proven in [ Ben+17 ], but more
explicitly proven in Lemma 2.4 of [ AIM24 ]. To prove the first part of the above
Proposition, apply Lemma  2.6 to the sum over w, and apply Lemma 2.4 of [  AIM24 ].

□

We now review some definitions and notation about congruence classes.
Definition 2.11. For a graph G with e(G) edges, the congruence class of G cor-
responding to the values t1, . . . , te(G) ∈ Fq is the set of embeddings E in G such
that for each embedding h ∈ E and for all i, the ith edge (vi,1, vi,2) of G satisfies
||h(vi,1) − h(vi,2)|| = ti. This forms an equivalence relation on the set of embeddings
of G.

When G is a simplex, we can rephrase this definition of congruence classes in
terms of group actions. For a k-simplex S = (x0, . . . , xk) ∈ (Fd

q)k+1, the rigid-motion
congruence class of G is the set of k-simplices S = (y0, . . . , yk) ∈ (Fd

q)k+1 such that
there exists a θ ∈ Od(Fq) and w ∈ Fd

q such that xi = θyi + w for all i. We now show
that these two definitions coincide.

A k-simplex (more precisely, an embedding of a k-simplex) (x0, . . . , xk) ∈ (Fd
q)k+1 is

called nondegenerate if the vectors x1 − x0, . . . , xn − x0 are linearly independent
or they span Fd

q. It is well known that for k ≤ d, two nondegenerate k-simplices
(x0, . . . , xk) and (y0, . . . , yk) in Fd

q are congruent in the sense of Definition  2.11 if and
only if there exists a θ ∈ Od(Fq) and w ∈ Fd

q for which xi = θyi+w for all i (see Lemma
2.11 of [  Cha+12 ]). In the case that k ≥ d, we can form this nondegenerate k-simplex
as the union of nondegenerate d-simplices sharing a common d − 1-simplex, i.e,

(x0, . . . , xk) =
⋃
i≥d

(x0, . . . , xd−1, xi) (2.16)
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Then for two congruent k-simplices (x0, . . . , xk) and (y0, . . . , yk) in the sense of Def-
inition  2.11 , for d ≤ i ≤ k there exists θi ∈ Od(Fq),wi ∈ Fd

q sending (x0, . . . , xd−1, xi)
to (y0, . . . , yd−1, yi). These θi must be chosen from the two θ sending (x0, . . . , xd−1)
to (y0, . . . , yd−1) (there are two since this θ is unique up to reflection). Therefore,
for k ≥ d, every congruence class of k-simplices contains most 2d−k+1 rigid-motion
congruence classes of k-simplices defined by rotations and translations, and every
rigid-motion congruence class lies in a single congruence class. We see that rigid-
motion congruence classes of simplices are a finer equivalence relation than stan-
dard congruence classes, but only by a constant factor. As our results only care
about E containing a positive proportion of congruence classes of embeddings of
some graph, we may use these definitions interchangeably for congruence classes
of nondegenerate simplices.

Remark. In Theorem 7.5 of [  Ben+17 ] for k ≤ d and Theorem 1 of [ McD20 ] for k ≥ d,
it is proved that the number of rigid-motion congruence classes of degenerate k-
simplices is negligible compared to the number of rigid-motion congruence classes
of all k-simplices. Therefore, for the rest of the paper, we may assume that all
embeddings of simplices are nondegenerate.

We recall the following fact about embeddings of simplices in [ McD20 ].

Lemma 2.12. The number of congruence classes of n-simplices in Fd
q is on the order

of q(n+1
2 ) n ≤ d

qd(n+1)−(d+1
2 ) n ≥ d.

(2.17)

We note that these two values agree for n = d − 1 and n = d.

We establish the following notation.

Definition 2.13. For a simplex S, let cd(S) be the integer such that the number of
congruence classes of S inFd

q is on the order of qcd(S). We write c(S) when the dimension
is clear.

Finally, we recall a well-known fact about the size of the orthogonal group over
Fd

q.

Lemma 2.14. Let Od(Fq) denote the orthogonal group over Fd
q. Then we have that

|Od(Fq)| ≈ q(d
2). (2.18)

2.3. Simplex trees. We develop notation for simplex trees in order to work with
them more easily throughout the paper.

Definition 2.15. We define a rooted simplex tree (T ,S0) to be a connected simplex
tree with a designated root simplex S0.
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Definition 2.16. For a rooted simplex tree (T ,S0), we define the depth of a simplex
S inT to be the minimal length n of a path of simplices inT from S0 to S. Specifically,
for i0, . . . , im ∈ I such that S0 = Si0 and S = Sim, we define

n B min
{
m ∈N : ∃ Si1 , . . . , Sim−1 ∈ T ,Si j+1 ∈ N(Si j) for all 0 ≤ j ≤ m − 1

}
. (2.19)

Definition 2.17. For a rooted simplex tree (T ,S0), and a simplex S ∈ T , we call a
vertex v of S a parent vertex of S if it is shared by a simplex of less depth. Note that
each non-root simplex has exactly one parent vertex, while the root has no parent
vertex. If v is shared by a simplex of higher depth, it is called a child vertex of S.
If v is not shared by any simplex other than S, it is called a free vertex.

A free rooted simplex tree (T ,S0, v0) is a rooted simplex tree with designated
free vertex v0 of S0.

Definition 2.18. For a simplex S in a rooted tree (T ,S0), denote PT (S) (P for
“pruned”) as the free rooted simplex tree consisting of S and all simplices connected
to S through a path of simplices in T of greater depth than S. We define PT (S) to be
rooted at S with the designated vertex being the parent vertex of S in T . We drop the
subscript T when it is clear from context.

Definition 2.19. For each v ∈ V(S) and simplices Si1 , ..., Sin ∈ N(S) of greater depth
sharing the vertex v with S, we define the j-th branch of S at v to be the free rooted
simplex tree P(Si j) with root Si j and designated free vertex v. Let BT (S, v) be the set of
branches of S at v, where the T subscript is dropped when it is clear from context. If
a simplex S has no branches, we call the simplex a leaf. If the simplex S is dimension
greater than n and has branches consisting only of simplices of dimension at most
n, we call the simplex an n-leaf.

It is clear that any simplex tree with a simplex of dimension greater than n con-
tains an n-leaf.

Note that choosing a congruence class of each simplex S ∈ T determines a unique
congruence class of T , since it determines the distance between every pair of ver-
tices corresponding to an edge in an embedding of T . Furthermore, every con-
gruence class of T uniquely determines the congruence class of each S ∈ T . This
immediately gives us following lemma:

Lemma 2.20. Given a simplex tree T we have that the number of congruence classes
of T in Fd

q is equal to q
∑

S∈T c(S). We denote the quantity
∑

S∈T c(S) as c(T ).

Remark. By the discussion and remark under  2.11 , we may assume that in any
embedding of T , all embeddings of simplices in T are nondegenerate.

3. Functional sums and useful bounds
In this section, we prove several bounds on sums and products of geometric count-

ing functions that will become relevant in the upcoming sections. Some of the
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bounds in this section rely on the results of [ Bri+23 ], who work with a weaker def-
inition of simplex trees than how we have defined them. We recall their definition
here:

Definition 3.1 (Definition 1.11 of [ Bri+23 ]). We define an k-weak simplex tree
Tk as the graph obtained from a standard graph-theoretic tree, where each edge is
replaced with a k-simplex containing this edge. We assume k ≤ d+1

2 .

For a k-weak simplex tree Tk with a distinguished root vertex r, we enumerate
each of the e(Tk) = ℓ

(k+1
2

) edges in Tk, where ℓ is the number of simplices in Tk. For
t1, . . . , te(Tk) ∈ Fq such that ti , 0, we identify the congruence class of embeddings
of Tk in Fd

q by assigning the distance ti to the ith edge. For an E ⊂ Fd
q, we define

the function fTk,t1,...,te(Tk)(x) as the number of embeddings h : V(Tk) → E of Tk in the
congruence class defined by t1, . . . , te(Tk) ∈ Fq, with the condition that h(r) = x. In our
analysis of fTk,t1,...,te(Tk)(x), our results will be independent of the ti (as long as they are
nonzero), so we denote this function simply as fTk(x).

For a θ ∈ Od(Fq), it is useful to define the function Γθ,Tk(w) : Fd
q → R as

Γθ,Tk(w) =
∑

x,x′∈Fd
q

x−θx′=w

fTk(x) fTk(x
′). (3.1)

This function counts the number of pairs of congruent embeddings h1, h2 : V(Tk)→
E such that the transformation given by a rotation by θ and a translation by w sends
h1(r) to h2(r). We prove some facts about fTk and Γθ,Tk which are of use to us.

Lemma 3.2. Suppose |E| ≳ qk+ d−1
2 and let Tk be a k-weak simplex tree with ℓ simplices.

Then
(1) || fTk ||1 ≈ |E|ℓk+1

qℓ(k+1
2 ) .

(2) || fTk ||2 ≈ |E|ℓk+
1
2

qℓ(k+1
2 ) .

(3) ||Γθ,Tk ||1 ≈ |E|2ℓk+2

q2ℓ(k+1
2 ) and Γ̂θ,Tk(0) ≈ |E|2ℓk+2

qd+2ℓ(k+1
2 ) .

Proof. By definition, fTk(x) counts the number of embeddings of Tk rooted at x in a
fixed congruence class. Hence, || fTk ||1 is the total number of trees in this congruence
class class. From Theorem 1.12 of [  Bri+23 ], this is on the order of |E|ℓk+1q−ℓ(

k+1
2 ) when

|E| ≳ qk+ d−1
2 .

To find || fTk ||2, note that f 2
Tk

(x) counts the number of pairs of embeddings of Tk

rooted at x in a fixed congruence class. Equivalently, f 2
Tk

(x) counts the number of
embeddings of a larger k-weak simplex tree T′k rooted at x, where T′k is obtained by
adjoining two copies of Tk at r, and denoting r as the root vertex of T′k. Tk has 2ℓ
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many k-simplices, so by Theorem 1.12 of [  Bri+23 ], we have that for |E| ≳ qk+ d−1
2 ,∑

x∈Fd
q

f 2
Tk

(x) ≈ |E|
2ℓk+1

q2ℓ(k+1
2 )
. (3.2)

Therefore, taking square roots, we get that

|| fTk ||2 ≈
|E|ℓk+ 1

2

qℓ(
k+1

2 )
. (3.3)

By the definition of the Fourier transform we have that

Γ̂θ,Tk(m) = q−d
∑
w∈Fd

q

χ(−m · w)Γθ,Tk(w) (3.4)

= q−d
∑

x,x′∈Fd
q

χ(−m · (x − θx′)) fTk(x) fTk(x
′) = qd f̂Tk(m) f̂Tk(θ−1m). (3.5)

We also have that for |E| ≳ qk+ d−1
2 ,

f̂Tk(0) = q−d|| fTk ||1 ≈ q−d

 |E|ℓk+1

qℓ(
k+1

2 )

 = |E|ℓk+1

qd+ℓ(k+1
2 )
. (3.6)

Therefore, we get the following results.

Γ̂θ,Tk(0) = qd| f̂Tk(0)|2 ≈ |E|2ℓk+2

qd+2ℓ(k+1
2 )

(3.7)

||Γθ,Tk ||1 = qdΓ̂θ,Tk(0) ≈ |E|
2ℓk+2

q2ℓ(k+1
2 )
. (3.8)

□

In the coming sections, we need bounds for sums of the form∑
θ∈Od(Fq)

∑
w∈Fd

q

λn
θ(w)Γθ,Tk(w). (3.9)

This bound looks slightly different in F2
q than in higher dimensions, due to our

ability to bound the finite field analogue of the Mattila integral better in two di-
mensions.

Lemma 3.3. Let T be a 1-weak simplex tree with ℓ simplices (i.e. a standard graph-
theoretic tree with ℓ edges) and let E ⊂ F2

q for q ≡ 3 (mod 4). If |E| ≳ q
4n

2n+1 for some
n ≥ 1, then we have that ∑

θ,w

λn
θ(w)Γθ,T(w) ≲

|E|2ℓ+2n+2

q2ℓ+2n−1 . (3.10)
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Lemma 3.4. Let T be a k-weak simplex tree with ℓ simplices, for 1 ≤ k < d+1
2 , and let

E ⊂ Fd
q. If |E| ≳ qmax( dn+1

n+1 , k+
d−1

2 ) for some n ≥ 1, we have that∑
θ,w

λn
θ(w)Γθ,Tk(w) ≲

|E|2ℓk+2n+2

q2ℓ(k+1
2 )+d(n+1)−(d+1

2 )
. (3.11)

The proofs of these two Lemmas are contained in the subsequent subsections.
3.1. Proof of Lemma  3.3 . We first prove a useful bound, which is a generalization
of Lemma 3.10 of [  AIM24 ]. Recall that in the setting of Lemma  3.3 we have d = 2,
so our 1-weak simplex tree Tk is just a standard graph-theoretic tree T.
Lemma 3.5. For q ≡ 3 (mod 4), E ⊂ F2

q and |E| ≳ q3/2,∑
θ,w

(
Γθ,T(w) − Γ̂θ,T(0)

)2
≲
|E|4ℓ+ 5

2

q4ℓ−1 . (3.12)

Proof. We first apply Parseval’s theorem.∑
θ,w

(
Γθ,T(w) − Γ̂θ,T(0)

)2
= q2

∑
θ

∑
m,0

∣∣∣∣̂Γθ,T(m)
∣∣∣∣2 . (3.13)

We note that

Γ̂θ,T(m) = q−2
∑

w

χ(−m · w)Γθ,T(w) = q−2
∑

u,u′∈F2
q

χ(−m · (u − θu′)) fT(u) fT(u′) (3.14)

= q2 f̂T(m) f̂T(θ−1m). (3.15)

Plugging the expression (  3.15 ) for Γ̂θ,T(m) into ( 3.13 ) gives us∑
θ,w

(
Γθ,T(w) − Γ̂θ,T(0)

)2
= q6

∑
θ

∑
m,0

| f̂T(m)|2| f̂T(θ−1m)|2. (3.16)

We sum first in θ. Defining ||m|| = t and h(m) = f̂T(m), we get that∑
θ

| f̂T(θ−1m)|2 ≈
∑
||ℓ||=t

| f̂T(ℓ)|2 =
∑
ℓ

f̂T(ℓ)St(ℓ)h(ℓ) (3.17)

= q−2
∑
ℓ

∑
w

χ(−ℓ · w) fT(w)St(ℓ)h(ℓ) (3.18)

=
∑
ℓ

fT(ℓ)ĥSt(ℓ) = || fT||4/3||ĥSt||4, (3.19)

where the last equality follows from an application of Hölder’s inequality. We recall
that by Lemma  2.9 , ||ĥSt||4 ≲ q−3/2||hSt||2 and we use the log-convexity of Lp norms to
bound || fT||4/3.
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|| fT||4/3 ≤ (|| fT||1)1/2(|| fT||2)1/2. (3.20)
These give

2||hSt||22 =
∑
θ

| f̂T(θ−1m)|2 ≲ q−3/2||hSt||2(|| fT||1)1/2(|| fT||2)1/2, (3.21)

from which we get that ∑
θ

| f̂T(θ−1m)|2 ≲ q−3|| fT||1|| fT||2. (3.22)

We calculate the remaining sum over m in (  3.16 ).∑
m∈F2

q

| f̂T(m)|2 = q−2
∑
x∈F2

q

f (x)2 = q−2|| fT||22. (3.23)

Putting this all together, we conclude that∑
θ,w

(
Γθ,T(w) − Γ̂θ,T(0)

)2
≲ q6 · q−2|| fT||22 · q−3|| fT||1|| fT||2 = q|| fT||1|| fT||32. (3.24)

For |E| ≳ q3/2, we may plug in our bounds for || fT||1 and || fT||2 from Lemma  3.2 , com-
pleting the proof.

□

We are now ready to prove Lemma  3.3 by induction on n. Let An =∑
θ,w λ

n
θ(w)Γθ,T(w). We first find a bound on A1. By Cauchy-Schwarz, we have that∑

θ,w

λθ(w)Γθ,T(w) ≤
∑
θ,w

λ2
θ(w)


1/2 ∑

θ,w

Γ2
θ,T(w)


1/2

. (3.25)

By Proposition  2.10 , we have that
∑
θ,w λ

2
θ(w) ≲ |E|4q−1 whenever |E| ≳ q4/3. To

bound
∑
θ,w Γ

2
θ,T(w), we apply Lemma  2.6 and plug in our bound from Lemma  3.5 :

for |E| ≳ q3/2, we obtain

∑
θ,w

Γ2
θ,T(w) ≲

∑
θ

|E|4ℓ+4

q4ℓ+2 +
∑
θ,w

(
Γθ,T(w) − Γ̂θ,T(0)

)2
(3.26)

≲
|E|4ℓ+4

q4ℓ+1 +
|E|4ℓ+ 5

2

q4ℓ−1 . (3.27)

We see that the first term in ( 3.27 ) dominates the second term at |E| ≳ q4/3. Putting
everything together, we have for |E| ≳ q4/3,∑

θ,w

λθ(w)Γθ,T(w) ≲
|E|2ℓ+4

q2ℓ+1 . (3.28)
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This completes the base case. Now assume that n ≥ 2, and assume the inductive
hypothesis that for |E| ≳ q4(n−1)/(2(n−1)+1),

An−1 ≲
|E|2ℓ+2(n−1)+2

q2ℓ+2(n−1)−1
(3.29)

Since λn
θ(w)Γθ,T(w) is positive by definition and λ̂θ(0) = |E|2q−2, we may write∑

θ,w

λn
θ(w)Γθ,T(w) ≤

∣∣∣∣∣∣∣∑θ,w λn−1
θ (w)

(
λθ(w) − |E|

2

q2

)
(Γθ,T(w) − Γ̂θ,T(0))

∣∣∣∣∣∣∣
+

∑
θ,w

λn
θΓ̂θ,T(0) +

|E|2
q2 An−1 (3.30)

=: I + II + III. (3.31)
We bound I by pulling absolute values inside the sum, taking the supremum bound
on λn−1

θ (w), and applying Cauchy-Schwarz to the remaining terms, as follows:

I ≤ |E|n−1

∑
θ,w

(
λθ(w) − λ̂θ(0)

)2


1/2 ∑
θ,w

(
Γθ,T(w) − Γ̂θ,T(0)

)2


1/2

(3.32)

≲
|E|2ℓ+ 3

2+n

q2ℓ−1 . (3.33)

The bound above follows from plugging in Proposition  2.10 and Lemma  3.5 . For
|E| ≳ q4n/(2n+1), we have that

|E|2ℓ+n+ 3
2

q2ℓ−1 ≲
|E|2ℓ+2n+2

q2ℓ+2n−1 . (3.34)

From Proposition  2.10 and Lemma  3.2 , we get that for |E| ≳ q4(n−1)/(2(n−1)+1),

II =
|E|2ℓ+2

q2ℓ+2

∑
θ,w

λn
θ(w) ≲

|E|2ℓ+2n+2

q2ℓ+2n−1 . (3.35)

Finally, we note that for |E| ≳ q4(n−1)/(2(n−1)+1),

III =
|E|2
q2 An−1 ≲

|E|2ℓ+2n+2

q2ℓ+2n−1 . (3.36)

Combining these bounds completes the proof.
3.2. Proof of Lemma  3.4 . Before proceeding to the proof of Lemma  3.4 , we prove
a d-dimensional analogue of the bound in Lemma  3.5 . This is essentially a gener-
alization of Lemma 4 in [ McD20 ].
Lemma 3.6. For E ⊂ Fd

q and |E| ≳ qk+(d−1)/2∑
θ,w

(Γθ,Tk(w) − Γ̂θ,Tk(0))2 ≲ |E|4ℓk+2qd+(d−1
2 )−4ℓ(k+1

2 ).
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Proof. We see that∑
θ,w

(Γθ,Tk(w) − Γ̂θ,Tk(0))2 = qd
∑
θ,m,0

|Γθ,Tk(m)|2 (3.37)

= q3d
∑
θ,m,0

| f̂Tk(m)|2| f̂Tk(θ
−1m)|2 (3.38)

= q3d
∑
m,0

| f̂Tk(m)|2
∑
θ

| f̂Tk(θ
−1m)|2 (3.39)

= q3d
∑

t

∑
m,0
||m||=t

| f̂Tk(m)|2
∑
n,0
||n||=t

| f̂Tk(n)|2
∑
θ

θm=n

1. (3.40)

Note that for θ, ϕ ∈ Od(Fq), we have that θm = n and ϕm = n if and only if ϕ−1θ
fixes m. Therefore, the sum over θ occurs the size of the stabilizer of m many times,
which is just |Od−1(Fq)| since m,n , 0. Therefore, we may write (  3.40 ) as

q3d|Od−1(Fq)|
∑

t


∑
m,0
||m||=t

| f̂Tk(m)|2


2

. (3.41)

We write the square of sums as the product of two sums. We dominate one of these
sums by dropping all conditions on m by positivity:∑

m,0
||m||=t

| f̂Tk(m)|2 ≤
∑

m

| f̂Tk(m)|2 = q−d|| fTk ||22, (3.42)

where the last equality follows from Parseval. We dominate the rest of ( 3.41 ) by
removing the non-zero condition:∑

t

∑
m,0
||m||=t

| f̂Tk(m)|2 ≤
∑

m

| f̂Tk(m)|2 = q−d|| fTk ||22. (3.43)

All in all, we get that∑
θ,w

(Γθ,Tk(w) − Γ̂θ,Tk(0))2 ≤ qd|Od−1(Fq)||| fTk ||42. (3.44)

Plugging in || fTk ||2 from Lemma  3.2 and the size of |Od−1(Fq)| from Proposition  2.14 

gives the desired result.
□

Proof of Lemma  3.4 . As in the proof of Lemma  3.3 , we proceed by induction on n.
Denote by An the sum

∑
θ,w λ

n
θ(w)Γθ,Tk(w). We first obtain a bound for A1. By Cauchy

Schwarz, we have that∑
θ,w

λθ(w)Γθ,Tk(w) ≤
∑
θ,w

λ2
θ(w)


1/2 ∑

θ,w

Γ2
θ,Tk

(w)


1/2

. (3.45)
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Applying Lemma  2.6 to the Γ sum and plugging in Lemma  3.6 for |E| ≳ qk+(d−1)/2

gives us that ∑
θ,w

Γ2
θ,Tk

(w) ≲ q(d
2) |E|

4ℓk+4

q4ℓ(k+1
2 )+d

+
∑
θ,w

(Γθ,Tk(w) − Γ̂θ,Tk(0))2 (3.46)

≲ q(d
2) |E|

4ℓk+4

q4ℓ(k+1
2 )+d

+ |E|4ℓk+2qd+(d−1
2 )−4ℓ(k+1

2 ). (3.47)

By a straightforward computation, we see that the first term dominates in ( 3.47 )
for |E| ≳ q(d+1)/2. After plugging in the appropriate bounds from Proposition  2.8 , we
conclude that for |E| ≳ qmax((d+1)/2, k+(d−1)/2),

A1 ≲
(
|E|4q(d+1

2 )−2d
)1/2

 |E|4ℓk+4

q4ℓ(k+1
2 )+d

q(d
2)


1/2

= |E|2ℓk+4q
d2−3d−4ℓ(k+1

2 )
2 (3.48)

=
|E|2ℓk+4

q2ℓ(k+1
2 )+2d−(d+1

2 )
. (3.49)

This concludes the base case. Now, for n ≥ 2 and |E| ≳ qmax( d(n−1)+1
n , k+ d−1

2 ), assume
that

An−1 ≲
|E|2ℓk+2(n−1)+2

q2ℓ(k+1
2 )+d((n−1)+1)−(d+1

2 )
(3.50)

We break up An similarly as before.

An =
∑
θ,w

λn
θ(w)Γθ,Tk(w) ≤

∣∣∣∣∣∣∣∑θ,w λn−1
θ (w)

(
λθ(w) − |E|

2

qd

)
(Γθ,Tk(w) − Γ̂θ,Tk(0))

∣∣∣∣∣∣∣
+

∑
w,θ

λn
θ(w)̂Γθ,Tk(0) +

|E|2
qd

An−1 (3.51)

=: I + II + III. (3.52)
We bound each term individually. To bound I, we pull absolute values inside the
sum, take the supremum of λn−1

θ , and apply Cauchy Schwarz to the remaining terms
to obtain

I ≤ |E|n−1

∑
θ,w

(
λθ(w) − |E|

2

qd

)2


1/2 ∑
θ,w

(
Γθ,Tk(w) − Γ̂θ,Tk(0)

)2


1/2

. (3.53)

By Proposition  2.8 , we have that
∑
θ,w

(
λθ(w) − |E|2qd

)2
≲ |E|2q(d

2)+1. Bounding the Γ sum
with Lemma  3.6 for |E| ≳ qk+(d−1)/2, taking square roots, and simplifying gives us for
|E| ≳ qk+(d−1)/2,

I ≤ |E|2ℓk+n+1q
d2−d+2

2 −2ℓ(k+1
2 ). (3.54)
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By a straightforward computation, we see that for |E| ≳ q
dn+1
n+1 ,

I ≲
|E|2ℓk+2n+2

q2ℓ(k+1
2 )+d(n+1)−(d+1

2 )
. (3.55)

Next, we bound II. From Proposition  2.8 , when |E| ≳ q
dn−d+1

n , we have λn
θ(x) ≤

|E|2nq−dn+(d+1
2 ). Plugging this in to our expression for II and using our bounds from

 3.2 gives us that

II ≲
|E|2ℓk+2n+2

q2ℓ(k+1
2 )+d(n+1)−(d+1

2 )
. (3.56)

Finally, the bound for III quickly follows from the inductive hypothesis for
|E| ≳ qmax( d(n−1)+1

n , k+ d−1
2 ) :

III ≲
|E|2
qd

|E|2ℓk+2(n−1)+2

q2ℓ(k+1
2 )+d(n)−(d+1

2 )
=

|E|2ℓk+2n+2

q2ℓ(k+1
2 )+d(n+1)−(d+1

2 )
. (3.57)

□

4. Proof of main theorems
In this section, we will prove Theorem  1.3 ,  1.4 , and  1.5 . Recall from the discussion

and remarks under  2.11 and  2.20 that for an embedding h of a simplex tree T , we
may assume that the embeddings of all simplices S ∈ T (obtained by restricting the
domain of h to vertices of S) are nondegenerate.

4.1. The setup. For a given simplex tree T , we would like to find an s such that
|E| ≳ qs implies that E contains a positive proportion of congruence classes of T in
Fd

q. Denote D as the set of congruence classes of T . For δ ∈ D (δ a congruence
class of T ), we define νT (δ) as the number of embeddings of T in E that are in the
congruence class δ. We denote by ∆(E) the size of the support of νT , or in other
words, the number of congruence classes of T in E.

By an application of Cauchy-Schwarz, we have that

∆(E) ≥ (
∑
δ∈D νT (δ))2∑
δ∈D ν

2
T (δ)

. (4.1)

The sum in the numerator runs over all possible |V(T )|-tuples in E (where V(T )
denotes the vertex set of T ). Hence we have that

∆(E) ≳
|E|2|V(T )|∑
δ∈D ν

2
T (δ)

. (4.2)

To obtain a lower bound on ∆(E), it suffices to get an upper bound on
∑
δ∈D ν

2
T (δ).

More precisely, to prove Theorems  1.3 and  1.5 , we need to show that for the s in the
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theorem statements, ∆(E) is on the order of qc(T ) whenever |E| ≳ qs. By the setup
above, we see that ∑

δ∈D
ν2
T (δ) ≲

|E|2|V(T )|

qc(T )
=⇒ ∆(E) ≳ qc(T ). (4.3)

Our first goal is to find an expression of a more workable form for
∑
δ∈D ν

2
T (δ), the

number of pairs of congruent embeddings of T . We build this expression recur-
sively, by first counting the number of pairs of congruent embeddings of simplices,
then sub-simplex trees, and finally the full simplex tree T .

For u,u′ ∈ E and an n-simplex S, we begin by finding an expression for the number
of pairs of congruent embeddings of S in E based at u and u′, i.e. congruent em-
beddings h1, h2 : V(S) → E of n-simplices into E such that h1(v0) = u and h2(v0) = u′.
The following exposition follows [  Ben+17 ] closely, but our notation differs and these
ideas will be developed further later, so we present it here.

We define λθ(w) as in Definition  2.7 . This is the number of pairs x, y ∈ E such
that the ‘rigid motion’ ρ(θ,w), consisting of a rotation by θ ∈ Od(Fq) followed by a
translation by w, sends y to x. By the discussion under  2.11 , two nondegenerate
n-simplices Sx = (x0, . . . , xn) and Sy = (y0, . . . , yn) with vertices in Fd

q are congruent
if and only if there exists a rigid motion ρ(θ,w) such that xi = ρ(θ,w)yi for all i.
Therefore, we see that λn+1

θ (w) counts the number of pairs of congruent n-simplices
sent to each other by the transformation ρ(θ,w) (as we need to find n + 1 pairs of
points such that ρ(θ,w) sends the first element of each pair to the second). For the
rest of this section, when the context is clear, a simplex S living in Fd

q is actually an
embedding of a simplex into Fd

q.
For u,u′ ∈ Fd

q, we also frequently make use of the term λθ(u − θu′), which counts
pairs x, x′ such that the transformation given by a rotation by θ and translating the
image of u′ to u, also transforms x′ to x. Therefore, λn

θ(u − θu′) counts the number
of pairs of embeddings of n-simplices, one of which contains u as a vertex and the
other of which contains u′, that are sent to each other by first rotating by θ and
then translating the image of u′ to u (the exponent is n and not n + 1 as u,u′ are
already fixed).

For θ, ϕ ∈ Od(Fq) and n-simplices Sx = (x0, . . . , xn) and Sy = (y0, . . . , yn) the transfor-
mations ρ(θ, x0−θy0) and ρ(ϕ, x0−ϕy0) both send yi to xi for all i if and only if θ and
ϕ differ by an element in the stabilizer of the n-simplex Sy−y0 = (0, y1−y0, . . . , yn−y0).
Since for congruent n-simplices Sx and Sy, the corresponding pinned simplices Sx−x0

and Sy−y0 have conjugate stabilizer groups, we may define Stab(Sx) to be the com-
mon size of the stabilizer Sy−y0 of simplices Sy congruent to Sx. We see that for
u,u′ ∈ E ⊂ Fd

q, the sum ∑
θ∈Od(Fq)

λn
θ(u − θu′) (4.4)

counts each pair of congruent embeddings of n-simplices (Sx,Sy) in E exactly Stab(Sx)
many times. Let Stab(n) denote the minimum size of the stabilizer of a n-simplex
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in Fd
q. We have the following fact from [  Ben+17 ] for n ≤ d, which we easily extend

to n ≥ d:
Proposition 4.1. The minimum size of the stabilizer of a dimension n simplex is

Stab(n) ≈
|Od−n(Fq)| ≈ q(d−n

2 ) n < d
1 n ≥ d.

The case for n ≥ d follows trivially from the fact that a simplex Sx = (x0, . . . , xn) of
dimension d or larger, the vectors x1 − x0, . . . , xn − x0 may span all of Fd

q hence the
stabilizer is minimally 1.

We note that since we can assume that all simplices are nondegenerate, the sta-
bilizers of our simplices are always of minimal size. Therefore, the expression

DS(u,u′) =
1

Stab(dim(S))

∑
θ∈Od(Fq)

λdim(S)
θ (u − θu′) (4.5)

counts each pair of congruent embeddings of S in E based at u and u′ at on the
order of one time, since without the stabilizer term out front we count each pair of
congruent embeddings on the order of Stab(dim(S)) times.

We now use the above methods to obtain an expression for the number of pairs
of congruent embeddings h1, h2 of a free rooted simplex tree (T ,S, v0) based at u and
u′ (i.e. h1(v0) = u and h2(v0) = u′).
Proposition 4.2. Suppose we have a free rooted simplex tree (T ,S, v0), for S ∈ T
and v0 ∈ S a free vertex. Define D(T ,S,v0) : E2 → R recursively as

D(T ,S,v0)(u,u′) =
1

Stab(dim(S))

∑
θ∈Od(Fq)

∏
v∈V(S)
v,v0

∑
x,x′∈E
x−θx′
=u−θu′

∏
B∈B(S,v)

DB(x, x′).

Then for each u,u′ ∈ E, D(T ,S,v0)(u,u′) is on the order of the number of pairs of congru-
ent embeddings of (T ,S, v0) in E based at u and u′.
Proof. If (T ,S, v0) is a simplex, then |B(S, v)| = 0. Defining the empty product over
B(S, v) = ∅ to be 1, we see that D(T ,S,v0)(u,u′) reduces to DS(u,u′), and by the discussion
above, DS(u,u′) is on the order of the number of pairs of congruent embeddings of
(T ,S, v0) based at u,u′.

We now proceed by induction on the number of simplices in (T ,S, v0). We can
obtain an expression on the order of the number of pairs of congruent embeddings
of (T ,S, v0) in E based at u and u′ as follows:

(1) Fix a θ, and consider all embeddings of simplices h1, h2 : V(S) → E based at
u,u′ such that the rotation θ followed by the translation sending θu′ to u also
sends h2(v) to h1(v) for all v ∈ V(S) \ v0.

(2) For each such fixed pair of embeddings of S, count the number of ways this
pair h1, h2 can be extended to a pair of congruent embeddings of (T ,S, v0) in
E.
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(3) Sum over all θ and divide the final sum by Stab(dim(S)).
First, we explain why ∏

v∈V(S)
v,v0

∑
x,x′∈E

x−θx′=u−θu′

∏
B∈B(S,v)

DB(x, x′) (4.6)

corresponds to steps 1 and 2. For notational convenience, let dim(S) = n, so that S
has n+1 vertices. For a fixed θ, we consider all congruent embeddings h1, h2 : V(S)→
E such that the transformation ρ(θ,u−θu′) sends h2(v) to h1(v) for all v ∈ V(S). Each
pair of these congruent embeddings h1, h2 corresponds to n pairs of points (ai, bi) ∈ F2

q
(one pair for each v , v0, as u and u′ are already fixed) such that ρ(θ,u− θu′)bi = ai.
For a fixed vertex v ∈ V(S) \ v0, the sum over x, x′ ∈ E ranges over all possible
candidates for h1(v), h2(v) with respect to a fixed transformation. For each such
x, x′ and a fixed branch B of (T ,S, v0) at the vertex v, by the inductive hypothesis,
DB(x, x′) is on the order of the number of pairs of congruent embeddings of B in E
based at x and x′. The product over all branches B at the vertex v is on the order
of the number of pairs of congruent embeddings based at x and x′ of the structure
obtained by joining all branches in B(S, v) at v. Taking the product over all vertices
v ∈ V(S) distinct from v0 yields an expression on the order of the number of pairs of
congruent embeddings of (T ,S, v0) extending h1, h2.

We now argue step 3. Fixing a pair of based congruent embeddings h1, h2 : V(S)→
E, of S, for each ϕ ∈ Stab(h2(S)) and each θ such that ρ(θ,u − θu′) sends h2(S)
to h1(S), we also have that ρ(θϕ,u − θϕu′) sends h2(S) to h1(S). Therefore, once
we sum over all θ, we overcount each pair of embeddings of S on the order of
Stab(h2(S)) = Stab(dim(S)) many times (as h2(S) is nondegenerate). Therefore, Steps
1 and 2 overcount each pair of congruent embeddings of T by the same factor, and
we divide by Stab(dim(S)) to complete the proof of the Proposition.

□

Finally, we construct an expression for the number of pairs of congruent embed-
dings of a general rooted simplex tree (T ,S0).

Proposition 4.3. Consider a rooted simplex tree (T ,S0), and define

R(T ,S0) =
1

Stab(dim(S0))

∑
w∈Fd

q

∑
θ∈Od(Fq)

∏
v∈V(S0)

∑
x,x′∈E

x−θx′=w

∏
B∈B(S0,v)

DB(x, x′).

Then we have that ∑
δ∈D

ν2
T (δ) ≈ R(T ,S0).

Proof. Note that
∑
δ∈D ν

2
T (δ) counts the number of pairs of congruent embeddings of

(T ,S0) in E. We can obtain an expression on the order of this quantity as follows:
(1) Fix a θ,w, and consider all embeddings of simplices h1, h2 : V(S0) → E such

that h1(S0) = ρ(θ,w)h2(S0).
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(2) For each fixed pair of congruent embeddings of the root S0 corresponding
to ρ(θ,w), count the number of ways this pair of embeddings h1, h2 can be
extended to a pair of congruent embeddings of (T ,S0) in E.

(3) Sum over all transformations ρ(θ,w), and divide our final sum by
Stab(dim(S0)).

The quantity ∏
v∈V(S0)

∑
x,x′∈E

x−θx′=w

∏
B∈B(S0,v)

DB(x, x′) (4.7)

corresponds to steps 1 and 2. For notational convenience, let dim(S0) = n. For a
fixed θ, we consider all congruent embeddings h1, h2 : V(S)→ E such that the trans-
formation ρ(θ,w) sends h2(v) to h1(v) for all v ∈ V(S). Each pair of these embeddings
h1, h2 : V(S)→ E corresponds to n+ 1 pairs of points (ai, bi) such that ρ(θ,w)bi = ai for
all i. For a v ∈ V(S0), the sum over x, x′ ∈ E ranges over all possible candidates for
h1(v), h2(v) with respect to a fixed ρ(θ,w). We weight each candidate as in Proposi-
tion  4.2 , and taking the product over all v ∈ V(S0) yields a quantity on the order of
the number of pairs of congruent embeddings of (T ,S0) extending h1, h2.

Now we argue Step 3 by a similar argument as in Proposition  4.2 . Fixing a pair
of congruent embeddings h1, h2 : V(S0) → E, for each ϕ ∈ Stab(h2(S0)) and each pair
θ,w such that ρ(θ,w) sends h2(S0) to h1(S0), we also have that ρ(θϕ,w) sends h2(S0)
to h1(S0). Therefore, the sum over all θ and w counts h1, h2 exactly Stab(h1(S0)) =
Stab(dim(S0)) many times. Therefore, after summing over all θ and dividing by
Stab(dim(S0)), we see that each pair of congruent embeddings of T is counted on
the order of one time.

□

Therefore, in order to prove both Theorem  1.3 and  1.5 , it is equivalent to show
the following:

Proposition 4.4. For a rooted simplex tree (T ,S0), and for any 1 ≤ k < d+1
2 , define

Nk = k +
∑
S∈T

dim(S)>k

(dim(S) − k). (4.8)

Then for s = max
(

dNk+1
Nk+1 , k + d−1

2

)
, we have that whenever |E| ≳ qs,

R(T ,S0) ≲
|E|2|V(T )|

qc(T )
. (4.9)

If we additionally impose the condition that d = 2 and that q ≡ 3 (mod 4), for s =
4N1

2N1+1 we have that whenever |E| ≳ qs the above holds as well.

From here, our goal will be to apply the Hadamard three-lines Theorem to bound
R(T ,S0) effectively. This geometrically corresponds to reducing the proof of Proposi-
tion  4.4 for T to proving Proposition  4.4 for some collection of nicer simplex trees.
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4.2. Two geometric operations. In this subsection, we describe and prove the
two operations we use to simplify our sum: branch shifting and simplex unbalanc-
ing. Before we do so, we introduce some notation to make the statement and proof
of these operations more clear.
Definition 4.5. For a rooted simplex tree (T ,S0), denote p(T ,S0) as the infimum
over s ∈ R such that R(T ,S0) ≲ E2|V(T )|q−c(T ) (equivalently,

∑
δ∈D ν

2
T (δ) ≲ E2|V(T )|q−c(T ))

whenever |E| ≳ qs.
Lemma 4.6 (Branch Shifting). Given a rooted simplex tree (T ,S0), consider two
simplices S1 and S2, that are not necessarily distinct from each other or the root
vertex. Further, suppose each of S1, S2 contain respective, necessarily distinct, child
vertices v1 and v2. Consider the rooted tree (T1,S0) formed from (T ,S0) by deleting
all branches of S2 at v2 and duplicating all branches of S1 at v1. Similarly, consider
the rooted tree (T2,S0) formed from (T ,S0) by deleting all branches of S1 at v1 and
duplicating all branches of S2 at v2. Then p(T ,S0) ≤ max(p(T1,S0), p(T2,S0))

Note that the quantity Nk in Proposition  4.4 is the same for T ,T1, and T2. There-
fore, the above Lemma states that in order to prove Proposition  4.4 for T , it suffices
to prove Proposition  4.4 for T1 and T2. An example of branch shifting shown in Fig-
ure  3 , with S0 being the black 3-simplex, S1,S2 both the red triangle, v1 being the
parent node of the green branches, and v2 being the parent node of the blue branch.

T1 (modified) T2 (modified)T (original)

Figure 3. An example of branch shifting.

Proof. First, suppose that S1 and S2 are distinct from each other and from the root
simplex, with parent vertices v0,1 and v0,2 respectively. Then for ℓ ∈ {1, 2}, the ex-
pression R(T ,S0) contains the term

DP(Sℓ)(u,u
′) =

1
Stab(dim(Sℓ))

∑
θ∈Od(Fq)

∏
v∈V(Sℓ)
v,v0,ℓ

∑
x,x′∈E
x−θx′
=u−θu′

∏
B∈B(Sℓ,v)

DB(x, x′). (4.10)
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Now consider the modified expression

DP(Sℓ)(u,u
′, aℓ) =

1
Stab(dim(Sℓ))

∑
θ∈Od(Fq)

∏
v∈V(Sℓ)
v,v0,ℓ

∑
x,x′∈E
x−θx′
=u−θu′

 ∏
B∈B(Sℓ,v)

DB(x, x′)


Gℓ(v)

(4.11)

where Gℓ : V(Sℓ)→ R is defined as

Gℓ(v) =
{

1 v , vℓ
aℓ v = vℓ.

(4.12)

We now consider the function ψ(a1, a2) defined as the expression for R(T ,S0) where
we substitute all instances of DP(Sℓ)(u,u

′) with DP(Sℓ)(u,u
′, aℓ). Therefore, we see that

R(T ,S0) = ψ(1, 1). (4.13)
We plan to invoke the Hadamard three-lines theorem to “unbalance” ψ(1, 1), by
bounding it by the geometric average of ψ(2, 0) and ψ(0, 2). As the expression for
ψ(2, 0) corresponds to duplicating the contributions of the branches of S1 at v1 and
removing the contributions of the branches of S2 at v2, and analogously for ψ(2, 0),
these two terms represent simplex trees of a “lower complexity” than that of ψ(1, 1).
For an example, consider the case in Figure  3 , with S1 = S2 as the red triangle,
the green simplices as branches off of child vertex v1, and the blue simplices as
branches off of child vertex v2. Then T1 corresponds to the expression ψ(2, 0) and
T2 corresponds to the expression ψ(0, 2).

It is easy to check that ψ satisfies the requirements for the special case of
Hadamard three-lines in Corollary  2.5 (by an iterated use of the triangle inequal-
ity), so applying this gives us that

ψ(1, 1) ≤ ψ(2, 0)
1
2ψ(0, 2)

1
2 (4.14)

Note that the terms ψ(2, 0) and ψ(0, 2) are equal to R(T1,S0) and R(T2,S0) respectively,
where T1 and T2 are as defined in the Lemma statement. We also easily see
that 2c(T ) = c(T1) + c(T2) and that 2|V(T )| = |V(T1)| + |V(T2)|. Since for any
s > max(p(T1), p(T2)), we have that |E| ≳ qs implies

ψ(2, 0)ψ(0, 2) ≲
|E|2|V(T1)|+2|V(T2)|

qc(T1)+c(T2)
, (4.15)

we conclude that
ψ(1, 1) ≲

|E|2|V(T )|

qc(T )
. (4.16)

In the case where S1 and S2 are the same simplex and are still distinct from the
root node, we denote both of them as S for simplicity. We denote the parent vertex
of S as v0, and the two distinguished child vertices as v1 and v2. Then the expression
R(T ,S0) contains the term
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DP(S)(u,u′) =
1

Stab(dim(S))

∑
θ∈Od(Fq)

∏
v∈V(S)
v,v0

∑
x,x′∈E
x−θx′
=u−θu′

∏
B∈B(S,v)

DB(x, x′). (4.17)

Now consider the modified expression

DP(S)(u,u′, a1, a2)

=
1

Stab(dim(S))

∑
θ∈Od(Fq)

∏
v∈V(S)
v,v0

∑
x,x′∈E
x−θx′
=u−θu′

 ∏
B∈B(S,v)

DB(x, x′)


G1(v)+G2(v)−1

(4.18)

where G1 and G2 are defined as in ( 4.12 ) above. We define ψ(a1, a2) as the expression
for R(T ,S0) where we substitute each instance of DP(S)(u,u′) with DP(S)(u,u′, a1, a2). We
note that R(T ,S0) = ψ(1, 1). Applying Hadamard three-lines and arguing as in the
previous case completes the proof of the Lemma in this case.

The cases where one or more of S1,S2 is the root ofT follow in an extremely similar
fashion. Suppose that S1 is the root of T , then R(T ,S0) is of the form

R(T ,S0) =
∑
w∈Fd

q

∑
θ∈Od(Fq)

∏
v∈V(S1)

∑
x,x′∈E

x−θx′=w

∏
B∈B(S1,v)

DB(x, x′). (4.19)

Define ψ(a1, a2) as the modified expression∑
w∈Fd

q

∑
θ∈Od(Fq)

∏
v∈V(S1)

∑
x,x′∈E

x−θx′=w

 ∏
B∈B(S1,v)

DB(x, x′)


G1(v)

(4.20)

where we substitute each instance of DP(S2)(u,u′) with DP(S2)(u,u′, aℓ). From here, we
apply Hadamard three-lines to ψ(1, 1) and argue as in the previous cases. Finally,
in the case where S1 = S2 = S0, we define ψ(a1, a2) as the modified expression for
R(T ,S0) below. ∑

w∈Fd
q

∑
θ∈Od(Fq)

∏
v∈V(S1)

∑
x,x′∈E

x−θx′=w

 ∏
B∈B(S1,v)

DB(x, x′)


G1(v)+G2(v)−1

(4.21)

Then applying Hadamard three-lines to ψ(1, 1) finishes this case.
□

We now proceed to our second geometric operation:
Lemma 4.7 (Simplex Unbalancing). Given a rooted simplex tree (T ,S0), consider
two distinct simplices S1 and S2 (one of which may be the root), each of dimension at
least 2 and each with at least one free vertex. Choose positive integers k1, k2 such that
ki does not surpass the number of free vertices of Si. Consider the rooted tree (T1,S0)
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formed by deleting k2 free vertices of S2 and adding k2 free vertices to S1. Similarly,
consider the rooted tree (T2,S0) formed by deleting k1 free vertices of S1 and adding
k1 free vertices to S2. Then p(T ) ≤ max(p(T1), p(T2)).

Similar to branch shifting, the operation of simplex unbalancing preserves the
quantity Nk as defined in  4.4 . Therefore, this lemma allows us to rephrase proving
Proposition  4.4 for T into proving Proposition  4.4 for T1 and T2. An example of
simplex unbalancing is shown in Figure  4 , where we take S0 to be the black triangle,
S1 to be the green triangle, and S2 to be the blue triangle.

T (original) T1 (modified) T2 (modified)

Figure 4. An example of simplex unbalancing.

To prove simplex unbalancing, we need the following Lemma:

Lemma 4.8. Given a rooted simplex tree (T ,S0) inFd
q, consider two distinct simplices

S1 and S2, each of dimension at least 2 and with at least one free vertex. Consider
the rooted tree (T ′,S0) formed by deleting one free vertex of S1 and adding one free
vertex to S2. Then we have that(

Stab(dim(S1))
Stab(dim(S′1))

· Stab(dim(S2))
Stab(dim(S′2))

)
qc(T ′) = qc(T ). (4.22)

Proof. By Lemma  2.20 , we see that c(T ) − c(T ′) = c(S1) − c(S′1) + c(S2) − c(S′2). Let
dim(S1) = n and dim(S2) = m, so that dim(S′1) = n − 1 and dim(S′2) = m + 1. We split
into cases based on the dimension of simplices S1 and S2.

• If n,m ≥ d, then by Lemma  2.12 , we see that c(S) changes linearly by d as the
dimension of both simplices change by 1. Therefore, c(S1)−c(S′1)+c(S2)−c(S′2) =
d + (−d) = 0. The sizes of the stabilizers are trivial in this case, so we have
the equality in (  4.22 ).
• If n,m < d, then by Lemma  2.12 we have that

c(S1) − c(S′1) + c(S2) − c(S′2)

=

(
n + 1

2

)
−

(
n
2

)
+

(
m + 1

2

)
−

(
m + 2

2

)
= n −m − 1. (4.23)
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Similarly, by Proposition  4.1 , we see that
Stab(n)

Stab(n − 1)
· Stab(m)

Stab(m + 1)
= q(d−n

2 )−(d−n+1
2 )+(d−m

2 )−(d−m−1
2 ) = qn−m−1. (4.24)

So again, we get the equality in (  4.22 ).
• If n < d,m ≥ d, then again by Lemma  2.12 we have that

c(S1) − c(S′1) + c(S2) − c(S′2)

=

(
n
2

)
−

(
n − 1

2

)
+ d(m + 1) − d(m + 2) = n − d. (4.25)

The stabilizers Stab(m) and Stab(m+1) are trivial, and we have by Proposition
 4.1 that

Stab(n)
Stab(n − 1)

= q(d−n
2 )−(d−n+1

2 ) = qn−d. (4.26)

Thus, we have the equality on ( 4.22 ). The case where n ≥ d,m < d follows
similarly.

□

Proof of Simplex Unbalancing. For now, assume that S1 and S2 are not the root of
T , and denote the parent vertices of S1 and S2 as v0,1 and v0,2 respectively. Denote
the set of free vertices of S1 as F1, and the set of free vertices of S2 as F2. For ℓ ∈ {1, 2}
the expression R(T ,S0) contains a term of the form

DP(Sℓ)(u,u
′) =

1
Stab(dim(Sℓ))

∑
θ∈Od(Fq)

λ|Fℓ |θ (u − θu′)
∏

v∈V(Sℓ)
v,v0,ℓ
v<Fℓ

∑
x,x′∈E
x−θx′
=u−θu′

∏
B∈B(Sℓ,v)

DB(x, x′). (4.27)

Now consider the modified expression

DP(Sℓ)(u,u
′, aℓ) =

1
Stab(dim(Sℓ))

∑
θ∈Od(Fq)

λaℓ+(|Fℓ |−kℓ)
θ (u − θu′)

∏
v∈V(Sℓ)
v,v0,ℓ
v<Fℓ

∑
x,x′∈E
x−θx′
=u−θu′

∏
B∈B(Sℓ,v)

DB(x, x′). (4.28)

Consider the function ψ(a1, a2), defined as the expression for R(T ,S0) where we sub-
stitute each instance of DP(Sℓ)(u,u

′) with DP(Sℓ)(u,u
′, aℓ). Therefore, we see that

R(T ,S0) = ψ(k1, k2). (4.29)
It is clear that ψ satisfies the conditions needed for the special case of Hadamard
three-lines as stated in Corollary  2.5 (again by iterated triangle inequality), so ap-
plying this gives us that

ψ(k1, k2) ≤ ψ(k1 + k2, 0)s1ψ(0, k1 + k2)s2 (4.30)
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for some positive si such that s1 + s2 = 1. Note that the only difference between
ψ(k1 + k2, 0) and R(T1,S0) is the stabilizer constant in front of ψ(k1 + k2, 0)’s modified
DP(S1) and DP(S2) terms. This is because in the process of applying Hadamard three-
lines above, we changed the dimension of S1 and S2 by changing the power on the λθ
terms, but didn’t change the stabilizer terms accordingly. Therefore, we have that

ψ(k1 + k2, 0) =
(

Stab(dim(S1) + k2)
Stab(dim(S1))

· Stab(dim(S2) − k2)
Stab(dim(S2))

)
R(T1,S0). (4.31)

By a repeated application of Lemma  4.8 , we have that(
Stab(dim(S1) + k2)

Stab(dim(S1))
· Stab(dim(S2) − k2)

Stab(dim(S2))

)
1

qc(T1)
=

1
qc(T )

. (4.32)

After noting that |V(T1)| = |V(T )|, we see that for s > p(T1,S0),

ψ(k1 + k2, 0) ≲
(

Stab(dim(S1) + k2)
Stab(dim(S1))

· Stab(dim(S2) − k2)
Stab(dim(S2))

) (
|E|2|V(T1)|

qc(T1)

)
(4.33)

≲
|E|2|V(T )|

qc(T )
. (4.34)

By an analogous argument, we also have that for s > p(T2,S0),

ψ(0, k1 + k2) ≲
(

Stab(dim(S1) − k1)
Stab(dim(S1))

· Stab(dim(S2) + k1)
Stab(dim(S2))

) (
|E|2|V(T2)|

qc(T2)

)
(4.35)

≲
|E|2|V(T )|

qc(T )
. (4.36)

Therefore, whenever s > max(p(T1), p(T2)), we may conclude that R(T ,S0) =
ψ(k1, k2) ≲ E2|V(T )|q−c(T ).

In the case that S1 or S2 is the root of (T ,S0), the proof follows similarly. Without
loss of generality, let S1 be the root of T . Again, let F1 and F2 be the set of free
vertices of S1 and S2 respectively. The term R(T ,S0) is of the form

R(T ,S0) =
∑
w∈Fd

q

∑
θ∈Od(Fq)

λ|F1|
θ (w)

∏
v∈V(S1)

v<F1

∑
x,x′∈E
x−θx′
=w

∏
B∈B(S1,v)

DB(x, x′) (4.37)

Define ψ(a1, a2) as the modified expression∑
w∈Fd

q

∑
θ∈Od(Fq)

λa1+|F1|−k1
θ (w)

∏
v∈V(S1)

v<F1

∑
x,x′∈E
x−θx′
=w

∏
B∈B(S1,v)

DB(x, x′), (4.38)

where we substitute each instance of DP(S2)(u,u′) with DP(S2)(u,u′, aℓ) as we did in the
previous case. Applying Hadamard three-lines and arguing as in the previous case
completes the proof of the Lemma.

□
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4.3. Proof of Proposition  4.4 and Theorem  1.4 . We have the following simple
fact that we use throughout this subsection.

Lemma 4.9. Consider a graph G and a subgraph H of G. If for some s ∈ R, E ⊂
Fd

q contains a positive proportion of congruence classes of embeddings of G in Fd
q

whenever |E| ≳ qs, then E contains a positive proportion of congruence classes of
embeddings of H in Fd

q whenever |E| ≳ qs.

Proof. Note that a congruence class of G determines a congruence class of H. As
long as the number of congruence classes of H in Fd

q is unbounded as q grows, it
is clear that E cannot contain a positive proportion of congruence classes of em-
beddings of G without containing a positive proportion of congruence classes of
embeddings of H.

□

Proof of Theorem  1.4 . We may assume that all simplices inT are exactly dimension
k by Lemma  4.9 . We first choose a root S0 of T . Then, to any simplex S ∈ T such
that S has more than one child vertex, we apply branch shifting to two child vertices
of S to reduce to to a collection of modified Ti where S has one less child vertex.
Repeating this process for all S ∈ T allows us to reduce to the case where T is a
simplex tree consisting only of n-simplices with at most one child vertex. Simplex
trees of this form are k-weak simplex trees, and we apply Theorem 1.12 of [  Bri+23 ]
to conclude that for s = k+ d−1

2 , |E| ≳ qs implies that E contains all congruence classes
of T in Fd

q.
□

We first prove a special case of Proposition  4.4 for a simple class of simplex trees
T before continuing to the proof of  4.4 in full generality.

Lemma 4.10. For an integer k such that 1 ≤ k < d+1
2 , letT be a simplex tree consisting

of exactly one simplex S of dimension greater than k. For s = max
(

d dim(S)+1
dim(S)+1 , k + d−1

2

)
,

we have that for E ⊂ Fd
q, whenever |E| ≳ qs,∑

δ∈D
ν2
T (δ) ≲

|E|2|V(T )|

qc(T )
. (4.39)

If we additionally impose the condition that d = 2, k = 1 and that q ≡ 3 (mod 4), for
s = 4 dim(S)

2 dim(S)+1 we have that whenever |E| ≳ qs the above holds as well.

Proof. We view S as the root of T , and by Lemma  4.9 , assume that all simplices of
dimension at most k are exactly dimension k. If S has no child vertices, we directly
apply the bounds found in [  Ben+17 ] and [  McD20 ] and no further work is needed.
If S has at least one child vertex, we may reduce to the case where S has exactly
one child vertex. To do this, we apply branch shifting to a pair of child vertices of
S to reduce to the case where S has one less child vertex, and repeat this process.
Denote the sole child vertex of S as v.
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Next, we modify the branches of S. To any k-simplex with multiple child vertices,
we repeatedly apply branch shifting to reduce to the case that each k-simplex only
has a single child vertex. After this modification, each branch of S is of the form of
a k-weak simplex tree as defined in Section 3. Then we may write the sum R(T ,S) as
follows:

R(T ,S) =
1

Stab(dim(S))

∑
w∈Fd

q

∑
θ∈Od(Fq)

λdim(S)
θ (w)

∑
x,x′∈E

x−θx′=w

∏
B∈B(S,v)

DB(x, x′). (4.40)

We note that
∏

B∈B(S,v) DB(x, x′) counts the number of congruent embeddings (based
at x and x′) of the structure formed by the union of all the branches of S at v. We note
that the union of all of the branches of S at v is a k-weak simplex tree Tk rooted at v.
Therefore,

∏
B∈B(S,v) DB(x, x′) counts the number of congruent pairs of embeddings of

Tk into E based at x and x′.
Defining e(Tk) = ℓ

(k+1
2

) as the number of edges of Tk as in Section 3, let t1, . . . , te(T) ∈
Fq determine a congruence class of embeddings of Tk. Defining fTk,t1,...,te(Tk) as in Sec-
tion 3, we may write

R(T ,S) =
1

Stab(dim(S))

∑
θ,w

λdim(S)
θ (w)

∑
x,x′∈E

x−θx′=w

∏
B∈B(S,v)

DB(x, x′)

=
1

Stab(dim(S))

∑
t1,...,te(Tk)

∑
θ,w

λdim(S)
θ (w)

∑
x,x′∈E

x−θx′=w

fTk,t1,...,te(Tk)(x) fTk,t1,...,te(Tk)(x
′). (4.41)

We also may assume that t1, . . . , te(Tk) range over nonzero elements in Fq rather
than all of Fq. This is because we only care about containing a positive propor-
tion of congruence classes of T in Fd

q, and the number of congruence classes of Tk

determined by a set of e(Tk) distances with at least one distance zero is negligible
compared to the number of congruence classes determined by a set of e(Tk) nonzero
distances. Fixing a congruence class t1, . . . , te(Tk) of Tk, we note that the inside of the
outermost sum of ( 4.41 ) is exactly of the form

∑
θ,w λ

dim(S)
θ (w)Γθ,Tk(w), where Γθ,Tk(w)

is defined as in Section 3. From this point onward, we split into cases for F2
q and Fd

q.
For notational convenience, we let n denote the dimension of S for the rest of this
Lemma.

In F2
q, from an immediate application of Lemma  3.3 we have that for |E| ≳ q

4n
2n+1 ,

1
Stab(n)

∑
t1,...,te(Tk)

∑
θ,w

λn
θ(w)

∑
x,x′∈E

x−θx′=w

fTk,t1,...,te(Tk)(x) fTk,t1,...,te(Tk)(x
′)

≲
1

Stab(n)
qℓ(

k+1
2 )

 |E|2ℓk+2n+2

q2ℓ(k+1
2 )+2n−1

 = 1
Stab(n)

 |E|2ℓk+2n+2

qℓ(
k+1

2 )+2n−1

 . (4.42)
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It is easy to show that T has ℓk+n+ 1 vertices. We also see that by Lemma  2.20 ,
c(T ) = c(S) + ℓ

(k+1
2

). In d = 2, we see that Stab(n) ≈ 1 and c(S) = 2n − 1 by Lemma
 2.12 . Therefore, we have shown that for |E| ≳ q

4n
2n+1 ,∑

d∈D
ν2
T (d) ≈ R(T ,S) ≲

|E|2|V(T )|

qc(T )
. (4.43)

In Fd
q, d > 2, we apply Lemma  3.4 to (  4.41 ), so for |E| ≳ qmax( dn+1

n+1 , k+
d−1

2 ),

1
Stab(n)

∑
t1,...,te(Tk)

∑
θ,w

λn
θ(w)

∑
x,x′∈E

x−θx′=w

fTk,t1,...,te(Tk)(x) fTk,t1,...,te(Tk)(x
′) (4.44)

≲
1

Stab(n)
qℓ(

k+1
2 )

 |E|2ℓk+2n+2

q2ℓ(k+1
2 )+d(n+1)−(d+1

2 )

 (4.45)

=
1

Stab(n)

 |E|2ℓk+2n+2

qℓ(
k+1

2 )+d(n+1)−(d+1
2 )

 . (4.46)

Again we see that T has ℓk + n + 1 vertices, and that c(T ) = c(S) + l
(k+1

2

). When
dim(S) = n ≥ d − 1, we have that Stab(n) ≈ 1 and that c(S) = d(n + 1) − (d+1

2

). When
dim(S) = n < d − 1, we have that Stab(n) is q(d−n

2 ) by Proposition  4.1 . As (d−n
2

)
+ d(n +

1) − (d+1
2

)
=

(n+1
2

), we see that for |E| ≳ qmax( dn+1
n+1 , k+

d−1
2 ),∑

d∈D
ν2
T (d) ≈ R(T ,S) ≲

|E|2|V(T )|

qc(T )
. (4.47)

□

Proof of Proposition  4.4 for general simplex trees. Fix an integer k in the statement
of Proposition  4.4 such that 1 ≤ k < d+1

2 . If there are less than two simplices of
dimension greater than k in T , then we are done by Lemma  4.10 and Theorem  1.4 .
Now suppose there are at least two simplices in T of dimension greater than k.
Then there must be at least two k-leafs in T . Fix two distinct k-leafs S1 and S2 of
dimensions n,m > k respectively.

• Step 1: We reduce to the case where one of S1,S2 has at most one child vertex
and the other has no child vertices. To do this, we iteratively apply branch
shifting. Consider the case where S1 has more than one child vertex. Here,
we apply branch shifting to a pair of child vertices of S1 to reduce to the case
where S1 has one less child vertex, and repeat this process until S1 has a
single child vertex. Therefore, we may assume that S1 has either zero or one
child vertices. Similarly, we may assume that S2 has either zero or one child
vertices. If either S1 or S2 has no child vertices, we are done. Otherwise,
apply branch shifting to the child vertex of S1 and the child vertex of S2.
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• Step 2: Denote F1 and F2 as the set of free vertices of S1 and S2. If S1 has a
child vertex, set k1 = |F1| − k + 1, otherwise, set k1 = |F1| − k. Similarly, if S2
has a child vertex, set k2 = |F2| − k+ 1, otherwise, set k2 = |F2| − k. Then apply
simplex unbalancing to S1 and S2 with the appropriate k1, k2. Note that in all
of these cases, this process lets us reduce to the case where one of S1, S2 is
an k-simplex, and the other is a (dim(S1)+dim(S2)− k)-dimensional simplex.

After an application of these two steps, we have reduced the goal of proving Propo-
sition  4.4 for T to proving Proposition  4.4 for a collection of Ti, all with one less
simplex of dimension greater than k than T , since the quantity Nk is invariant un-
der branch shifting and simplex unbalancing. Note that for each of these Ti, we
have that ∑

S∈Ti
dim(S)>k

dim(S) =


∑
S∈T

dim(S)>k

dim(S)

 − k. (4.48)

Therefore, if we start with a simplex tree T , and repeatedly apply the above
two steps to reduce proving Proposition  4.4 for T to proving Proposition  4.4 for a
collection of T j each containing exactly one simplex S j of dimension greater than k,
we see that for each T j,

dim(S j) = k +
∑
S∈T

dim(S)>k

(dim(S) − k) (4.49)

Applying Lemma  4.10 to each T j completes the proof of Proposition  4.4 in full
generality.

□

5. Cycles of simplices
In this section, we discuss partial results related to cycles of simplices.

Definition 5.1. Let C be a finite set of simplices S1, . . . Sk where Si shares a vertex
with Si+1 for all 1 ≤ i ≤ k − 1, and Sk shares a vertex with S1. Then we call C a cycle
of simplices.

Our goal is to find an s such that Fd
q contains a positive proportion of congruence

classes of C in Fd
q whenever |E| ≳ qs. As argued for simplex trees in Lemma  2.20 , we

have the following:
Lemma 5.2. The number of congruence classes of C in Fd

q is on the order of q
∑

S∈C c(S).
We denote

∑
S∈C c(S) as c(C).

Following the framework developed in Section 4, to find an s corresponding to a
given simplex cycle C, we first reduce this goal finding an s for a simple class of
simplex cycles consisting of one large simplex and all other simplices of dimension
one. This is more precisely described in the proposition below.
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Proposition 5.3. Consider a cycle of simplices C with k simplices, and define.

N = 1 +
∑

S∈C,dim(S)>1

(dim(S) − 1)

Let C′ be a cycle of simplices containing k − 1 simplices of dimension 1 and one
simplex of dimension N. Then if for some s ∈ R, E contains a positive proportion of
congruence classes of C′ in Fd

q whenever |E| ≳ qs, then the same is true for C and the
same s as well.

The proof of the above Proposition requires a modification of the simplex un-
balancing technique from earlier. However after we reduce to this class of simple
cycles, we find that various technical obstructions occur in trying to generalize the
methods of Section 3 to this setting. Morally, however, we expect the s for C′ to be
slightly larger or equal to that of simplices of dimension N, as cycles of arbitrary
length are much more abundant than simplices of dimension N in Fd

q.

5.1. The setup and Hadamard three-lines reduction. Consider a cycle of sim-
plices C given by a collection of simplices S1, . . . , Sk, where Si shares a vertex with
Si+1 for all 1 ≤ i ≤ k − 1 and Sk shares a vertex with S1. Again, we are interested in
finding an s such that Fd

q contains a positive proportion of congruence classes of C
in Fd

q whenever |E| ≳ qs. Using the same Cauchy-Schwarz setup as in Section 4.1,
we show that this problem is equivalent to finding an s such that whenever |E| ≳ qs,

∑
δ∈D

ν2
C(δ) ≲

|E|2|V(C)|

qc(C)
(5.1)

As usual,D denotes the space of congruence classes of C, νC(δ) denotes the number
of embeddings in the congruence class δ contained in E, and V(C) denotes the vertex
set of C. Analogous to simplex trees, a vertex in C is called a free vertex if it is
shared by only one simplex. As per Section 4.1, the goal is now be to write

∑
δ∈D ν

2
C(δ)

in a way that is more amenable to applying Hadamard three-lines. We have two
different ways of doing this, depending on whether the two simplices S1,S2 ∈ C we
distinguish share a vertex or not.

First, consider nonadjacent simplices S1, S2 of C with dimension m and n respec-
tively. DenoteH1 andH2 as the two chains of simplices connecting S1 to S2, denote
v1,i as the vertex shared by S1 andHi, and denote v2,i similarly as the vertex shared
by S2 and Hi. Let δ1 and δ2 be respective congruence class of these two chains. Let
the function fδ1(x1, x2) count the number of embeddings ofH1 into E in a given con-
gruence class δ1, such that the embedding sends v1,1 to x1 and v1,2 to x2. Similarly,
let the function gδ2(x1, x2) count the number of embeddings of H2 into E in a given
congruence class δ2, such that the embedding sends v2,1 to x1 and v2,2 to x2. Then
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we define

Dnonadj(C,S1,S2) =
1

Stab(m)Stab(n)

∑
δ1,δ2

∑
θ,ϕ∈Od(Fq)

∑
w1,w2∈Fd

q

λm−1
θ (w1)λn−1

ϕ (w2)

∑
u1,u′1,v1,v′1∈E

u1−θu′1=
v1−θv′1=w1

∑
u2,u′2,v2,v′2∈E

u2−ϕu′2=
v2−ϕv′2=w2

fδ1(u1,u2) fδ1(u
′
1,u

′
2)gδ2(v1, v2)gδ2(v

′
1, v
′
2). (5.2)

Proposition 5.4. For nonadjacent simplices S1,S2 ∈ C with dimensions m and n
respectively, we have that ∑

δ∈D
ν2
C(δ) ≈ Dnonadj(C,S1,S2). (5.3)

Proof. We first count the number of pairs of congruent embeddings h, h′ : V(S1 ∪
S2) → E of the collection of two disjoint simplices S1,S2. Let the dimensions of S1
and S2 be m and n respectively. By the methods of Section 4.1, we see that this is
on the order of

1
Stab(m)Stab(n)

∑
θ,ϕ∈Od(Fq)

∑
w1,w2∈Fd

q

λm+1
θ (w1)λn+1

θ (w2) (5.4)

=
1

Stab(m)Stab(n)

∑
θ,ϕ∈Od(Fq)

∑
w1,w2∈Fd

q

λm−1
θ (w1)λn−1

ϕ (w2)
∑

u1,u′1,v1,v′1∈E
u1−θu′1=

v1−θv′1=w1

∑
u2,u′2,v2,v′2∈E

u2−ϕu′2=
v2−ϕv′2=w2

1. (5.5)

In the equality above, we just unpack the definition of λθ and λϕ. For every congru-
ent pair of embeddings h, h′ the expression above counts, u1 and v1 are the vertices
h(v1,1) and h(v1,2) of h(S1), and u′1 and v′1 are the vertices h′(v1,1) and h′(v1,2) of h′(S1).
Similarly u2 and v2 are the the vertices h(v2,1) and h(v2,2) of h(S2), and u′2 and v′2 are the
vertices h′(v2,1) and h′(v2,2) of h′(S2). See Figure  5 for an example where dim(S1) = 2
and dim(S2) = 3.

We now weight the count of each pair of congruent embeddings h, h′ : V(S1∪S2)→
E by how many pairs of congruent embeddings h̃, h̃′ : V(C) → E it extends to. This
is exactly ∑

δ1,δ2

fδ1(u1,u2) fδ1(u
′
1,u

′
2)gδ2(v1, v2)gδ2(v

′
1, v
′
2), (5.6)

completing the proof of the proposition.
□

Now consider adjacent simplices S1, S2 of Cwith dimensions m and n respectively.
Denote H as the chain of simplices connecting S1 to S2, denote v1 as the vertex
shared by H and S1, and denote v2 similarly as the vertex shared by H and S2.
Let δ′ be a congruence class of H . Let the function Fδ′(x1, x2) count the number of
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u1

v1

u2
v2

u′1

u′2

v′2

v′1

h(S1)

h′(S1)h(S2)

h′(S2)

Figure 5. A potential extension h̃ and h̃′ of two embeddings h, h′ :
V(S1 ∪ S2) → E.

embeddings of H into E in the given congruence class δ′, such that the embedding
sends v1 to x1 and v2 to x2. Then we define

Dadj(C,S1,S2) =
1

Stab(m)Stab(n)

∑
δ′

∑
θ,ϕ∈Od(Fq)

∑
x1,x2∈Fd

q

λm−1
θ (x − θx′)λn−1

ϕ (x − ϕx′)

∑
u1,u′1∈E
u1−θu′1
=x−θx′

∑
u2,u′2∈E
u2−ϕu′2
=x−ϕx′

Fδ′(u1,u2)Fδ′(u′1,u
′
2). (5.7)

Proposition 5.5. For adjacent simplices S1,S2 ∈ Cwith dimensions m and n respec-
tively, we have that ∑

δ∈D
ν2
C(δ) ≈ Dadj(C,S1,S2). (5.8)

Proof. We first count the number of pairs h, h′ : V(S1 ∪ S2)→ E of congruent embed-
dings of the collection of two simplices S1,S2 sharing a vertex. Then by the methods
of Section 4.1, we see that this is on the order of

1
Stab(m)Stab(n)

∑
θ,ϕ∈Od(Fq)

∑
x1,x2∈Fd

q

λm
θ (x − θx′)λn

ϕ(x − ϕx′) (5.9)

=
1

Stab(m)Stab(n)

∑
θ,ϕ∈Od(Fq)

∑
x1,x2∈Fd

q

λm−2
θ (x − θx′)λn−2

ϕ (x − ϕx′)
∑

u1,u′1∈E
u1−θu′1
=x−θx′

∑
u2,u′2∈E
u2−ϕu′2
=x−ϕx′

1. (5.10)

For every congruent pair of embeddings h, h′ the expression above counts, u1 and u2
are the vertices h(v1) and h(v2), and u′1 and u′2 are the vertices h′(v1) and h′(v2). See
Figure  6 for an example where dim(S1) = 2 and dim(S2) = 3.

We now weight the count of each pair of congruent embedding h, h′ : V(S1∪S2)→ E
by how many pairs of congruent embeddings h̃, h̃′ : V(C) → E it extends to. This is
exactly
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u1 u2

h(S1)
x h(S2)

x′

u′2

u′1
h′(S1)

h′(S2)

Figure 6. A potential extension h̃ and h̃′ of two embeddings h, h′ :
V(S1 ∪ S2) → E.

∑
δ′

Fδ′(u1,u2)Fδ′(u′1u′2), (5.11)

completing the proof of the proposition.
□

We now prove a modified version of simplex unbalancing for cycles to reduce to
the case where all but one simplex in C has dimension 1. We have the following
definition for convenience of notation, and the following Lemma:

Definition 5.6. For a cycle of simplices C, denote p(C) as the infimum of s ∈ R such
that

∑
δ∈D ν

2
C(δ) ≲ E2|V(C)|q−c(C) whenever |E| ≳ qs.

Lemma 5.7. Given a cycle of simplices C, consider two distinct simplices S1 and S2
each of dimension at least 2, so each have at least one free vertex. Consider the cycle
of simplices C′ formed by deleting one free vertex of S1 and adding one free vertex to
S2. Then we have that(

Stab(dim(S1))
Stab(dim(S′1))

· Stab(dim(S2))
Stab(dim(S′2))

)
qc(C′) = qc(C).

Proof. This proof follows identically to Lemma  4.8 as c(T ) and c(C) are both defined
to be the sum of c(S) for all simplices S in the structure.

□

Lemma 5.8 (Simplex Unbalancing for Cycles). Given a cycle of simplicesC, consider
two distinct simplices S1 and S2 each of dimension at least 2. Consider the cycle of
simplices C1 formed by deleting all free vertices of S2 and adding the number of free
vertices deleted to S1. Similarly, consider the cycle of simplices C2 formed by deleting
all free vertices of S1 and adding the number of free vertices deleted to S2. Then
p(C) ≤ max(p(C1), p(C2)).
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Proof. Throughout this proof, we denote the modification of the simplices S1 and S2
in C1 as S+1 and S−2 respectively. Similarly, we denote the modification of S1 and S2
in C2 as S−1 and S+2 .

Suppose that S1 and S2 are nonadjacent, of dimensions m and n respectively. De-
fine the function ψ(a1, a2) : R2 → R as the expression Dnonadj(C,S1,S2), where we
replace the exponents on λθ and λψ with a1 and a2 respectively. The expression
Dnonadj(C,S1,S2) can be written as ψ(m− 1,n− 1), and by an application of Corollary

 2.5 , we see that
ψ(m − 1,n − 1) ≤ ψ(m + n − 2, 0)s1ψ(0,m + n − 2)s2 (5.12)

for some positive si such that s1 + s2 = 1. Note that the only difference between
ψ(m+n−2, 0) and Dnonadj(C1,S+1 ,S

−
2 ) is the stabilizer terms out front. This is because

in the process of applying Hadamard three-lines above, we changed the dimension
of S1 and S2 by changing the power on the λθ terms, but didn’t change the stabilizer
terms accordingly. Therefore, we have that

ψ(k1+k2, 0) =
(

Stab(dim(S1) + dim(S2) − 1)
Stab(dim(S1))

· Stab(1)
Stab(dim(S2))

)
Dnonadj(C1,S+1 ,S

−
2 ). (5.13)

By a repeated application of Lemma  5.7 , we have that(
Stab(dim(S1) + dim(S2) − 1)

Stab(dim(S1))
· Stab(1

Stab(dim(S2))

)
1

qc(C1)
=

1
qc(C)

. (5.14)

After noting that |V(C1)| = |V(C)|, we have that for s > p(C1),

ψ(k1 + k2, 0) ≲
(

Stab(dim(S1) + k2)
Stab(dim(S1))

· Stab(dim(S2) − k2)
Stab(dim(S2))

) (
|E|2|V(C1)|

qc(C1)

)
(5.15)

≲
|E|2|V(C)|

qc(C)
. (5.16)

By an analogous argument, we also have that for s > p(C2), that ψ(0, k1 + k2) ≲
E2|V(C2)|q−c(C2). Therefore, whenever s > max(p(C1), p(C2)), we may conclude that∑
δ∈D ν

2
C(δ) ≈ ψ(k1, k2) ≲ E2|V(C)|q−c(C).

The proof for adjacent simplices S1 and S2 follows similarly but with Dadj instead.
□

Given any cycle of simplices C with at least three simplices, by applying simplex
unbalancing repeatedly and noting that this operation preserves the sum of the
dimensions of simplices in C, we arrive at Proposition  5.3 . All that remains is to
find an s such that E contains a positive proportion of congruence classes of C′
whenever |E| ≳ qs.

5.2. Technical obstructions. For the rest of this section, we describe our at-
tempts to bound the number of pairs of congruent embeddings of C′ in E, and the
obstacles that prevent us from applying a generalization of the methods in Section
3 and [  AIM24 ]. We assume that N, the dimension of the large simplex in C′, is
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larger than d so that we don’t have additional stabilizer terms in the sums that
we’re working with. This is to add clarity to where technical obstructions arise,
but the same issues occur with the stabilizer terms present.

We define Pt1,...,tk−1(u,u
′) as the number of paths (x1, . . . , xk) in E of length k− 1 such

that x1 = u, x2 = u′, and ||xi+1 − xi|| = ti for all 1 ≤ i ≤ k − 1. Let C′ be a cycle of
simplices with one N-dimensional simplex and k − 1 1-dimensional simplices. As
in Section 4.3, to find an s such that E contains a positive proportion of congruence
classes of C′ whenever |E| ≳ qs, we bound the sum∑

δ∈D
ν2
C(δ) ≈

∑
t1,...,tk−1

∑
θ,w

λN−1
θ (w)

∑
u1,u′1,u2,u′2

u1−θu′1
=u2−θu′2
=w

Pt1,...,tk−1(u1,u2)Pt1,...,tk−1(u
′
1,u

′
2) (5.17)

As in Section 4.3, we may assume that t1, . . . tk range over nonzero elements in Fd
q

rather than all of Fd
q. We fix a congruence class of paths by fixing t1, . . . tk−1, and

drop the tis from the notation from P for notational convenience. Then, similar to
the goal of Section 3, we want to show that

∑
θ,w

λN−1
θ (w)

∑
u,u′,v,v′
u−θu′
=v−θv′
=w

P(u, v)P(u′, v′) ≲
|E|2|V(C)|

qc(C)+k−1
(5.18)

Following the work of Section 3 and of [  AIM24 ], we would like to define a function
of the form

βθ(w) =
∑

u,u′,v,v′
u−θu′=

v−θv′=w

P(u, v)P(u′, v′) (5.19)

We first calculate the zero Fourier coefficient of βθ below.

β̂θ(0) =
1
qd

∑
u,v,u′,u′

||u−v||=||u′−v′||

P(u, v)P(u′, v′) (5.20)

=
1
qd

∑
u,v

P(u, v)
∑
u′,v′

||u−v||=||u′−v′||

P(u′, v′) (5.21)

≈ 1
qd
· |E|

k

qk−1
· |E|

k

qk
=
|E|2k

qd+2k−1
(5.22)

The first equality of (  5.22 ) follows from the fact that E contains a statistically
correct number of cycles of length k for |E| ≳ q(d+2)/2 by [  IJM21 ] (with the technical
condition that k > 4), and that E contains a statistically correct number of paths of
length k − 1 for a lower threshold by [ Ben+16 ].
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We have that ∑
θ,w

λN−1
θ (w)

∑
u,u′,v,v′
u−θu′
=v−θv′
=w

P(u, v)P(u′, v′) =
∑
θ,w

λN−1
θ (w)β(w) (5.23)

This is a sum of a very similar form as the sum
∑
θ,w λ

n
θ(w)ΓTk,θ(w) in Section 3.

Therefore, we try to apply the method of proof of Lemma  3.4 to bound this term.
However, this is not effective, since if we attempt to break up

∑
θ,w λ

N−1
θ (w)β(w) in

the same way as in Lemma  3.4 , the term
∑

w,θ λ
N−1
θ β̂θ(0) is too large by a factor of

qd−1.
Another idea is to instead consider the function αθ : Fd

q × Fd
q → R defined as

αθ(w1,w2) =
∑

u,u′,v,v′
u−θu′=w1
v−θv′=w2

f (u, v) f (u′, v′) (5.24)

We note that αθ(w,w) = βθ(w). The benefit of α is that after taking the Fourier
transform of α in both variables, α̂θ(0, 0) is smaller than β̂θ(0). More precisely, in a
very similar manner as for ΓTk,θ in Section 3, we see that

α̂θ(m1,m2) = q2dP̂(m1,m2)P̂(θ−1m1, θ−1m2) (5.25)

We now see that

α̂θ(0, 0) ≈ |E|2k

q2d+2k−2
, (5.26)

which is a factor of qd−1 smaller than β̂θ(0). Therefore, we define Bn as∑
θ,w λ

n
θ(w)αθ(w,w) to break up our sum instead as

Bn =
∑
θ,w

λn
θ(w)αθ(w,w) ≤

∣∣∣∣∣∣∣∑θ,w λn−1
θ (w)

(
λθ(w) − |E|

2

qd

)
(αθ(w,w) − α̂θ(0, 0))

∣∣∣∣∣∣∣
+

∑
w,θ

λn
θ(w)α̂θ(0, 0) +

|E|2
qd

Bn−1 (5.27)

=: I + II + III. (5.28)

As α̂θ(0, 0) is sufficiently small, the term II is of the proper size. Term I can be
bounded nontrivially by pulling absolute values inside, taking the supremum of
λn−1
θ (w), and applying Cauchy Schwarz. We handle the term of the form∑

w

(
αθ(w,w) − α̂θ(0, 0)

)2
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by dominating the sum over w by sums over w1,w2, and then running an analogous
argument to  3.6 . This gives us that∑

θ,w

(
αθ(w,w) − α̂θ(0, 0)

)2 ≈ q2d

(
|E|4k−4

q4k−4

)
. (5.29)

Plugging in bounds from  2.8 gives us that I is on the order of E2|V(C)|q−c(C)−k+1 for an
s slightly larger than that of an N simplex, matching what we morally expect.

As we bound term III by induction, it remains to bound the base case B1, which
we are unfortunately unable to bound effectively. In the spirit of how we bound A1
in Lemma  3.4 , one may easily generalize Lemma  2.6 to functions Fd

q × Fd
q → R by

modifying the proof seen in [  Ben+17 ]. However, our bound for B1 is still too big by
a factor of qd−1. If we reduce the base case to B0, the L1 norm of α is too large by
a factor of qd−1. Finally, if we break up B1 slightly differently in hopes to extract
cancellation from the negative term, we are still off by the same factor.

The recurring issue is that we need for one of α or β, both its L1 norm and zero
Fourier coefficient to be small. While α̂θ(0, 0) is smaller than β̂θ(0), the L1 norm of
αθ is much larger than βθ. We have this difference because we get an extra factor
of qd in the denominator by taking the Fourier transform of both coordinates for αθ.
What we believe needs to happen is for the negative contribution of term I (without
the absolute values) to cancel with part of term III of  5.28 . Therefore, we need to
somehow extract cancellation between terms I and III, potentially involving results
on number-theoretic sums. We also propose a potential workaround in Section 6.2.

6. Future work
6.1. Edge gluing. We end this paper by discussing a natural generalization of
the work in the past two sections, considering structures of simplices where two
simplices may share an edge or some higher dimensional face rather than a vertex.
The Hadamard three-lines framework established in Section 4 can be applied to
such a situation, allowing us to reduce to a simple class of simplex structures that
encourages the use of a combination of group action and inductive techniques. To
illustrate this, we work through a simple example.

Consider the graph G formed by two 3-simplices S1,S2 sharing an edge, as shown
in Figure  7 . We would like to find an s such that for E ⊂ F3

q, E contains a positive
proportion of congruence classes of G whenever |E| ≳ qs. Note that there are on
the order of q11 congruence classes of G in Fd

q. Denoting D as the set of congruence
classes of G, and νG(δ) as the number of embeddings of G in E in the congruence
class δ, by the Cauchy Schwarz setup as presented in Section 4 it is sufficient to
find an s such that for |E| ≳ qs, ∑

δ∈D
ν2

G(δ) ≲
|E|12

q11 (6.1)
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G, two 3-simplices sharing an edge H, a 4-simplex and a 1-simplex sharing an edge

Figure 7. An example of Hadamard three-lines simplification for
edge-gluing.

For two embeddings h1, h2 : V(G) → E of G, h1 and h2 are congruent if and only if
there exist θ, ϕ ∈ O3(Fq) and w1,w2 ∈ F3

q such that h1(v) = θh2(v) + w1 for all v ∈ S1

and h1(v) = ϕh2(v) + w2 for all v ∈ S2. Therefore, we see by a similar argument as in
Section 4.1 that ∑

δ∈D
ν2

G(δ) ≈
∑

θ,ϕ∈Od(Fq)

∑
x,y∈Fd

q
x−θx′=y−θy′
x−ϕx′=y−ϕy′

λ2
θ(x − θx′)λ2

ϕ(x − ϕx′) (6.2)

Note that in general stabilizer terms are introduced (as in Section 4.1), but in this
example the stabilizer terms are trivial. Applying Hadamard three-lines in the
style of simplex unbalancing gives us that∑

δ∈D
ν2

G(δ) ≲
∑

θ,ϕ∈Od(Fq)

∑
x,y∈Fd

q
x−θx′=y−θy′
x−ϕx′=y−ϕy′

λ3
θ(x − θx′)λ1

ϕ(x − ϕx′), (6.3)

where the right hand side is on the order of
∑
δ∈D ν

2
H(δ), where H is the graph shown

in Figure  7 . Therefore, to find an s for G, it suffices to find an s such that for |E| ≳ qs,∑
δ∈D

ν2
H(δ) ≲

|E|12

q11 . (6.4)

In more complicated simplex structures where all simplices are connected either
by vertices or edges, an inductive Hadamard three-lines approach similar to Section
4 can reduce to the case where T is a large simplex S where at a single vertex, stan-
dard (1-simplex) trees are attached, and at a single edge, tree structures formed by
gluing 2-links (shown in Figure  8 ) are attached.

Therefore, 2-links and trees of 2-links form a natural analogue to paths and trees
in the edge-gluing setting. Their inductive nature suggests that there exists an s
such that E ⊂ Fd

q, |E| ≳ qs implies that E contains a statistically correct number
of 2-links of arbitrary length in any congruence class, similar to chains and trees
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Figure 8. A 2-link of length 8

of simplices as in the work of [  Ben+16 ] and [  Bri+23 ]. Considering simplex struc-
tures where simplices can share up to n-dimensional faces, a similar Hadamard
three-lines approach can be used to reduce to a large simplex with k-links attached
(defined analogously) for 1 ≤ k ≤ n.

In attempting to bound
∑
δ∈D ν

2
H(δ) in a similar manner to Section 5.2, we run into

similar technical obstructions. We propose a different approach in the following
subsection.

6.2. Thresholds. Intuitively, it is clear that if E contains a positive proportion of
congruence classes in Fd

q of a graph G whenever E ≳ qs, then for E ≳ qs+ε, E should
contain "almost all" of the congruence classes of G in Fd

q. However, the rate at
which this threshold phenomenon acts, and the precise definition of "almost all,"
is of importance as it may provide a different approach to finding such an s for
graphs G and H sharing a vertex, edge, or more complicated subgraph that avoids
the obstacles presented in Sections 5 and 6.

Suppose we have two arbitrary graphs G and H, and we pick an s such that for
E ⊂ Fd

q, |E| ≳ qs, E contains a positive proportion of congruence classes of G in Fd
q, and

E contains a statistically correct number of embeddings of every congruence class of
H in Fd

q. This is the setup that we have in Section 3, where G is a simplex and H is a
k-weak simplex tree. Being able to quantify how many congruence classes of G that
E contains when |E| ≳ qs+ε could open the door to showing that E contains a positive
proportion of congruence classes of G attached to H at a vertex/edge/some subgraph
via a probabilistic argument and concentration inequalities. An approach such as
this would avoid the need to work with the explicit sums corresponding to G and
H attached at some subgraph, bypassing the obstacles found in Sections 5 and 6
that occur while trying to separate out the individual contributions from G and H
in these sums.
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