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Asstract. In this article, Schreier’s Lemma is employed in order to compute the
fundamental group of the open Riemann surface obtained as a cyclic cover of the
projective line. Then an action of the Galois group of the corresponding cover on
abelianized fundamental group of the projective line with branch points removed is
computed and it is shown to be independent of the choice of the Schreier transversal.

InTRODUCTION

The study of fundamental groups of punctured complex projective lines is a clas-
sical topic in algebraic topology and combinatorial group theory. A projective line
is an affine and projective variety and a Riemann surface [6, Ch. 1]. Despite of this
we will study the line as a topological space. Let

X =CP'\ {py,...,psr1}

denote the complex projective line punctured in s distinct points. Its fundamental
group has the well-known presentation

T(X) = (X1, oo, Xs1 | X1X2 -+ - X501 = 1),

which is generated by loops around the punctures, subject to the single relation
that the product of all loops is trivial.
Consider a homomorphism

a:m(X) — bZ, x;+d, (1

where b = gcd(dy, ..., d;) and the image of the last generator x,,; is determined by
the relation among the generators. Such a homomorphism naturally arises in the
study of cyclic coverings of punctured spheres and in the investigation of branched
covers of Riemann surfaces.

The kernel of a, denoted ker(a), is naturally isomorphic to the fundamental group
of the corresponding infinite cyclic covering of X [10, Ch. 14, Sec. b]. More precisely,
there is a Galois covering map [5, Ch. 1, Sec. 3]

p:)?—)X
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whose fundamental group is exactly the kernel of a:
m1(X) = ker(a) € 1y (X).

By the correspondence between subgroups of the fundamental group and covering
spaces,we have the natural isomorphism ©:

For each homotopy class of loops [y] € nl(}?, Xo), consider its projection 7 o y to X.

Then 7t o j is a loop in X based at xo = n(%;), and since 7 is closed in X, its image
under « is trivial. Hence,

O([7]) = [mo 7] € ker(a) C mi(X, xo).

The deck trasformation group of the covering p is cyclic and isomorphic to the
image of a:
Deck(X/X) = Im(a) = bZ.
It is generated by a single transformation corresponding to a loop in 71;(X) whose

image under a generates Im(a). Let y be a loop in X based at x € X that a([y]) = b.
The deck transformation associated to [y] € 71(X, x) can be defined as:

Tapyr : X—X, Zro (1) where 7(0) = %.

Here, 7 denotes the unique lift of y starting at ¥ € 1 (x).

The previous construction induces a natural Z-action on X, which permutes the
sheets of the covering. The covering is infinite, thus the Z-action is free and tran-
sitive on the fibers: . _

ZxX— X, (n,X) +— T,(%),
where T, denotes the deck transformation corresponding to b € b - Z. The action
satisfies
T)=idg, T/ =T, oT; forallmneZ.
The number of sheets of the covering coincides with the order of the deck trans-
formation group, which is countable, infinite and equal to the cardinal number of
Im(a) [5, Ch. 3, Sec. 1].

Aim of this article is the computation of the kernel of this morphism using Schreier’s
lemma [1, Ch. 2, Sec. 8], [3, Sec. 2.3, Thm. 2.7]. A major difficulty in this computa-
tion is the selection of a suitable Schreier transversal, which is handled in Section
1 by introducing the notion of pruning and we provide an algorithm for the study
of this problem. Using this algorithm a set of free generators is determined.

Our initial motivation was the computation of the covering group and homology
for Riemann surfaces given by an equation of the form

S S
y' = H(x - pi)", Z b; = 0 modn,
i=1 i=1
extending the results of [2].

We have developed python code for the algorithms explained in this article, which

is available at https://bulletin.math.uoc.gr/vol/69/paper3-code/. The first
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program uses the pruning technique explained in the article, while the second one
solves a diophantine equation and pruning is not required.

A geometrical visual example showing how a lift of a loop in X via deck transfor-
mations moves through sheets is shown in Fig. 1.

Sheets V; are countably infinite

,, "Loop y in X lifts to 7 in X

, / Endpoints of j differ by deck

transformation Tl‘f

Ficure 1. The specific example maps 7(0) to 7(1) via the deck trans-
formation T}

A classical result in combinatorial group theory, the Nielsen—Schreier theorem,
guarantees that the kernel of a nontrivial homomorphism from a finitely generated
free group (or a free group modulo a single relation) to Z is itself a free group of
infinite rank. Consequently, 77;(X) = ker(a) is a free group of infinite rank, and one
can construct an explicit infinite basis for it.

In summary, analyzing the kernel and image of a provides a complete picture of
the associated cyclic covering: the kernel describes the fundamental group of the
covering space, the image describes the cyclic deck transformation group, its gen-
erator, the Z-action, describes how the covering space fibers are permuted, and the
number of sheets corresponds to the order of the deck group. This construction
not only elucidates the algebraic structure of 77;(X) but also provides deep topolog-
ical insight into the structure of punctured projective lines and their infinite cyclic
coverings.
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1. COMPUTATIONS

Lemma 1. Consider the word w = xlllxé2 x € %, wherel; #0forall1 <i<r. We
denote by w;, the word

Wis; = xlllxlz2 . xf 11 S with |s;] < |l;| and s;l; > 0. (2)
If
(W, 5, ) = AWy, s, ) for some 1 <k, <k <7,
then
lky=Sky iy 41 lk1 1 Skl
(D alx, “x25x ) x')=
2) a(w.) = a(w), where
ll .. lk271 . Skz . lkl _Skl . lkl +1 DR l
w - x x xkz—l kz xk] k1+1 xrr.

Proof. The first statement is clear by observing that

ey =Sky Iy 41 lg-1 s

wkz’skz ) xkz k2+1 T k] —1xk] - wkl’skl :

For the second statement observe that
I 12 I,

a(w) = a(x)xy - x;
. I ly-1_ sk, ly=sk, llowt sy
= a(x Xy X2 R alx? Pzl e
T P AR
k] k1+1 r
= a(w").
O
I
Definition 2. If the word w = x x -x;) € %, has a segment
T
ly=sty lpe1 g1 sk (3)
k> ko+1 =17k
so that
(xlkz_skz lpwt lkl 1 Skl) (4)
k> ko+1 k1 -1 k1 -

then we define

I, 1 Sk, I, =Sk I, +1 I,

k22—1 . xkzz . xkll 1., xk11+1 [ xr .

and we call w* a pruned word of w. We repeat this procedure to the pruned word
until there is no segment of the form of (3) with the property (4). The resulting
word will be called fully pruned.

w=w (k2/ 52, kllsl) - x xIZ "X

Proposition 3. For a fully pruned word all initial segments obtain different inte-
gers as images of the function a defined in (1).

Proof. Indeed, if two initial segments Wiy 5,5 Whys, have the same a-image then
Lemma 1 implies the existence of a segment of the form of (3) and the same lemma
implies that the fully pruned word can be further pruned, a contradiction.

O
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Lemma 4. Extended Bézout’s identity (or Bézout’s Lemma) : If gcd(bs,...,bs) = b,
then there exist integers ki, ..., ks such that:

k1b1 + kzbz + - +ksbs =b.
Proof. See [4].

Consider now the Diophantine equation:
y1'b1+y2'b2+"'+ys'bszb, b:g.C.d.(bl,...,bs). (5)
which has a solution (41,4, .. .,a;) from Lemma 4. Without loss of generality we can

assume that the first » components are non-zero. We denote by w;, the word

ar

wy = XA X
We assume that this word w, has been fully pruned, meaning that there are no

segments of this word with image 0.

Definition 5 (Initial segment condition). A set T} satisfies the initial segments
condition (i.s.c.) if for every w € T}’ holds: {wy, ..., w, = w,} C T}, where {w;, ..., w, =
wyp} are the initial segments of w.

Let wy, ..., w, = w, be the initial segments of w,. As we already observed a(w;) #
a(w;) for 1 <i+# j <n. We define the set

T(l) = {wll"'/wﬂ} gtgzs

This set Té satisfies the conditions:
(1) It is a finite subset of .%; .
(2) a(T}) € [-M, M],, where
[-M, M], := [-M, M] N bZ.
M := max|a(w)|.
wET(l]
(3) The map aly : Ty — bZ is 1-1 (because of pruning)
(4) The set T; satisfies the initial segments condition (i.s.c.).
We will construct a family of sets of the form:

1 1y o mp _
Ty, STy STy S-S Ty =Ty,

where:
- The sets T for every i = 1,2,...,1 will satisfy the conditions (1),(2),(3) and
(4), by putting T} in place of Tj.
- The set Ty will satisfy, apart from conditions (1),(2),(3),(4), the condition
a(To) = [-M, M],
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With T, we will denote the “period” of the transversal. The “period” of the transver-
sal is a finite subset of it that allows us, through an iterative procedure developed
in Theorem 15, to describe the entire infinite transversal.

If a T," satisfy conditions (1),(2),(3),(4) by putting T;" in place of T}, then we will
write that it satisfies condition (*) and if it satisfies additionally condition a(T}") =
[-M, M], we will write that it satisfies condition (**).

THE TRANSVERSAL CONSTRUCTION
We set M := Maxcr! la(w)|. We will define the finite sets T C %, such that
0#T,CT,.
Definition 6. A set T}’ has a “hole” in hb € bZ. if

(1) hb € [-M,M];, and
(2) for every w € T} we have a(w) # hb.

From now on we will denote by (a4, ..., 45) is a solution of the Diophantine equation

(5) and T} satisfies (*) condition and T} C T7'.
Lemma 7. If hb is a hole of Ty, then for every w € T} we have:

hb = a(w) +ky - by + -+ + ks - b,
for some integers k; = ki(w) € Z depending on w, with the additional property
(k1,... k) #(0,... 0).
Proof. Let w € Tj'. Since, for all w € T’ a(w) # h - b, we have that

hb —a(w)=n-bwithn #0 € Z.
Then,

hb = a(w) + n(a, - by +--- +as - bs)

=a(w)+ky b+ +ks-bs,

where k; = ki(w) = n-a;, and a;, ..., as are the solutions of eq. (5). Since n # 0 we have

(klz"' ;ks) + (0’0, ’0)
O

Theorem 8. If the set T} 2 T! has a hole of the form hb = a(w,) + k; - b; for some
wy € Ty, Ty satisfies () and k; € Z., then there exists a set Ty, with T} C Ty, that
satisfies the (+) condition and it does not contain a hole at hb € bZ.

Proof. We distinguish the following cases:
o If a(wy) + b; & a(T}'), then:
-M < —-M + b; < a(wp) + b; < a(wy) + k; - b; < M.
The last inequality holds, since the T} has a hole in a(w) + k; - b;.
We now form the word w;,; = wy-x;. Then, a(w;,1) = a(wy)+b;. The initial segments

of w1 is wy and the initial segments of wy. Because wy, € T} and T} satisfy (*)
condition it holds that the set T’ U {w,} satisfies i.s.c. We define Tg” =T U{wpa )
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The set T” does not have a hole in a(w) + b;. Since a(wg) + b; ¢ a(T}') we have
a(w) # a(wg) + b; for every w € Tj'. Thus aIT»Onz is 1-1.

o If a(wy) + b; € a(T})"), then we set T, := T}

o If ki > 2 and a(wo) +2-b; ¢ a(T”), then we argue as before: a(w) +2-b; € [-M, M],.
Let a(u) = a(wy) + b; for some u € Tglz. We define w;,, = u - x; and then a(w;,) =
a(wo) +2 - b;. Let T)® := Ty” U {wyo}. If a(wo) + 2 - b; € a(T,,?), then we set T;° := T,".

Similarly the set T,” satisfies (*) condition and it does not have a hole in a(w) +
2-b,.

In this way we construct the following set family:

T =TPCTRC Ty
for which we have
(1) (Ty") C[-M,M]p, 1< j<p
(@) a(wo)+ /- b€ a(Ty™), 1< j<k-1
(3) the sets a(T,’) satisfy i.s.c. and a|T,’ is injective for every 1 < j < p.

From the construction of T;nf and because a(wo) + k; - b; ¢ a(T}') it is clear that
a(wy) + ki - b; ¢ a(T?’”). Let v € Tg”? with a(v) = a(wy) + (ki —1) - b;. If z = v - x; then
a(z) = a(wg) + k; - b;. It is now clear that the set T := ng”” = T?” U {z} satisfies (*)
and it has no hole in hb. O

Theorem 9. If the set T" 2 Té contains a hole of the form hb = a(wy) —k;-b; , ki € Z~g
for some wy € T} and T} obeys condition (¥), then it exists a set Tj 2 T}' that satisfies
condition (*) and it does not have a hole in hb.

Proof. (Similar to the proof of Theorem 8.)
If a(wo) — b; ¢ a(T}') then

-M < a(wy) — ki - b; < a(wy) —b; <M —b; <M

because the set Tj' has a hole in a(wg)—k;-b;. Let u;, = wo-xi‘l. Then a(u,1) = a(wy)—b;
and we set T, := Tj' U {u1} otherwise it holds a(w,) — b; € a(T}') and we define
T,? := T;. Like Theorem 8 the set T,” satisfies condition (*) and it does not have
any hole in a(w,) — b;.

If k; > 2 and a(wo) —2-k; ¢ a(T;?). Similarly a(w,)—2-b; € [-M, M], and there exists
au € T;? such that a(u) = a(wo) —2-b;. Ifun = u-x;' we define a(u,) = a(wo) —2-b;
and T," := T;” U {w,,»} otherwise we have a(wy) —2-b; € a(T,*) and we set T)" := T ".

Similarly the set T,” satisfies (*) condition and it has no hole in a(wy) — 2 - b; .

In this way we construct the following family of sets

To=Ty'cTy*Cc---CT,’
for which we have
(D) «T,") € [-M,M],, 1 < j<p,
(2) a(wy) —j-bi€a(Ty™"),1<j<k—1,
(3) the sets a(T, ) satisfy i.s.c. and a|T}’ is injective for every 1 < j < p.
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From the construction of Tg1 "and since a(wp) —k;-b; ¢ a(Ty') it is clear that a(wy) —
ki-bi ¢ a(T,").

As in Theorem 8 there exists a z € Tg1 " with a(z) = a(wy) — (ki — 1) - b;. We set
w, = z-x;" and we have a(w,) = a(wy) —k; - b;. We take the set T} := qu”“ =Ty" U{w,}
and it is clear that it satisfies the conditions of the theorem.

O

Corollary 10. Ifthe set T, D Tj has a hole of the form hb = a(wo)+k;-b; with 0 # k; € Z
for a wy € Té, then there exists a set T} 2 T(’) that satisfies the (*) condition and has
no hole in hb.

Proof. Immediate from Theorems 8 and 9.

O
Theorem 11. If a(w) +k; - b; € [-M, M], with wy € TF 2 T(l) so that k; € Z, then there
exists a set Ty' 2 Tg that satisfies the () condition and has no hole in a(wy) + k; - b;.
Proof. If ki = 0 we set T := T},

If k; > 0 it is immediate from Theorem 8.
If k; < 0 it is immediate from Theorem 9.

Lemma 12. We have
[—M,M]h = {k1-bl+k2'b2+---+ks-bs|k,’€Z, |ki|§7’1'ﬂ,’,i:1,...,1’},
where
b:al-b1+a2-b2+---+a5-bs, M:T‘l'b.

Proof. The assumption right after Lemma 4 and Bézout’s Lemma impose that b =
a,-by +---+a,-b, for some a;, € Z. We have supposed without loss of generality
that the first » components of a; are not zero. If [b € [-M, M], then [ € [-r{,7]; and
b=(I-a)-by+---+(-a)-b,=ky-by+---+k,-b,withk; =1-a;fori=1,2,...,r.

O

Theorem 13. There is a set Ty 2 Té that satisfies condition (**).

Proof. We regard the integers k, € Z wherea, - b1 +---+a,_1-b,_1 +k, - b, € [-M, M],.
There exists at least one integer that satisfies the above condition. Indeed, k, = 0
satisfies the condition since

ap-by+---+a,.1-bpy=ay-by+---+a,_1-b,1+k b,
=a(x]...x) e a(T}) € [-M, M],,
because the word x}' ... x7 is an initial segment of the word w,.
We have
ap-by+---+a,_1-bp1+k -b,=a,-by+---+a,-b,—(a, - k)b,
= a(wp) — (ar — k) - by,



36 GEORGE KATSIMPRAKIS
where w;, € T}, wy = x7' ... 7.
From Theorem 11 there exists a set T;"" 2 T} such that
a(wkr) =mM 'bl +---+a,q 'br—l +k7‘br

for some wy, € T? . We can repeat Theorem 11 several times (the precise number is
2-r,-a,) in order to construct the set Tgk’ which contains all integers of the above form.

The set Tgk’ satisfies the (*) condition and it has no holeina;-b; +---+a,_1-b,_; +k,-D,.
We regard the integers a;-b1+---+a, »-b, > +k,_1-b,_1 +k,-b, € [-M, M],. Similarly
we have:

ay-by+--+a, by +kqy-by+k b
=ay-bi+--+a,0-b1+k b - (ar—l - kr—l) by
= a(wky) - (ar—l - kr—l) : br—lz
where wy, € Tgk’. From Theorem 11 there is a set Tom 1 o Tg"’ that satisfies condition
(*yand hasno holeina; -b; +---+a,.5-b,_» + k,_1 - b,_1 + k, - b, such that
a(wkH) =4aq - bl +--+a, 0 br_g + kr_1 . br—l + ky . br
for some wy, , € T? 1 We can repeat Theorem 11 finitely many times (the number

is 2-7,_1-a,_1) in order to construct the set Tgk’*l o) TZ 1 such that it satisfies condition
(*) and has no holes in integers of the forma; - by +---+a, > -b, > +k,_1 - b,_1 + k. - b,.
Let us suppose that we have constructed the sets

To=T CT," C---CT)",
) e ki .

fori =0,1...r —1, such that Wy, € Tz " and the sets Tﬁ " satisfy the well known
properties for j =0,1,...,1,

a(wk,,_j) =a - bl + -+ Ar—(j+1) * br_(]q_l) + kr_]' . br_]' + -+ kr . br.
Then,

ap by + o+ vy br—sy Hhomi - b + o A k0 by — (- — Ki—r1) - br—isn)
= a(wWy, ;) — @r—@i+1) = kr—@i+1)) - br—(is1)-

From Theorem 11 there is a set T: i o Tgk” such that

a(W,_g,py) = a1 by + -+ k) - brgrry F ki - by + -+ k- by
for some wy,_,,, € Tg”“”). We can repeat Theorem 11 finitely many times (the number

is 2 - k,_(+1) - 4,—+1)) in order to construct a set Tﬁk"(”l) ») TZ%""“) that will contain the
integers of the above form.
By repeating the procedure for everyi=1,2,...,7r—1 we construct a set T, = Tgko.
It is clear that the set T satisfies condition (¥*%).
O
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X1 X2-! X3

“ ) X13 X321 X2
X14 X2-2 X3 / \
X1* X222 -t / X123 X3
2
N 2-1

X1
X1% (X3-2 X1 \
X14 X2-! X3 -1
a4 1 1
x4 xEAXET X
/ X14 (X2-1 X1

X1 X2 X3 X1

X14 Xz2-1 X212

Ficure 2. The case by, b,, b3 = 4,15,2. The vertices are words of the
period of the transversal and the edges connect the initial segments.

Definition 14. A (right) Schreier Transversal for a group H in .%, ;isa set T =
{t: = 1,...,t,} of reduced words, such that each right coset of H in .%, | contains a
unique word of T, called a representative of this class, and all initial segments of
the words ty,...,t, also lie in T. In particular 1 € T is a representative of the class
H and Ht; # Ht; for all i # j.

For any g € .%#,_; denote by g the element of T with the property Hg = HZ. If t; € T
has a decomposition as a reduced word ¢; = xfll .- xfkk (withi; =1,...,s-1,¢; = +1
and e; = ej,1 if x;; = x;,41), then for every word t; € T we have that

=X =1, 0%, xS x* e T
11 1 11 11 1 11 1o 1
Theorem 15. Let Ty = {v,,...,05,01,00 = ug = 1,1y, up,...,u,} where a(u;) =i-b,i €

Z,i >0, a(v;)) =~j-bjeZ,j=0, such that Ty 2 Té and M = pb satisfies condition
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Ficure 3. The case by, by, b3 = 64,31,45. The vertices are words of the
period of the transversal and the edges connect the initial segments.
The words do not appear because of the large period of the transversal.

(*+). Then the set

2 .2
ul,uz,...up_1,up,up-ul,up-uz,...,up-up_l,u SU, ~ U, ...

2 2 o
_{ e U0,V Uy Vgt Up U2, Uy - U1, Uy, Upot, - - Vg, 01, Vg = U = 1, }
P

is a Schreier transversal of kera < .%#,. This means that the transversal element t,
corresponding to «x-b € b-Z is given by
195 .
u} pJuK—I_K/pJ~p if k>0,
te =<1 ifk=0, (6)

—x/ .
Z)Ir; pJZ)—K—L—K/pJ~p LfK < 0.

Proof. Clearly a(T) = bZ. Additionally, from the construction of T the homomor-
phism « is injective. Also T satisfies the i.s.c. because the same holds for the set
Ty and because of the construction of T. We have 15 = 1 € T because 1 is an initial
segment of w;, and w, € T(l) CT. Ift,t; € kera, i # j, we also have kera - t; # kera - t;.
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Indeed if i # j then a(t;) # a(t;) which gives a(t; - thl) # 0 and we conclude ¢; - t/Tl ¢
kerar. This implies ker a - t; # ker a - t; because a(t; - t}Tl) =i—j#0.

Finally let kera - w € .%,/kera. Then a(w) € bZ = a(T). This gives a(w) = a(t;) for a
unique t; € T (because «a is injective). From this we conclude that w™! - t; € kera and
t; € kera - w. O

In Fig. 2 and 3 we present as graphs two Schreier transversal sets for different
choices of by, by, b3, s = 3.
Lemma 16 (Schreier’s lemma). Let T be a right Schreier transversal for H in %, 4

and set y(t,x) = txa_l, teT,x€l{xy,...,xs} and tx ¢ T. Then H is freely generated by
the set

ly(t,x): y(t,x) # 1}.
Using the above lemma we arrive at

Theorem 17. We can assume without loss of generality that b; > O foralli=1,...,s.
A set of free generators for the free groups kera is given by the set

_l Kb+b; J
-1 pb

u,’ - u XU u x>0
P K—| £ t by | xbtb; (4 4 =
|.PJ P 1<+F_lpTJ.p
i Kb+b;
v[_%Jv cx;eut u_{ ”’bJ “hick <0 kEZ
p —x—| =X 1 b; Kb+b; 14 4 b 7 :
w5 el 1<i<s
|31 |-+
“r cxs ] pb _bi
vp U—K—L—KJ-p Xi+ U b Kb+b; UP r K S b
4 —K—W—{—WJ'P
Proof. For an integer x-beb-Z and 1 <i <s we compute
lmb+biJ
-b .
up ’ u b | cbeb; if K- b + bi > 0,
1<+F—{ b J-p
tx; =<1 ifK'b+bi:0,
{ K-b+b;
-b .
v U0y ) ifx-D 4B <0
s

But since b; > 0, for « > 0, we have k- b + b; > 0.

Notation. We denote by R, the kernel of the homomorphism
o Fs={x1,X0,..., %)y —b-Z.
Theorem 18. The map
#: Z" X Rop/R,,, — Rop/R), - (¥, R, ;1) — R - b7 £

is an action which is independent of the choice of the transversal.
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Proof. Indeed, if T’ is another transversal such that a(t;) =k-b, k€ Z, and r € R, ,
then #; - (t‘;{)‘1 € R,p, thus t; = s; - t] for some s; € R, ;. Then:

Rop- b7t =R, st -7+ (s - £)
=R, st (AR
=R}, s R}, -s; R, - tre ()

Y ’ \—1
=R, tor-(8)7
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