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INFINITE CYCLIC COVERS OF THE PROJECTIVE LINE

GEORGE KATSIMPRAKIS

Abstract. In this article, Schreier’s Lemma is employed in order to compute the
fundamental group of the open Riemann surface obtained as a cyclic cover of the
projective line. Then an action of the Galois group of the corresponding cover on
abelianized fundamental group of the projective line with branch points removed is
computed and it is shown to be independent of the choice of the Schreier transversal.

Introduction
The study of fundamental groups of punctured complex projective lines is a clas-

sical topic in algebraic topology and combinatorial group theory. A projective line
is an affine and projective variety and a Riemann surface [ 6 , Ch. 1]. Despite of this
we will study the line as a topological space. Let

X = CP1 \ {p1, . . . , ps+1}
denote the complex projective line punctured in s distinct points. Its fundamental
group has the well-known presentation

π1(X) = 〈x1, . . . , xs+1 | x1x2 · · · xs+1 = 1〉,
which is generated by loops around the punctures, subject to the single relation
that the product of all loops is trivial.

Consider a homomorphism
α : π1(X) −→ bZ, xi 7→ di, (1)

where b = gcd(d1, . . . , ds) and the image of the last generator xs+1 is determined by
the relation among the generators. Such a homomorphism naturally arises in the
study of cyclic coverings of punctured spheres and in the investigation of branched
covers of Riemann surfaces.

The kernel of α, denoted ker(α), is naturally isomorphic to the fundamental group
of the corresponding infinite cyclic covering of X [ 10 , Ch. 14, Sec. b]. More precisely,
there is a Galois covering map [  5 , Ch. 1, Sec. 3]

p : X̃ −→ X
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whose fundamental group is exactly the kernel of α:
π1(X̃) � ker(α) ⊂ π1(X).

By the correspondence between subgroups of the fundamental group and covering
spaces,we have the natural isomorphism Φ:
For each homotopy class of loops [γ̃] ∈ π1(X̃, x̃0), consider its projection π ◦ γ̃ to X.
Then π ◦ γ̃ is a loop in X based at x0 = π(x̃0), and since γ̃ is closed in X̃, its image
under α is trivial. Hence,

Φ([γ̃]) = [π ◦ γ̃ ] ∈ ker(α) ⊂ π1(X, x0).

The deck trasformation group of the covering p is cyclic and isomorphic to the
image of α:

Deck(X̃/X) � Im(a) = bZ.
It is generated by a single transformation corresponding to a loop in π1(X) whose
image under a generates Im(α). Let γ be a loop in X based at x ∈ X that α([γ]) = b.
The deck transformation associated to [γ] ∈ π1(X, x) can be defined as:

Tα[γ] : X̃ −→ X̃, x̃ 7−→ γ̃(1) where γ̃(0) = x̃.

Here, γ̃ denotes the unique lift of γ starting at x̃ ∈ π−1(x).
The previous construction induces a natural Z-action on X̃, which permutes the

sheets of the covering. The covering is infinite, thus the Z-action is free and tran-
sitive on the fibers:

Z × X̃ −→ X̃, (n, x̃) 7−→ Tn
b (x̃),

where Tb denotes the deck transformation corresponding to b ∈ b · Z. The action
satisfies

T0
b = idX̃, Tm+n

b = Tm
b ◦ Tn

b for all m,n ∈ Z.
The number of sheets of the covering coincides with the order of the deck trans-
formation group, which is countable, infinite and equal to the cardinal number of
Im(a) [ 5 , Ch. 3, Sec. 1].

Aim of this article is the computation of the kernel of this morphism using Schreier’s
lemma [ 1 , Ch. 2, Sec. 8], [ 3 , Sec. 2.3, Thm. 2.7]. A major difficulty in this computa-
tion is the selection of a suitable Schreier transversal, which is handled in Section
1 by introducing the notion of pruning and we provide an algorithm for the study
of this problem. Using this algorithm a set of free generators is determined.

Our initial motivation was the computation of the covering group and homology
for Riemann surfaces given by an equation of the form

yn =

s∏
i=1

(x − ρi)bi ,
s∑

i=1

bi ≡ 0 modn,

extending the results of [  2 ].
We have developed python code for the algorithms explained in this article, which

is available at  https://bulletin.math.uoc.gr/vol/69/paper3-code/  . The first

https://bulletin.math.uoc.gr/vol/69/paper3-code/
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program uses the pruning technique explained in the article, while the second one
solves a diophantine equation and pruning is not required.

A geometrical visual example showing how a lift of a loop in X via deck transfor-
mations moves through sheets is shown in Fig.  1 .

S2 − {p1}

γ

V1

V2

V3

V4

b
b
b
b

V−1

V−2

...
Sheets Vi are countably infinite

γ̃(1)

γ̃(0)
Loop γ in X lifts to γ̃ in X̃
Endpoints of γ̃ differ by deck

transformation T4
b

Figure 1. The specific example maps γ̃(0) to γ̃(1) via the deck trans-
formation T4

b

A classical result in combinatorial group theory, the Nielsen–Schreier theorem,
guarantees that the kernel of a nontrivial homomorphism from a finitely generated
free group (or a free group modulo a single relation) to Z is itself a free group of
infinite rank. Consequently, π1(X̃) � ker(a) is a free group of infinite rank, and one
can construct an explicit infinite basis for it.

In summary, analyzing the kernel and image of a provides a complete picture of
the associated cyclic covering: the kernel describes the fundamental group of the
covering space, the image describes the cyclic deck transformation group, its gen-
erator, theZ-action, describes how the covering space fibers are permuted, and the
number of sheets corresponds to the order of the deck group. This construction
not only elucidates the algebraic structure of π1(X) but also provides deep topolog-
ical insight into the structure of punctured projective lines and their infinite cyclic
coverings.
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1. Computations
Lemma 1. Consider the word w = xl1

1 xl2
2 · · · x

lr
r ∈ Fs, where li , 0 for all 1 ≤ i ≤ r. We

denote by wi,si the word
wi,si = xl1

1 xl2
2 · · · x

li−1
i−1 xsi

i with |si| ≤ |li| and sili > 0. (2)
If

α(wk2,sk2
) = α(wk1,sk1

) for some 1 ≤ k2 < k1 ≤ r,
then

(1) α(x
lk2−sk2
k2

x
lk2+1

k2+1 · · · x
lk1−1

k1−1x
sk1
k1

) = 0
(2) α(w∗) = α(w), where

w∗ = xl1
1 xl2

2 · · · x
lk2−1

k2−1 · x
sk2
k2
· xlk1−sk1

k1
· xlk1+1

k1+1 · · · x
lr
r .

Proof. The first statement is clear by observing that

wk2,sk2
· xlk2−sk2

k2
x

lk2+1

k2+1 · · · x
lk1−1

k1−1x
sk1
k1
= wk1,sk1

.

For the second statement observe that
α(w) = α(xl1

1 xl2
2 · · · x

lr
r )

= α
(
xl1

1 xl2
2 · · · x

lk2−1

k2−1x
sk2
k2

)
+ α
(
x

lk2−sk2
k2

x
lk2+1

k2+1 · · · x
sk1
k1

)
+ α
(
x

lk1−sk1
k1

x
lk1+1

k1+1 · · · x
lr
r

)
= α(w∗).

□

Definition 2. If the word w = xl1
1 xl2

2 · · · x
lr
r ∈ Fs has a segment

x
lk2−sk2
k2

x
lk2+1

k2+1 · · · x
lk1−1

k1−1x
sk1
k1

(3)
so that

α(x
lk2−sk2
k2

x
lk2+1

k2+1 · · · x
lk1−1

k1−1x
sk1
k1

) = 0 (4)
then we define

w∗ = w∗(k2, s2, k1, s1) = xl1
1 xl2

2 · · · x
lk2−1

k2−1 · x
sk2
k2
· xlk1−sk1

k1
· xlk1+1

k1+1 · · · x
lr
r .

and we call w∗ a pruned word of w. We repeat this procedure to the pruned word
until there is no segment of the form of ( 3 ) with the property ( 4 ). The resulting
word will be called fully pruned.
Proposition 3. For a fully pruned word all initial segments obtain different inte-
gers as images of the function α defined in ( 1 ).
Proof. Indeed, if two initial segments wk1,sk1

, wk2,sk2
have the same α-image then

Lemma  1 implies the existence of a segment of the form of ( 3 ) and the same lemma
implies that the fully pruned word can be further pruned, a contradiction.

□
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Lemma 4. Extended Bézout’s identity (or Bézout’s Lemma) : If gcd(b1, . . . , bs) = b,
then there exist integers k1, . . . , ks such that:

k1b1 + k2b2 + · · · + ksbs = b.

Proof. See [  4 ].
□

Consider now the Diophantine equation:

y1 · b1 + y2 · b2 + · · · + ys · bs = b, b = g.c.d.(b1, . . . , bs). (5)

which has a solution (a1, a2 . . . , as) from Lemma 4. Without loss of generality we can
assume that the first r components are non-zero. We denote by wb the word

wb = xa1
1 xa2

2 . . . x
ar
r .

We assume that this word wb has been fully pruned, meaning that there are no
segments of this word with image 0.

Definition 5 (Initial segment condition). A set Tm
0 satisfies the initial segments

condition (i.s.c.) if for every w ∈ Tm
0 holds: {w1, . . . ,wn = wb} ⊆ Tm

0 , where {w1, . . . ,wn =
wb} are the initial segments of w.

Let w1, . . . ,wn = wb be the initial segments of wb. As we already observed α(w j) ,
α(wi) for 1 ≤ i , j ≤ n . We define the set

T1
0 = {w1, . . . ,wn} ⊆ Fs.

This set T1
0 satisfies the conditions:

(1) It is a finite subset of Fs .
(2) α(T1

0) ⊆ [−M,M]b, where

[−M,M]b := [−M,M] ∩ bZ
M := max

w∈T1
0

|α(w)| .

(3) The map α|T1
0

: T1
0 −→ bZ is 1-1 (because of pruning)

(4) The set T1
0 satisfies the initial segments condition (i.s.c.).

We will construct a family of sets of the form:

T1
0 ⊆ Tm1

0 ⊆ Tm2
0 ⊆ · · · ⊆ Tml

0 = T0,

where:
- The sets Tmi

0 for every i = 1, 2, . . . , l will satisfy the conditions (  1 ),( 2 ),( 3 ) and
( 4 ), by putting Tmi

0 in place of T1
0.

- The set T0 will satisfy, apart from conditions (  1 ),( 2 ),( 3 ),( 4 ), the condition
α(T0) = [−M,M]b
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With T0 we will denote the “period” of the transversal. The “period” of the transver-
sal is a finite subset of it that allows us, through an iterative procedure developed
in Theorem  15 , to describe the entire infinite transversal.

If a Tmi
0 satisfy conditions (  1 ),( 2 ),( 3 ),( 4 ) by putting Tmi

0 in place of T1
0, then we will

write that it satisfies condition (*) and if it satisfies additionally condition α(Tmi
0 ) =

[−M,M]b we will write that it satisfies condition (**).

The transversal construction
We set M := maxw∈T1

0
|α(w)|. We will define the finite sets Tmi

0 ⊂ Fs such that
∅ , T1

0 ⊆ Tmi
0 .

Definition 6. A set Tm
0 has a “hole” in hb ∈ bZ if

(1) hb ∈ [−M,M]b, and
(2) for every w ∈ Tm

0 we have α(w) , hb.
From now on we will denote by (a1, . . . , as) is a solution of the Diophantine equation

( 5 ) and Tm
0 satisfies (*) condition and T1

0 ⊆ Tm
0 .

Lemma 7. If hb is a hole of Tm
0 , then for every w ∈ Tm

0 we have:
hb = α(w) + k1 · b1 + · · · + ks · bs,

for some integers ki = ki(w) ∈ Z depending on w, with the additional property
(k1, . . . ks) , (0, . . . 0).
Proof. Let w ∈ Tm

0 . Since, for all w ∈ Tm
0 α(w) , h · b, we have that

hb − α(w) = n · b with n , 0 ∈ Z.
Then,

hb = α(w) + n(a1 · b1 + · · · + as · bs)
= α(w) + k1 · b1 + · · · + ks · bs,

where ki = ki(w) = n ·ai, and a1, . . . , as are the solutions of eq. (  5 ). Since n , 0 we have
(k1, · · · , ks) , (0, 0, · · · , 0).

□

Theorem 8. If the set Tm
0 ⊇ T1

o has a hole of the form hb = α(w0) + ki · bi for some
w0 ∈ Tm

0 , Tm
0 satisfies (∗) and ki ∈ Z>0, then there exists a set Tn

0 , with Tm
0 ⊆ Tn

0 , that
satisfies the (∗) condition and it does not contain a hole at hb ∈ bZ.
Proof. We distinguish the following cases:
• If α(w0) + bi < α(Tm

0 ), then:
−M < −M + bi ≤ α(w0) + bi ≤ α(w0) + ki · bi ≤M.

The last inequality holds, since the Tm
0 has a hole in α(w0) + ki · bi.

We now form the word wl+1 = w0·xi. Then, α(wl+1) = α(w0)+bi. The initial segments
of wl+1 is w0 and the initial segments of w0. Because w0 ∈ Tm

0 and Tm
0 satisfy (*)

condition it holds that the set Tm
0 ∪ {wl+1} satisfies i.s.c. We define Tm2

0 := Tm
0 ∪ {wl+1}.
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The set Tm2
0 does not have a hole in α(w0) + bi. Since α(w0) + bi < α(Tm

0 ) we have
α(w) , α(w0) + bi for every w ∈ Tm

0 . Thus α|Tm2
0

is 1-1.
• If α(w0) + bi ∈ α(Tm

0 ), then we set Tm2
0 := Tm

0 .
• If ki ≥ 2 and α(w0)+ 2 · bi < α(Tm2

0 ), then we argue as before: α(w0)+ 2 · bi ∈ [−M,M]b.
Let α(u) = α(w0) + bi for some u ∈ Tm2

0 . We define wl+2 = u · xi and then α(wl+2) =
α(w0) + 2 · bi. Let Tm3

0 := Tm2
0 ∪ {wl+2}. If α(w0) + 2 · bi ∈ α(Tm2

0 ), then we set Tm3
0 := Tm2

0 .
Similarly the set Tm3

0 satisfies (*) condition and it does not have a hole in α(w0) +
2 · bi.

In this way we construct the following set family:
T1

0 = Tm1
0 ⊆ Tm2

0 ⊆ · · · ⊆ Tmp

0

for which we have
(1) α(Tm j

0 ) ⊆ [−M,M]b, 1 ≤ j ≤ p
(2) α(w0) + j · bi ∈ α(Tm j+1

0 ), 1 ≤ j ≤ ki − 1
(3) the sets α(Tm j

0 ) satisfy i.s.c. and α|Tm j

0 is injective for every 1 ≤ j ≤ p.
From the construction of Tm j

0 and because α(w0) + ki · bi < α(Tm
0 ) it is clear that

α(w0) + ki · bi < α(Tmp

0 ). Let v ∈ Tmp

0 with α(v) = α(w0) + (ki − 1) · bi. If z = v · xi then
α(z) = α(w0) + ki · bi. It is now clear that the set Tn

0 := Tmp+1

0 = Tmp

0 ∪ {z} satisfies (*)
and it has no hole in hb. □

Theorem 9. If the set Tm
0 ⊇ T1

0 contains a hole of the form hb = α(w0)− ki · bi , ki ∈ Z>0
for some w0 ∈ Tm

0 and Tm
0 obeys condition (*) , then it exists a set Tn

0 ⊇ Tm
0 that satisfies

condition (*) and it does not have a hole in hb.
Proof. (Similar to the proof of Theorem  8 .)

If α(w0) − bi < α(Tm
0 ) then
−M ≤ α(w0) − ki · bi ≤ α(w0) − bi ≤M − bi <M

because the set Tm
0 has a hole in α(w0)−ki·bi. Let ut+1 = w0·x−1

i . Then α(ut+1) = α(w0)−bi

and we set Tm2
0 := Tm

0 ∪ {ut+1} otherwise it holds α(w0) − bi ∈ α(Tm
0 ) and we define

Tm2
0 := Tm

0 . Like Theorem  8 the set Tm2
0 satisfies condition (*) and it does not have

any hole in α(w0) − bi.
If ki ≥ 2 and α(w0)−2 ·ki < α(Tm2

0 ). Similarly α(w0)−2 ·bi ∈ [−M,M]b and there exists
a u ∈ Tm2

0 such that α(u) = α(w0)− 2 · bi. If ut+2 = u · x−1
i we define α(ut+2) = α(w0)− 2 · bi

and Tm3
0 := Tm2

0 ∪ {wt+2} otherwise we have α(w0)− 2 · bi ∈ α(Tm2
0 ) and we set Tm3

0 := Tm2
0 .

Similarly the set Tm3
0 satisfies (*) condition and it has no hole in α(w0) − 2 · bi .

In this way we construct the following family of sets
T1

0 = Tm1
0 ⊆ Tm2

0 ⊆ · · · ⊆ Tmp

0

for which we have
(1) α(Tm j

0 ) ⊆ [−M,M]b, 1 ≤ j ≤ p,
(2) α(w0) − j · bi ∈ α(Tm j+1

0 ), 1 ≤ j ≤ ki − 1,
(3) the sets α(Tm j

0 ) satisfy i.s.c. and α|Tm j

0 is injective for every 1 ≤ j ≤ p.
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From the construction of Tm j

0 and since α(w0)− ki · bi < α(Tm
0 ) it is clear that α(w0)−

ki · bi < α(Tmp

0 ).
As in Theorem  8 there exists a z ∈ Tmp

0 with α(z) = α(w0) − (ki − 1) · bi. We set
wp = z · x−1

i and we have α(wp) = α(w0)− ki · bi. We take the set Tn
0 := Tmp+1

0 = Tmp

0 ∪ {wp}
and it is clear that it satisfies the conditions of the theorem.

□

Corollary 10. If the set Tl
0 ⊇ T1

0 has a hole of the form hb = α(w0)+ki ·bi with 0 , ki ∈ Z
for a w0 ∈ Tl

0, then there exists a set Tm
0 ⊇ Tl

0 that satisfies the (∗) condition and has
no hole in hb.
Proof. Immediate from Theorems  8 and  9 .

□

Theorem 11. If α(w0)+ ki · bi ∈ [−M,M]b with w0 ∈ Tp
0 ⊇ T1

0 so that ki ∈ Z∗, then there
exists a set Tm

0 ⊇ Tp
0 that satisfies the (∗) condition and has no hole in α(w0) + ki · bi.

Proof. If ki = 0 we set Tm
0 := Tp

0.
If ki > 0 it is immediate from Theorem  8 .
If ki < 0 it is immediate from Theorem  9 .

□

Lemma 12. We have
[−M,M]b := {k1 · b1 + k2 · b2 + · · · + ks · bs | ki ∈ Z, |ki| ≤ r1 · ai, i = 1, . . . , r} ,

where
b = a1 · b1 + a2 · b2 + · · · + as · bs, M = r1 · b.

Proof. The assumption right after Lemma  4 and Bézout’s Lemma impose that b =
a1 · b1 + · · · + ar · br for some ai ∈ Z. We have supposed without loss of generality
that the first r components of ai are not zero. If lb ∈ [−M,M]b then l ∈ [−r1, r1]1 and
lb = (l · a1) · b1 + · · · + (l · ar) · br = k1 · b1 + · · · + kr · br with ki = l · ai for i = 1, 2, . . . , r.

□

Theorem 13. There is a set T0 ⊇ T1
0 that satisfies condition (**).

Proof. We regard the integers kr ∈ Z where a1 · b1 + · · ·+ ar−1 · br−1 + kr · br ∈ [−M,M]b.
There exists at least one integer that satisfies the above condition. Indeed, kr = 0
satisfies the condition since

a1 · b1 + · · · + ar−1 · br−1 = a1 · b1 + · · · + ar−1 · br−1 + kr · br

= α(xa1
1 . . . x

ar−1
r−1 ) ∈ α(T1

0) ⊆ [−M,M]b,

because the word xa1
1 . . . x

ar−1
r−1 is an initial segment of the word wb.

We have
a1 · b1 + · · · + ar−1 · br−1 + kr · br = a1 · b1 + · · · + ar · br − (ar − kr) · br

= α(wb) − (ar − kr) · br,
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where wb ∈ T1
0, wb = xa1

1 . . . x
ar
r .

From Theorem  11 there exists a set Tmkr
0 ⊇ T1

0 such that
α(wkr) = a1 · b1 + · · · + ar−1 · br−1 + kr · br

for some wkr ∈ Tmkr
0 . We can repeat Theorem  11 several times (the precise number is

2·rr·ar) in order to construct the set Tpkr
0 which contains all integers of the above form.

The set Tpkr
0 satisfies the (*) condition and it has no hole in a1 ·b1+ · · ·+ar−1 ·br−1+kr ·br.

We regard the integers a1 ·b1+ · · ·+ar−2 ·br−2+kr−1 ·br−1+kr ·br ∈ [−M,M]b. Similarly
we have:

a1 · b1 + · · · + ar−2 · br−2 + kr−1 · br−1 + kr · br

= a1 · b1 + · · · + ar−1 · br−1 + kr · br − (ar−1 − kr−1) · br−1

= α(wkr) − (ar−1 − kr−1) · br−1,

where wkr ∈ Tpkr
0 . From Theorem  11 there is a set T

mkr−1
0 ⊇ Tpkr

0 that satisfies condition
(*) and has no hole in a1 · b1 + · · · + ar−2 · br−2 + kr−1 · br−1 + kr · br such that

α(wkr−1) = a1 · b1 + · · · + ar−2 · br−2 + kr−1 · br−1 + kr · br

for some wkr−1 ∈ T
mkr−1
0 . We can repeat Theorem  11 finitely many times (the number

is 2·rr−1 ·ar−1) in order to construct the set T
pkr−1
0 ⊇ T

mkr−1
0 such that it satisfies condition

(*) and has no holes in integers of the form a1 · b1 + · · · + ar−2 · br−2 + kr−1 · br−1 + kr · br.
Let us suppose that we have constructed the sets

T1
0 = Tpkr

0 ⊆ T
pkr−1
0 ⊆ · · · ⊆ T

pkr−i
0 ,

for i = 0, 1 . . . r − 1, such that wkr− j ∈ T
pkr− j

0 and the sets T
pkr− j

0 satisfy the well known
properties for j = 0, 1, . . . , i,

α(wkr− j) = a1 · b1 + · · · + ar−( j+1) · br−( j+1) + kr− j · br− j + · · · + kr · br.

Then,
a1 · b1 + · · · + ar−(i+1) · br−(i+1) + kr−i · br−i + · · · + kr · br − (ar−(i+1) − kr−(i+1)) · br−(i+1)

= α(wkr−i) − (ar−(i+1) − kr−(i+1)) · br−(i+1).

From Theorem  11 there is a set T
mkr−(i+1)

0 ⊇ T
pkr−i
0 such that

α(wkr−(i+1)) = a1 · b1 + · · · + kr−(i+1) · br−(i+1) + kr−i · br−i + · · · + kr · br

for some wkr−(i+1) ∈ Tkr−(i+1)

0 . We can repeat Theorem  11 finitely many times (the number
is 2 · kr−(i+1) · ar−(i+1)) in order to construct a set T

pkr−(i+1)

0 ⊇ T
mkr−(i+1)

0 that will contain the
integers of the above form.

By repeating the procedure for every i = 1, 2, . . . , r− 1 we construct a set T0 = T
pk0
0 .

It is clear that the set T0 satisfies condition (**).
□
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   x
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 1 

  -

Figure 2. The case b1, b2, b3 = 4, 15, 2. The vertices are words of the
period of the transversal and the edges connect the initial segments.

Definition 14. A (right) Schreier Transversal for a group H in Fs−1 is a set T =
{t1 = 1, . . . , tn} of reduced words, such that each right coset of H in Fs−1 contains a
unique word of T, called a representative of this class, and all initial segments of
the words t1, . . . , tn also lie in T. In particular 1 ∈ T is a representative of the class
H and Hti , Ht j for all i , j.

For any g ∈ Fs−1 denote by ḡ the element of T with the property Hg = Hḡ. If ti ∈ T
has a decomposition as a reduced word ti = xe1

i1
· · · xek

ik
(with i j = 1, . . . , s − 1, e j = ±1

and e j = e j+1 if xi j = xi j+1), then for every word ti ∈ T we have that

ti = xe1
i1
· · · xek

ik
⇒ 1, xe1

i1
, xe1

i1
xe2

i2
, . . . , xe1

i1
xe2

i2
· · · xek

ik
∈ T.

Theorem 15. Let T0 = {vp, . . . , v2, v1, v0 = u0 = 1,u1,u2, . . . , up} where α(ui) = i · b, i ∈
Z, i ≥ 0, α(v j) = − j · b, j ∈ Z, j ≥ 0, such that T0 ⊇ T1

0 and M = pb satisfies condition
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Figure 3. The case b1, b2, b3 = 64, 31, 45. The vertices are words of the
period of the transversal and the edges connect the initial segments.
The words do not appear because of the large period of the transversal.

(∗∗). Then the set

T =
{
. . . , v2

p · v1, v2
p, vp · vp−1, . . . , vp · v2, vp · v1, vp, vp−1, . . . v2, v1, v0 = u0 = 1,

u1,u2, . . . up−1,up,up · u1,up · u2, . . . , up · up−1,u2
p,u2

p · u1, . . .

}
is a Schreier transversal of kerα ≤ Fs. This means that the transversal element tκ
corresponding to κ · b ∈ b ·Z is given by

tκ =


ubκ/pcp uκ−bκ/pc·p if κ > 0,
1 if κ = 0,

vb−κ/pcp v−κ−b−κ/pc·p if κ < 0.

(6)

Proof. Clearly α(T) = bZ. Additionally, from the construction of T the homomor-
phism α is injective. Also T satisfies the i.s.c. because the same holds for the set
T0 and because of the construction of T. We have u0 = 1 ∈ T because 1 is an initial
segment of wb and wb ∈ T1

0 ⊆ T. If ti, t j ∈ kerα, i , j, we also have kerα · ti , kerα · t j.
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Indeed if i , j then α(ti) , α(t j) which gives α(ti · t−1
j ) , 0 and we conclude ti · t−1

j <
kerα. This implies kerα · ti , kerα · t j because α(ti · t−1

j ) = i − j , 0.
Finally let kerα ·w ∈ Fs/kerα. Then α(w) ∈ bZ = α(T). This gives α(w) = α(ti) for a

unique ti ∈ T (because α is injective). From this we conclude that w−1 · ti ∈ kerα and
ti ∈ kerα · w. □

In Fig.  2 and  3 we present as graphs two Schreier transversal sets for different
choices of b1, b2, b3, s = 3.

Lemma 16 (Schreier’s lemma). Let T be a right Schreier transversal for H in Fs−1

and set γ(t, x) = txtx
−1, t ∈ T, x ∈ {x1, . . . , xs} and tx < T. Then H is freely generated by

the set
{γ(t, x) : γ(t, x) , 1}.

Using the above lemma we arrive at

Theorem 17. We can assume without loss of generality that bi > 0 for all i = 1, . . . , s.
A set of free generators for the free groups kerα is given by the set

u
⌊
κ
p

⌋
p uκ−

⌊
κ
p

⌋
·p · xi · u−1

κ+
bi
b −
⌊
κ·b+bi

p·b

⌋
·p

u
−
⌊
κ·b+bi

p·b

⌋
p , κ ≥ 0

v
⌊
− κp
⌋

p v−κ−
⌊
− κp
⌋
·p · xi · u−1

κ+
bi
b −
⌊
κ·b+bi

p·b

⌋
·p

u
−
⌊
κ·b+bi

p·b

⌋
p , − bi

b < κ < 0,

v
⌊
− κp
⌋

p v−κ−
⌊
− κp
⌋
·p · xi · v−1

−κ− bi
b −
⌊
− κ·b+bi

p·b

⌋
·p

v
−
⌊
− κ·b+bi

p·b

⌋
p , κ ≤ − bi

b

κ ∈ Z
1 ≤ i ≤ s


Proof. For an integer κ · b ∈ b ·Z and 1 ≤ i ≤ s we compute

tκxi =


u

⌊
κ·b+bi

p·b

⌋
p u

κ+
bi
b −
⌊
κ·b+bi

p·b

⌋
·p

if κ · b + bi > 0,

1 if κ · b + bi = 0,

v

⌊
− κ·b+bi

p·b

⌋
p v

−κ− bi
b −
⌊
− κ·b+bi

p·b

⌋
·p

if κ · b + bi < 0.

But since bi > 0, for κ ≥ 0, we have κ · b + bi > 0.
□

Notation. We denote by Ro,b the kernel of the homomorphism
α : Fs = 〈x1, x2, . . . , xs〉 −→ b ·Z.

Theorem 18. The map

∗ : Zb × Ro,b/R′o,b −→ Ro,b/R′o,b : (tk·b,R′o,br) 7−→ R′o,b · tk · r · t−1
k

is an action which is independent of the choice of the transversal.
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Proof. Indeed, if T′ is another transversal such that α(tk) = k · b, k ∈ Z, and r ∈ Ro,b,
then tk · (t′k)−1 ∈ Ro,b, thus tk = sk · t′k for some sk ∈ Ro,b. Then:

Ro,b · tk · r · t−1
k = R′o,b · sk · t′k · r · (sk · t′k)−1

= R′o,b · sk · t′k · r · (t′k)−1 · s−1
k

= R′o,b · sk · R′o,b · s−1
k · R′o,b · t′k · r · (t′k)−1

= R′o,b · t′k · r · (t′k)−1.

□
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