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FISHER INFORMATION AND CONTINUITY ESTIMATES FOR
NONLINEAR BUT 1-HOMOGENEOUS DIFFUSIVE PDES (VIA THE
JKO SCHEME)

THIBAULT CAILLET AND FILIPPO SANTAMBROGIO

AsstracT. In this short paper we prove, using the JKO scheme, that quantities such
as the Fisher information stay bounded or decrease across time for a family of 1-
homogeneous diffusive PDEs. As a corollary, we prove that moduli of continuity are
conserved across time for the solutions of those PDEs.

1. INTRODUCTION

The now classical JKO scheme, introduced in the seminal paper [18], and gener-
alized later by many authors, is an approximation scheme used to construct solu-
tions to nonlinear diffusion equations of the type

o0 =V - oV (Vf (),

where ¢ : RY > R, U{+o} and f : Ry = RU{+0c0} are convex functions. Among
examples of PDEs which have this form, we can obtain equations of the form d;p =
Ap(¢(p)) (which are sometimes written in the form 9,((1)) = A,u, using u = ¢()
and B = ¢7!). These equations are usually called doubly nonlinear: they are a
combination of porous-medium type equations (of the form d;p = A(¢(p)), see [24])
and parabolic p—Laplacian equations (of the form d,u = A,u, see [19]).

The (generalized) JKO scheme consists in building a time discrete approximation
of such equations, which is of the form

g,y = argmin, We,(p, g) + 7 (p),

where 1 > 0 is the discrete time step, W, is the transport cost for the cost ¢, = hc(;)

(when c(z) = ’1—J|Z|P we obtain W,, = W%Wg) and Z(0) = [ f(o(x))dx. To prove the

convergence of this scheme, it is often useful to derive estimates on the discrete so-
lutions (¢}) to gain some compactness that allows to pass to the limit, as it is done
for example in [2, 21, 17] and many other papers. Some other estimates, derived
on the discrete scheme, may be used to study the behaviour of the limit continu-
ous PDE, see for instance [14, 10, 6]. In [23], the authors use discrete estimates
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FISHER INFORMATION AND CONTINUITY ESTIMATES 17

obtained on the scheme to prove a stronger convergence in the case of the Fokker-
Planck equation than what was originally proven. This proof used, for instance, a
bound on the Hélder norms, obtained from a non-optimal W'7 assumption on the
initial condition.

We restrict our analysis to the case where .#(p) = &(0) = [ plog(o) dx, meaning
Vf'(0) = Vlog(p). This equation is in some sense the most linear one, for fixed cost
¢, among the doubly non-linear equations that we presented at the beginning. Its
almost linear behavior lies in the fact that with this logarithmic choice the equation
becomes 1-homogeneous: if p is a solution, then Ap as well for any A > 0. This class
of equations has already been widely studied, and we cite for instance [16] for an
existence result (the relevant case in such a paper is case II), [8] for its connections
with functional inequalities, and [1, 3] for the study of the trend to equilibrium (the
1-homogeneous case is called in [3] “Generalized heat equation”). As an example
of this class of equations, we can think at the following one: d;p = A,(p?™!), where p
and g are conjugate exponents (so that (p —1)(9 —-1) = 1).

For this very class of PDEs we can adapt results from [10] which readily gener-
alize in our context thanks to the recent extension of the so called “five gradients
inequality” (see [5, 9]) to other transport costs than the quadratic one. We prove
that the Fisher information, as well as many generalizations of this quantity, de-
creases along the scheme, and therefore also decreases in time for the limit PDE.
We underline that a direct computation of the time-derivative of the Fisher infor-
mation on the limit equation does not show in a straightforward way that these
quantities decrease in time. This is reminiscent of similar results (on very differ-
ent equations) recently presented in [13, 15]: in these papers the authors show that
the Fisher information decreases but their analysis is based on clever tricks as its
time derivative was not easily seen to be negative.

As a limit case, we also obtain that the Lipschitz constant of log p is preserved
across the iterations. This in turn implies that any modulus of continuity of log p is
also preserved along iterations of the scheme, and therefore pass to the limit in the
time continuous PDE. This analysis is done first for more classical cost functions c
which are finite everywhere and then extended to the so-called “relativistic" costs
used for example in the construction of solutions to the relativistic heat equation
(see [20])

\
o o]

/QZ + |VQ|2

In the whole paper, we will assume that Q) is the closure of an open bounded con-
vex subset of R?. We take ¢ : RY = R, to be C, strictly convex, radially symmetric
and such that c(0) = 0. Radial symmetry can be removed from the assumptions, as
it will be explained later, and the finiteness of the cost will be removed in Section
3.2.
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2. PRELIMINARIES

We refer to [4, 22, 25] for the general theory of optimal transport and its applica-
tion to gradient flows, and we compile below a selection of helpful facts we will use
in the sequel.

Theorem 2.1. Let o, g € M, (Q) be two non-negative measures on Q with the same
mass. The following statements are classical :

(1) The problem

W) =ming [ cx-pdy ; yerinf,
xQ

where I1(u,v) is the set of non-negative measures on QX Q with first marginal
i and second marginal v, admits a solution y*. If u = odx, with 9 € L}(Q),
then the solution is unique, and given by y* = (id, T)x0 for some T : QO — Q)
which is called the optimal transport map.

(2) We have

We(u,v) = max /god‘u+/gbdv ;o () +YP(y) <clx—y) Vx,y e Q3.
o) 0

The optimal ¢ and 1 are called Kantorovich potentials, and they can be taken
c-concave, satisfying

() = infelx —y) - p(y), ¥(y) = ¢°(y) := infclx — y) — p(x),

from which one can prove that ¢ and ¢° are Lipschitz continuous.
(3) Since c is strictly convex, c* € C' and the optimal transport map T is given by

T(x) =x—Vc'(Vo(x)),

where @ is any Kantorovich potential. It is well defined almost everywhere
since a Lipschitz function is differentiable almost everywhere.

Definition 2.2. We define & : M, (QQ) —» R U{+0c0} by

&(1) :={

Since we will deal only with absolutely continuous measures, we will use the
usual abuse of notation of denoting u by its density ¢.

Jo0log(p)dx if p < dx and ¢ = %,
+00 otherwise.

Theorem 2.3. Let g € M.(Q) be a non-negative measure, and set c,(z) := hc(z/h).
The problem

o€ argminp W.,(p,8) + &(p) 2.1)

admits a unique solution which we denote I1(g). Given g1, g» two non-negative mea-
sures, if g1 < g, then I1(g1) < T1(g2), and for A > 0, IT(Ag) = ATI(g).
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Proof. Existence and uniqueness follow from the direct method in the calculus of
variations, since both functionals in the minimization are lower semi-continuous
and convex, and & is strictly convex (see for example [2], section 2.1.). The second
claim is a direct application of the L' contraction principle proved in Theorem 1.3
from [17]. For the last claim, we have

inf W,,(0,Ag) + &(0) = inf W, (Ag AQ) + &L
0EM(Q), [ 0=] Ag (e A8) © 0EM(Q),[ 0=/ g (e, A8) (A0)

=A inf W, (0,8)+&(o) |+ Alo A/ dx,
ML), [ 0=[ g {(:8) (Q)) B )Q §

so that the solution is AII(g). O

The following lemma, proved in [5] (see also [9]) as a generalization of the results
of [7], is useful to prove that suitable quantities decrease along the steps of the JKO
scheme.

Lemma 2.4. Let Q c RY be bounded and convex with non-empty interior, 0,8 €

WYH(Q) be two probability densities and H € CY(R?\{0}) be a radially symmetric
convex function, then the following inequality holds

Vo-VH(Vg) + Vg - VH(VY)) dx > 0, 2.2)
/( 0 )+ Vg V)
Q

where (¢, 1)) is a choice of Kantorovich potentials for the optimal transport problem
between o and g for the transport cost given by c, with the convention that VH(0) = 0.

Remark 2.5. The convention VH(0) = 0 stems from the fact that the result is proved
using an approximation of H by smooth radially symmetric functions, which must
all therefore satisfy VH(0) = 0.

Using Lemma 2.4, one can prove the following :

Lemma 2.6. Let H be a radially symmetric convex function, ¢ € W'(Q) be non
negative and denote by o the solution of eq. (2.1). Then we have

/H(Vlogg)dgz /H(Vlogg)dg.
Q Q

Proof. We follow the proof of Proposition 5.1 from [10]. We start from the case where
H e CY(R?\{0}). We have from the fact that H is convex,

/H(Vlogg) dg > /H(ng) dg + /VH(ng) -(Vlog g — Vi))dg.

0 0 0
Using ¢ = Tyo and Vi o T = =V, together with the optimality condition of eq. (2.1)
Ve = —Vlog o, we have

[Hewag= [ HEwo T do= [H-Verdo= [ H(VIog o)
Q Q Q Q
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and

/ VH(VY) - Vipdg = — / VH(-Vg) - Vo do = / VH(-Vg) - Vodx.
o Q Q
Using Lemma 2.4, we have

/VH(V¢)-(V10gg)dg+/VH(Vgo)-Vde:

Q Q
/ VH(VY) - Vgdx + / VH(Ve) - Vodx > 0,
Q Q

so that we finally conclude

/H(Vlogg)dgz /H(Vlogg)dg.
Q

By approximation we can get rid of the assumption H € C}(R? \{0}) by passing the
above inequality to the limit and obtain the result for any convex and radially sym-
metric function H. O

Remark 2.7. We observe that the assumption that H is radially symmetric can be
weakened. H was supposed to be radial in [5] in order to handle the boundary
term in the integration by parts which is needed in the proof of Lemma 2.4, but
it is observed that we do not need neither ¢ nor H to be radial, but only V¢* to be
parallel to VH. Then we observe that in our proof (and in that of [5]), we freely
moved the minus sign inside and outside of VH, assuming at least H to be even.
This assumption can also be removed, but in this case the five-gradients inequality
becomes

/ (Vo VH(Ve) - Vg - VH(=Vy)) dx > 0.

Q
With this modification, the result of Lemma 2.6 still holds.

3. EsTiMATES ON STEPS OF THE JKO SCHEME

3.1. Finite costs.

Definition 3.1. For 1 > 0 and gy, € LY(QQ) such that &(g)) < +oo0, we recursively
define the sequence (¢'); by

O = argmin, W, (p, d) + &(p),
which is well defined because of Theorem 2.3

The following theorem is taken from [10] and can directly be generalized to our
context thanks to Lemmas 2.4 and 2.6 with the same proof.
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Theorem 3.2. Let o) € L}(Q2). We have

/H(Vlog 00) dgp > /H(Vlog d)dg}
Q Q

for all h,k, where H is a radially symmetric and convex function. In particular, the
following estimates are uniform in h and k:

(1) if log(oo) is L-Lipschitz, then log(QZ) is L-Lipschitz;

@) for p> 1, if " € W'(Q), then (g)"" € W™(Q) and [I(&})lw:» < llgy" llwiv;
(3) if 0o € BV(Q), then ¢! € BV(Q) and ||¢}llzv < lloollzv-

(4) if oo € W'H(Q), all ¢! belong to a weakly compact subset of W' (Q).

Proof. We only give the main ideas, as the details can be found in [10]. The first
statement is a direct consequence of Lemma 2.6, iterated along the steps of the
scheme. For 1., we pick H to be the indicator of the centered ball of radius L (by
indicator we mean here the function which is 0 on the ball and +oo outside it). For
2. we take H(z) = |z]’ with p > 1, and 3. is covered by the case p = 1. For 4., one
can use the Dunford-Pettis theorem so find a superlinear convex function H such
that H(Vlog(o)) € L'(g), which decreases at each step, thus providing the weak
compactness. O

Remark 3.3. Many authors use bounds on the generalized Fisher information to
help prove the convergence of the JKO scheme to the limit PDE, see for example
[2, 20]. However, most often these bounds are integral in time, i.e. only bounds on

fOT [ H(Vo) dg; dt are used, and hence proven.

The above theorem includes the fact that the Lipschitz constant of the logarithm
is preserved along the iterations of this JKO scheme. We want now to extend this to
other moduli of continuity. We will use the following abstract fact. This statement,
which we did not find stated in this very version elsewhere in the literature, is
interesting in itself and is remindful of other results in the theory of LaxOleinik
semigroup (see for instance [12, 11]).

Theorem 3.4. Let 7t : L*(Q) — L*(Q) be an operator such that

(1) For all u,v € L*(Q), if u > v, then n(u) > n(v).
(2) For all A € R and u € L*(Q), (A + u) = A + n(u).
(3) For all u € L=(Q), if u is k-Lipschitz, then m(u) is also k-Lipschitz.

Then, if u admits a concave modulus of continuity w, then m(u) admits the same
modulus of continuity.

Proof. If u admits w as a modulus of continuity, we start by approximating it with
L-Lipschitz functions : for x € Q, set

ur(x) = inf Lix — yl + u(y),
yeQ)
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so that u; is L-Lipschitz. Of course u; satisfies u; < u (by taking y = x). Further-
more, from the inequality

u(x) —u(y) < w(lx —yl),
we deduce that we have
Lix =yl + u(y) > Llx — y| + u(x) — w(lx — yl),
so that, passing to the inf in y, we obtain
ur(x) > u(x) + a(L),
where a(L) = infgiam@)>r-0 Lr — @(r) < 0. We can therefore conclude that
u>up >u+a(l).
Applying 7t and using its properties 1 and 2 we obtain
mi(u) > w(ur) > m(u) + a(L).
For x,y € Q, since nt(u.) is also L-Lipschitz, we can write
m(u)(x) - 7(u)(y) < mu)(x) = Mu)(y) - a(L) < Lix - yl - a(L).

Since w is concave, we define J*w its super-differential. Let us choose L such that
L € d*w(lx — y|) (note that w is also non-decreasing, so we can take L > 0; also note
that the superdifferential is non-empty when r > 0 because w is finite on IR,). This
implies that r — Lr — w(r) (which is a convex function) is minimized at » = |x — y|
because 0 € J(r — Lr — w(r)). Then we obtain for this L the equality a(L) = Llx — y| -
w(]x — yl), and thus

m(u)(x) — n(u)(y) < w(lx = yl),
so that 7(u#) admits w as a modulus of continuity. O

Using the above theorem, we can then prove the following:

Theorem 3.5. Let gy € L'(Q) be such that log(g) admits w as a modulus of conti-
nuity, then for all k and h > 0, log(@”k) also admits w as a modulus of continuity.

Proof. One only has to apply Theorem 3.4 with m = logoIl o exp to the L™ func-
tion log(gy), where I1 is defined in theorem 2.3. Assumptions 1 and 2 are sat-
isfied because of Theorem 2.3 since the log function is increasing and satisfies
log(ab) = log(a) + log(b) for a,b > 0. The last assumption is satisfied because of
the first item of Theorem 3.2. We therefore obtain that log(pi’) admits v as a modu-
lus of continuity, and iterating the above at each step of the JKO scheme gives the
result. O

We recall the following theorem (see [2], Theorem 3.11) which proves the conver-
gence of the JKO scheme, under the additional conditions on the cost function c

(1) Himp e & = 400,
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(2) there exists a, f > 0 such that
alzlP < c(z) < B(1 +1zlP) for some p > 1. (3.1

Theorem 3.6. Suppose log(g) € L*(Q), and denote by (" the piecewise constant (in
time) interpolation of (QZ)k. Then there exists g € L'(Q x [0, T]) such that log(o(t)) €
L>(Q) for all t € [0,T], and such that g, strongly converges to ¢ in L'(Q x [0, T]).
Moreover, ¢ is the unique weak solution of

{81‘@ = V- (oVc'(Viog(0)),

20) = oo, (3.2)

Another proof of convergence, in the case where the cost c is exactly a power, is
provided in ([6], Theorem 1.1). In this reference the bound from below and above on
the initial density g, is removed, but only the existence is proven, not the unique-
ness.

Remark 3.7. Q) is assumed to be smooth in [2], but one can check that its convexity
(which implies Lipschitz regularity) is enough in the paper, as it is done in [6].

Remark 3.8. In the above theorem, as one can see in Lemma 3.1 from [2], or in sec-
tion 3.2 of [6], condition (3.1) implies that a suitable interpolation of (¢") is equicon-
tinuous in C°([0, T], W,(2)), where W,(Q2) denotes the space Z(Q) endowed with
the p-Wasserstein distance.

From Theorem 3.5 and Theorem 3.6 we deduce the following :

Theorem 3.9. Let gy € L'(Q) be non negative. If log(oo) admits w as a modulus of
continuity, then for all t > 0, log(o(t)) admits w as a modulus of continuity, where o
is the solution of eq. (3.2).

Proof. Since log(go) is continuous, we can construct the unique solution of eq. (3.2)
using Theorem 3.6. Applying Theorem 3.5, we have for all k that log(QZ) admits w
as a modulus of continuity, and therefore for all t > 0, we have

| log(¢"(t, x)) — log(d"(t, )| < w(lx — yl).

Because one can show that (¢") is uniformly bounded from above and below (see [2]
Proposition 2.3), this provides an equicontinuity estimate in space for the sequence
(¢"), which is uniform in time. Recalling remark 3.8, we can conclude that (¢")
converges uniformly in Q) X [0, T] to g, because we have equicontinuity both in time
and space. Passing to limit ¢"(t) — o(t) as h — 0 in the above equation allows us to
conclude that o(t) admits @ as a modulus of continuity O

When we have uniqueness to eq. (3.2), which is the case for example is we look at
bounded solutions, we can show that the generalized Fisher information decreases
along the flow :
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Theorem 3.10. Let g, € L'(Q) be non negative and such that log(g) € L¥(Q). Denote
by o the solution of eq. (3.2), then the generalized Fisher information

/ H(Vlogo)do
Q

Is non increasing in time.

Proof. From Theorems 3.2 and 3.6, we know that the discrete solution (@Z)k con-
structed from the JKO scheme started from p(t) for any ¢ > 0 satisfies

[ HVIog a0 det) > [ H(V10g 2y
Q Q

By uniqueness of the solution, and the strong convergence of the discrete solutions
provided by Theorem 3.6, we have #'(s) — g(t + s) and the lower semi continuity of
the right hand side (because H is convex) gives

/H(V log o(t)) do(t) > /H(V log o(t + s)) do(t + s)
0 0

for any s > 0. O

Remark 3.11. Doing this computation directly at the continuous level by differenti-
ating the generalized Fisher Information and trying to show that its derivative is
non-positive, seems to be, in our opinion, rather complicated. In particular, after
some simplification we obtain the following computations (subject to caution and
ignoring boundary terms), where we denote u = log p. If p solves eq. (3.2) then the
equation solved by u is
o = Ko + D,
where
De:= V- (Ve'(V) = Y (Vi Ko := Vu- Vo' (Vi) = ) ey (V).
ik i
We also use d;0 = pd;u and with an integration by parts we obtain

[ o = [ o0 + oo = [(@HET - @H Ty
Q Q Q

[ oK + DEV) = Kis = D),

O

where Ky and Dy are defined as for K- and D, i.e. Dy := Z]-,k Hy(Vu)uj, Ky :=
Y. u;H;(Vu). We do not find it easy to see that the r.h.s. is negative (even in the case
H = ¢*). On the other hand, the Lipschitz regularity result contained in Theorem
3.2 can indeed be recovered by a maximum principle using the equation satisfied
by u = log o: differentiating it provides

sty = iy (Vuyumj + (Vi + unHi(Vur) + wiHa (Ve
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Multiplying by u;, and looking at max [Vu|* allows to obtain

d
3 max |Vul* <0.

Yet, of course, this formal computation would require to be suitably justified.

3.2. Extension to relativistic costs. In [20], the authors generalize the con-
struction from [2] to “relativistic" cost functions, meaning cost functions of the form

() = {5(2) if |z| < 1,

+oo if|z| > 1,

where ¢ € C([0,1]) N C3([0,1)) is a strictly convex function, with [V&(z)] — +co when
|z| = 1. The main equation of interest entering in this framework is the so called
Relativistic Heat Equation
\Y
0=V (Q _@)

,LOZ + |VQ|2

where ¢(z) =1 - V1 — |z]2. Their construction relies on an approximation argument
of the irregular cost function ¢, by smoother cost functions ¢, by inf-convolution,
which allows us to apply our previous results before passing to the limit.

Lemma 3.12. Define

c:(z) = inf (c(z —-w) + @),

weR? 2¢e

it is a strictly convex and radially symmetric CA(R?) function. If we denote by o the
solution of eq. (2.1) with the cost c., then as ¢ — 0, ¢ weakly converges to the solution
d" of eq. (2.1) with the cost c.

Proof. See Section 3.2 and Lemma 3.2 from [20]. O

As in the previous section, we recursively define the sequence (QZ)k. And we have
the same results as before :

Theorem 3.13. Let g € L}(Q). The following estimates are uniform in h and k:
(1) if log(oo) is L-Lipschitz, then log(QZ) is L-Lipschitz;
@) for p> 1, if o, € W(Q), then (g})'"" € W'#(Q) and [I(g})llws < llgy " w5
(3) if oo € BV(Q), then (.02 € BV(Q) and ||QZ||BV < lloollBy-
(4) if oo € W"H(Q), all ¢! belong to a weakly compact subset of W' (Q).
(5) if log(oo) admits w as a modulus of continuity, then all QZ also admit w as a
modulus of continuity.

Proof. We apply Theorems 3.2 and 3.5 from the previous section to the approxi-
mated problem with c., and then pass to the limit ¢ — 0. All estimates pass to the
limit by lower semi continuity with respect to the weak convergence. O

Using the convergence result from ([20], Theorem 1.8), we have the following :
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Theorem 3.14. Let gy € L'(Q) be such that log(g) admits w as a modulus of con-
tinuity. The interpolated sequence (¢") strongly converges in L'(Q x [0,T]) to ¢, a
solution in the sense of distributions of

dio =V - (0Vc'(Vlog(0))), (3.3)
which is such that log(o(t)) admits w as a modulus of continuity for all t.

Proof. We use Theorem 1.8 from [20] to have the convergence of the discrete se-
quence, and use the last point Theorem 3.13 to prove that the modulus of continuity
of log(go) is propagated. Indeed, for the constant in time interpolation ¢", we have
forallt >0

16" (t, %) = olt, )| < w(x - y)),
and we can pass to the limit & — 0. O
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