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THE FROBENIUS NUMBER FOR THE TRIPLE OF THE 2-STEP STAR
NUMBERS

TAKAO KOMATSU, RITIKA GOEL, AND NEHA GUPTA

Asstract. In this paper, we give closed-form expressions of the Frobenius number
for the triple of the 2-step star numbers an(n — 2) + 1 for an integer a > 4. These
numbers have been studied from different aspects for some a’s. These numbers can
also be considered as variations of the well-known star numbers of the form 6n(n —
1) + 1. We also give closed-form expressions of the Sylvester number (genus) for the
triple of the 2-step star numbers.

1. INTRODUCTION

The renowned Frobenius problem, also known as the coin exchange problem, is a
well-known problem in number theory with applications in algebra, combinatorics,
cryptography, and many other areas as well.

Given a set of positive integers A = {ay,4,, ..., a4} with k > 2 and gcd(A) = 1, the de-
numerant [32], denoted by d(n) = d(n;a,,...,a;), counts the number of nonnegative
integer solutions (x1,x,,...,x;) to the equation

a1x1 + axo + -+ - + aqxy = n. (1.1)

For a fixed nonnegative integer p, the set S,(A) consists of all integers n for which
this equation has more than p nonnegative integer solutions, i.e., d(n) > p [20].
This set provides valuable insight into the distribution of representable integers.
For more background on the number of representations, refer to sources such as
[5, 7, 12, 37]. It is known that Ny \ S,(A) is finite if and only if gcd(A) = 1. The
largest integer in this finite complement is called the p-Frobenius number, denoted
by g,(A), and this set’s cardinality is the p-genus (or p-Sylvester number), denoted
by 1,(A).

W;ilen p = 0, the classical Frobenius number g(,(A) and the Sylvester number
no(A) is recovered. The publication [26] provides a detailed account of the Frobenius
problem. The problem is commonly attributed to Frobenius, though its historical
origins trace back to earlier mathematicians. James Joseph Sylvester [33] first
posed the problem in 1884 for k = 2, asking for the largest integer that cannot be
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expressed as a nonnegative integer combination of two relatively prime numbers.
Later that same year, Curran Sharp solved the problem, proving the now well-
known formula:

go(ay,a2) = aya — a; — ay, (1.2)
Also, it is known that

@ 1)2(”2 D (1.3)
Frobenius’ contribution was in generalizing the problem to arbitrary k, though
an explicit formula for k > 3 remains elusive. In addition, for k = 3, Curtis [8]
demonstrated that no finite set of polynomial formulas can compute g;(A) in gen-
eral. Moreover, Ramirez Alfonsin [25] proved that determining gy(A) is NP-hard for
k > 3. However, Tripathi [35] provided an exact (non-polynomial) formula for gy(A)
when k = 3. An alternative method has also been studied for calculating Frobenius
number by Tripathi and Vijay [34].

Recent advancements have focused on two primary directions: (i) efficient algo-
rithms for computing Frobenius numbers, such as those developed by Kannan [11]
and later refined through computational algebra methods (e.g., [9]), and (ii) explicit
closed formulas for specific families of integers. In particular, explicit formulas
have been determined for special cases, including arithmetic [4, 36, 39], geometric-
like [23], Fibonacci [22], Mersenne [27], and triangular sequences [28], among oth-
ers. Furthermore, when p > 0, the calculation of the p-Frobenius number becomes
even more challenging. However, some progress has been made in this direction
(see, e.g., [14, 19, 17, 18]). Notably, in [38], the p-Frobenius number of consecutive
triples of star numbers is analysed.

A star number, denoted by S, is given by the formula

S,=6nn—-1)+1. (1.4)

These numbers are also known as centered dodecagonal numbers and represent a
centered hexagram, similar to the board used in Chinese checkers. A generaliza-
tion of these numbers, called 2-step star numbers, is defined as

Spp=an(n—-2)+1, (n=2), (1.5)

where a > 4. The 2-step star numbers have been studied from different aspects.
When a = 4 in (1.5), the first several values are given by

{Cunlnz2 =1,13,33,61,97,141,193, 253, 321,397,481, 573, . ..

[31, A082109]. When a = 5 in (1.5), S5, denotes the number of entries required
to describe the options and constraints in Don Knuth’s formulation of the n nonat-
tacking queens on an n X n board problem [31, A134593]. Similarly, S;, appears in
[31, A131878].

In this paper, we derive a closed-form expression for the Frobenius number of the
three consecutive 2-step star numbers {S,,, S, 11, Sy u+2} fora > 5 and n > 3. We
also provide an explicit formula for their Sylvester number.

no(ay, az) =
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2. PRILIMINARIES

We introduce the p-Apéry set [2] to obtain the formulas in this paper.
Let p be a nonnegative integer. For a set of positive integers A = {a;,a5,...,a;}
with gcd(A) = 1 and a; = min(A) we denote by

APP(A) = App(ﬁﬁ,llz, e, ay) = {mgg), mgp), o, miij)_l} ,

the p-Apéry set of A, where each positive integer mgp ) (0 <1 < a; —1) satisfies the
conditions:

()ym” =i (moday), (ii)ym” €S,(A), (iii)m" —a; & S,(A).

Note that mg)) is defined to be 0.
It follows that for each p,

App(A) =1{0,1,...,4y — 1} (mod a4).

One of the convenient formulas to obtain the p-Frobenius number is via the ele-
ments in the corresponding p-Apéry set [16].

Lemma 1. Let gcd(ay, ..., ar) = 1 with a; = min{ay, ..., ar}). Then we have
)

gplay, ..., a) = pmax ;= a, (2.1)
157 ;-1
ny(ay, ..., ax) = E ;mj - (2.2)

Remark. When p = 0, the formulas (2.1) and (2.2) are essentially due to Brauer and
Shockley [6], and Selmer [30], respectively. More general formulas, including the
p-power sum and the p-weighted sum, can be seen in [15, 16].

Lemma 2. Let a and n be integers with a > 4, n > 2, then we have

ng(gu,n/ 6a,n+1/ 6u,n+2) =1
Proof. From the properties of gecd, we know that
ng(gu,n/ 6u,n+1/ 6a,n+2) = ng(ga,n - 6a,n+l/ 6u,n+2 - 6a,n+l/ 6a,n+1)
=gcd(@(2n —1),a2n +1),a(n - 1)(n + 1) + 1)
ged(a,a(n —1)(n +1) + 1)
=1

O

It is important to note that the elements of this triple are not necessarily pair-
wise relatively prime. A significant result established by Johnson in [10] demon-
strates that the Frobenius problem for an arbitrary set of integers can always be
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reduced to the Frobenius problem for sets where all elements are pairwise rela-
tively prime. Specifically, Johnsons formula provides a method for computing the
Frobenius number in such cases:

0(a1,a2,85) = d.go (5, %2, a5) + (@ = Dy, 23)

where d = gcd(ay, a2).
3. MAIN RESULT
The following cases are exceptional and these cases will not be considered in this
paper:
a=5 and n=0,3 (mod4),n==6;
a=6 and n=1,3 (mod4),n=4
a=7 and n=0 (mod4),n=>5,9;
a=9 and n=4812;
a=10 and n=3,5,7;
a=11 and n=4
a=13 and n=4;
a=14 and n=3;
a=18 and n=3. 3.1)

Note that, at least the last four exceptional cases in (3.1) can be easily addressed
using available algorithms. For example, for 2 = 13 and n = 4 we can use Johnson’s
formula (2.3) to get:

20(105,196,313) = 7go(15,28,313) + 1878 = 7g,(15,28) + 1878,

where g(15,28) can be calculated by using (1.2).
We now establish the Frobenius number of the three consecutive 2-step star num-
bers which is as follows.

Theorem 1. Let a and n be integers with a > 5, n > 3 and not in (3.1) above. When
a =0 (mod 4), we have
go(ea,nreaﬂﬁlr 6a,n+2) =
an—-2)+4(n-1)
4

=(2n-2)Cun +
When a =1 (mod 4), we have
80(San,Sunr1, Caps2) =

4n -2)8, 1 + U226,,, -G, ifn=0 (mod 4);

@n - 1), + L22E, 5 -G, ifn=1 (mod 4);

(21 =2, + LA, — G, ifn=2 (mod 4);

(31 —2)Cy i + L2, 5~ G, ifn=3 (mod 4).

6a,n+2 - 6a,n .
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When a = 2 (mod 4), we have
go(gu,nzea,fﬁll 6Lz,rz+2) =
— {(27’1 - 2)6u,n+1 + M#eu,n+2 - 6:1,11

—2)-2
(47’1 - 2) 6a,n+1 + il 4) 611,11+2 - Ga,n

When a = 3 (mod 4), we have
go(eu,nreu,iﬁlr 6a,n+2) =
(41’1 - 2) 6a,n+1 + a(n—42)—2 6a,n+2 - Sa,n
(31’1 - 2) 611,n+1 + M#gaJHZ - 6511,n
(27’1 - 2) 611,n+1 + a(n_z{#gu,rHZ - 611,n
(47’1 - 1)6a,n+1 + 61(11—2{#6”,”_'—2 - 611,n

Remark. By a result of Brauer and Shockley [6], the Frobenius number g(a;,a,, a3)

for a; < a, < a3 is always of the form

ifn=0
ifn=1
ifn=0
ifn=1
ifn=2
ifn=3

go(ar, a2, a3) = arxy + asxz — 4y

for some x;,x3 € IN. Furthermore, for 2 = 1, the sequence of 2-step star numbers
reduces to the sequence of perfect squares. This leads to an interesting connection
with [21], where exact formulas for the Frobenius number of triples of consecutive

perfect squares have been established.

3.1. The construction of the Apéry set. We shall use the following structure
of the 0-Apéry set frequently, but it is applicable to many other triplets as well.
Hence, we establish a general setting. Consider the triple A := {ay,4a,,a3}, where
3 <ay <ay <az and ged(ay, az,a3) = 1. For simplicity, put t,. := ya, + zas

In Table 1, denote (y, z) by its position.

TABLE 1. Ap(a1,a,,a3)

©,00 - (11 —1,0) y,00 - - (yo - 1,0)
(0,20‘—1) o (1 —1;20—1) (yl,zgy—l) '''''' (yﬂ_l;z()_l)
©0,z0) -+ (1n—12)
Oz-1) - (p-lz-1)

Here, (0, z0) and (y1, z1) satisfy the following conditions.

() 0<y;<ypand 0 <z < zy,
(ii) a; = Yozo + yl(zl — ZO),

(iii) yoaz — (z1 — zo)as = 0 (mod a1) and yoaz > (z1 — zp)as,

(iv) y1a2 + zpaz = 0 (mod a).

(mod 2);
(mod 2).

(mod 4)

(mod 4);
(mod 4);
(mod 4).

(y,z 2 0).
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Then, every element of the 0-Apéry set appears exactly once in the frame of Table
1. This fact is proved by considering the sequence {fa, (mod al)}”z,l:_o1 as follows.
Case 1. Assume that gcd(zy,z1) = 1 and gcd(ay,42) = 1. The sequence

{ta; (mod a)}!

begins from the position (0,0) and takes all elements in that row, and moves to
another row by increasing (z; — zp) columns beginning from (0, z; — zy) by using the
rule (iii) above. If it is still the longer row of length 1, the sequence takes all
elements in that row, and moves to another row by increasing (z; — zy) columns
again. If it is the shorter row of length y,, the sequence takes all elements in that
row, and moves to another row by decreasing z, columns by the rule (iv). Namely,

{ta, (mod a1)}eso =
0,0),(1,0),...,(yo—1,0),
(0,21 — 20), (1,21 — 20), ..., (Yo — 1,21 — 29), by (iii)
(O, 2(21 - ZO)), (1, 2(21 - ZO)), ey (yg - 1, 2(21 - Zo)), by (111)

(0. 2] - Dt - 20) (1 2 | - D61 - 20),

Z1 — Zo 21 —Zp

=1 2 |- D —20), by i

(O/ {21 Z_O Zo} (z1 — Zo))/ (1/ Lf—ozo-‘ (z1 — Zo)),
(- 1,[212_0_2 }(z1 ~z)), by (ii)

0

20

20

o, [ ] (21-20) = 2),... by (V).

21— 2o

Here, for simplicity, we used the position (y,z) instead of t,.. Thereafter, the se-
quence repeatedly runs over all the elements of a longer row, then moves to another
row by increasing by (z; — zg) columns, or runs over all the elements of a shorter
row then moves to another row by decreasing by z, columns. Since gcd(zp,z1) = 1,
all elements of the Apéry set are traced only once without overlap, and finally the
end returns to the position (0, 0).
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TaBLE 2. increasing by condition (iii)

(1)
G+1) T T
1) T .
o : Do s\(z)
(2)~, |* o ox o e .
G-1)—— T o
G)—— o GHD $

RAG))
O~ P @

By gcd(ay,a,) = 1, we have {fa, (mod al)}g)] = {¢ (mod al)}g)l. Thus, every ele-
ment of the 0-Apéry set appears exactly once in the frame of Table 1.

Case 2. Assume that gcd(zp,z1) # 1 or ged(ay,a2) # 1 (including the case where z) =
z1, 80 Yo = y1). In fact, if gcd(ay, a,) = d > 1, then by (iii) and (iv) with ged(as,d) = 1
(note that otherwise, gcd(a;, a2, a3) # 1), we have ged(z1 —zo,d) = d and ged(zo, d) = d,
respectively. Hence, gcd(zo,z1) = d. Similarly, if gcd(zo,z1) = d > 1, then gcd(ay, ;) =
d.

In this case, the sequence {fa, (mod al)}”;:;l is divided into d non-intersecting sub-
sequences {{a, + jaz (mod al)}‘;lz/g_l (j=0,1,...,d = 1) with the length of period a,/d.
Notice that by d | a4, and ged(as,d) = 1, ta, + jaz = j (mod d) (j =0,1,...,d - 1). We

also have
a1 ap

d d
Each subsequence moves over the elements of the longer row, and the shorter row
by increasing and decreasing by the columns, respectively, as shown in Case 1.
Thus, in this case too, every element of the 0-Apéry set appears exactly once in the
frame of Table 1. Namely, for j =0,1,...,2; — 2,

(O, ])r (1/ ])/ ceey (}/O - 1/ ])/

ap + jEl3 = —a + jllg, = ja3 (mod 111) .
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(O,Zl —Zp+ ]), (1,21 —Zp+ ]), ceey (yo —1,z1 —z9 + ]), by (iii)
(0,2(21 —Zp) + ]), (1,2(21 —Zp) + ]), ceey (yo -1,2(z1 — z0) + ]), by (iii)

(0,([ Z } ~ 1)@ - 20) + ), (1,([212_020} ~ 1)z - 20) + ),

Z1 — 2o

-/(yo—ll(yo—lz([zl - 20

(O' [212—020} (@ =20 + ]>’ (1' {212—020-‘ (z1 — z0) + ]),

Z(

[-v@E-z+) by ain

(o,[ 20 }(Zl—zo)—zoﬂ),... by (iv).

Z1 —Zp

From the structure of Table 1, the largest element of the 0-Apéry set is either at
(yo—1,z0— 1) or at (y1 — 1,z1 — 1). By comparing both values directly, if (yo — y1)a> —
(z1 — zo)as > 0, then the value at (yy — 1,z — 1) is the largest and

go(a1,a2,a3) = (yo — Daz + (zo — D)az —ay .
Otherwise, (1 —1,z; — 1) is the largest and
go(a1,az,a3) = (1 — ap + (z1 — )az —ay .

3.2. Proof of Theorem 1. We discuss each case for the possible values of 2 and
calculate gy accordingly.

3.2.1. The case a = 0 (mod 4). For a = 4x, in order to satisfy all the conditions (i),
(ii), (iii) and (iv), we can determine

(o—-1,z0-1)=@n-1,(x —1)n-2x) = (4n_1IW)
and
(y1—1,z1—1)=(2n—2,(1<+1)n—21<—1):(2n_2,w_1).

Comparing the two candidates, t2,- (c+1)jn-2x-1 = fan—1,(x-1)n—2x = 2an*+a—2. Since n > 3
and a > 5, the above value is positive. Hence, t5,_5 («+1)1—2¢~1 is the largest element
of the Apéry set. So,

go(ga,nzga,rﬁlz 6a,n+2) =
ain—2)+4(n-1)
4

= (21’1 - 2) 6a,n+1 + 6a,n+2 - 611,71 .
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3.2.2. Thecasea =1 (mod 4). Fora = 4x+1, whenn =0 (mod 4), in order to satisfy
all the conditions, we can determine

(4x —7)n —8x\ _ _, a(n-2)-2(4n-1)
) 2

(yO - 1120 - 1) = (47’1 - 1/

and

(y1—1,zl—1)=(4n—2,(4’<+1)”_8’<_4):(4n—2,“—(”_2)‘2),

4 4
Comparing the two candidates, t, , wouiss —t, | @enwse = 2an°+2an*=2(a—1)n+a—2.
7 4 ’ 4
Since n > 3 and a > 5, the above value is positive. Hence, f, ,..22 is the largest
4 4
element of the Apéry set. So,

go(ga,mgu,n+1/ 6u,n+2) =
-2)-2
= (41’1 — 2) 6a1n+1 + %6&7&2 - 6(1,71 .

When n =1 (mod 4), we can determine

(Ax—Tn -8k -3\ _ an—-2)-2n-1
- 22

(Yo—1,z0-1) = (4n -1,

and

(yl—l,Zl—l):(71—2,(4K+7)Z_8K_7):(n—zla(n_2)4+6n—5).

Comparing the two candidates, t, | acinscs —t  wonsr = an® =2an*—(@a—1)n—a+2.
’ 4 4 4
Since n > 3 and a > 5, the above value is positive. Hence, t, | w221 is the largest
’ 7
element of the Apéry set. So,

go(ga,n/ 6a,n+1/ 611,n+2) =

-2)-2n-1
= (- 1)8,,, + T2 20

4

6a,n+2 - 6a,n .

When n = 2 (mod 4), we can determine

4k —3)n -8k -2\ aln —2)—4n
)22

(yO - 1120 - 1) = (47’[ - 11

and

(y1—1,zl—1)=(zn—z,(4’<+5)”_8’<‘6)=(2n_2,a(n—2)+4n—4).

4 4

4n—1ﬁ
and a > 5, the above value is positive. Hence, ¢, , w24 is the largest element of
4 4

Comparing the two candidates, t, , @csnsce —t woms2 = 2an’+a—2. Since n > 3
d 4 4

the Apéry set. So,
go(ea,nzea,nﬂl Cans2) =
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an—2)+4n -4
4

= (21’[ - 2) 6a,n+1 + 6zz,n+2 - 6a,n .

When n = 3 (mod 4), we can determine

(4x —5m—-8x—1) am—-2)—6n+1
) ety

(Yo—1,20-1) = (471 -1,

and

<%—1zr4J:@”—Z@K+$n_&F5)=@n—z“”_m+2n_ﬁ.

4 4
Comparing the two candidates, A (e — Eyn, oot = an®+2an’*—(a—1)n+a-2.

Since n > 3 and a > 5, the above value is positive. Hence, ¢, .23 is the largest
4

3n-2,
element of the Apéry set. So,

80(Can,Sant1, Cans2) =

= G =2)Cy i + a(n — 2)4+ 2n -3
3.2.3. Thecasea =2 (mod 4). Fora =4«x+2, whenn =0 (mod 2), we can determine
(21<—1)712—41<—2): (4n_1,a(n—i)—4n)

6zz,n+2 - ea,n .

(yo—1,z0—-1) = (4” -1,

and

(%‘1,21—1):(2n—2,(2K+3)n_4K_4):(Zn—zla(n_2)+4n—4).

2 4

Comparing the two candidates, t, , woswsce —t, | @eanscr = 2an®*+a-2. Sincen > 3

d 4 4 4

and a > 5, the above value is positive. Hence, ¢, , w24 is the largest element of
4 4

the Apéry set. So,
gO(Ga,nIGa,n+1/ 6a,n+2) =

-2 +4n -4
= Q- 23, + W2 A

4

6zz,n+2 - 6a,n .

When n =1 (mod 2), we can determine
(21<—3)n—41<—1) _ (4n_1,a(n—2)—8n+2)

-1 -D=[4n-1
(]/0 720 ) (” ’ 5 a

and

(yi-1z-1)= (4n _ g, 2KY 1)”2_ i 3) - (4n _pn=2) -2 "42) - 2) .

Comparing the two candidates, t, , wounsis —t, | @enwse = 2an°+2an*=2(a—1)n+a—2.
% 4 7 4
Since n > 3 and a > 5, the above value is positive. Hence, t, , .2 is the largest
A
element of the Apéry set. So,

gO(ga,nr 6a,n+1/ 6a,n+2) =
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aln—2)—2
4
3.2.4. Thecasea =3 (mod 4). Fora =4«x+3,whenn =0 (mod 4), we can determine
4k — 5 — 8k — 4 —2)—8n+2
(4x 5)72L 8x ):(4;1_1,51(11 )4 8n + )

= (47’[ - 2) 6a,n+1 + 6a,n+2 - ea,n .

(Yo—1,z20—-1) = (471 -1,

and

-1z 1) :(4n—2, (41<+3)n—81<—8) _ (4n_2,a(n—2)—2) .

4 4
Comparing the two candidates, t,,_, doses —Hy, ) @emese = 2an3+2an*+2n+a—2an—2.
Since n > 3 and a > 5, the above value is positive. Hence, t4n_2/w is the largest
element of the Apéry set. So,

go(ga,nzga,nﬂl 6a,n+2) =
aln—2) -2

= (47’1 — 2)65,,”_,_1 + 1

6(1,n+2 - 6a,n .

When n =1 (mod 4), we can determine
(41<—3)n—81<—5) _ (4n_1’a(n—2)—6n+1)

1,zp-1)=[4n—-1
(yo 720 ) (7’1 s 4 4

and

4 4

Comparing the two candidates, by, (b —ty1 (oot = an®+2an*—(a—1)n+a-2.
Since n > 3 and a > 5, the above value is positive. Hence, ¢, _, w225 is the largest
’ i

element of the Apéry set. So,
go(ga,nzea,nﬂl 6a,n+2) =
am—-2)+2n-3
4

= (37’1 — 2) 6a,n+l + 611,11+2 - 641,11 .

When n = 2 (mod 4), we can determine
(41<—1)n—81<—6)= (4n_1,a(n—2)—4n)

-1,zo-1)=[4n-1
(yO 720 ) (Tl s 4 4

and

4 4

Comparing the two candidates, t, , wosnsce —t, | @eonsce = 2an’*+a-2. Sincen >3
, 1 ’ P

and a > 5, the above value is positive. Hence, ¢, , w24 is the largest element of
4 I

(yl—l,Zl—l):(2n—2,<4K+7)n_8K_10):(zn_zla(n_2)+4n_4).

the Apéry set. So,
go(ea,nzea,nﬂl Cans2) =
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an—2)+4n -4
4

= (21’[ - 2) 6a,n+1 + 6zz,n+2 - 6a,n .

When n = 3 (mod 4), we can determine

(fo—120-1) = (4n g, Ukt 1)’2‘ 8k 7) _ (4n =2

-2n—1
4

and

Comparing the two candidates, t, | acinscs —t  wansr = an® =2an*—(@a—1)n—a+2.
’ 4 4 4
Since n > 3 and a > 5, the above value is positive. Hence, t, | w221 is the largest
’ 7
element of the Apéry set. So,

go(ea,nzea,rwlr 6a,n+2) =
an—-2)-2n-1

= (41— 1)y + 7

6u,n+2 - 611,n .

4. SYLVESTER NUMBER (GENUS)

Observing Table 1, the sum of the elements of the p-Apéry set is made by

zo—1 yo—1 -1y1—
Zm“-ZthZZtyz
z=0 y=0 z=z9 y=0

= E((yozg(ﬂz(yo — 1) + a3(zo — 1)) — yl(ZO — Zl)(ﬂlz(yl — 1) + a3(zo + 2z — 1)))
= %(lal —ay+(z1 — Das + (k- l)yozo) :

Here, we used the conditions (ii), (iii) and (iv) as yoa>—(z1—20)as = ka; and y1a,+2zpa3 =
la; for some integers k and [. By Lemma 1 (2.2), we have

111—1
1 0) ai — 1
no(ay, az,as) = — m(. -
a1 ; ] 2
1
= 5((1 = Day —ay + (z1 — Das + (k = Dyozo +1). (4.1)

In the case of (S,,, S, n+1, Sins2), We apply the condition (iii) to get yo = 4n and
z1 —z9 =2n—1. So, k = 2n + 1. In addition, from the condition (iv), we get

M# if (El, 7’1) = (1/ 1)/ (3/ 3) (mOd 4)/
. a(n+i)+4n ifa=0,an)=(1,2),20),272),(3,2) (mod4);
| R (g,n) = (1,3),(3,1)  (mod 4);

4
WDIUDif (a, 1) = (1,0),(2,1),(2,3),(3,0) (mod 4).
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Notice that (n+2) (n—-2)
a(n+2) + pn + a(n —2) — pn +
I= pr+y =z —-1= pr+y
4 4
for some integers  and y. Hence,
no(ea,nlea,nﬂr 6a,n+2) =

1
= (=10 = Soer + (20 + 201 = DSz + 4020~ 1+ 1)z + 1),

Theorem 2. Let a and n be integers with a > 5, n > 3 and not in (3.1). Then we have
no(ea,nrea,n+1/ 6a,n+2) =
1@+ 16a - 12)n® — (12a — 8)n® - (4a® + 14a — 23)n + 4a — 10)
if (a,n) =(1,1),(3,3) (mod 4);
1((@® + 16a = 16)n — 12an? — (42> + 14a — 24)n + 4a — 8)
ifa=0,0r(a,n) =(1,2),(20),(22),3,2) (mod4);
| 4(@® + 16a = 12)n° — (122 + 8)n? — (4 + 142 — 23)n + 4a — 6)
if (a,n) =(1,3),(3,1) (mod 4);
(@@ + 16a)n° — (122 + 16)n* — (4a® + 14a — 20)n + 4a — 4)
if (a,n) =(1,0),(2,1),(2,3),(3,0) (mod 4).

1
8

5. P-NUMERICAL SEMIGROUP

As indicated in [13, 14, 16, 17, 18, 19], the p-Frobenius numbers and the p-genus
can be obtained by using the p-Apéry set, and each element of the p-Apéry set can
be determined uniquely from the corresponding element of the (p — 1)-Apéry set.
However, the situation becomes more complicated when p becomes larger. In most
cases, detailed discussion is required, depending on the particular case.
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