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Abstract. The fourth listed author and Hans Parshall ([  7 ]) proved that if E ⊂ Fd
q,

d ≥ 2, and G is a connected graph on k + 1 vertices such that the largest degree of
any vertex is m, then if |E| ≥ Cqm+ d−1

2 , for any t , 0, there exist k + 1 points x1, . . . , xk+1

in E such that ||xi − x j|| = t if the i’th vertex is connected to the j’th vertex by an edge
in G. In this paper, we give several indications that the maximum degree is not
always the right notion of complexity and prove several concrete results to obtain
better exponents than the Iosevich-Parshall result affords. This can be viewed as a
step towards understanding the right notion of complexity for graph embeddings in
subsets of vector spaces over finite fields.
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1. Introduction

The Erdős distance problem is one of the fundamental questions in geometric
combinatorics. In its original formulation, the question asks, what is the smallest
number of distinct distances determined by a subset of Rd, d ≥ 2, of a given size.
Erdős conjectured in 1946 ([ 3 ]) that if P is a finite subset ofRd, d ≥ 2, of size N, then
for any ϵ > 0 there exists Cϵ > 0 such that

#∆(P) ≥ CϵN
2
d−ϵ,

where
∆(P) = {|x − y| : x, y ∈ P},

with |x| =
√

x2
1 + x2

2 + · · · + x2
d, the usual Euclidean distance. After more than half

a century of efforts by many outstanding mathematicians, the conjecture was re-
solved in two dimensions by Larry Guth and Nets Katz ([ 4 ]). In higher dimensions,
the conjecture is still open, with the best-known results due to József Solymosi and
Van Vu ([  8 ]).

The purpose of this paper is to study point configuration problems stemming
from Erdős type distance problems in vector spaces over finite fields. Throughout
this paper, we let q denote an odd prime power. For d ≥ 2, Fd

q is the d-dimensional
vector space over the field Fq with q elements. Given x = (x1, . . . , xd) ∈ Fd

q, we let
∥x∥ = x2

1 + · · · + x2
d.

In finite fields, the problem takes on its own unique characteristics. For example,
suppose that q is a prime congruent to 1 modulo 4. Then i =

√
−1 is in Fq, which

leads to the following example that cannot occur in Euclidean space. Let
E = {(t, it) : t ∈ Fq}.

It follows that if we define the distance set
∆(E) = {||x − y|| : x, y ∈ E},

then ∆(E) = {0}. In order to get around this issue, Jean Bourgain, Nets Katz and
Terry Tao, who proved the initial result for distance sets in vector spaces over finite
fields [  2 ], assumed that q is a prime congruent to 3 modulo 4. Another way around
this difficulty was devised by the fourth listed author of this paper and Misha Rud-
nev. They proved in [  5 ] that if E ⊂ Fd

q, d ≥ 2, t , 0, then

|{(x, y) ∈ E × E : ||x − y|| = t}| = |E|2q−1 + error,

where
|error| ≤ 2q

d−1
2 |E|.

The “error” is smaller than the main term when |E| > 2q
d+1

2 and, in such a case,
all non-zero distances are realized. Since the zero distance is realized by taking
x = y, all distances are in fact realized. This result can be viewed as a statement
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about two point configurations or, more precisely, about the embedding of complete
graphs on two vertices, in this sense, in subsets of Fd

q of a given size. This raises the
question about more complicated point configurations and graphs that determine
them, as well as the embeddings of those graphs in Fd

q in the sense to be made
precise below.

The question we particularly focus on is the following: how large does a subset
of E ⊆ Fd

q need to be such that E necessarily contains a specified graph of points
in Fd

q with distances assigned between edges? In particular, we are interested in
embedding distance graphs into finite field vector spaces. We call a graph G = (V,E)
a distance graph when for each edge e ∈ E, there is some associated nonzero edge
length λe ∈ F∗q. Then, we call X ⊆ Fd

q an isometric copy of G when there exists a
distance preserving bijection φ : V → X where for each v,w ∈ V with an edge e
connecting v and w, we have |φ(v)−φ(w)|2 = λe. We are interested in estimating the
following values for various graphs G:

NG(E) := #{embeddings of a distance graph G in E},
N ∗G(E) := #{non-degenerate embeddings of a distance graph G in E}
DG(E) := #{degenerate embeddings of a distance graph G in E}

In recent work by Alex Iosevich and Hans Parshall (see [  7 ]), they showed that
given n, s ∈N and E ⊆ Fd

q with |E| ≥ 12n2q
d−1

2 +s, E contains an isometric copy of every
distance graph with n vertices and maximum vertex degree s. The same exponent
can be deduced, with some work, from the main result in [  9 ]. This result does not
bode well for graphs with high maximum vertex degree, which begs the question:
given distance graphs with relatively high vertex degree, how large does a subset
E ⊆ Fd

q need to be to contain that distance graph? In this paper, we study specific
configurations of points to improve upon Iosevich and Parshall’s results in certain
cases.

The simplest example of a graph having high vertex degree but low complexity
is a star with many rays. A k-star is a special case of a tree of size k + 1, which can
be embedded easily as shown in the following theorem by Iosevich, Jardine and
McDonald.
Theorem 1.1 ([ 6 ]). Let T be a tree with k + 1 vertices and hence k edges. For ϵ > 0,
if |E| > q

d+1
2 +ϵ, then we have

NT(E) ≥ |E|
k+1

qk

(
1 − 8q−

2ϵ
k+1

)
where NT(E) is the number of embeddings of T into E.

Notice that the size of the tree only affects the constant but not the exponent
for the size of E required to embed it. Therefore, this result implies that we can
embed a star of any degree in a subset of size asymptotically q

d+1
2 , with a constant



IMPROVED BOUNDS FOR CONFIGURATIONS IN VECTOR SPACES OVER FINITE FIELDS 13

that grows with the degree. This greatly improves the bound given by Iosevich–
Parshall, which becomes trivial whenever the degree is greater than or equal to
d+1

2 .

Figure 1. A 6-star

In this paper, we only consider distance graphs whose edge lengths are identical,
and denote that by t ∈ F∗q. From now on, whenever we refer to an edge in a distance
graph, it is assumed to have length t.

1.1. Hölder Extensions. We first define the Hölder extension of a graph.

Definition 1.2 (Hölder extension of a Graph). Let G be a simple graph with vertex
set V. Let e be its edge function defined by e(u, v) = 1 if u, v ∈ V are connected and
0 otherwise. Let S = {v1, · · · , vn} be a subset of V. Let m ≥ 2 be an integer. Then the
k-Hölder extension of this graph (with respect to the set S) is a new graph G′ defined
as follows. The vertex set of G′ consists of V plus k − 1 copies of the vertices in S,
labelled {vi

j : 1 ≤ j ≤ n, 1 ≤ i ≤ k − 1}. The edge function e′ of G′ is defined as follows.

e′(vi
j,w) =


e(v j,w), w ∈ V\S
e(v j, v j′), w = vi

j′

0, otherwise,
and e′ = e on V × V.

We call this a Hölder extension because it is relatively easy to apply Hölder’s
inequality in order to lower bound the number of embeddings of these graphs. We
have the following results.

Lemma 1.3. Let E ⊆ Fd
q, d ≥ 2. Let G be a Hölder extension of H of degree k ≥ 2, with

S = {v1, · · · , vn}, V\S = {w1, · · · ,wl}, where V is the vertex set of H and S is the subset
of vertices being duplicated in G. Then we have that

NG(E) ≥ (NH(E))k

(NH\S(E))k−1
.
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Corollary 1.4. Let E ⊆ Fd
q, d ≥ 2. Let G be a Hölder extension of H of degree k ≥ 1,

with S = {v1, · · · , vn}, V\S = {w1, · · · ,wl}. Then we have

NG(E) ≥ (NH(E))k

|E|(k−1)l
.

Corollary  1.4 follows immediately from Lemma  1.3 since the number of embed-
dings of H\S in E is at most |E|l. Section  2 gives a proof of Lemma  1.3 and also states
more results regarding counting degenerate embeddings of Hölder extensions.

Figure 2. A 3-chain and the k-Hölder extension of it with respect to
the middle vertices

1.2. Hölder Extensions of Chains. The first example we study is a Hölder ex-
tension of chains.
Definition 1.5 (m-chain). An m-chain is a distance graph on m+1 vertices (x1, . . . , xm+1)
such that xi and xi+1 are connected by an edge for 1 ≤ i ≤ m.

We denote an m-chain by Cm. The number of non-degenerate embeddings of m-
chains in a subset E ⊆ Fd

q were studied by Bennett et.al. in [  1 ].
In Section  3 , we consider the k-Hölder extension of an m-chain fixing the end-

points, denoted by Gk,m, as illustrated in Figure  2 . Corollary  1.4 immediately im-
plies the following given input on the count of embeddings of m-chains.

Theorem 1.6. Given that |E| > 4k
ln 2q

d+1
2 ,

NGk,m(E) ≥ |E|
km−k+2

qkm

1 − 4mq
d+1

2

ln 2 · |E|

k

.

More importantly, we give further results on the number of non-degenerate em-
beddings of such configurations in Section  3 .

1.3. Chains of Simplices. The second example we study are chains of m-simplices,
discussed in detail in Section  4 . We first recall the definition of an m-simplex.
Definition 1.7 (Regular m-simplex). An m-simplex is a distance graph on m + 1
vertices such that there is an edge between every pair of vertices.
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Now, we can form chains of simplices by linking copies of them up in a certain
way. For example, Figure  3 shows a chain of 2-simplices.

Figure 3. A 4-chain of 2-simplices

We define a k-chain of m-simplices precisely as follows.
Definition 1.8 (k-chains of m-simplices). Let k ≥ 3. A k-chain of m-simplices is a
distance graph obtained by replacing each edge in a k-chain with an m-simplex, with
two vertices in the simplex at the two endpoints of the original edge of the chain.

Let Tm
k denote a k-chain of m-simplices. We have the following results regarding

embeddings of Tm
k into subsets of Fd

q.

Theorem 1.9. Let ℓ be such that 2ℓ < k ≤ 2ℓ+1. Suppose E ⊂ Fd
q with m < d+1

2 .
Whenever |E| > 2ℓ+4 · 3(m + 1)2q

d−1
2 +m,

NTm
k
(E) ≥ |E|

mk+1

qk(m+1
2 )
· 22k−2ℓ+1(m+2)−2.

Theorem 1.10. Let ℓ be such that 2ℓ < k ≤ 2ℓ+1. Suppose E ⊂ Fd
q with m < d+1

2 .
Whenever |E| > 2k+2ℓ+1(m+2)+3 · 3(m + 1)2q

d−1
2 +m,

N ∗Tm
k
(E) ≥ |E|

mk+1

qk(m+1
2 )
· 22k−2ℓ+1(m+2)−3.

1.4. Trees of Simplices. Lastly, in Section  5 , we study trees of m-simplices. These
are a natural generalization of chains of m-simplices, defined as follows.
Definition 1.11 (Tree of m-simplices). A tree of m-simplices is the graph obtained
from a usual tree by replacing each of its edges with an m-simplex, with two vertices
of the simplex being the two endpoints of the original edge. We will call the vertices
coming from the original tree nodes, and the m-simplices connections. The size of
such a tree is the number of simplices it contains.
Theorem 1.12. Let Tℓ be a tree of m-simplices of size ℓ. Suppose

|E| ≥ 12(m + 1)2 · 2(ℓ−1)(m+5) · qm+ d−1
2 .

Then
NTℓ(E) ≥ 2−η(m,ℓ)

|E|mℓ+1

q(m+1
2 )·ℓ
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where
η(m, ℓ) = (ℓ − 1)(m + 5)(ℓm/2 + 1) − (m + 2)ℓ.

Theorem 1.13. Let Tℓ be a tree of m-simplices of size ℓ. Suppose
|E| ≥ 2η(m,ℓ)+3ℓ · 12(m + 1)2 · qm+ d−1

2 .

Then
N ∗Tℓ(E) ≥ 2−η(m,ℓ)+3ℓ+1 |E|mℓ+1

q(m+1
2 )·ℓ

where η is as defined in Theorem  1.12 .

The constants grow/diminish exponentially with ℓ and m, but if we are willing to
keep them constant, then we still get the statistically correct lower bounds.

2. Preliminary Tools

We first prove Lemma  1.3 , which is a useful tool for obtaining a lower bound on
the number of embeddings of a graph that is a Hölder extension of a simpler graph.

Proof of Lemma  1.3 . Let F(x1, · · · , xl) = F(xI) be the indicator function for the config-
uration H − S; i.e. F(xI) = 1 if (w1 = x1, · · · ,wl = xl) is an embedding of H − S and
F(xI) = 0 otherwise. Let G(x1, · · · , xl, y1, · · · , yk) = G(xI, yJ) be the indicator function
for the configuration G defined similarly, where wi = xi and v j = y j.

Then

NH(E) =
∑

x1,··· ,xl∈Fd
q

F(xI)
∑

y1,··· ,yn∈Fd
q

G(xI, yJ)

 .
Therefore,

NG(E) =
∑

x1,··· ,xl∈Fd
q

F(xI)
∑

y1,··· ,yn∈Fd
q

G(xI, yJ)


m

≥

(∑
x1,··· ,xl∈Fd

q
F(xI)

∑
y1,··· ,yn∈Fd

q
G(xI, yJ)

)k

(∑
x1,··· ,xl∈Fd

q
F(xI)

)k−1
(Hölder’s inequality)

=
(NH(E))k

(NH\S(E))k−1
.

□

Below, we give a means for counting degeneracies for embeddings of connected
graphs. This is helpful since Lemma  1.3 gives a lower bound on the number of total
embeddings but allows for possibly many degenerate counts.
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Theorem 2.1. Fix a subset L of Fq. For ϵ > 0 and a positive integer n ≥ 2, if
|E| > q

d+1
2 +ϵ, there exists a subset E′ ⊆ E such that

|E \ E′| ≤ 2|L|q− 2ϵ
n |E|

and the total number of embeddings of all connected distance graphs with n vertices
with edge lengths all chosen from L in E′ is bounded above as follows:

Nn,L(E′) ≤ cn,|L|
|E|n
qn−1 (1)

where cn,|L| = 2(n
2)−n+2|L|n−1nn−2.

In addition, if G is a connected graph with edge lengths chosen solely from L with
n+1 vertices, then the number of degenerate embeddings of G in E′ is bounded above
by

n(n + 1)
|E|n
qn−1 .

Proof. Let ϕt : Fd
q × Fd

q → R be such that ϕt(x, y) = 1 if ∥x − y∥ = t, and ϕt(x, y) = 0
otherwise. Then, let

Et =

x ∈ E :
∑
y∈E

E(y)ϕt(x, y) ≤ λ |E|
q

 , E′ =
⋂
t∈L

Et.

We have,
|E \ Et| ≤

q
λ|E|

∑
x,y

E(x)E(y)ϕt(x, y) ≤ 2
|E|
λ

(2)

by [  1 ], so
|E \ E′| ≤ 2|L| |E|

λ
. (3)

We need the following result. It is analogous to Lemma 4.4 in [ 6 ] and proved in
exactly the same way.
Lemma 2.2. Let T be a tree with r + 1 vertices and r edges with edge lengths only
from the set L. If n∗T is the number of embeddings of T in E′, then∣∣∣∣∣n∗T − |E|r+1

qr

∣∣∣∣∣ ≤ 4r

λ−1 + λ
r−1

2
q

d+1
2

|E|

 |E|r+1

qr .

We can set λ = q2ϵ/(r+1) and use the above lemma to obtain∣∣∣∣∣n∗T − |E|r+1

qr

∣∣∣∣∣ ≤ 8 · |E|
r+1

qr · q− 2ϵ
r+1 . (4)

Now, note that all graphs with n vertices are spanned by a tree with at most n
vertices. Given an assignment of lengths in L to edges, the number of embeddings
of a graph is at most the number of embeddings of any spanning tree with analogous
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edge assignment. Let NT be the number of simple graphs with n vertices with T
as a spanning tree. For a given T, we have at most |L|n−1 ways to assign the edge
lengths. Thus, summing over all trees T with n vertices, we have,

Nn,L(E′) ≤
∑

T

NT|L|n−1n∗T (5)

= 2(n
2)−n+1|L|n−1 · nn−2 · 2 |E|

n

qn−1 (6)

≤ 2(n
2)−n+2|L|n−1 · nn−2 · |E|

n

qn−1 . (7)

The last part of the theorem follows from Eq. (  4 ) and, noting that a degeneration
involves setting two vertices equal, which results in a connected graph with n − 1
vertices.

□

We introduce the following “Shaving Lemma”, which allows us to find a subset of
a given set E ⊆ Fd

q in which the vertex degrees are close to the statistically correct
count, without losing too many points. Let

S(x) :=
{

1, if ||x|| = t,
0, otherwise.

Then we have that the convolution
E ∗ S(x) =

∑
y∈Fd

q

E(y)S(x − y) = #{edges in E incident on x}.

Theorem 2.3 (Shaving Lemma for One Edge). Let E ⊆ Fd
q with |E| ≥ Cq

d+1
2 , where

C > 4. Then for any λ > 2C
C−4 , there exists a subset E∗ ⊆ E with

|E∗| ≥ (1 − 2λ−1)
2λ

|E|

such that for all x ∈ E∗

(1 − 2λ−1)λ−1 |E|
q
≤ E ∗ S(x) ≤ λ |E|

q
.

Proof. Let

E′ :=
{

x ∈ E : E ∗ S(x) ≤ λ · |E|
q

}
.

By counting the number of edges in E incident to vertices in E\E′, we see that

|E\E′| · λ |E|
q
≤

∑
x

E ∗ S(x) ≤ 2|E|2
q
,
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where the last inequality holds since |E| ≥ 2q
d+1

2 . Thus, |E\E′| ≤ 2|E|
λ , which implies

|E′| ≥ |E|
(
1 − 2λ−1

)
≥ 4q

d+1
2

by our choice of λ. Now let

E∗ :=
{

x ∈ E′ : E′ ∗ S(x) ≥ λ−1 · |E
′|

q

}
.

Then,

|E′ \ E∗| · λ−1 |E′|
q
+ |E∗| · λ |E|

q
≥

∑
x

E′ ∗ S(x) ≥ |E
′|2

2q
.

Upper bounding |E′ \ E∗| by |E′| and rearranging, we get

=⇒ |E∗| ≥
(1
2
− λ−1

) |E′|2
q

λ |E|q
=

1
2λ

(1 − 2λ−1)|E|.

□

Note in the above proof that the constants λ and λ−1 in the upper and lower
bounds can be made independent, as long as they are chosen in an appropriate
range. In fact, this theorem can be stated much more generally for an arbitrary
configuration with a given basepoint for which we have a lower bound on the size
of a subset containing the statistically correct number of embeddings. The proof
follows essentially the same idea as above.
Theorem 2.4 (General Shaving Lemma). Let G be a distance graph with n vertices
and m edges, and a chosen vertex v (which we call the “basepoint"). Suppose that,
for all E ⊆ Fd

q with |E| > N,
|E|n
2qm ≤ NG(E) ≤ 2|E|n

qm .

For x ∈ E let
f (x) := #{embeddings of G in E with v at x}. (8)

For λ2 ≥ 4 and λ1 < 2−n, we have that, given |E| > 2N,∣∣∣∣∣∣
{

x ∈ E : λ1
|E|n−1

qm ≤ f (x) ≤ λ2
|E|n−1

qm

}∣∣∣∣∣∣ ≥ (1
2
− 2n−1λ1

)
(1 − 2λ−1

2 )n|E|. (9)

Proof. Let

E′ =
{

x ∈ E : f (x) ≤ λ2 ·
|E|n−1

qm

}
,

We have,
|E \ E′| ≤ qm

λ2|E|n−1

∑
x∈E

f (x) ≤ qm

λ2|E|n−1

2|E|n
qm =

2
λ2
|E|
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which implies
|E′| ≥ (1 − 2λ−1

2 )|E| ≥ |E|
2
. (10)

Now, let
g(x) := #{embeddings of G in E′ with v at x}. (11)

and
E∗ =

{
x ∈ E′ : g(x) ≥ λ0

|E′|n−1

qm

}
.

We obtain that
|E′|n
2qm ≤ NG(E′) =

∑
x∈E′

g(x) ≤ |E′ \ E∗|λ0
|E′|n−1

qm + |E∗|λ2
|E|n−1

qm

=⇒ |E∗| ≥
(1
2
− λ0

) |E′|n
qm

/ [
λ2
|E|n−1

qm

]
≥

(1
2
− λ0

)
(1 − 2λ−1

2 )n|E|.

For any x ∈ E∗, we obtain that

f (x) ≥ g(x) ≥ λ021−n |E|n−1

qm .

Now, let λ1 = 21−nλ0 to obtain the result.
□

3. Hölder Extension of m-Chains

In this section, we study Hölder extensions of m-chains. In particular, we find
a bound on the total number of k-fold Hölder extensions of an m-chain given a re-
striction on |E|, then deduce a count for non-degenerate extensions. We do this by
counting degeneracies.

Assume k ≥ 3, since k = 2 implies a cycle. Recall that Cm denotes an m-chain and
Gk,m denotes the k-fold Hölder extension of Cm with two fixed endpoints.

We need the following input by Bennett et al. on the number of non-degenerate
embeddings of chains.

Theorem 3.1 ([ 1 ]). Suppose |E| ≥ 4m
ln 2 · q

d+1
2 . Then∣∣∣∣∣N ∗Cm

(E) − |E|
m+1

qm

∣∣∣∣∣ ≤ 4m
ln 2
· q d+1

2 · |E|
m

qm .

We immediately deduce the following.

Theorem 3.2. Given that |E| > 4k
ln 2q

d+1
2 ,

NGk,m(E) ≥ |E|
km−k+2

qkm

1 − 4mq
d+1

2

ln 2 · |E|

k

.
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Proof. By Corollary  1.4 ,

NGk,m(E) ≥
N ∗G1,m

(E)k

|E|2(k−1)
≥ |E|

k(m−1)+2

qkm

1 − 4mq
d+1

2

ln 2 · |E|

k

.

□

Theorem 3.3. When |E| > max
(
(km)kmq

d+1
2 , 2(km)2qk

)
,

N ∗Gk,m
(E) ≥ |E|

k(m−1)+2

2qkm

(
1 − 1

km
− 2(km)2qk

|E|

)
,

which is positive when

|E| ≥ 2(km)3qk

km − 1
.

Alternatively, assume that |E| > (log q) max
(
q

d+1
2 , qk

)
. Then we obtain an asymptotic

lower bound for sufficiently large q:

|E|k(m−1)+2

qkm

(
1 − 8mk

ln 2 ln q
− 2km(ln q)−

2
km

)
.

Proof. We first make the general assumption that q ≥ f (q)q
d+1

2 . By Theorem  2.1 ,
there exists a subset E′ ⊆ E such that

|E \ E′| ≤ λ|E| in other words (1 − λ)|E| ≤ |E′|.

where λ = 2 f (q)−
2

k(m−1)+1 , so that

DGm,k(E
′) ≤ ck,m

|E|k(m−1)+1

qk(m−1)
, (12)

where ck,m = (k(m − 1) + 2)(k(m − 1) + 1). Now it suffices to choose a suitable f (q) so
that when |E| > f (q)q

d+1
2 we have that

|E′| > 8km
ln 2

q
d+1

2

so that

NGk,m(E′) ≥ |E
′|k(m−1)+2

qkm

1 − 4mq
d+1

2

ln 2 · |E′|

k

≥ |E|
k(m−1)+2

qkm

1 − 4mkq
d+1

2

ln 2 · |E′|

 (1 − λ)k(m−1)+2

≥ |E|
k(m−1)+2

qkm

(
1 − 4mk

ln 2(1 − λ) f (q)

)
(1 − (k(m − 1) + 2)λ). (13)



22 BRIGHT, FANG, HERITAGE, IOSEVICH, AND SUN

Since |E′| ≥ (1 − λ)|E|, it suffices to have

f (q)(1 − λ) = f (q)
(
1 − f (q)−

2
k(m−1)+1

)
>

8km
ln 2
.

This is clearly true by the assumptions. We can then simplify ( 13 ) to obtain

NGk,m(E′) ≥ |E|
k(m−1)+2

2qkm

(
1 − km f (q)−

2
km

)
≥ |E|

k(m−1)+2

2qkm

(
1 − 1

km

)
.

From (  12 ), we can get

DGm,k(E
′) < (km)2 qk

|E| ·
|E|k(m−1)+2

qkm

so that

N ∗Gk,m
(E) ≥ |E|

k(m−1)+2

2qkm

(
1 − 1

km
− 2(km)2qk

|E|

)
Now, if we alternatively assume that f (q) = log q, then λ < 1

2 for sufficiently large q
and (  12 ) turns into

NGk,m(E′) ≥ |E|
k(m−1)+2

qkm

(
1 − 8mk

ln 2 f (q)

)
(1 − (k(m − 1) + 2)λ) (14)

≥ |E|
k(m−1)+2

qkm

(
1 − 8mk

ln 2 f (q)
− 2km f (q)−

2
km

)
. (15)

□

Theorem 3.4. Assume that |E| > q
1
2 (d+2−m−2

m−1+δ) for some 0 < δ < 1
2m2 . Then,

N ∗Gk,m
(E′) ≥ |E|

k(m−1)+2

qkm

1 − 2km
ln q
− 4km

ln 2q 1
m−1+δ

− 2(ln q)(m−2)(k−2)−1qd(k−2)+1

|E|k−1

 .
The above is positive and tends to the statistically correct count when q is sufficiently
large and

|E| > (ln q)m−2q
d(k−2)+1

k−1 .

Proof. Suppose λ ≥ 4 and let

E′ =

x ∈ E :
∑
y∈E

St(x, y) ≤ λ |E|
q

 .
Then we have

|E′| ≥
(
1 − 2
λ

)
|E|.

The number of embeddings of a 2m-cycle in E′ is at most

2
|E|2m

q2m
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when q is sufficiently large and

|E′| ≥ q
1
2 (d+2−m−2

m−1+δ
′)

where 0 < δ′ < 1
2m2 (simply take δ′ marginally smaller than δ since |E′| ≥ 1

2 |E|). Since
the “branches" involve (m − 2)(k − 3) + (m − 3) = (m − 2)(k − 2) − 1 vertices (there are
k − 3 non-overlapping chains outside of the cycle, each having m − 2 vertices on the
branches, and there are m − 3 vertices on the branches on the overlapping chain)
and there are k − 2 vertices remaining, we have that

DGk,m(E′) ≤ 2
|E|2m

q2m

(
λ|E|

q

)(m−2)(k−2)−1

· q(d−2)(k−2) = 2λ(m−2)(k−2)−1 · |E|
(m−2)k+3

q(m−d)k+2d−1
.

Now when λ is sufficiently large

NGk,m(E′) ≥
(
1 − 2
λ

)k(m−1)+2

· |E|
k(m−1)+2

qkm

1 − 4mq
d+1

2

ln 2 · |E′|

k

.

Then, suppose that λ→∞ as q→∞. The above can then be written as

NGk,m(E′) ≥ |E|
k(m−1)+2

qkm

1 − 2kmλ−1 − 4km

ln 2q 1
m−1+δ


so that

NGk,m(E′) −DGk,m(E′) ≥ |E|
k(m−1)+2

qkm

1 − 2kmλ−1 − 4km

ln 2q 1
m−1+δ

− 2λ(m−2)(k−2)−1 qd(k−2)+1

|E|k−1

 .
Let λ = log q to get the result.

□

The second bound is always tighter than the bound
|E| ≫ q

1
2 (d+2−m−2

m−1+δ)

required by the cycles result, except when k = 3 or (k, d,m) = (4, 2, 3), (4, 2, 4), (5, 2, 3).
We summarize the bounds we obtain as follows.
Theorem 3.5. We have an asymptotic lower bound on N ∗Gk,m

when

|E| ≥ min
{
(log q) max

(
q

d+1
2 , qk

)
,max

(
q

1
2 (d+2−m−2

m−1+δ), (ln q)m−2q
d(k−2)+1

k−1

)}
.

When k ≥ 4 and (k, d,m) , (4, 2, 3), (4, 2, 4), (5, 2, 3), as discussed above, the condi-
tion in Theorem  3.5 becomes the following:

|E| ≥ min
{
(ln q)qmax{k, d+1

2 }+ϵ, (ln q)m−2q
d(k−2)+1

k−1 +ϵ
}
.

In this case, the optimal bounds are as follows:

• when k < d+1
2 : |E| ≥ (ln q)q

d+1
2 ;
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• when d+1
2 ≤ k < d − 1 − 1

k−2 : |E| ≥ (ln q)qk;
• when k ≥ d − 1 − 1

k−2 : |E| ≥ (ln q)m−2q
d(k−2)+1

k−1 .

For k ≥ 4, 1
k−2 < 1, so we have simplified ranges for the optimal bounds that do not

involve k:

• when k < d+1
2 : |E| ≥ (ln q)q

d+1
2 ;

• when d+1
2 ≤ k ≤ d − 2: |E| ≥ (ln q)qk;

• when k ≥ d − 1: |E| ≥ (ln q)m−2q
d(k−2)+1

k−1 .

4. Chains of m-Simplices

Throughout this section, let m ≥ 2 and k ≥ 1 be integers.
In this section, we prove a lower bound on the size of a subset E such that it

contains the statistically correct number of copies of a k-chain of m-simplices. We
also show that under the same hypothesis, a non-degenerate embedding exists.

Recall that Tm
k denotes a k-chain of m-simplices, sometimes also referred to as a

chain of m-simplices of length k. Note that the number of edges and vertices in Tm
k

are given by
#edges = (m + 1)mk

2
, #vertices = mk + 1.

Proof of Theorem  1.9 . Theorem 7 of [  7 ] implies the following asymptotic count of
non-degenerate embeddings of Tm

1 in a subset E ⊂ Fd
q.

Lemma 4.1. For |E| ≥ 12(m + 1)2qm+ d−1
2 , we have∣∣∣∣∣∣∣N ∗Tm

1
(E) − |E|

m+1

q(m+1
2 )

∣∣∣∣∣∣∣ ≤ 6(m + 1)2|E|mq
d−1

2 −
m(m−1)

2 .

In particular, we have the following lower bound.

N ∗Tm
1
(E) ≥ |E|

m+1

q(m+1
2 )

1 − 6(m + 1)2q
d−1

2 +m

|E|

 .
Note that this result is non-trivial only when m < d+1

2 , so we assume that through-
out.

Let v be a degree m vertex of the first m-simplex in Tm
k . For x ∈ Fd

q, let
fk,m(x) := #{embeddings of Tm

k in E with v = x}.
We prove by induction that whenever

|E| ≥ 12(m + 1)2qm+ d−1
2 ,
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the number of embeddings of chains of length k = 2ℓ is lower bounded by

|E|2ℓm+1

q2ℓ(m+1
2 )

1 − 2ℓ+1 · 3(m + 1)2q
d−1

2 +m

|E|


using Cauchy-Schwarz. The base case ℓ = 0 was Lemma  4.1 . The inductive step
follows from

NTm
2ℓ+1

(E) =
∑
x∈E

f2ℓ,m(x)2

≥ |E|−1

∑
x∈E

f2ℓ,m(x)

2

≥ |E|−1NTm
2ℓ

(E)2

≥ |E|
2ℓ+1m+1

q2ℓ+1(m+1
2 )

1 − 2ℓ+2 · 3(m + 1)2q
d−1

2 +m

|E|

 .
Now suppose 2ℓ < k ≤ 2ℓ+1. We induct downwards 2ℓ+1 − k steps to prove that when-
ever

|E| ≥
(
1 − 2
λ

)−1

12(m + 1)2qm+ d−1
2 ,

we have

NTm
k
(E) ≥ |E|

mk+1

qk(m+1
2 )
·

(1 − 2
λ )2ℓ+1m+1

λ2ℓ+1−k

1 − 2ℓ+2 · 3(m + 1)2q
d−1

2 +m

(1 − 2
λ )|E|

 .
The base case k = 2ℓ+1 was done earlier. For the inductive step, observe that

NTm
k+1

(E) =
∑
x∈E

fk,m(x) f1,m(x) ≤
(
max

x∈E
f1,m(x)

)∑
x∈E

fk,m(x) =
(
max

x∈E
f1,m(x)

)
NTm

k
(E).

This implies that

NTm
k
(E) ≥

NTm
k+1

(E)

maxx∈E f1,m(x)
.

Now consider

E′ :=

x ∈ E : f1,m(x) ≤ λ · |E|
m

q(m+1
2 )

 .
We have,

|E\E′| ≤ q(m+1
2 )

λ|E|m
∑
x∈E

f1,m(x) ≤ 2|E|
λ
,

so
|E′| ≥ |E|

(
1 − 2
λ

)
≥ 12(m + 1)2qm+ d−1

2 .



26 BRIGHT, FANG, HERITAGE, IOSEVICH, AND SUN

Then

NTk(E
′) ≥ NTm

k+1
(E′) · q(m+1

2 )

λ|E|m

≥ NTm
2ℓ+1

(E) ·
q(m+1

2 )

λ|E|m


2ℓ+1−k

≥ |E|
mk+1

qk(m+1
2 )

(1 − 2
λ )2ℓ+1m+1

λ2ℓ+1−k

1 − 2ℓ+2 · 3(m + 1)2q
d−1

2 +m

(1 − 2
λ )|E|

 .
Setting λ = 4 yields the desired result.

□

Proof of Theorem  1.10 . Let

E∗ =

x ∈ E : f1,m(x) ≤ λ′ · |E|
m

q
m(m+1)

2

 .
Then,

|E \ E∗| ≤ q
m(m+1)

2

λ′|E|m
∑
x∈E

f1,m(x) ≤ q
m(m+1)

2

λ′|E|m
2|E|m+1

q
m(m+1)

2

=
2|E|
λ′
.

Let

E′′ =

x ∈ E : f1,m−1(x) ≤ λ′ · |E|
m−1

q
m(m−1)

2

 .
Then, similarly,

|E \ E′′| ≤ q
m(m−1)

2

λ′ · |E|m−1

∑
x∈E

f1,m−1(x) ≤ q
m(m−1)

2

λ′|E|m−1 ·
2|E|m

q
m(m−1)

2

=
2|E|
λ′
.

Thus, if we let E0 = E∗∩E′′, then |E\E0| ≤ 4|E|/λ′. We count the number of degenerate
embeddings of Tm

k in E0. We start with a point and multiply by f1,m to add a m-
simplex. When we reach a repeated vertex we multiply by f1,m−1. This yields an
upper bound of

|E|
λ′ |E|m

q
m(m+1)

2

k−1

· λ′ · |E|
m−1

q
m(m−1)

2

= (λ′)k |E|mk

qk m(m+1)
2 −m

.

This is much less than
cm,k ·

|E|mk+1

qk m(m+1)
2

when |E| ≫ qm, which is always.
□
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5. Trees of m-Simplices

In this section, we prove the lower bounds on the number of (non-degenerate) em-
beddings of trees of simplices given in Theorem  1.12 and Theorem  1.13 . Throughout,
assume m ≥ 2.

We prove the following proposition, where λ and µ are parameters we will define
in the proof.
Proposition 5.1. Let Tℓ be a tree of m-simplices of size ℓ. Suppose |E| ≥ 12(m +
1)2µ1−ℓqm+ d−1

2 . Then

NTℓ(E) ≥ 1
2
λ1−ℓ(1 − 2λ−1)mℓ+1µ(ℓ−1)(ℓm/2+1) |E|mℓ+1

q(m+1
2 )·ℓ
.

If we take λ = 4, then µ = 2−(m+5), we obtain Theorem  1.12 . Then using the
same arguments from Section  4 for counting degeneracies for chains of simplices,
we obtain that the number of degenerate embeddings of Tℓ is upper bounded by

|E|
λ′ |E|mq(m+1

2 )


ℓ−1

· λ′ |E|
m−1

q
m(m−1)

2

= (λ′)ℓ
|E|mℓ

qℓ(
m+1

2 )−m
.

Upon taking λ′ = 8 and making the upper bound for degenerate embeddings half
of the lower bound on NTℓ(E), we get Theorem  1.13 .

Proof of Proposition  5.1 . To count the number of embeddings of a tree of simplices,
we simply induct on the size of the tree. The main estimate is the size of the follow-
ing subset, E∗. Recall from the previous section that

E′ =

x ∈ E : f1,m(x) ≤ λ · |E|
m

q(m+1
2 )

 ,
where

fk,m(x) = #{embeddings of Tm
k into E with x as the base point}.

Define
E∗ = {x ∈ E′ : g1,m(x) ≥ λ−1 |E′|m

q(m+1
2 )
},

where λ is to be determined later. Let
gk,m(x) = #{embeddings of Tm

k into E′ with x as the base point}.
Then,

|E′|m+1

2q(m+1
2 )
≤ NTm

1
(E′) =

∑
x∈E′

g1,m(x) ≤ |E′ \ E∗|λ−1 |E′|m

q(m+1
2 )
+ |E∗|λ |E|

m

q(m+1
2 )
.

=⇒ |E∗| ≥
(1
2
− 1
λ

) |E′|m+1

q(m+1
2 )

/ λ |E|mq(m+1
2 )

 = 1
2λ

(1 − 2λ−1)m+2|E|.
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Let
µ :=

(1 − 2λ−1)m+2

2λ
.

Then the above becomes |E∗| ≥ µ|E|. We prove that the number of embeddings of a
tree containing ℓ connections into E is at least

1
2
λ1−ℓ(1 − 2λ−1)mℓ+1µ(ℓ−1)(ℓm/2+1) |E|mℓ+1

q(m+1
2 )·ℓ

when
|E| ≥ 12(m + 1)2µ1−ℓqm+ d−1

2 .

The base case ℓ = 1 is done in Lemma  4.1 :

NTm
1
(E) ≥ |E|

m+1

2q(m+1
2 )
.

Let Tℓ denote a tree of size ℓ of m-simplices. Fix an ending m-simplex in Tℓ and let
Tℓ−1 denote the tree by replacing that simplex in Tℓ with one vertex. Now by our
assumption,

|E∗| ≥ µ|E| ≥ 12(m + 1)2µ1−(ℓ−1)qm+ d−1
2 ,

we can apply the induction hypothesis on E∗ to get

NTℓ−1(E
∗) ≥ 1

2
λ2−ℓ(1 − 2λ−1)m(ℓ−1)+1µ(ℓ−2)((ℓ−1)m/2+1) |E∗|m(ℓ−1)+1

q(m+1
2 )·(ℓ−1)

≥ 1
2
λ2−ℓ(1 − 2λ−1)m(ℓ−1)+1µ(ℓ−1)(ℓm/2+1) |E|m(ℓ−1)+1

q(m+1
2 )·(ℓ−1)

.

Then we have

NTℓ(E) ≥ NTℓ(E
′) ≥ NTℓ−1(E

∗) · λ−1 |E′|m

q(m+1
2 )

≥ 1
2
λ1−ℓ(1 − 2λ−1)mℓ+1µ(ℓ−1)(ℓm/2+1) |E|mℓ+1

q(m+1
2 )·ℓ
,

as desired.
□

5.1. Hölder Extension Method. This is another method to count the number of
embeddings of trees of m-simplices, but the constants are not explicitly determined.

Base case: Suppose that T is a chain. We actually have that

NT(E′) ≥ |E|
mk+1

qk(m+1
2 )

(1 − 2
λ )2km+1

λk

1 − 4k · 3(m + 1)2q
d−1

2 +m

(1 − 2
λ )|E|

 ≥ |E|mk+1

qk(m+1
2 )

(1 − 2
λ )2km+1

2λk

provided that |E| is large enough. Let CT =
(1− 2

λ )2km+1

2λk in this case.
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At some node v, there are r ≥ 2 chains attached to the rest of the tree. Let T′
be the tree obtained by making all of these chains the same length (the maximum
length of the chains). Let this length be ℓ (i.e., ℓ simplices). Let T1 be the tree
obtained by eliminating r − 1 of the chains from T′ and let T0 be the tree obtain by
eliminating all of them. Then, T′ is an r-Hölder extension of T1, so

NT′ ≥
N r

T1

N r−1
T0

by Lemma  1.3 . Again define E′ so that f1,m(x) ≤ λ |E|m

q(m+1
2 ) for all x ∈ E′, then we have

|E \ E′| ≤ 2|E|
λ . Let T0 have v0 nodes (so it contains v0 − 1 simplices). We then have

that

NT0 ≤ λv0−1 |E|mv0−m+1

q(v0−1)(m+1
2 )

and by the inductive hypothesis that

NT1(E
′) ≥ CT1 |E|

 |E|mq(m+1
2 )


ℓ+v0−1

,

so that

NT′(E′) ≥ Cr
T1

|E|
 |E|mq(m+1

2 )


ℓ+v0−1

r

·
λv0−1 |E|mv0−m+1

q(v0−1)(m+1
2 )


1−r

(16)

≥ Cr
T1

|E|rm(ℓ+v0−1)+r

qr(ℓ+v0−1)(m+1
2 )
λ(v0−1)(1−r) |E|(1−r)(mv0−m+1)

q(1−r)(v0−1)(m+1
2 )

(17)

= Cr
T1
λ(v0−1)(1−r) |E|m(rℓ+v0−1)+1

q(rℓ+v0−1)(m+1
2 )
. (18)

In particular, we always have that NT′(E′) ≥ CT′
|E|m(rℓ+v0−1)+1

q(rℓ+v0−1)(m+1
2 ) for some constant CT′

depending on T′. We can then use the fact that NT′(E′) ≤ λ |E|m

q(m+1
2 )NT′−1

(E′) where

T′−1 is T′ with one vertex removed. We use this fact repeatedly to obtain a lower
bound on NT(E′). In particular, it is not hard to see that this must be done at most
(ℓ − 1)(r − 1) times, so that we obtain the bound

NT(E′) ≥ Cr
T1
λ(v0+ℓ−2)(1−r) |E|mV−m+1

qE(m+1
2 )
.

where V and E are the number of nodes and connections in T respectively. This
completes the induction.
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