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AsstrAacT. The fourth listed author and Hans Parshall ([7]) proved that if E C IFZ ,
d > 2, and G is a connected graph on k + 1 vertices such that the largest degree of
any vertex is m, then if |E| > Cq’"“%l, for any t # 0, there exist k + 1 points x?, ..., x**1
in E such that ||x' — x/|| = t if the /’th vertex is connected to the j’th vertex by an edge
in G. In this paper, we give several indications that the maximum degree is not
always the right notion of complexity and prove several concrete results to obtain
better exponents than the Iosevich-Parshall result affords. This can be viewed as a
step towards understanding the right notion of complexity for graph embeddings in
subsets of vector spaces over finite fields.
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1. INTRODUCTION

The Erdés distance problem is one of the fundamental questions in geometric
combinatorics. In its original formulation, the question asks, what is the smallest
number of distinct distances determined by a subset of R?, d > 2, of a given size.
Erdés conjectured in 1946 ([3]) that if P is a finite subset of R?, d > 2, of size N, then
for any € > 0 there exists C. > 0 such that

#A(P) > C.N7™¢,

where
AP)={lx—-yl:x,y €D},

with |x| = \/xf + x5 + -+ + x5, the usual Euclidean distance. After more than half

a century of efforts by many outstanding mathematicians, the conjecture was re-
solved in two dimensions by Larry Guth and Nets Katz ([4]). In higher dimensions,
the conjecture is still open, with the best-known results due to Jézsef Solymosi and
Van Vu ([8]).

The purpose of this paper is to study point configuration problems stemming
from Erdés type distance problems in vector spaces over finite fields. Throughout
this paper, we let g4 denote an odd prime power. For d > 2, ]FZ is the d-dimensional

vector space over the field IF, with g elements. Given x = (xy,...,x) € F¢, we let
llxll = 23 + -+ + x5

In finite fields, the problem takes on its own unique characteristics. For example,
suppose that g is a prime congruent to 1 modulo 4. Then i = V-1 is in F;, which
leads to the following example that cannot occur in Euclidean space. Let

E={(tit):t e F}.
It follows that if we define the distance set
AE) ={llx—yll: x,y € E},

then A(E) = {0}. In order to get around this issue, Jean Bourgain, Nets Katz and
Terry Tao, who proved the initial result for distance sets in vector spaces over finite
fields [2], assumed that g is a prime congruent to 3 modulo 4. Another way around
this difficulty was devised by the fourth listed author of this paper and Misha Rud-
nev. They proved in [5] that if E C F?, d > 2, t # 0, then

l{(x,y) € EXE :|lx — yll = t}| = |[Eg™" + error,
where

-1

lerror| < quT |E|.

The “error” is smaller than the main term when |E| > qu%l and, in such a case,
all non-zero distances are realized. Since the zero distance is realized by taking
x = y, all distances are in fact realized. This result can be viewed as a statement
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about two point configurations or, more precisely, about the embedding of complete
graphs on two vertices, in this sense, in subsets of ]Fg of a given size. This raises the
question about more complicated point configurations and graphs that determine
them, as well as the embeddings of those graphs in ng in the sense to be made
precise below.

The question we particularly focus on is the following: how large does a subset
of E C ]Fg need to be such that E necessarily contains a specified graph of points
in ng with distances assigned between edges? In particular, we are interested in
embedding distance graphs into finite field vector spaces. We call a graph G = (V, &)
a distance graph when for each edge ¢ € &, there is some associated nonzero edge
length A, € IF;. Then, we call X C ]FZ an isometric copy of G when there exists a
distance preserving bijection ¢ : V — X where for each v,w € V with an edge ¢
connecting v and w, we have |p(v) — p(w)[* = A,. We are interested in estimating the
following values for various graphs G:

Ng(E) := #{embeddings of a distance graph G in E},
Ng(E) := #{non-degenerate embeddings of a distance graph G in E}
Dg(E) := #{degenerate embeddings of a distance graph G in E}

In recent work by Alex losevich and Hans Parshall (see [7]), they showed that
givenn,s € N and E C ]Fg with |E| > 12n2qd%1+5, E contains an isometric copy of every
distance graph with n vertices and maximum vertex degree s. The same exponent
can be deduced, with some work, from the main result in [9]. This result does not
bode well for graphs with high maximum vertex degree, which begs the question:
given distance graphs with relatively high vertex degree, how large does a subset
E C IFg need to be to contain that distance graph? In this paper, we study specific
configurations of points to improve upon Iosevich and Parshall’s results in certain
cases.

The simplest example of a graph having high vertex degree but low complexity
is a star with many rays. A k-star is a special case of a tree of size k + 1, which can
be embedded easily as shown in the following theorem by losevich, Jardine and
McDonald.

Theorem 1.1 ([6]). Let T be a tree with k + 1 vertices and hence k edges. For € > 0,
if |[E| > qd%l%, then we have

|E|k+1 2
e (1 ~ 8¢ k”)

where Nt(E) is the number of embeddings of T into E.

Nr(E) >

Notice that the size of the tree only affects the constant but not the exponent
for the size of E required to embed it. Therefore, this result implies that we can
embed a star of any degree in a subset of size asymptotically q%, with a constant
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that grows with the degree. This greatly improves the bound given by Iosevich—

Parshall, which becomes trivial whenever the degree is greater than or equal to
d+1
>

FiGure 1. A 6-star

In this paper, we only consider distance graphs whose edge lengths are identical,
and denote that by ¢ € IF;. From now on, whenever we refer to an edge in a distance
graph, it is assumed to have length t.

1.1. Holder Extensions. We first define the Holder extension of a graph.

Definition 1.2 (Holder extension of a Graph). Let G be a simple graph with vertex
set V. Let e be its edge function defined by e(u,v) = 1if u,v € V are connected and
0 otherwise. Let S = {vy,--- ,v,} be a subset of V. Let m > 2 be an integer. Then the
k-Holder extension of this graph (with respect to the set S) is a new graph G’ defined
as follows. The vertex set of G’ consists of V plus k — 1 copies of the vertices in S,
labelled {v;ﬁ :1<j<n1<i<k-1}. The edge function ¢ of G’ is defined as follows.

e(vj,w), weV\S
e’(v}, w) =1{e(v;,v), W= v?,
0, otherwise,

and e =eon VXV.

We call this a Holder extension because it is relatively easy to apply Holder’s
inequality in order to lower bound the number of embeddings of these graphs. We
have the following results.

Lemma 1.3. Let E C ng, d > 2. Let G be a Hélder extension of H of degree k > 2, with
S={vy,---,0.}, VA\S ={wy,---,w}, where V is the vertex set of H and S is the subset
of vertices being duplicated in G. Then we have that

(Nu(E))*

NG(E) = Nas(E)T
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Corollary 1.4. Let E C IF‘;,d > 2. Let G be a Holder extension of H of degree k > 1,
with S ={vy,--- ,v,}, V\S ={w,,--- ,w;}. Then we have

(Nu(E))*

No(E) 2 *r

Corollary 1.4 follows immediately from Lemma 1.3 since the number of embed-
dings of H\S in E is at most |E|'. Section 2 gives a proof of Lemma 1.3 and also states
more results regarding counting degenerate embeddings of Holder extensions.

N
N

Ficure 2. A 3-chain and the k-Holder extension of it with respect to
the middle vertices

1.2. Holder Extensions of Chains. The first example we study is a Holder ex-
tension of chains.

Definition 1.5 (/n-chain). An m-chain is a distance graph on m+1 vertices (x1, ..., Xp1)
such that x; and x;,1 are connected by an edge for 1 <i < m.
We denote an m-chain by C,,. The number of non-degenerate embeddings of m-

chains in a subset E C le were studied by Bennett et.al. in [1].

In Section 3, we consider the k-Holder extension of an m-chain fixing the end-
points, denoted by G, as illustrated in Figure 2. Corollary 1.4 immediately im-
plies the following given input on the count of embeddings of m-chains.

Theorem 1.6. Given that |E| > %qd%l,

d+1 \k

|E|km—k+2 4qu
E) > - .

New(E) 2 =5 In2 - |E|

m

More importantly, we give further results on the number of non-degenerate em-
beddings of such configurations in Section 3.

1.3. Chains of Simplices. The second example we study are chains of m-simplices,
discussed in detail in Section 4. We first recall the definition of an m-simplex.

Definition 1.7 (Regular m-simplex). An m-simplex is a distance graph on m + 1
vertices such that there is an edge between every pair of vertices.
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Now, we can form chains of simplices by linking copies of them up in a certain
way. For example, Figure 3 shows a chain of 2-simplices.

Ficure 3. A 4-chain of 2-simplices

We define a k-chain of m-simplices precisely as follows.

Definition 1.8 (k-chains of m-simplices). Let k > 3. A k-chain of m-simplices is a
distance graph obtained by replacing each edge in a k-chain with an m-simplex, with
two vertices in the simplex at the two endpoints of the original edge of the chain.

Let T} denote a k-chain of m-simplices. We have the following results regarding
embeddings of T}" into subsets of ng .

Theorem 1.9. Let { be such that 2* < k < 2*'. Suppose E C F! with m < 1.
Whenever |E| > 20 - 3(m + 1)2g°7 ™,

| |mk+1
qk(mzﬂ)
Theorem 1.10. Let ¢ be such that 2 < k < 2*'. Suppose E C F; with m < 4l
Whenever |E| > 221 m4243 . 33y 4 1)2F +m,

| |mk+1

70

. 92k=2041(m+2)-2

NTZI(E) >

. 92k=201(m+2)-3

Niw(E) 2

1.4. Trees of Simplices. Lastly, in Section 5, we study trees of m-simplices. These
are a natural generalization of chains of m-simplices, defined as follows.

Definition 1.11 (Tree of m-simplices). A tree of m-simplices is the graph obtained
from a usual tree by replacing each of its edges with an m-simplex, with two vertices
of the simplex being the two endpoints of the original edge. We will call the vertices
coming from the original tree nodes, and the m-simplices connections. The size of
such a tree is the number of simplices it contains.

Theorem 1.12. Let T, be a tree of m-simplices of size {. Suppose
|E| > 12(m + 1)% - 2-D0m3) , g+ 5t

Then
|E|m£’+1

Ny (E) > 27 1mH____
r.(E) q(m+1)€
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where
n(m,€) = (€ —1)(m +5)(Em/2 + 1) — (m + 2)¢.
Theorem 1.13. Let T, be a tree of m-simplices of size {. Suppose
d-1

|E| > 210m0%3E . 12(m + 1)* - g™+ 2.

Then

N* (E) > 2—1](m,£’)+3£’+1 |E|m€+1
T, - q(m;—l).f
where 1 is as defined in Theorem 1.12.

The constants grow/diminish exponentially with ¢ and m, but if we are willing to
keep them constant, then we still get the statistically correct lower bounds.

2. PreLiMINARY TooLSs

We first prove Lemma 1.3, which is a useful tool for obtaining a lower bound on
the number of embeddings of a graph that is a Holder extension of a simpler graph.

Proof of Lemma 1.3. Let F(xy,---,x;) = F(x;) be the indicator function for the config-
uration H — S; i.e. F(x;) = 1if (w; = xy,--- ,w; = x;) is an embedding of H — S and
F(x;) = 0 otherwise. Let G(xy, -+ ,x;,y1,---,yx) = G(x;, y;) be the indicator function
for the configuration G defined similarly, where w; = x; and v; = y;.

Then
Nu(E)= Y [Fx) Y, Glypl-

s Y1y

Therefore,

Z F(xr) Z G(x1, yy)

xp, xR Y1, yn€F

k
N (le,»--,xleng FQxr) Ly, yers Glxr, v)

NG(E)

= (Holder’s inequality)
(X e et 1)
__ (Nu(E))*
~ (Nms(E))t
O

Below, we give a means for counting degeneracies for embeddings of connected
graphs. This is helpful since Lemma 1.3 gives a lower bound on the number of total
embeddings but allows for possibly many degenerate counts.



IMPROVED BOUNDS FOR CONFIGURATIONS IN VECTOR SPACES OVER FINITE FIELDS 17

Theorem 2.1. Fix a subset L of F,. For ¢ > 0 and a positive integer n > 2, if
|E| > qd%”e, there exists a subset E’ C E such that

[E\E'| < 2|Llg 7 |E|

and the total number of embeddings of all connected distance graphs with n vertices
with edge lengths all chosen from L in E’ is bounded above as follows:
| n

Nui(E') < ey (1)

n—1

where c, 1| = 2()-ns2| r-1yyn-2,

In addition, if G is a connected graph with edge lengths chosen solely from L with
n+1 vertices, then the number of degenerate embeddings of G in E’ is bounded above

by
|E]"

qn—l'

nn+1)

Proof. Let ¢ : ng X le — R be such that ¢;(x,y) = 1if [[x — yl| = ¢, and ¢ps(x,y) =0
otherwise. Then, let

Et:: {x eE ::E:.E(y)¢k(x,y):§ Algl}, E = (ﬁw_Ep

yeE tel
We have,
q E|
E\EI< 30 Zy: E@E®W)$i(x,y) < 2= 2)
by [1], so
E
[E\E'| < 2|L||)\_|' 3)

We need the following result. It is analogous to Lemma 4.4 in [6] and proved in
exactly the same way.

Lemma 2.2. Let T be a tree with r + 1 vertices and r edges with edge lengths only
from the set L. If n’. is the number of embeddings of T in E’, then

_ |E|r+1 |E|r+1
qi‘

t%
<ar|p 112

*

nr

2¢/+1) and use the above lemma to obtain

E r+1 E r+1 .
-'q', ss.'jr g )
Now, note that all graphs with n vertices are spanned by a tree with at most n
vertices. Given an assignment of lengths in L to edges, the number of embeddings

of a graph is at most the number of embeddings of any spanning tree with analogous

We can set A =g

*

T
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edge assignment. Let Nt be the number of simple graphs with n vertices with T
as a spanning tree. For a given T, we have at most |L|""' ways to assign the edge
lengths. Thus, summing over all trees T with n vertices, we have,

Nui(E') < ) NrlL™y 5)
T

— 2(;)—n+1|L|n—1 n-2 .o |E| (6)

< z(g)—n+z| Lt 2. {lﬁl_l (7)

The last part of the theorem follows from Eq. (4) and, noting that a degeneration
involves setting two vertices equal, which results in a connected graph with n — 1
vertices.

O

We introduce the following “Shaving Lemma”, which allows us to find a subset of
a given set E C ]Fg in which the vertex degrees are close to the statistically correct
count, without losing too many points. Let

S {1, if |l =

0, otherwise.

Then we have that the convolution
E*S(x) = Z E(y)S(x — y) = #{edges in E incident on x}.

ye]Fd

Theorem 2.3 (Shaving Lemma for One Edge). Let E C ]Fd with |E| > Cq%, where
C > 4. Then for any A > C2c4, there exists a subset E* C E wlth
(1-2A71
El> —|E
1>~
such that for all x € E*

1 |E| |E|

1-2A" ExS(x) < A—.
( DA~ q< ()<q

Proof. Let
E {er E+S(x)<A- %}

By counting the number of edges in E incident to vertices in E\E’, we see that
2|E |2

IE\E/| - /\—<ZE S(x) <
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where the last inequality holds since |E| > Zq 7. Thus, |E\E'| < Z'E' , which implies
IE > El(1-247") > 4%
by our choice of A. Now let

E = {er’:E’*S(x)zA‘l-il}.

Then,
11E']

; +|E|- A ZE’

Upper bounding |E’ \ E*| by |E’| and rearranging, we get

712
BB A 5

|E'P

a1 ) 4 1 1
> - — - = — — .
> |15|_(2 A )A'g' (1= 2A7E

O

Note in the above proof that the constants A and A~! in the upper and lower
bounds can be made independent, as long as they are chosen in an appropriate
range. In fact, this theorem can be stated much more generally for an arbitrary
configuration with a given basepoint for which we have a lower bound on the size
of a subset containing the statistically correct number of embeddings. The proof
follows essentially the same idea as above.

Theorem 2.4 (General Shaving Lemma). Let G be a distance graph with n vertices
and m edges, and a chosen vertex v (which we call the “basepoint”). Suppose that,
for all E C TF] with |E| > N,

|E|" 2|E|”
< <
20 Ng(E)
For x € E let
f(x) := #embeddings of G in E with v at x}. (8)
For A, > 4 and Ay < 27", we have that, given |E| > 2N,
E["! E|"! 1 “1yn
YeE: Mo < f0) S A 2(5—2 Al)(l—ZAz)lEl. )
Proof. Let
|E|n 1
E'=<{x€eE: f(x < Az q ,
We have,

q"  2Er 2
E\FE = —I|E
IE\ |_M,5|,11}:',f()_MEln1 2=
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which implies

IE'| > (1 -2AHE| > % (10)
Now, let
g(x) := #{embeddings of G in E’ with v at x}. (11)
and »
E*z{er" glx )>A0|Eq| }
We obtain that
E’|" E’|" 1 E|"* 1
L%_ memmﬁ'|ww

x€E’

a1 |E'[" E"! 1 “1yn

For any x € E*, we obtain that
El* 1
£ 2 g0 2 A2

m

Now, let A; = 217", to obtain the result.

3. HoLper ExTENSION OF m-CHAINS

In this section, we study Holder extensions of m-chains. In particular, we find
a bound on the total number of k-fold Holder extensions of an m-chain given a re-
striction on |E|, then deduce a count for non-degenerate extensions. We do this by
counting degeneracies.

Assume k > 3, since k = 2 implies a cycle. Recall that C,, denotes an m-chain and
Gy denotes the k-fold Holder extension of C,, with two fixed endpoints.

We need the following input by Bennett et al. on the number of non-degenerate
embeddings of chains.

Theorem 3.1 ([1]). Suppose |E| > £ 1 Zq . Then

|E|"+1 < dm  aa |E"

Cm( )_ m lnz.qz.qm.

We immediately deduce the following.
Theorem 3.2. Given that |E| > 14"2qd§1

|E|km—k+2 - 4qu§1 k
gkm In2-|E|]

Ng, . (E) =
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Proof. By Corollary 1.4,

N (E)f k(m—1)+2 a1\
NGk,m (E) 2 Gl,m > |E| (1 4mq i ] .

[Ep&-D = ghm " In2-|E|

Theorem 3.3. When |E| > max ((km)kqu_zl,Z(km)zqk),

|E|k(m—1)+2 (1 1 2(km)2qk)

Ne,,(E) 2 kmIE]

which is positive when

2(km)*q*

km—-1"

Alternatively, assume that |E| > (logq) max (qd%l,qk). Then we obtain an asymptotic

lower bound for sufficiently large g:

|E[Fm=1)+2 ( 1 8mk
gkm In2Ing

|E| >

— 2km(In q)_%) .

d+1
2

Proof. We first make the general assumption that 4 > f(gq)gz. By Theorem 2.1,

there exists a subset E’ C E such that
|E \ E’| < A|E] in other words (1 — A)|E| < |E|.

where A = 2f (q)_k(m*zm1 , so that

|E|k(m—1)+1

@Gm,k(E’) < Chm W'

(12)

where ¢, = (k(m — 1) + 2)(k(m — 1) + 1). Now it suffices to choose a suitable f(g) so
that when |E| > f(q)qd%1 we have that

8km d+1

E'|> —g>
||>ln2q

so that

Ne, . (E') = =

EEN
|E? [tm=1)+2 - 4qu71
In2-|E|

|E[Km-1)+2 4mkqd%l k(m—-1)+2
= M iz ey
|E|k(m—1)+2 ( Amk )
> —|1- 1—(k(m—1)+2)7A). (13)
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Since |E’| > (1 — A)|E|, it suffices to have

8km

@ -2 = f@) (1~ fl@) ™) > i
This is clearly true by the assumptions. We can then simplify (13) to obtain

k(m—1)+2 k(m—1)+2
El L)

Ne,,(E) 2 ZqT (1 - kmf(q)_m) S -

From (12), we can get
- L qu |E|k(m—l)+2
De,, (E") < (km) E g

so that
Nz;k,m (E) 2

E[fm-De2 (01 2(km)*qt
2gkm km |E|

Now, if we alternatively assume that f(q) = logg, then A < 1 for sufficiently large g
and (12) turns into

, |E|k(m—1)+2 8k
|E|k(m—1)+2 S8k —,%
> e (1 “nar@ 2kmf(q) ) (15)
O

m=2

Theorem 3.4. Assume that |E| > g2@*2-55%0) for some 0 < § < 55. Then,

|E|k(m—1)+2 1 2km ~ 4km ~ 2(11’1 q)(m—Z)(k—Z)—lqd(k—Z)H
g Ing  In2gw+o |E[-1

Ngk,m (E) >

The above is positive and tends to the statistically correct count when q is sufficiently

large and
d(k-2)+1

|E| > (Ing)"%q &1 .

Proof. Suppose A >4 and let

E/:{er: ZSt(x,y)S/\g}.

yeE
Then we have )
E'l>(1-—=]IEl
B2 (1-3)IE
The number of embeddings of a 2m-cycle in E’ is at most
| E|2m

2 q2m
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when g is sufficiently large and

IE| > lﬁ(du—%w)
where 0 < ¢’ < 217 (simply take ¢’ marginally smaller than 6 since |E’| > %IEI). Since
the “branches” involve (m — 2)(k — 3) + (m — 3) = (m — 2)(k — 2) — 1 vertices (there are
k — 3 non-overlapping chains outside of the cycle, each having m — 2 vertices on the

branches, and there are m — 3 vertices on the branches on the overlapping chain)
and there are k — 2 vertices remaining, we have that

m (m-2)(k-2)-1 m—2)k+3
|E|2 A|E| d-2)(k-2) (m=2)(k-2)-1 |E|"2)
D Gk,m(E ) < qu q q =24 q(m—d)k+2d—1'

Now when A is sufficiently large

2
No, (E) > (1 - X)

Kom=1)+2 | pfkm-1)+2 4mq% k
g ( In2- |E'|]
Then, suppose that A — o0 as g — co. The above can then be written as
E k(m—1)+2 4k
Ne, (E') "— 1-2kmA™t - ——L
q In 2g7=1+0
so that
|E[Kim=1)+2 - 4km qdk 2)+1
Ne, (E)=Dg, (E)> —— |1 -2kmA™ — ———— —2Am2212__|
un(B) = D B) = = Ry [Ef
Let A =logq to get the result.

The second bound is always tighter than the bound
1(d+2-1=245)

m=1

|E| > g

required by the cycles result, except when k = 3 or (k,d, m) = (4,2,3),(4,2,4),(5,2,3).
We summarize the bounds we obtain as follows.

Theorem 3.5. We have an asymptotic lower bound on Nék when

1

|E| > min {(log g) max (qd%l,qk) _max (q%(d+2 245 (Ing)"™ 2qd<kk—_zl>+1 )} .

When k > 4 and (k,d,m) # (4,2,3),(4,2,4),(5,2,3), as discussed above, the condi-
tion in Theorem 3.5 becomes the following:

|E] > min {(ln Qg EEe (Ing)"2g e +€} :
In this case, the optimal bounds are as follows:

e when k < &1 |E| > (Ing)gT;
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e when & <k <d- 1—— IE| > (Ingq)q*;
e whenk>d—-1-4: [E[ > (Ing)"™" 20%F
For k > 4, -2 i < 1, so we have simplified ranges for the optimal bounds that do not

involve k:

e when k < Z: |E| > (1nQ)quL1;
° Whendi<k<d—2' |E| > (Ing)q";

d(k-2)+1

e whenk >d—1: |E| > (Ing)"2g #1 .

4. CHAINS OF M-SIMPLICES

Throughout this section, let m > 2 and k > 1 be integers.

In this section, we prove a lower bound on the size of a subset E such that it
contains the statistically correct number of copies of a k-chain of m-simplices. We
also show that under the same hypothesis, a non-degenerate embedding exists.

Recall that T}" denotes a k-chain of m-simplices, sometimes also referred to as a
chain of m-simplices of length k. Note that the number of edges and vertices in T}

are given by
(m + 1)mk

> , #vertices = mk + 1.

#edges =

Proof of Theorem 1.9. Theorem 7 of [7] implies the following asymptotic count of
non-degenerate embeddings of T} in a subset E C ]FZ.

Lemma 4.1. For |E| > 12(m + 1)2q’”+d?1, we have

d-1_ m(m-1)

<6(m+17[E"g= "7

| |m+1

(m+1)

In particular, we have the following lower bound.

[Ef™+t (60 + 1)%g’%
q("") [E| '

Nin(E) -

1

Note that this result is non-trivial only when m < d+ , S0 we assume that through-

out.
Let v be a degree m vertex of the first m-simplex in T}". For x € lFfl], let
fim(x) := #embeddings of T} in E with v = x}.
We prove by induction that whenever

IE| > 12(m + 1247,
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the number of embeddings of chains of length k = 2¢ is lower bounded by
|E|2fm+1 2041 3(m + 1)2q‘%1+m
1—
g (3" |E|

using Cauchy-Schwarz. The base case { = 0 was Lemma 4.1. The inductive step
follows from

Nrn (B) =) foru(@)

20+1
x€E

> |E[? [Z fzz,m<x>]

x€E
> |EI N (E)?
|E|2f+1m+1 2€+2 . 3(771 + 1)2qd%1+m
> 1- .
205 [ E

Now suppose 2/ < k < 241, We induct downwards 2! — k steps to prove that when-
ever

-1
IE| > (1 - %) 12(m + 1)%"7,

we have

Nw(E) > (1—%)2”1’““( 2”2-3(m+1)2q%1+”1]
T;('l = - .

qk("';l) A2k (1-2)IE|
The base case k = 2/*! was done earlier. For the inductive step, observe that

Nog, (E)= ) fin)fin(@) < (rggEx fl,m(x)) Y fon(0) = (ngggx fl,m(x))NT;z(E).

x€E xeE

This implies that
Ny, (E)

maXyer f1m(X)

NT;(H(E) >

Now consider

E := {x €E: fiux)<A- |E|”11 }
)

We have,

m+1)

g\ 2IE|
< —_—
AlE|" erE fin®) < =5

|[E\E’| <

SO

2 ;
E| > [E| (1 _ X) > 12(m + 124",
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Then

q(m;l)
AlE|™

(m+1) ol+1_
é’+1( ) [AlElm]

LB (= 2P (202 3m 4+ 127
qk(mz-l) Azhl_k (1 _ —)lEl

N1,(E') = Niy (E) -

Setting A = 4 yields the desired result.

Proof of Theorem 1.10. Let

E m
E* = {x e€eE: fl,m(X) <A |m(1!’+1) }

2

Then,

m m+1) m(m+ )

2|E|erl _ 2|E]
E\E| < ,m = - :

7 __ . 4 |E|m_l
E'={x€E: fima(x) <A 'q@ :

Let

Then, similarly,

m(m 1) m(m—1)

) " 2" 2E
E\E m— = ) = '
EE) < e O i) % g 5w =

x€E

Thus, if we let E, = E*NE”, then |[E\Ey| < 4|E|/A’. We count the number of degenerate
embeddings of T}" in E,. We start with a point and multiply by f;,, to add a m-
simplex. When we reach a repeated vertex we multiply by fi,,-1. This yields an

upper bound of
e T, E |E|"™
|E| (A, ) N = W

m(m+1) m(m—1) k m(m+1) -m
2 2

This is much less than
|E|mk+1

Cmk km(n;+1)

when |E| > g", which is always.
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5. TREES OF m-SIMPLICES

In this section, we prove the lower bounds on the number of (non-degenerate) em-
beddings of trees of simplices given in Theorem 1.12 and Theorem 1.13. Throughout,
assume m > 2.

We prove the following proposition, where A and i are parameters we will define
in the proof.

Proposition 5.1. Let T, be a tree of m-simplices of size . Suppose |E| > 12(m +
1)2u~(q™ 3. Then
Elm{+1

1 |
E) > S AL((1 — pp-Lyme+t (=D (em/2+1) .

If we take A = 4, then u = 27" we obtain Theorem 1.12. Then using the
same arguments from Section 4 for counting degeneracies for chains of simplices,
we obtain that the number of degenerate embeddings of T, is upper bounded by

-1
, 1EI" JE e B
" [A o | A =

q 2

qT qf(m;l)_m .
Upon taking A’ = 8 and making the upper bound for degenerate embeddings half
of the lower bound on Nr,(E), we get Theorem 1.13.

Proof of Proposition 5.1. To count the number of embeddings of a tree of simplices,
we simply induct on the size of the tree. The main estimate is the size of the follow-
ing subset, E*. Recall from the previous section that

E = {x eE: f]/m(X) <A- |E|m }/
e

where
.m(x) = #{embeddings of T}" into E with x as the base point}.
: k

Define

|E"|"™

q(mzﬂ)

E={xeE g mx)> A1 1

where A is to be determined later. Let

Skm(x) = #{embeddings of T;" into E’ with x as the base point}.

Then,
E’ m+1 prym -
| |m+1 S NT’]"(E’) — Z gl,m(x) S |El \ E*lA—l | m-!-l + |E*|/\ | m|+1 )
2‘7( 2 ) Xx€E’ q( 2 ) q( 5 )
1 1 |E1|m+1 |E|m 1 » ,
E* 2\l5— 7 - — 1 _ 2 m+ E )
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Let
B (1 _ ZA_l)erz
B 21 '
Then the above becomes |E*| > u|E|. We prove that the number of embeddings of a
tree containing £ connections into E is at least
1
2

Al 5(1 2N~ 1)m€+l (€-1)( L’m/2+l)|E|
q(mH) £

when
|E| > 12(m + 1)%u' (g™ 7.
The base case £ = 1 is done in Lemma 4.1:
|E|m+1
Zq(mzﬂ).
Let T, denote a tree of size ¢ of m-simplices. Fix an ending m-simplex in T, and let

T;_1 denote the tree by replacing that simplex in T, with one vertex. Now by our
assumption,

NT’l” (E) >

|E*| > plE| > 12(m + 1)2H1—(€—1)qm+d%1/
we can apply the induction hypothesis on E* to get

1 2-¢ =1ym({-1)+1  (£=2)(({-1)m/2+1 |E*|m(€ b+
N, (E7) 2 547 (1 =24 YD+ (2 Dm/2+1)

q(m;l)‘(f_l)
1 ~ ~ ~ |E|m(€—1)+l
2A2-0(] — pA-LymE-D+1 (C=)(Em/2+1) .
Then we have
E/ m
N(E) = No(E) = N, (E) - A EL
)
1 JIEP et |E|m£’+l

_/\1 5(1 20 1)m5+1 (£-1)(tm/2+1

N

q(m;—l)‘(’
as desired.

O
5.1. Holder Extension Method. This is another method to count the number of
embeddings of trees of m-simplices, but the constants are not explicitly determined.

Base case: Suppose that T is a chain. We actually have that

|E|mk+1 (1- )ka+1 ~ 4k - 3(m + 1)2q7+m N |E|mk+1 (1- %)kaﬂ
l] (m;—l) /\k (1 _ %)lEl - qk(m;l) 2Ak

Nr(E') >

(1_ 2)2k1n+1

2 in this case.

provided that |E| is large enough. Let Cr =
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At some node v, there are r > 2 chains attached to the rest of the tree. Let T’
be the tree obtained by making all of these chains the same length (the maximum
length of the chains). Let this length be ¢ (i.e., £ simplices). Let T; be the tree
obtained by eliminating » — 1 of the chains from T” and let T, be the tree obtain by
eliminating all of them. Then, T’ is an r-Holder extension of Ty, so

"
T

Ny > —
- r—1
N

by Lemma 1.3. Again define E’ so that f; ,(x) < A (lil) for all x € E’, then we have
q 2

[E\E| < % Let Ty have vy nodes (so it contains vy — 1 simplices). We then have

that

. |E|mvo—m+1
NTO < A0 1—m+1
q(vo—l)( 1)
and by the inductive hypothesis that
|E|m {+vp—1
NT] (E,) = CT]lEl 1) Y
)
so that
E l+v9—-17" o 1-r
m mog—m
Nr(E') = C; |IE] 1B e B (16)
q( 2 q(UO_l)( 2 )
. |E|rm(€+vg—l)+r (00-1)(1—1) |E|(1—r)(mvo—m+1) (17)
- h qr(mvo—l)("’;l) q(l—r)(vo—n(m;l)
r -1 |E|m(r£+v0—1)+1
= CTl/\ 0 (18)

q<rf+vo—1>(’";1) '

|E|m(r(+v0—l)+1
q(mvofl)(’";l)

depending on T'. We can then use the fact that N (E’) < A (Ifllz)NTf_l(E’) where
q 2

T’, is T" with one vertex removed. We use this fact repeatedly to obtain a lower

bound on Nr(E’). In particular, it is not hard to see that this must be done at most

(¢ =1)(r — 1) times, so that we obtain the bound

In particular, we always have that N (E’) > Cp for some constant Cp

mV—-m+1
Na(E') = Cp A2 E 22
: oD
where V and E are the number of nodes and connections in T respectively. This
completes the induction.
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