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SOME SHARP LOWER BOUNDS FOR THE BIPARTITE TURAN
NUMBER OF THETA GRAPHS

STEFANOS THEODORAKOPOULOS

AsstracT. We extend Conlon’s random algebraic construction to show that for any
odd number k > 3 exists a natural number ¢, (the same as Conlon’s) such that
ex(n®,n,Oe,) = Qk,a((n“”)%l), with a € [,’;—%,l). Given a graph H, we denote by
ex(n, m, H) the maximum number of edges an H—free bipartite graph can have when
the cardinalities of its parts are n and m. Also, we denote with 6y, the graph where
two vertices are connected through ! disjoint paths of length k.

1. INTRODUCTION

In extremal graph theory, a classical problem is to determine ex(n; H) for a given
graph H, where ex(n; H) is defined as the biggest number of edges a graph G with
|V(G)| = n, not containing a subgraph isomorphic to H, can possible have. In prac-
tice, the search for lower bounds of the extremal function ex(n; H) that are as big as
possible has proved to be surprisingly difficult. It is important to note that when
someone tries to create an H-free graph G, the size of G plays a major role to how del-
icate the said construction needs to be, because the smaller the size of G the easier it
is for H to appear, as the edges have less “space” to move. Of great importance is the
case where someone has a bipartite graph G = (A, B), with |A| = n,|B| = m,n > m,
and tries to find out how many edges G can have without containing a graph H.
Then we talk about the asymmetric bipartite Turan number ex(m,n, H) of H. A
well studied occasion is when H = Cy, the cycle of length 2k for some natural num-
ber k. The Cy graphs belong to the more general family of 6, , graphs (note that
Cox = Br2). Conlon in [3], by building upon a paper of Bukh [1], shows that for every
natural number k > 2 there exists a natural number ¢ := £(k) such that, for every n,
there is a balanced bipartite graph with n vertices and Qk(n“%) edges with at most

{ paths of length k between any two vertices. A result of Faudree and Simonovits [4]
implies that the bound on the number of edges is tight up to the implied constant.
We extend on this method of Conlon’s to show that for any odd number k > 3 and
rational number a with % <a < 1 there exists an unbalanced bipartite graph with

kel
|A| = n,|B| = Or(n*) and |E(G)| = Qk,a( (n““) * ) such that between any two vertices
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there exist at most ¢ paths of length k.

Remark 1.1. The present work was part of a thesis the author submitted at the
University of Warwick for the completion of his MASt degree in March of 2019.
Furthermore, it justifies the intuition described by Tao, Longbrake and Jie after
[6][Proposition 5.1].

2. PRELIMINARIES

To begin let g be a prime and [F, = Z, be the field of order q. We will talk about
polynomials over lFf7 for a given natural number ¢, writing any such polynomial as
f(x) where x = (x1,...,x;) € IF; Let d be a natural number. We define as I, the set of
polynomials in lFf7 of degree at most d. That is, the set of linear combinations over
IF, of monomials of the form x{'x7?...x}" with Y!_,a; < d. By a random polynomial,
we just mean a polynomial chosen uniformly from the set IP;. One may produce
such a random polynomial by choosing the coefficients of the monomials above to

be random elements of IF,.
Note that

A+l _q

]PdEIthT

So, we have the probability space (QQ, 7, P) where Q = P;,,¥ = P(IP;) and P the
uniform probability distribution. It is obvious that every function which has P, as
domain is a random variable.

The following two lemmas are taken from [3].

Lemma 2.1. If f is a randomly chosen polynomial from P, then, for any fixed x € IF;
we have

1
P[f(x) = 0] = =.
[f(x)=0] p

Lemma 2.2. Assume that q > ( 1; ) and d > m —1. Then, if f is a randomly chosen

polynomial from Py and xi,...,x,, are m distinct points from F, we have

1
Plf(x))=...=f(xn) =0] = q_'”
To introduce the final tools that we are going to use we must first give the follow-
ing definition.
Definition 2.3. Given a field IF;, we denote its algebraic closure with E. A variety
over E, is a set W of the form

W= {x € ﬁ; A == fi(x) = O},
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—t
where fi, ..., fs are polynomials with domain ]Fq that take values in IF,. We write
W(F,) =Wn ]Ff7 and if the coefficients of these polynomials are in IF, we say that W

is defined over IF,. Furthermore, we say that W has complexity M € N if s,t and
the degrees of fi, ..., f; are all bounded by M. Additionally, we say that a variety

is absolutely irreducible if it is irreducible' over E. Finally, the dimension dim W
is the maximum integer d such that there exists a chain of absolutely irreducible
subvarieties of W of the form

Dc{plcWicWy,...cW;CW,
where p is a point.

The next is the known Lang—Weil bound, see [7].

Lemma 2.4. Suppose that W is a variety over E of complexity at most M. Then
W (Fy)| = Ou(gm").
Moreover, if W is defined over IF, and is absolutely irreducible, then
W ()| = %" (1+ Ou(g7%)).

The result below is standard in algebraic geometry (see Bump [2] for example).
Lemma 2.5. Suppose that W is an absolutely irreducible variety over E] of complex-
ity at most M and dim W > 1. Then, for any polynomial g : E — E,,

W C {x: g(x) =0} or WN {x: g(x) = 0} is a variety of dimension less than dim W.

The last preliminary result is taken again from [3].

Lemma 2.6. Suppose that W is a variety over R of complexity at most M which is
defined over IF,. Then, there are Oy (1) absolutely irreducible varieties Y1, ..., Y, each

of which is defined over IF, and has complexity Opm(1), such that U, Y; (]Fq) =W (qu)
For completeness we also remind Bertrand’s Postulate.
For every natural number n > 1 there is at least one prime p such that
n<p<2n.

3. CONSTRUCTION

Theorem 3.1. Let k > 3 be an odd number and a € Q where ’,j;—i <a<1. Then there
exists a natural number c, such that for every n € IN sufficiently large, there exists a
Ok, —free bipartite graph G = (A, B) with |A| = n,|B| = O (n*) and

EG)| = O ((n““)%l). &

Iwe say that a variety is irreducible if it cannot be written as the union of two proper subvarieties.
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Proof. Let qbe a sufficiently large prime, k = 2x+1,a = 1, = x(A+1),t = k(A+7) and
d = kr, with gcd(7,A) = 1 and r be a natural number that will be determined later.
We define the probability space (Q, F, ) where Q = P, F = P (IPZ) and PP the uniform
probability distribution. Let fi,..., f, : qukA X ]Fq’“ + TF, be independent random
polynomials in IP;. We construct the bipartite graph G with A = qu“ and B = ]FqkT
where two vertices u,v are connected if and only if fi(u,v) =0 Vi€ {1,...,y}. Since
fi,--., f, were chosen independently, by Lemma 2.2 the probability a given edge
(u,v)isin Gis g77. Therefore |[E(G)| : ng +— IN is a random variable and if we define

e, : P) > {0, 1}, where e (fl, . /fy) = { (1) EZ: 3 z 528 , the expected number

of edges, is

EIEGON=E| Y ewo|= Y, Elews] =g =g,

(u,0)eF A xXTF (u,0)eF A X

Suppose now that w,, w, are two fixed vertices in A, B respectively and let S be the
set of paths of length k between them. We are going to estimate the r-th moment
of |S|. At this point it is important to note that |S|" : IPZ +— N, is a random variable
that counts the number of ordered collections of r paths of length k in G between
w1, w, without any restrictions, allowing overlapping or identical paths. Since the
total number m of edges in any such collection of » paths is at most d = kr and gis a
sufficiently large prime, Lemma 2.2 tells us that the probability that a particular
collection of paths is in G is 47", where we again used the fact that f,,..., f, were
chosen independently. Within the complete bipartite graph between A and B, let
P, be the number of ordered collections of r paths, each of length k, from w; to w,
whose union has m edges. So define the random variables |S|/, : IPZ +— IN that count
exactly that and we have

kr
SI" =Y IS,
m=1

We needed to distinguish the collection of paths by the number of the edges that
they contain because the probability of their existence depends on m. Then as be-
fore, we get

kr
ENSIT=)" Prug ™.
m=1
To finish the estimation we need to consider the size of P, ,,. Before that, fix some
m € {1,...,kr} and some (ny,1n,) € {1,...,rx} X {1,...,rx}. Assume that there is a

collection of r paths of length k from w, to w, (ps,...,p,), that are defined from n,
inner? vertices of A and n, inner vertices of B and are constructed by m edges. We

2Inner with respect to the paths from w; to w,.
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want to show that kAn, + ktn, < ym or, equivalently,

(2x + DAng + 2x + 1)1y < x(A + 7)m. (2)

For all j € {1,...,r} let m; be the number of edges that belong to p;\ Uf;ll pi and

similarly n, j, n, ; the number of inner vertices of A, B that belong to p;\ Uf;ll pi. By
definition we have

r r

’
Zm]- =m, an’j =M, an’j = Nnyp.
=1

j=1 =1
We will prove the desired inequality by proving that Vj e {1,...,r}
(2x +1DAnyj+ 2x + D)tng ; < x(A + 7)m;.

Claim
For a given j € {1,...r} at least one of the following is true :

o m; >2ny;+1and m; > 2ny; +1,
o m; > 2ny;+2and m; > 2n,,
o m; > 2ny; and m; > 2ny ; + 2.

Proof of the claim. To begin take the case where the new m; edges create a single
path. There are 3 possibilities. In the first the path starts and ends in different
parts of G and we get the first set of inequalities. The second possibility is when
the path starts at A and finishes at A and the third possibility is when the path
starts at B and finishes at B. It is easy to see that in those we get the second and
third set of inequalities respectively. Now consider the general case where the new
m; edges create multiple disjoint paths. To see that in the case of multiple paths
they need to be disjoint note that we can think of those paths as the subgraph we
get from the path p; after we remove from it the edges of the previous paths Uf;ll pi.
First we examine every path separately and map it with its corresponding set of
inequalities. The, if we add up with respect to the paths, it is fairly obvious that
each of these sets of inequalities remains valid also for m;, n, ;, n, ;. O

Now we are ready to show that (2) holds. Note that x > ny;,n,;¥j € {1,...,7},
hence in the first instance we have

xX(A +1)m; = xAm; + xTm;
> xA (215 + 1) + x7 (21 + 1)
> (2x + DAny; + 2x + 1)1ny,).
In the second instance, because A > 7 we have
x(A +1)ym; = xAm; + xtm;
> xA (2n1,j + 2) + X121y, j
> (2x + 1)Anyj + 2x + 1)ty ;.
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In the final instance we have
x(A + T)mj = xAm; + xTm;
> xA2ny j + xT (2 + 2)
= 2xAnyj + (2x + 1)tny ; + (Zx - ﬂz,j) T. 3)

Before we continue we need to consider the two possible subcases. The first is
that the new m; edges create a single path that starts at B and finishes at B and
the second is when the new m; edges create multiple disjoint paths.

In the second subcase if one of the paths starts and ends in different parts of G or
starts and ends at A we can go to one of the first two instances and we are done. If
they create more than one paths that start and end in B, then for every such path?
we get the corresponding inequality (3), and by summing all those inequalities we
can substitute 2 by at least 4 in (3). In other words, assume that we get M > 2 paths
that start and end in B, then for every i € {1, ..., M} we have

X(A + Ty > 2xAny ; + (2x + V) + (2x — né,]-) T,

where

So, by summing up with respect to i, we have
x(A + T)m;j = 2xAny; + 2x + 1)y + 2Mx — 1 /)T
> 2xAnyj+ (2x + 1)ty ; + 3x7.

But 37 > A, therefore again we get what we want. |
Finally we need only to consider the first subcase. So now we have n;; = %, My, +

1= m?’ and want to prove that (Zx - nz,j> T > Any j, or, equivalently,
n Z 1
Lj 2
a > = = .
T 2x-my 2x+1-3 HH -1

_/
2

But for all j we have m; < 2x, so

11 x k-1
2l T 21yl k41

Thus, the proof of (2) is complete.

Now, denote with I, the pairs (11, 1,) € {1,...,rx}x{1,...,rx} such that there exists
a collection of r paths of length k from w, to ws, (py, ..., p,), that are defined from n,
inner vertices of A and 7, inner vertices of B and are constructed by m edges. For

3we remind that they are disjoint
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every such pair (111, 11,) there are at most g*'" = g@DAn+2x+m: gych collections,

SO
P < q(2x+1)/\n1 +(2x+1)tny
rm = E .

(nlrnZ)Erm
Note that |T,,| < x?72 for every m € {1, ...,rk}. Now we return to the expectation of
and ge
|SI" and get

kr kr
E [lSlr] — Z Pr/mq—ym < Z Z q(2x+1)/\n1+(2x+1)1n2—x(/\+1)m
m=1

m=1 (ny,n2)ely,
k k 2
- - 2.2 2.3 k-1 3
SZIFMISZxr:er:kT r.
m=1 m=1

2r3

By Markov’s inequality we conclude that P[|S| > s] = P[|S]' > s"] < k("‘Tl) =. We
need to note that the set of paths S is a subset of

T := {(xl, .. .,xk_l) t Xoi—1 € qukT,xZi € ]F‘qk/\ Yie {1, . .,X} and
fiwy,x1) = fj(x1,x0) = ... = fj (-1, w2) =0, Vjel{l,...,pi}

Unfortunately T may contain degenerate walks as well as the paths we are inter-
ested in, so we proceed to the following analysis. If T contains a degenerate walk
w1, X1,...,X—1, W, it must be one of the following cases: either w; = x;, for some
1<b<k-lorx,=x,forsomel <a<b<k-—1lorx,=w,forsomel <a<k-1. Let
us then define the sets :

o To, :=TN{(x1,...,x_1) :wy =xp} forsome 1 <b<k-1,

o T, :=TN{(x1,...,x1):x, =xp} forsome 1 <a<b<k-1,

o Ty :=TN{(x1,...,x1) : X =Wy} forsome 1 <a<k-1.

Since T is defined over IF, and has complexity bounded in terms of k, Lemma 2.6

tells us that there are O(1) absolutely irreducible varieties Y3, ..., Ys, each of which

is defined over FF, and has complexity O(1), such that (J._,Y; (]Fq) = T(qu). If
dimY; > 1, Lemma 2.5 tells us that either there exist 4 and b* such that Y; C Ty
or the dimension of Y; N T,, is smaller than the dimension of Y; for all 2 and b.
If Y; C T, for some a and b, the component does not contain any non-degenerate
paths and may be removed from consideration. If instead the dimension of Y; N T,
is smaller than the dimension of Y; for all 2 and b, the Lang-Weil bound, Lemma 2.4,
tells us that for g sufficiently large

512 Yo(F,)| = Y100 Tl 2 g - O (g ) - O (g9 71) >
a,b

-2

On the other hand, if dimY; = 0 for every Y; which is not contained in some
T, Lemma 2.4 tells us that |S| < ) |Yi| = Ox(1), where the sum is taken over all
i for which dimY; = 0. Putting everything together, we see that that there exists

4a,b taking values as described in the definition of T,,.
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Therefore, by the consequence of Markov’s inequality noted earlier we get

a constant ¢, — 1, depending only on k, such that either S| < ¢, — 1 or [S| > g/2.

k-1 3

2
P[IS| > ¢ — 1] =]P[|S| > g] gk(T)

r
9\

()

Call a pair of vertices (wq, w,) bad if w, € A, w, € B and there are more than ¢, — 1

paths of length k between them. Let A : IPZ +—— IN be the random variable counting
the number of bad pairs. So

k-1 )2 r
2 7\"
(3)
Now remove a vertex from B for every bad pair. Since each vertex has degree at

most n the total number of edges removed is at most An. From all the above the
expected number of edges for the final graph G” would be

E[A] < Z 1P[|S|>ck—1]=qk<m>k(

(w1,w7)EAXB

k1 k-1 2 1’3
E[IE (G > k(A+T) 5 _ k(/\+T)+k}L—rk )
2
Hence, if we define
3k—-1 k-1
ri= 5 A+ 5 T+1,
there are choices of fi, ..., f, with the desired properties. As stated, this result only
holds when g is a prime and n = g". To generalize this let 1 be a sufficiently large
natural number, then by Bertrand’s postulate we have that exists a prime p, such
that

1 1
nw ni nx 1

{7| pn<2{7| = I<pn<nﬁ

1
= —n<pd<n.

4k
Hence, by applying the previous result to p, and adding to part A the remaining
vertices until we reach |A| = n we complete the proof. O

From the techniques of the proof it is obvious that a somewhat stronger result
was proved because the c; paths need not be internally disjoint. On the other hand,
the value of ¢, becomes undesirably big.

4. CONCLUSION
5
A direct consequence from our construction is that ex (1%, n, i) = Qk,a( (n““) )

Combining this with Jiang et al. [5][Theorem 1.11], which states that ex (n?,n, 6,) =

k+1
Okﬂ( (n““) *fn+ n“) we conclude our final result.
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Theorem 4.1. Let k > 3 be an odd number and a € Q, where % <a < 1. Then, there
exists a natural number c; such that for every n € IN sufficiently large we have

ex (n",n, Ok, = @k,a< (nlJ““)k;_k1 ) 4)
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