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SHARP LOWER BOUNDS FOR THE VECTOR ALLEN-CAHN ENERGY
AND QUALITATIVE PROPERTIES OF MINIMIZERS UNDER NO
SYMMETRY HYPOTHESES

NICHOLAS D. ALIKAKOS AND GIORGIO FUSCO

Asstract. We study vector minimizers u¢ of J,(u) = fQ(§|Vu|2 + %W(u))dx, W > 0,
on R" \ {ay,...,ax}, m > 1, for bounded domains Q c R", with certain geometrical
features and u = g. on dQ. We derive a sharp lower bound (as ¢ — 0) with the
additional feature that it involves half of the gradient and part of the domain. Based
on this we derive very precise (in €) pointwise estimates up to the boundary for
lim._,o u¢ = u°. Depending on the geometry of QQ, u€ exhibits either boundary layers
of internal layers. We do not impose symmetry hypotheses and we do not employ
I'-convergence techniques.

1. INTRODUCTION
The object of study in the present paper is the system
Au-W,(u)=0, xe QcCc R, (1.1)

where W : R” — R is a C? phase transition potential. That is: W is nonnegative
and vanishes only on a finite set {W =0} = A = {ay,...,ay} for some distinct points
ai,...,ay € R™ that represent the phases of a substance that can exist in N > 2
different equally preferred states. We assume that the zeros a4, ...,ay are nonde-
generate in the sense that the Jacobian matrix 0°W(a), a € A, is positive definite.
Finally we assume that

lim inf W(z) > 0. 1.2)

|z| > +00

System (1.1) is the Euler-Lagrange equation corresponding the Allen-Cahn energy
1
Jo(©) = f (EWUF + W(o))dx. (1.3)

Q

We are interested in the class of solutions that connect in some way the phases or
a subset of them.

The scalar case m = 1 has been extensively studied: here N = 2 is the natural
choice. The reader may consult [25, 21, 12] where further references can be found.
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A well known conjecture of De Giorgi (1978) and its solution about thirty years
later, played a significant role in the development of a large part of this work.

The vector case m > 2 by comparison has been studied very little. We note that
for the coexistence of three or more phases a vector order parameter is necessary
and so there is physical interest for the system. On the geometric side (1.3), when
rescaled as in below, it produces minimal partitions {P;}Y (see (1.7)) that ex-
hibit junctions, that is singularities with certain structures, that do not exist for
m=1.

Form >2 has been mainly studied in the class of equivariant solutions with
respect to point reflection groups beginning with Bronsard, Gui and Schatzman
[10] and later Gui and Schatzman [18], and has been significantly extended and
generalized in various ways by the authors, including also finite and discrete groups
[8]. We refer also to Chapters 6 and 7 in [5] and the reference therein. The only
related works that do not require symmetry concern the case N = 2, see [22, 20, 24].

We will be focusing on the rescaled functional

J6 () = f (§|VU|2+%W(U))dx, (1.4)

Q

where Q) is an open, bounded, C'*, for some «a € (0, 1), smooth connected set and we
consider the minimization problem

min J,(v), v=ge ondQ), (1.5)

where g, is a given map that may depend on €.

The rescaled problem (1.5) is also useful for constructing entire solutions of
over R", and although this point of view is not exploited in the present paper, it
provides one of the motivations behind this work. We revisit this point later in the
introduction.

We are interested in uniformly (with respect to €) pointwise bounded global mini-
mizers connecting minima of W, and for this reason we adopt the simple hypothesis

W,(u)-u >0, for|ul > M, some M,

1.6
gl <M, (16)

which together with the previously mentioned assumptions W € C?2(R";R), W >
0, {W = 0} = {ay,...,an}, 0*W(a;) positive definite, i = 1,...,N, will comprise the
hypothesis on W.
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A major general tool for the study of the minimizers u. of (1.5) is the limiting
functional as € — 0 given by the weighted perimeter functional

N

E(P) = Z 0,/ H"'(dD;NID;), P = {D]-};\il, a partition of Q,

" ) 1.7
0ij = 1nff<§|U|2 + W(U))ds, U(—OO) =q;, U(+Oo) =aj.

R

Baldo [7] established for the vector case m > 2, for the mass constrained problem,
that I' — lim._ J§, = E(P), from which it follows that along subsequences

lim fu. = soll ey = 0, (1.8)

where 1, = Zé\il a;Xp, is a minimizer of E under the same constraint.

The other major tool for the study of the minimizers {i.} as € — 0is the Caffarelli-
Cordoba [11] density estimate originally derived for m = 1. This is independent
from I'-convergence and complements it by upgrading to uniform convergence
over compacts in D;. It has been extended to the vector case in [4]. We refer to
Chapter 5, in [5].

A major difficulty that one faces in implementing these general results and their
variants is that the convergence in does not come with an estimate in €. This
also is the major obstruction for utilizing the rescaled problem in constructing en-
tire solutions to (1.1).

It is only under symmetry conditions that such exponential estimates similar
to below have been obtained in generality. More specifically we have the
following general result (Theorem 6.1 in [5])

Theorem 1.1. ([3, 2, 14])
Under the hypotheses
Hi: We CHR™;R), W >0, {W =0} ={ay,...,an}, ?*W(a;) positive definite,i = 1,...,N.

H»: G a finite point reflection group acting on R™;
W(gu) = W(u), any g€ G,u € R".
Moreover there exists M > 0 such that W(su) = W(u), for s > 1 and |u| = M.
Hj: Let F C R™ be a fundamental region of G. Assume that F contains a single global
minimum, say a,. Let G,, be the stabilizer of a, and set
D := Int(Ugeq,, gF).
Note that a, is also the unique global minimum of G in D. Moreover
Gl _
|Gy, |

Then there is an equivariant entire solution of

N.

Au—W,(u), u(gx)=gu(x), anyxecR", g€GC.
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The solution u is a minimizer in the equivariance class and has the following prop-
erties:

(i) |u(x) —ai| < Ke™*4®D)  x e D, k, K, positive constants.
(it) u(F) C F, u(D) c D (positivity).
(iii) lim)_ o u(Agv) = gay, for g € G, uniformly for vin compact subsets of DNG"
(connecting the minima).

The proof of this theorem is based on minimizing in the equivariant class

I = [ (31 + W)

Br
over balls centered at the origin, and taking the limit

u(x) = RliIPOO ug(x).

Uniform (in R) estimates at infinity are crucial for guaranteeing the non triviality
of u. A fundamental step is the derivation of the estimate

|MR(X) - 611| < Ke_kd(x'gDR), X € DR =DnN BR, R > RO,

or equivalently

lue(y) — | < Ke_éd(y"ml), yeDe= l, y=€x, e<e=—.
R Ry
We note that the pointwise estimate in below is weaker since it only locates
the internal layer within O(e3) neighborhood of the sharp interface, and by itself
is not sufficient to produce a connecting entire solution. We believe that this is the
effect of the lack of symmetry. However what is crucial for a successful rescaling is
the optimal thickness O(e) of the layer.

In the present paper we illustrate in term of various simple examples how the
derivation of sharp lower bounds for J¢,(u.) allows extraction of pointwise estimates
for u. — uy all the way up to the boundary of the partition. We do not make any
symmetry assumptions. We do not utilize the limiting problem, but we do utilize
the vector Caffarelli-Cordoba density estimate.

We now describe the content of the paper in more detail. We consider two exam-
ples where besides an upper bound it is also possible to derive a sharp lower bound
for the energy of a minimizer of problem (1.5). We show that the knowledge of sharp
lower and upper bounds together with the vector Caffarelli-Cordoba density esti-
mate [11], [4] allow for an accurate description of the fine structure of minimizers
for all € > 0 sufficiently small. A key point of the analysis is that the lower bound
is obtained by considering only the energy in a proper subset of Q).

In our first example Q is a bounded domain in R", n > 2 and g. = z where z €
R™\ A, A ={W = 0}, is a fixed vector. We prove
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() .

Ficure 1. An example of Q).

Theorem 1.2. Let u (u = u.) be a minimizer of problem (L.5) with g. = z, z € R" \ A.
Then there exist a, € A and positive constants k, K and C such that

_1
u(x) — a,| < Ke™c@@dD=Ce0)" -y
where r* = max{r, 0}.

The proof of this theorem is based on the fact that one can show (see Theorem
that most of the energy of a minimizer is contained in a tiny neighborhood of
dQ). This allows for a transparent use of the density estimate in combination with
the sharp upper and lower energy bounds.

In our second example we consider a domain Q) C R? as introduced after and
with the additional geometrical property

QN[0,1] x[0,k] = [0,1] X (0,h) =: R. (1.9)

In Figure [1] we give an example of a set Q) that satisfies (1.9). In [ >0 and
h > 0 are free parameters and our interest is in describing the fine structure of
minimizers as a function of the ratio /1/l. We choose the Dirichlet data u = g. on
dQ, gc a Cl2(Q;R™), some a € (0,1), with the feature that ge converges, as € — 0,
in a controlled manner to a step map taking values a_,a, in A. Here a_ € A can be
fixed arbitrarily while a, is chosen via a minimizing process (see Lemma that
determines a minimizing connection u : R — R” between a_ and a,. We assume

Qe(x,0) = ge(x, h) = a,, x € (Coe, I - Coe),

8o y) = az, (x,y) €IQN\ (0,1) x 0, ),
8 SC gt )l < S, 1€ 0,GOUA-Coe ), y=0h, (110

C
|ge,x('l ]/)|a < a7 y = 01 h.

€1+a
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Ficure 2. The case ] < h. Blue =a_, red=a,.

We show that the structure of global minimizers u. for 0 < € << 1 depends dras-
tically on whether [ < h of | > h, that is on the geometry of Q. Figures |2 and |3|are
simple illustrations of the cases 1/l > 1 and h/I < 1.

We state our main results

Theorem 1.3. (I < h, The Boundary Layer Case) There is ¢, > 0 such that, if ue,
€ € (0,e0] is a minimizer of (1.5), then

20l — Ce < f(gla;;; ? + %W(ue))dxdy < Jo(ue) <20l + CelIn eP,

R (1.11)

lue(z) —a_| < Ke‘lé(d(z"rg)_(ﬁ”“el%y, zeQ,
where o is the action of the connecting orbit between a_ and a, (cfr. (1.7)) and C, k
and K are positive constants, and d*Q = (0,1) x {0, h}.

These estimates imply that . converges uniformly in compacts in Q \ 9*Q toa_.
Furthermore Theorem [1.3] is complemented by Theorem [4.8] below, which estab-
lishes the existence of a boundary layer at 0*Q strictly thicker than O(e). See
for explanations.

Theorem 1.4. (I > h, The Internal Layer Case) There is €y > 0 such that, if ue,
€ € (0,¢] is a minimizer of (1.5), then

20h — Ce < f(gl?;: >+ %W(u&)dxdy < Jo(ue) < 20h + Ce,

D
(1.12)
[ue(z) —a_| < Ke—’é(d(z,R)_ce%)+, 2CQ\R,
lue(z) —ay| < Ke‘lé(d(Z/Q\R)—ce%y, eR
where D is strictly contained in Q, and K, k and C positive constants.

These estimates imply that, as € — 0, u. converges to the step map uy:

_Ja., inQ\R,
Yo=19 4* inR,
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Ficure 3. Case [ > h. Blue =a_, red=a,.

and the convergence is uniform in compacts in Q\ {0, [} X [0, #] and all the way up to
dQ. In particular there are no boundary layers. On the other hand there are two
internal layers located within a distance O(e%) from the discontinuity sets {0} x(0, ),
{I} X (0, h).

At a formal level it is not difficult to understand why minimizers favour the
boundary layer or the internal layer by considering the limiting problem and as-
suming that the Dirichlet data are preserved and comparing the interface energies.
We refer to [6] where a scalar problem with e-dependent Dirichlet data similar to
ours is considered and the I'-limit is justified rigorously and also to Theorem 7.10
in [9].

The lower bound estimates have different features that play different roles in the
derivation of the pointwise estimates.

Fist note that they involve only part of the gradient. For instance in the internal
layer case via the lower and upper bounds we obtain

f |aauy€|2dxdy <C (1.13)
Q

which implies that, for small € > 0, the interfaces are almost orthogonal to the x
axis. We note that this point is reminiscent of an estimate in Alama, Bronsard and
Gui [1] and also in Schatzman [22] where, however, the setup and the arguments
are entirely different (cfr. [5] Theorem 8.5 and Lemma 9.4). In the boundary layer
case the presence of the logarithm term (that we don’t think can be removed) does
not allow the derivation of a bound independent of € for fQ I%Izdxdy. However it
serves a similar purpose (Lemma for establishing the width of the boundary
layer as we explain later in this introduction.

The other feature of the lower bounds is that they are based on proper subsets
of Q. This fact, in conjunction with the upper bound can be used to obtain certain
refinements and estimates up to the boundary in the remaining part of Q via the
density estimate.

At a formal level it is not difficult to guess that the boundary layer is strictly
thicker than O(e) since there is no connecting orbit in the halfline. For establishing
this, one needs to show that the problem in the half space

AU =W, (U, (&,1) € RX(0,00),

1.14
u,0)=a,, £€R, ( )
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has the unique solutions U° = a,. In the scalar case m = 1, and in the whole plane
(on R" generally) it was established by Modica [19] that, if the entire solution U has
a point xy € R” such that W(U(xy)) = 0, then necessarily U = a where a = U(x) € A.
He obtained this as a corollary of the so called Modica Inequality

1
EIVUI2 < W),

that is valid for L* solutions of AU = W,(U), U : R" — R.

Farina and Valdinoci [13] have extended the Modica inequality to solutions satis-
fying AU = W,,(U) in the half space R"~! X [0, o0) provided that U € C?>(R""! x[0, c0))N
L>. Utilizing this result we settle the question following form = 1.

However for m > 2, P. Smyrnelis [23] (cfr. 3.3 in [5]) has pointed out that the
Modica inequality is not generally valid and thus a different approach is required.
For this purpose we can employ an appropriate Hamiltonian Identity of Gui [17]
(e.g. 3.4 in [5]) together with the analog of mentioned above to deduce that

ou° )
7= = 1.1
[ 15 e =0 115)
R
and thus conclude via a unique continuation theorem in [15], that U°(&, 1) = a;.

The following simple estimate on the 1-dimensional energy is basic and is imple-
mented in several places throughout the paper

52

712
Jir50)(0) = f ('U C W(0))ds > o — CW%((SE +62), (1.16)

2
51
where Cyy is a constant depending only on W and |v(s;) —a_| < 6_ and |v(sy) —a,| < O,
(cfr. Lemma below).
The pointwise estimates and are obtained via linear elliptic theory
from an estimate of the type

lue(z) —al <6, ze VcQ, some open V, a1.17)

where 6 > 0 is a small number.
A route for obtaining (1.17) in a neighborhood of the part of dQQ where u = a is by
constructing a V with dV partially coinciding with dQ) and such that

[ue(z) —al <6, ze€dV.

Then we conclude via Theorem 4.1 in [5]. It should be noted that this argument uti-
lizes the fact that Q is 2d and dV is a curve along which can be implemented.

Finally a few comments on possible extensions of our results are in order. We
have studied the case I < h and | > h and established a significant qualitative
difference between the global minimizers. We expect that both types of solutions
exist independently of the relation between [ and % but as local minimizers. The
case | = h is open. Here we expect two types of global minimizers. Extending
the results to genuinely higher dimensional examples is not straightforward. A
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minimizer of the type of Theorem should require that the boundary JQ or part
of it is a minimal surface. The lower bound also should be significantly harder since
the sections will not be one-dimensional.

The remaining part of the paper is structured as follows: in §2 we present the
basic lemmas. In §3 we present a different Example 1. In §4 we study the example
covered in Theorems and |1.4] above. First we introduce the hypothesis in §4.1.
Then in §4.2 we consider the boundary layer case and in §4.3 the internal layer case.
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2. Basic LEmMAs
Lemma 2.1. The nondegeneracy assumptions on the zeros of W imply the existence
of 6w > 0, and constants cy, Cyw > 0 such that

1 1
= Ec%vlu —a < W(u) < EC%,VIu —al’; |[u—al < 6w, a€A. (2.1)

Moreover, if
Mingea [u —al > 6,
then (2.2)
12,6 < W(u).
For amap v: (s1,5) —» R" in Hlloc, with —oo <51 <55 < +00, we define

52

Jero0 (@) = f ('7’2’|2 + W(0))ds.

51

For J(_w,+0)(v) we also use the notation [r(v).

Lemma 2.2. Given a_ € A there existsa, € A’ = A\ {a_} and a map u : R —» R"™
which satisfy

lim u(s) =a_, lim u(s) = ay,
§——00 §—+00
J(@@) = min Jx(0),
where the minimization is taken on the set of v € Hlloc(]R; R™) that satisfy

lim v(s) = a_, lirp d(v(s),A”) = 0.

§——00
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Given z € R™ \ A there exist a, € A and a map u, € Hlloc([O, +00); IR™) that satisfies
u,(0;) =z, lim u,(s) =a, € A,
s—+00
J(0,400) (Uz) = Min J(g 400)(0),
where the minimization is taken on the set of v € H}OC([O, +00); R™) that satisfy
v(0) = z, lir+n d(v(s),A) = 0.
S—+00

Proof. See for example Theorem 2.1 in [5]) and its proof. O

We set 0 = Jr(11) and 0, = J+0)(#1z). That is: o is the energy of the map u that
connects a_ to a, and o, is the energy of the map u, that connects z to a..

Set I'g(a.) = {a.} and I's(a.) = dBs(a.) for 6 > 0.
Lemma 2.3. Let a., a,, u and U, be as in Lemma

(i) Let 6. € [0,06w], Ow as in Lemma and let v : (s_,s,) = R™ be a smooth
map such that

lim d(o(s), T, (a.)) = 0. (2.3)

Then ) )
Jis_s)(©) 2 0 — ECW((SZ_ +6%). (2.4)

(ii) Let v e C((0,s.); R™) N C([0,s); R™),

v(0) =z,
lim d(o(s), T, (a.)) = 0. (2.5)
Then .

Jos)(©) 2 0, = §CW6‘2*' (2.6)

Proof. 1. For6_ =06,=0 is just the statement of the minimality of u. Therefore
we can assume that either 6_ or 6, or both are positive. From and 6, > 0, if
s, = +oo, it follows fs " W(v)ds = 400 and holds trivially. The same is true
if 5, > 0, s, < +oo and lim,_,;, v(s) does not exist. Indeed in this case we have
fs f+ [0?ds = +o0. It follows that, if 5, > 0, we can assume s, < +co and moreover that

SILI? v(s) = vy, (2.7)

for some v, € I's,(a;). An analogous conclusion applies to the case 6_ > 0.
2. If both 6_ and 6, are positive and w. is a test map that connects v, to a., the
minimality of  implies
Js_s0(@) 2 0 = J(w-) — J(w.),
where J(w,) is the energy of w,. This yields provided we show that w, can be
chosen so that

1
](wi) < ECwéi
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3. We choose
w, = (1—- 7/(5))LLr + &U+, )/(S) — 6+€_CW(S_S+)-
O, O,
If 5, < Oy, it follows from (2.1) that
, +00 2 +00 .
E f|w+|2d5 — TW|U+ _ 61+|2 fe—ZCW(s—s+)dS — chéi’

+00

+00

C2 1
fW(w+)ds < TWIUJ, —a, fe_ZCW(S_S*)ds = ZCW&'
St

S+

This and the analogous computation for [(w_) establish (2.4) for 6_ and 6, positive.
Clearly (2.4) is valid also if 6_ or 6, vanishes. The proof of (2.6) is analogous. The
proof is complete. O

We also define ¢* by setting
o= ll;}f ](51,52)(0)/

where v € HllOC (s1,52); R™) is a map that satisfies v(s;) = z and lim,_,,, v(s) € A \ {a.}.

Note that, if the extreme a, € A of u, is uniquely determined, then we have
0, <0

The same is true if 4, is not unique provided the set of v is restricted to the maps
that satisfy lim,_,,, d(v(s2), A \ A;) = 0, where A, C A is the set of possible a.’s.

Lemma 2.4. Minimizers u. of problem (L.5) (actually H'(Q;R™) critical points )
satisfy the estimates

lluell < M,

r” (2.8)
Vit < %

Proof. By linear elliptic theory u. € C>(Q; R™). Set v, = |u.[>. Then
Ave = 2W,(ue) - ue + 2|Vue* > 0, for |uc| > M. (2.9)

Hence max |u.]*> < M? if v. attains its max in the interior of Q. On the other hand by
(2.9) maxyq |u.] < M and (2.8), follows. For the gradient bound rescale the solution
of the Euler-Lagrange equation

1
eAu, = EWu(ue),

by £ and denote by I, § the rescaled u,, gc. Then by linear theory (see (8.87) in [16])

i+ < C'(lllle +18h,0) < C”.
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Hence
Vil < C”,
and therefore (2.8), follows. O

3. ExAMPLE 1
We consider the problem

e . € 1
mmb@)kﬁnsz%Wﬁ+—mem
uco/ 2 €

e (3.1)
o ={ue H(QR") :u=1z x €9Q)},
where QQ C R", n > 2 is a bounded smooth domain and z € R” \ A is a fixed vector.

We let u = u. a minimizer of (3.1). We now introduce a special system of coordi-
nates in a neighborhood of JQ that we use for deriving upper and lower bounds for

Jo(ue).
For each p € JQ) we let v, the unit exterior normal to JQ at p. The smoothness of
Q implies that there is /1y > 0 such that

x(p,h) =p—hv,, p€dQ, he (~hy,hp)
defines a diffeomorphism of dQ X (—hy, hy) onto {x € R" : d(x, dQ) < hy}. We have

1-hk 0 0
oo ) 0 1-hk 0 0
A | 0 0 1-hky 0
and
det( 2P, T} (1 - hiky),

d(p, h)
where ki, ..., k,_1 are the principal curvatures of JQ at p. We let 0., 0" and u, as in
§2. We have

Lemma 3.1. (Upper Bound) There is a constant Cy > 0 such that
J&(ue) < 0, H" 1 (9Q) + Coe,

for a minimizer u. of (3.1).

Proof. We define a comparison map i : Q — R by setting

Ax(p, ) = (), A0, e [0,1),

fi(x) = az(%), x€Q, d(x,dQ) > he.
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Ifey, ..., e,-1,v, is an orthonormal basis with ey, ...,e,-; tangent to JQ at p in the di-
rection of the principal curvatures, we have

iy (x(p, 1) =0, he(O,h), j=1,...,n-1,
1_, h
iy, (x(p, 1)) = E“z(g)/ h € (0, ho).

It follows that

ho
€ ~\ 1 1 —/ h 2 — h n-1
Ty @ =7 [ [ GIECR + WD)~ ey
Q 0
h_[)
= fflﬁ;(s)lzll_[’;;ll(l — esky)ldsdp < o, H"(9Q) + %Coe,
dQ 0

where Cy > 0 is a constant and we have used %Iﬁ;(s)l2 = W(u,(s)). We also have

€ 1. h
J {d(x,aQ)zho}(u) = EW(uZ(?)) f dx
{d(x,0Q)>ho}

2khg

1 . _ h 1 -2 1
< 5o Chli(2) — a0l < 5-CLK e =10 < 5Cue,

where we have used (2.1) and [u,(s) — a,| < Ke ™™ for some kK> 0. O
Next we introduce some basic lemmas and the lower bound.

Lemma 3.2. Let u. a minimizer of (3.1) and 6 > 0 a small number. Set Qs = {x €
Q : mingeg e — al} < 6}. Then there is a constant C; > 0 such that

C
19:] 2 10I(1 - 7€),
where |-| stands for the n-dimensional Lebesgue measure.

Proof. Let Q¢ = Q\ Q,. Then Lemma [3.1|and (2.2) imply
5

1¢2,6%

2

10| < % f Wiue)dx < J5 (1) < o H"™(9Q) + Coe.
Q

It follows that there is C; > 0 such that

q .G
|Q6| < 5=

C
19s] 2 1QI(1 = 0.

Qle,
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Theorem 3.3. (The Lower Bound) Let u. a minimizer of (3.1). Then there is a con-
stant C > 0 such that

I (1) = 0. H™ 1 (9Q)(1 - Ce?). (3.2)
Proof. For each p € Q) define h, by setting
h, = ho, ifp—hv, € Q, hel0,h],
h, = max{h € (0,ho] : p —sv, € Q35, s € [0,h)}, otherwise.
Let a € [0,1) a number to be chosen later and let
S ={pedQ:h,>e").
We have

ELV

ffm" '(1 — hk;)|dhdp < ffm" (1 = hkj)ldhdp < |Q| < —|Q|e

S Sa
This and |H’]?‘1(1 —hk;)| > 1 - Cie” (C > 0 a constant that depends on the curvatures
of Q) imply the existence of C, > 0 such that

H (7N (1 = Cre®) < C—21|Q|e,
C (3.3)
= " 1(5/(1) < 622 el- —aqn- 1(aQ)

Next continuing with the canonical coordinates near JdQ (pag.354 in [16]) and uti-
lizing that |Vu.| > % , d the distance from JQ), and a standard estimate on the
Jacobian, already employed above, via Lemma we obtain from (3.3)

Jo(ue) > (02 — %Cwéz) f min{l, IH’;_l(l - €%kj)lidp

207
> (0, — %Cwéz) f (1 - CreMdp
207
> (02 = 5CHb)H @O — 21 - Gie?)
It follows
Jo, (1) = 0. H" (Q)(1 — Ca(62 + €% + e;a)),
for some constant C; > 0. This implies fora=1,6%= €s. m|

Let 6o € (0, min;y; %Iai —aj]) and 6 € (0,00) be fixed. A consequence of the upper
bound, the lower bound and the density estimate (see for example Theorem 5.2 in
[5]) is that a minimizer u remains near just one of the zeros of W throughout Q.
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3.1. Proof of Theorem
Proof. 1. Assume x, € Q5. Then by Lemma [2.4) we have the gradient bound

Vue| < —
€
which implies
min |ue(x) — aj| > g, X € B s (xp). (3.4)
j 2M

Letv: % — R™ be defined by v(2) = u.(x). Then the minimality of u. implies that v
minimizes fg (3IVol* + W(v))dy and (3:4) implies that v satisfies

2

Then arguing as in the proof of Lemma 5.5 in [5] we obtain, via the density estimate,
with ¢’(0) a constant,

. 0
min lo(y) —ajl > 5,y € B (o).

. ’ n— Q
1B,(yo) N {y : min [o(y) —ajl > 6} = (60 — O)'(O)"*™, 1 < d(ys, a(?)),
which, in terms of 1., becomes
€ "|Ber(x0) N QXS] > (89 — 8)c (0", er < d(xy, 0Q).
It follows
T3 oy () = ws(80 = 0)c’(0)(er)"™" = Cs(er)"™, er < d(xo,9Q), (3.5)

where w, = mineeq: W(ue(x)) > 0 and Cs = ws(5o — 6)c’(6)-
2. From the proof of Theorem [3.3| we see that the right hand side of (3.2) is an

estimate of the energy contained in an e3—neighborhood of dQ. Therefore we can
add the energy [z, and improve the lower bound given by (3.2) provided x, and r
satisfy the condition

d(xo, 0Q) > €3 +er.
In order to contradict the assumption that x, € )} by utilizing the upper bound
given by Lemma we choose r by imposing the condition
20, H"1(0QQ)C
Cs

where C > 0 is the constant in (3.2). With this choice of » we obtain that the exis-
tence of a point x; € Q) that satisfies d(xo, Q) > e} +C'e (here C’ = (W)nlﬁ)
implies

1 1
) =y e_(l_ 3(m-1) ),

Cs(er)"™ = 20, H" 1(9Q)Ce? & 1= (

Jey(ue) = 0:0Q(1 + Ce?)

which is in conflict with Lemma [3.1l This and the smoothness of the minimizer u
imply that there is a5 € A such that

d(x, Q) = 2C" +1)e™T = |uc(x) — ao| < 6. (3.6)
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3. Finally we show that ay € A,, A, C A the set of possible a,’s. If this is not the
case, from Lemmas [2.3] and [3.1] we have

(o - %CW62)7{”‘1(8Q)(1 — CreT) < 0 HHIQ) + Coe,

where Cg > 0 is a constant that depends on C’ and from the curvature of Q. Since
0* > 0, this inequality cannot hold if 6 and € are sufficiently small. This proves the
claim.

From (3.6) with ay = a, and via linear elliptic theory we obtain the exponential
estimate. The proof is complete. O

4. EXAMPLE 2
We consider the minimization problem
. _ € o 1
minJ5 o), 500 = [ (S9uf + Wa)e,

Q
o ={ue H(QR™ :u = g, x € Q).

under the hypothesis on the potential W and the Dirichlet data stated in the Intro-
duction (below (1.1, in (1.2) and in (1.6))

4.1. % > 1 The boundary layer case. In this section we analyze in detail the
structure of the minimizers of J¢ (1) under the assumption

I <h. (4.2)

We will establish Theorem of the Introduction. The proof is based on the
tight lower /upper energy bounds and on the vector analog of the Caffarelli-Cordoba
density estimate (see [[5] Theorem 5.2]).

Set J&(v) = f]R(%|U'|2 + 1W(v))ds and note that
0 = Jx((2)) = Jr(@.

(4.1)

4.1.1. The Upper Bound.

Proposition 4.1. There is a constant C; > 0 such that, if u. : Q — R™ is a minimizer

of the problem (4.1) then
JE,(ue) < 2o + CielInef. (4.3)

Remark 1. We don’t believe that the logarithm can be removed.

Proof. We show that there exists a test map i : Q — R" that satisfies the bound
(4.3). Let n > 0 a small number to be chosen later and set

Ll = [C()e/l - CO€] X [0/ 217]1 LZ = [COE/Z - CO€] X [h - 217/ h]/

1_ . 21
T"={x,y):0<y < x, x € [0,Cpe]}.
C0€
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We denote by T? the reflection of T" in the x axis, by T° the reflection of T" in the y
axis, by T, the reflection of T? in the y axis and by T/, we denote T/ subjected to the
translation 7 € R?. Set

3 4
U T(LO) U T(l,h).

We set ii(x,y) = a_ for (x,y) € Q\ B. To define @ in L, U L, we use the map
v : [-n,n] = R™ given by

B=LULUT' UTy,

c%@((_” + Coe —8)a_ + (n + s)u(Cy — g)), -1 <s < -n+Ca,
U(s) =4 u(®), —n+Ce<s<n-Coe,
2 -9l = Co) + (s =+ Coe)a)), n-Coe<s <.
There are positive constants k and K such that (see Proposition 2.4 in [5])
[(s) —a_| < Ke®, s<0,

_ (4.4)
[t(s) —a.| < Ke™, s>0.

We take 1 = 3-¢€|Ine€l|. Then (4.4) implies

1
(Co — 1) — | < Ke®2eme? = Cyet,
€

1
(1 = C) — a,| < KeCene® = Caet.
€

This, (2.1), the definition of v and a standard computation yield

€ =\ € = 1 Cg 2 2
](_n,_m_cze)(v), ](T]—Cze,fl)(v) < E(C—Z + CWC3C2)€ = Cqe. (4.5)

This and the obvious inequality ](e )(5) < o yield

—1n+Cae,n—Cae
J (@) <0 +2C4e. (4.6)

We set

~ 5(y_h+77)/ (x/y)ELZ/
= 4,

wx y) { v(n—y), (x,y) € L. 4.7
It remains to define ii on T U T(zo,h) U T(3l,0) U Té,h)' We define ii on T!. The definition on

T(20 " Tfl 0y TE*I » is similar. Let (r,s) € R? be coordinates with respect to a positively
21

oriented system with origin in (0, 0) and the s axis coinciding with the line y = & x.

We define ii|;: on each line parallel to the s axis by linear interpolation between 0the

values on the intersection of the line with the boundary of T'. Set A = (Cle* + 4?)z,
a =€ and g = 2. With this definition it follows that

T.
B _a
Sr—s r §— gl _ r a
e e 0 —La(n+ D), seld
e A a B

ii(r,s) = r,A— gr], re[0,aBA]l.  (4.8)
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Since ii is uniformly bounded for ¢ — 0* the same is true for W(ii). It follows that

%fW(iZ) < CCyn = CelIne|. (4.9)
From (4.8) we have
B _ 1 _ r r
fis(r,8) = 5 a_rﬁ(v( n+-) g(ﬁ,O)),

and therefore

fluslz—eTAAf_rluslzdsdr_eafm T —o(-n + )_ (,8 0)Pdr.
BT

Observe that from A = 2n and aA = Cpe it follows that

r=aph = i+ D) =30 = 8(5,0) = 8(Coe,0) =

This and the fact that [0'], |g,| < € 1mp1y

Fon+ ) = 805,00 < Fon+ ) =il +13(5,0) - a.

p
C C
< (20 21+ 15 -ad) = ;“;ﬁﬁ (apr=).

(4.10)

With this estimate we obtain

flusl2 f ﬁﬁ)z( apA —r)dr

C 2 _C o
= EaﬁA (a+p) < ?ozﬁA < Cellne|.

After some manipulation we obtain

§(5,0) = 5=+ £)

ii,(r,s) = i(azA —5)

ap (A - iﬁ)2
1 A—gr—s Ly - s r 15~ 57_
This and (4.10) imply
C (@A =s)* +a*(A —5)* + B*(s —
|ur|2 <=
€? ((xﬁ/\ — r)2
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Observing that

A—gr

o 1+ab+p°

f (@A =5y +a®(A - gr — s+ fs — Ei’)z)ds = W(Qﬁ/\ — 1)},

%r
we finally obtain

aBA A——r
flurlz = ef f |ii,[>dsdr
%
apA

CA? 3
f(ocﬁA —r)dr = 2eap < Ce|lnel".

0

The proof is complete. O

4.1.2. The Lower Bound. We now derive a lower bound for the energy of a mini-
mizer u. : Q — R of problem (4.I) (see also Corollary [4.4] below).

Proposition 4.2. There exist €y > 0 and a constant C > 0 independent of € € (0, €]
such that, if u. : Q — R™ is a minimizer of problem (4.1), then

16\ (e) = f f €| Jep %W(ue))dydx > 2o - Cet. (4.11)

Proof. 1. Given y € (0,h),let £, = {(x’,y’) € Q: vy’ = y} and let Y C (0, ) be the set
={y €(Oh): Ly N {minue —a| < 8} =0},

where 6 = 4. is to be chosen later. That is the set of sections X, on which 1. is 6 away

from all a # a_. To estimate the measure H'(Y) from below we note that y € (0,h)\Y

implies the existence of a # a_ and (x(y), y) such that |u.(x(y), y) —al < 6. From this,
(4.3) and Lemma [2.3] we obtain

2l + Cye|Inef > f f (%%ue(x, Y + %W(ue(x, y)))dxdy

OM\Y I,
> (20 — Cw&*)(h — H(Y)).
It follows, for 6 > 0 small, that
HY(Y)>h—-1-0() > %(h —=1I).

2. Among the sections X, considered in the previous step (a large set) consider
those that contain a subset on which u. is also 6-away from a_. We will show that
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this subset has small measure for most of these sections. Set ¥ = {(x,y) € L, :
luc(x, y) —a_| > 6}. Then the definition of Y implies

rgllue —al>96, (x,y) €L, yey,
and therefore, from Lemma 2.1]and Proposition 4.1 we get
1 *
2—€C%N62 f?{l(Zy) < 2lo + Cq€l 11’1€|3,
Y

4.12)
lo

* % € %
= f?-(l(Zy)SC ?l C :8C_2
v W
Let V' = {y e Y : H(Z}) > WC*(S%}. Then (4.12) yields H'(Y") < 1H'(Y), and in
turn by step 1.
H(Y\Y) > i(h -1I).
For each y € Y\ Y* we have that H'(Z}) < H%(Y)Cé% It follows that
. 2 €
yeY\Y = Hi(lre©D:luoy) ~al o) > 1 gl

3. From step 2. there exist y;,y> € (0,h), yo — y1 = %(h —1), that satisfy (4.13). The
boundary condition implies u.(x, k) = a, for x € (Cpe,l — Cpe). Hence from (4.13) we
have

(4.13)

2 €
H'({x € (Coe, I — Co€) : |uc(x, yo) —a_| < 6}) > 1 —2Coe — 7{1—(Y)C§
This and Lemma [2.3] imply
JiCoe -Coerxyayiy(He) Z Sy (e, -))dx
{xe(Coe,I-Coe):lue(x,y2)—a—|<0} (414)
1 » 2 . €
>(0—= - - =).
> (o 2CW6 )1 —2Cpe 7{1(1/)C 62)

Since a similar estimate holds for Jicsel—coepx0 yl)(ue), the lower bound (4.11) follows
from (@.14) with 6 = €i and from the fact that ](60 yl)(ue(x, 1)) and ](ey2 h)(ue(x, *)) only

account for the derivative (%ue. The proof is complete. O
Remark 2. The lower bound in Proposition is an estimate from below of the
energy of the minimizer u. in the set D = [0, [] X ([0, y1] U [y2, h]) which is quite tight

with respect the upper bound (4.3) on the whole domain. Hence we expect that, in
Q\ D, the minimizer to be close to a_ uniformly.

Set 60 = %min#]- |ﬂi - ﬂ]|
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Lemma 4.3. Fix 6 € (0,0] then there is a constant Cs > 0 such that

z€Q, dz,D)) > Cse? = |uc(z) —a_| <. (4.15)
Moreover there is a constant k > 0 such that
lue(z) — a_| < de™cW@E&D~Ce)' 5 e O\ D. (4.16)

Proof. 1. We first establish (4.15). Suppose that min,e |uc(zo) — a| > 6 for some
zo € Q\ D. From the gradient bound |Vu| < ¥ it follows that minge, |uc(z) —al > 2
forze B 2 (zo). Then by the Caffarelli-Cordoba (vector version) density estimate we
obtain

Jb..z0)(te) = Cyer, for er < d(zo,d(Q2\ D)), (4.17)

for some Cj > 0. We choose r by imposing

. 2C
Cier = 20e? o r= —?e ,
C

NI=

where C is the constant in Proposition With this choice of r we see that the
existence of zp € Q\ D, d(zy,d(Q2\ D)) > 2% ¢1, implies by Proposition 4.2/ and (Z.17)
o

C

I () > 2lo + Ce?
that contradicts Proposition 4.1|for small e. It follows that

ze€Q\D, d(z,d(Q\ D)) > Cge% = |u(z) —a,| <o, for somea, € A, (4.18)
- 2
=%

2. a, = a_. The smoothness of JQ) implies the existence of d > 0 such that the
points z € Cy, C; = {z € Q : d(z,0Q) < d} can be represented with coordinates (s, r)
where r = d(z,0Q) and s, in each connected component of JQ, is the arc-length of
the orthogonal projection of z on Q.

Given zy = z(0, sp) € JQ and a small interval (s{, s,) that contains s, set

where we have set C;

Nosron = 12 = 2(r,5) : 7 € (0, Ce?), s € (51,5))-

Assume that d(N; s, s,), D) > Cge% and observe that, since a, is locally constant by

the continuity of ., g # a_ implies via Lemma [2.3]
5 50

v L

€2

(1) = (0= Cwo)(s52 = s1)(1 - ‘;) ) (4.19)

]e
Nio 5152

where p > 0 is a lower bound for the the radius of curvature of Q). Since the proof
of Proposition [4.2] implies

TS () > 210 — Ce?, (4.20)
(4.19) is in contradiction with the upper bound given by Proposition and we
conclude

a 1 =da_
z(C€2 ,50)
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This, the fact that s, is arbitrary and the continuity of #, implies the claim and we
have
z€ Q\ D, d(z,d(QQ\ D)) > Cge% = |ue(x,y)—a_| <o. (4.21)
3. We now show that this can be upgraded to (4.15) thus eliminating dQ~, that
is the part of J(QQ \ D) near which we do not expect a boundary layer, and thus
allowing z all the way to the boundary dQ~. The tool for accomplishing this is the
cut-off Lemma (Theorem 4.1 in [5]). We now describe a construction which is needed
for closing the potential boundary layer. Let C > 0 be fixed and assume that, for
some value s; of the curvilinear abscissa on dQ, it follows that

d(z(r,50), D) = Ce?, re€[0,Cie?],
max [ue(z(r, 50)) —a-| = 0. (4.22)
rel0,Cie?]
Then there exists ry € (0, Cge%) such that
lue(z(r,80)) —a_| <6, rel0,ry),
|ue(z(ro, 0)) —a-| = .

Since 6 > 0 is small Lemma implies

2
Wt ((0,50) = 2 ue(0,50) = a-F 7 € 0,0).

This and v(r) = uc(z(r,sp)) — a_ imply

70

d
i) = [ (51570 50D + WG (0500 e

0 (4.23)

1 1o 5 cw
&2cy cosh =g

>f1( | /|2 C%/Vl |2)d >f1( |A/|2 C%/V|A|2)d
Z —(€e|o|”+ —|0 r = —(€0 |+ —|0 r =
2 € 2 € 2 smh—ro

0 0

h gy — uzo)—a- i 01 2 o Sy ;
where the map 9(r) = (Sn—cwn n = geh—, minimizes fo 5€l’|” + L[o|")dr in the

class of maps that satisfy v(O) 0, v(rg) = on. It follows that

Cwé2

j(s0) 2 =5 (4.24)
Let S = {sq : (4.22) holds}. Then (4.24) implies
>(- C* %
>7{1(5)Cw(5 1- 220, (4.25)

]Ez\D(ue) 2 ](SO)(
I

This, (4.25), (4.20) and (4.3) imply

v 1

€2

C; - 1
71(1(S)CW(S 1- bp )+ 2lg — Ce? < 2l + Ci€|Inef
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and we obtain

< Cez. (4.26)

Ce? + Cylelnel?
1

cwd(1 - =)

From (4.26) it follows that, given z(0,sy) € dQ~ with d(z(0,sy), D) > Ce? for some
C > 0 sufficiently large, there are s; < sy < s, with s, —s; < 2Ce? such that (recalling
also that we have u, = a_ on dQ7)

HY(S) <2

|I/l€(Z) —a|<06, z€ aNSo/(SLSz)'

This, since 6 > 0 is a small number, implies that we can invoke Theorem 4.1 in [5]
and conclude that

|u€(Z) - H_l < (5, VALS NSO/(Sllsz).

This and the fact that the only condition imposed to s is d(z(0,s,), D) > Ce? imply
(4.15) for some constant Cs > 0.
4. Finally we establish (4.16) by applying linear theory. Set Q)¢ = {C : eC € Q}.

The map U¢ : Q¢ — R™, U¢(C) = uc(eC) is a minimizer of er (%lVV|2 + W(V))dédn. Fix

z € Q with d(z, D) > Cez. Now (4.15) implies that we can assume C > 0 sufficiently
large to ensure

lue—a-| <8 on Brz)NQ, R=d(zD)-Ce:.
Set E = Br(z) N Q and E°¢ = {C : eC € E}. The minimizer U° satisfies
U —a_| <06, on E
U°=a_, on JE°NJIQO°.
Arguing as in the proof of Lemma 4.4 (p.123 in [5]) with A = E€ and r = 6 we deduce

ey 2 2 %
U (D) —a-I" < 6% (2),

(4.27)

where ¢ : E° — R is the solution of

Ap =cyp, on Ef,
T e (4.28)
¢:§|U —a_|"<1, on OJE°.

Since from (4.27) we have ¢ = 0 on JE° N JQ)°, the restriction to E€ of the solution ¢
of the problem
AY =y, on Bé(E),
, € (4.29)
=1, on aBg(E),

is a super-solution for problem (4.28) therefore, using also Lemma A.1 in [5], we
have

) —a P <orp) s, for Rz ey, (4.30)
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for appropriate k) > 0 and py. It follows that

k 1
lue(z) — a_| < de”=#@ED-C2) - for d(z, D) > Ce?,

where, by adjusting the constant C > 0 we have absorbed the term epy in Cez. The
proof is complete. O

Corollary 4.4. The lower bound (4.11) can be upgraded to

I h
. € duc, 1 =
T () > f f (§| ay' + EW(uE))dydx > 201 — Cle.
0 0

Proof. Consider y;, 1, in Step 3 in the proof of Proposition above. Set 7, =

%(]/1 + 1) — %(yz ), 2= %(yl + 1) + %(yz — 1), then, from y, —y; > %(h — 1) and the
exponential estimate in Lemma [4.3]it follows that

x € (Coe, 1 —Coe), j=1,2 =
1
lue(x, ;) — a_| < e =G < e tD),

Then, by taking € > 0 sufficiently small we can assume

lue(x, §;) —a_| < e%, x € (Coe, 1= Coe), j=1,2.
Therefore, proceeding as for (4.14) with 7; in place of y; and 6 = €2, we obtain
](eo,gl)(”e(xf ), ](eyz,h)(ue(x, ) =0 —-Cwe, xe€(Coe, - Cpe), (4.31)

and therefore the lower bound
I
Jo(ue) > f](eolh)(ue(x, Ndx >2lo —C'e, C =40Cy+ Cyl. (4.32)
0

O

The estimate (4.32)) is basic for deriving information on the structure of the mini-
mizer 1, in the set [0, [] X ([0, y1]U[y2, h]). We begin by studying the one-dimensional
problem:

4.1.3. The one-dimensional problem. Consider the minimization problem

Ay
. 1€ € — E 7|2 1
min Jio1) (@) Jo1,(©) = Of G+ WENds, (4.33)

¥ = {v € H((0,A,);R™) : [o(0) — a_| < €2, |o(A,) —a,| < €2, ).

Note that in the definition of ¥ we have assumed that the interval of definition of
v € ¥ may change with v. Also observe that if A > 0 is a fixed number it follows
that

: € : €
T o < L Ton @) @y
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Lemma 4.5. Assume v is a minimizer of (4.33). Then there exist 0 < s~ <s* < A,
and a constant C* > 0 such that

1 4
st—s” <Ce2, (C TG)
Cw
and
v(s) €B 1(a-), s€[0,5), (4.35)

) €
v(s) € IR’” \ UseaB 1(a), sels,s"],
v(s) € B 1(as), s €(s", M)
Proof. For the energy of a minimizer v we have the upper bound
]fO,Av)(v) <o. (4.36)

This follows from Lemma [2.2| and the definition of 0. Set

s” =sup{s>0:0(s) €B %(a_)},

st =inf{s < A, :0v(s) € B;(aJr)}.

Lemma 2.4 and Lemma 2.5 in [5] imply that, for 6 > 0 small and a € A, the existence
of s; < s, < s3 such that

v(s;) € Bs(a), i=1,3 and v(sy) ¢ Bs(a)

is incompatible with the minimality of v. This property of minimizers implies that
(4.35), and (4.35), hold and moreover that

v(s) e R™\ (Bei(a_) U Bei(aJr)), s€[s,s"]. (4.37)

From Lemmal[2.2} ¢ = Jr(%), the minimality of  and the upper bound (4.36) we also
have

v(s) ¢ Bei(a), a€eA\l{a_,a,}, se[s,s].

From this and (4.37) (4.35); follows. From (4.35); and Lemma[2.1we have W(v(s)) >
%C%Ne% and therefore from (4.36) we obtain

(st — s‘)éc%ve% <o+ Ce

and (4.35)); follows with C* = 37‘7. The proof is complete. m|
W

Now let A > 0 be fixed and define ¥, = ¥,! U #.> where
Vl={ve?¥:A,=A, v(s) € B 1(a), for some a#a., and5 € (0,A)},
ViP={ve¥V : A=A, v(s) € B (@), m=a_,a=a, a05=0- (4.38)

for some 0 <5; <5, <53 <A}
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Let# ={ve? :A, =A}\ ¥. Forw e % we set
s =sup{s € (0,A) : w(s) € Be%(a_),
st =inf{s € (0,A) : w(s) € Bei(m),
SY={s€(0,A):w(s) e R"\ UaeABe%(u)}.
Let K > 1 a number to be chosen later and define
W ={wew :1s*<2Ce?, and
w(s) € BKei(a_), s e [0,s7™), } (4.39)
w(s) € BKei(aJr), se(s™,A] -

Note that )

s -5 <2C€2, weW”, (4.40)
and that Lemma [2.3] implies

](60,/\)(30) >0 — Cwe%, wew”. (441)

We divide #¢ = # \ #* in two disjoint parts #/¢ and #¢ defined as follows
W ={we W |S¥ =2C€),

W ={we W :|S° <2Ce?, and (4.42)
w(s) ¢ BKei(a_) U BKE% (a,), for some s ¢ [s7,s""]}.

We set ¥ =¥, U#*°U#°and observe that ¥ ={ve ¥ : A, = A} \ #*. From the
definition of ¥ we see that maps in 7 have a structure that differs substantially
from that of minimizers of problem (4.33) described in Lemma 4.5 We need a
quantitative estimate of the energy price paid by a map w € 7.

Lemma 4.6. Let V¢ be as before. Then there is K > 1 such that
we Y = J5 @) >0+ Ce. (4.43)
Proof. 1. If w € ¥;! we have Too(

minimality of u. If w € ¥,> Lemma [2.3|yields Jo, A)(w) > 20 — Cyyer.
2. If w € #¢ we have

w) > o + 1 for some 1 > 0. This follows from the

W(w(s)) > %cﬁve%, seSsv.
It follows that

1 . . 20
Jon(@) = EW(ZU(S))|SW| >2c2,C =40, (C'= CT)
w

3. If w € #° we have
w(s™") e EG% (a),

w(s*) e Eei (a,).
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This and Lemma [2.3] imply
1
Jis-w gy (W) = 0 — Ce€?. (4.44)

By assumption there is s ¢ (s™*,s*") that satisfies w(s) € R™ \ (BKE%(a_) U BKG%(aJr)).
From this follows the existence of two intervals I; = [rj,s;] C (0,A)\(s7,s™"),j=1,2
such that

1
W(w(s)) > Ec%ve%, s el
lwo(rj)| = eo(sll > (K = 1)et.
This and a standard computation imply
1, :(K=-1%2 1
]fj(w) > 5(62 + —

|| €l
that together with (4.44) yields

]fO,A)(w) >0+ Qew(K-1) - Cw)é‘% =0+ CWE%,

L) = ew(K = D)e?,

where we have chosen K =1 + S—VVVV The proof is complete. O

4.1.4. The structure inside the domain. From (4.31) we have a good lower bound for
the energy [ g,)(ue(x, *)) or J(5,n(ue(x, -)) of the restrictions of the minimizer u. : QO —
R™ to each fiber {x}X (0, §1), or {x}X (i, h) and therefore we expect that u.(x, ‘)|, and
ue(x, *)lp,n should be well approximated by a translation of u(—) and u respectively.
We prove that this is indeed the case for most x € (Cye, [—Cpe). To show this we apply
the results in Lemma[4.5|and Lemma [4.6]to 1. restricted to the fibers {x}x (0, §;) and
{x} X (#2, h). This requires a natural reinterpretation of the notation. For instance,
when dealing with the fiber {x} X ({,, i) the interval (0, A) in problem (4.33) should be
replaced by the interval (i),, i) and the intervals [0,s7*] and [s**, A] in the definition
(4.39) of #* with the intervals [{, #> + s7] and [, + 5™, h]. For w = uc(x, -)|,n we
set
N = h— §y — s,
Let X = X7 U X, c (Cye, I — Cpe) be defined by
Xy ={x € (Coe, I = Cp€) : ue(x, ‘)|(0,91) €V,
Xy = {x € (Coe, I = Coe) = ue(x, )gon € 7}
Lemma 4.7. There exists a constant C’' > 0 such that
H(X) < C'e?|Inel. (4.45)
Proof. From Lemma (4.31) and Proposition [4.1 we have

Z ((0 - Cwe)(l = Coe — H' (X)) + H'(X;)(o + Cwe?)) < J5(ue) < 210 + CaelInef’.
ielL.2)
It follows that H(X;) + H'(X,) < C’e?|Inel with C’ = g—vlv This and H'(X; U X;) <
H(X;) + HY(X,) conclude the proof. |
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Q&)
/\ e
) e (& 1 =n(&))
Q@ - ey

- — ] Le (& )

(—2C5€%/ 92) (0/ 92)

Ficure 4. Q(&), Q(&),Q(E)”, L: and H for two different Q).

4.2. The proof of Theorem (1.3

Proof. 1. For & € (0, %] we let (&) be the connected component of QN (—2C56%, &) X
(2, +o0) that contains (0, &) X (§2, h) (see Figure 4).
Set

Le = [-2Cse?, E] X {1},
H = 9Q(&) N (=0, &) X (9, h),
and observe that, for small € > 0, the estimate in Lemma implies
|ue(z) —a-| <€, on Lg UH. (4.46)
Also note that, if £ € [Cye, %] \ X, we have u.(x,)|4,n € #" and therefore
luc(z) — a,| < Kei, on H,, (4.47)
where
H, ={&} x [h = (&), h].
2. Assume that & € [Cye, %] \ X, and set

n(&) <

f=————, Cosqy=——"—.
(& +17(8))2 (&2 +17(8))?

We regard () as a union of fibers parallel to (sinag, cos a:) and let Q(E)” be the
union of the fibers that terminate on [Cye, &] X {h} and QQ(E)” the union of the fibers
that terminate on H,. Since u. = a, on [Cye, &] X {h} and each fiber with the second
extreme on [Coe, £] X {h} has its first extreme on L; U H, from (4.46) it follows that

Joey (e) = (0 — Cwe) (& — Coe — H' (X)) cos az > o& cos ag — Ce?|Inef, (4.48)

where we have used (4.45) and C > 0 denotes a generic constant independent of ¢.
On the other hand (4.47) implies that the contribution ] (1) of the fibers that
intersect H, satisfies

sin &



40 NICHOLAS D. ALIKAKOS AND GIORGIO FUSCO

Joey (e) = (0 = K2Cywe?)n(&) sinae > on(&) sinare — Ce?.
This and yield
Jowe (Me) = Ty (Ue) + Ty () Z on(&) sinag + o€ cos ae — Ce?|Inep. (4.49)
From (4.31) with R = (Coe, I — Coe) X (0,11) and R(&) = (&,1 — Coe) X (12, h) we also
have
Jr(ue) = (0 — Cwe)(l = 2Co€) > ol — Ce,
Jre)(te) =2 (0 — Cwe)(I — & — Coe) 2 o(l - &) — Ce.
The upper bound and the estimate (4.49), yield
n(&)sinag < &(1 —cosag) + Ce?|Inel. (4.51)
The definition of sin a; and cos a; implies that is equivalent to

n(&)* < 2C&e?|Inef’ + Clelnel.

(4.50)

Since we have & < % and & ¢ X we conclude
16) < Ciellinel?, & € (Coe, 51\ X (4.52)

for some constant C* > 0 independent of e.

3. We can perform a similar analysis for estimating 7(&) for & € [é,l — Cpe) and
for estimating the size of s=*®)09) for & € (Cye, I — Cye). Proceeding in this way and
recalling the definition of 7(£) and the estimate (4.40) we finally obtain

h— 92 _ S—,ue(x;)l(yz,h) < 2Cﬁ€%| In el%’
for x € (Coe, [ — Cpe) \ X. (4.53)
gHHelog) < ZCﬁe}TI lneI%,

This implies that most of the energy of the minimizer u is concentrated near J*Q).
Set

De = ((Coe, 1 - Coe) \ X) x ((0,2C%€?|Inel*) U (h — 2C*e’ | Inel?, h)).

From (4.53) and the fact that wu.(x, )|, and wue(x, )|y, belong to #™ it follows
that

ue(z) —a_| < Ke#, z€((Coe,l - Coe) \ X) x 2C*e*|Inel}, i - 2C*e¥|Inel?),  (4.54)
and therefore Lemma [2.3|and (4.45) imply
J5, (1) > 2(0 = K2Cye?)(I — 2Coe — C'e?|Inel’) > 201 - Ce?|Inel’.

4. Conclusion. As in the proof of Lemma we find that min,cx |uc(zo) —al > 0 for
some zg € Q\ D, implies

T, ) (e) 2 Cier, for er < d(z, d(Q\ D)), (4.55)
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for some Cj > 0. We choose r by imposing

3aC’
G

With this choice of » we see that the existence of zo € Q \ D,, d(zo,d(Q \ D.)) >

71 . .
%ei |Inel, implies

1 1
Cier =30Ce?|Inef & r= e ?2|Inef.

T, () + Ty (1t6) > 210 + oC'e?|Inef.

This estimate, if € > 0 is small, collides with the upper bound (4.3) and we conclude
that

miAn lue(z) —al <6, z€ Q\ D, d(z,d(Q\ D,)) > Ce%l Inef, (4.56)
where C = % This, (4.54), (4.15) and the continuity of u imply that actually we

have a = a_ in (4.56). From the definition of D, it follows that for C! > 0 sufficiently
large we have, for small € > 0,

z€Q, dz,d"Q) > Clei|lnel? =
z€Q\D,, d(z,0Q\D.) > Ce*|Inef,
and from (4.56) with a = a_ we conclude
z€Q, d(z,d"Q) > Clei|Inel?,
= |ue(z) —a_| <6.

From this, proceeding as in the proof of (4.16) in the proof of Lemma we derive
the exponential estimate

k + 1
lue(z) — a_| < de~c eI O-Cene) e () d(z,9*Q) > Clel|Inel?.

The estimate (1.11) follows from this, (2.8) and a suitable choice of K. The proof is
complete. O

Remark 3. Theorem [1.3|implies the existence of the pointwise limit
ug = elggg Ue,
where

=4 G-, on 0\ Q,
"7 a,, on 97Q.

4.2.1. On the thickness of the boundary layer. Fix a point (%, /) € Q and consider
the rescaled map

US(E, ) = u(eE + %, en+ 1), (e&+%,en+ 1) € Q. (4.57)

The bound
lul <M, & |UILM,
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the smoothness of W and of JQ and elliptic theory imply

U o gy < G (4.58)

for some a € (0, 1) and some constant C > 0. Therefore, at least along a subsequence,
there exists
U = lim U,

e—0*

and the convergence is in the C? sense in compact sets. Clearly the limit function
U° depends on the choice of the point (£,7) € Q. From Theorem we can easily

characterize U° for various choices of (£, ). For instance, if (£, §) € Q\ 9*Q we have
U'=a_, for (&,n) €S,

where S = R?if (%, ) € Q and S is the half plane that contains Q and is tangent to
Qat (£, 9) if (%, 7) € JQ\ 9+ Q. If (%, §7) € JQ has %€ € (0,Ce), § =0 and g(%,0) = b # a*
we expect that U° : S —» R” satisfies lims_., U°(&,0) = a* and that as 1 — +oo,
U°(-, ) converges exponentially to a translate of the heteroclinic connection u, see
[22] and Chapter 9 in [5]. It remains to consider the case where (%,7) € J*Q. In
this case, Theorem suggests that

u’ =a,, (4.59)

on the half plane S. In spite of the fact that the estimate for the thickness of the
boundary layer given by Theorem may not be optimal as far as the power €? is
concerned, it is correct in indicating that the layer is thicker than O(e). In Theo-
rem below we establish and also prove that the thickness is ;. This is
compatible with the fact that there is no connecting orbit in the half plane.

The existence of the boundary layer is a higher dimensional effect and a new
phenomenon. It is the result of a compromise between two competing minimiza-
tion requirements: in the interior of d*Q) to reduce energy the solution U° tries to
behave like in the one dimensional case and push the layer in the interior while in
a neighborhood of the extreme points of d*(Q) minimization requires the solution to
remain near a..

Theorem 4.8. Let X € (0,]) be fixed. Then
(i) For each K > 0 it results

lim sup |u.(%, y) —a.+| =0,
’ y=<Ke

(i)
liminfluc(t,y) —a.| >0 = lim LA

(iii)

Ju

Elg(]g} € oy (x,0)=0.
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Proof. 1. We begin with the scalar case m = 1 that can be handled by simply com-
bining known facts based on the Modica inequality which is not available in the
vector case. Specifically we will make use of a result of Farina and Valdinoci [13,
Theorem 1 (ii)] which in particular establishes the validity of the Modica inequality
on the half space (as opposed to the whole R").
The map U¢ defined in for fixed £ € (0,1) and # = 0 satisfies
AUE = W/(UF), (& +FemeQ; =2 - = g

Since we are in the scalar case we can assume a* € R, a_ < a,. Then we have
a_ < U < a, which follows from the boundary conditions on dQ) via the maximum
principle. By linear elliptic theory

U e C2(Q°), Q°F ={(&,1n): (€& +%,en) € Q},

and so, along a subsequence,

us S u, on compacts in S = R X [0 + oo).
The limit function U° satisfies

AU = W/(UP, inS = R x (0, +),
{ uO(gl O) =a,, 5 cR. (460)

Setting u = —U° + a,, —F'(u) = W(a, — u) we can apply Theorem 1 (ii) in [13] and
conclude, via the positivity of W and the specific bounds U° € [a_,a,], the Modica
estimate

%lVUOIZ <W(U°, inS. (4.61)

As we mention below, classical estimates from linear elliptic theory imply

U e C>4(S), (4.62)

which we accept for the moment This extends the validity of (4.61) up to the bound-
ary of S. Arguing now as in [19, Theorem I] we set

P(t) = U((E,0) + tn) +a,, neS!, teR, (£0)+tnes,
and obtain via that there is 6 > 0 such that
¢’ (B < Clot)l, ¢(0) =0, [t <6,
and conclude that ¢(t) = 0 for [t <0, This shows that the set {(£,1) € S : Uo(é,_n) =a.}
which is nonempty and closed in S is also open and therefore coincides with S, hence
U=a,, onR x [0, +00). (4.63)

From this Theorem follows. To avoid repetition, we give details concerning the
various statements of the theorem, when dealing with the vector case.

To prove we note that the boundedness of U’ and Theorem 8.29 in [16]
imply a Holder estimate for U° up to the boundary of S. This and the smoothness of
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W yields W’ (U°) € C*(S), for some a € (0,1). Next with the global Schauder estimate
we have

Il 2as) < ClIW (U)lcags) + CollUllzs),
and (4.62) follows.

Remark 4. The previous discussion of the scalar case can be slightly generalized.
Indeed the argument developed to derive (4.63) goes through in the same way also
if we allow the point & € (Ce, [ — Ce) in the definition of U° to depend on €.

2. Now we move to the vector case m > 1. The objective is to establish and
the difficulty is due to the absence of the Modica estimate. We will utilize the upper
bound in Proposition the refined lower bound (4.32)), which is sharp as far
as the power of ¢ is concerned as well as the zero order term, Gui’s Hamiltonian
identities (e.g. [5], 3.4) and Theorem [1.3|above.

Lemma 4.9.

9

l&x

uelzdydx < C|lne®, some constant C >0,

—_ O
°[F ~

o o
oIS =

U Pdnde < C|Inef’.

LYEN

Proof. From (4.3) and (4.32) we have

N M

X

Ik I
fflaiuefdydx < 2lo + Cie|Inel® - f](eo,h)(”e(x' )dx < Cie|Inef + Cle,
0 0 0

and the first inequality is established. The second inequality follows from the first
by changing variables. O

From the boundary conditions we have U¢(,0) = a, for & € (- +C, Z‘Tx —C), so by
linear elliptic theory (e.g. Theorem 8.29 in [16])

[US(E, ) — US(E,0) < Clnle, (4.64)

for some constant C > 0 and a € (0,1). Thus we obtain in this range of n’s the
estimate

[Uc(&,n) —a.l < Chnl*, (4.65)
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Lemma 4.10. There exist £*(€) such that
by b 3
EEee(-—+C—=+CH+e),
€ €

_C-¢ ,l_x—C),
c e (4.66)

[-%

L]

&7(e) € (

h

f|U§(5i(€), n)Pdn < Cel|Inef.
0

h o o
Proof. Set f(&) = foe IUZ(E, mPdn, & € (% + C,Z‘T" — (). Then Lemma (4.9 and the
Mean Value Theorem imply, for each p € (- + C, Z‘Tx —C—-¢€1),

_3
pte 4

6_%f(5(€)) = f f(&)dE < Cllnef’, some &(€) € (p,p + €77),
p

O

We now utilize the Hamiltonian Identity in the rectangle [E7(€), £ (€)] X [O, 2%

arguing as in the proof of Theorem 3.2 in [5]. Taking into account the boundary
condition U¢(&,0) = a,, we have

& (e) & (e)
1 1
| Gptusp - )+ g+ 5 [ e opde
& (e) & (e)
, , (4.67)
= f Us - Uple=e-dn — f Us - Ujle=e+@dn.
0 0
Lemma 4.11.
5*(5)1
lim [ GOUSE - 5P + WU, de =0,
£ (4.68)

2}_15
lim f U - US| |e=cs) dn = O,
0

Proof. From AU = W,(U°) = W,(U°) — W,(a-) and Theorem via a local LP-
estimate, we obtain [e changed to exp below — too small fonts]

3 s 1 _ &
IVUE| < Cexp (—k (min{n,ﬁ gt - 0 )) in-2 550" @e9
€ c3 € € €
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where C > 0 here and below is a constant possibly different from line to line. This
with 7 = Z and the smallness of W(U(&, £)), & € (—%,=2) that follows by (L.17),
proves (4.68);.

To complete the proof we write
3

n c; i

2e €2 2e
flug : U;l E=Ex(e) dT] = f |ug . Uf]| E=Ex(e) dT] + f ILIE : U;I |5:51(€) dT] =I1+1I
0 0 3

Cl |Ine

We estimate each term separately. From (4.58) and (4.66), and (4.69) we have
1

NI

3 2

o

C, Unel

NI

3
)t < C(e%|1ne|3)%(M)% < Ce?|Inef, (4.70)
€2

[Inel?

I<C UE(E*(e), nPdn | (—
€2
0

=
NI=

| e,y
c [Ine®

‘ (4.71)

1
2

I < jﬁ@@%@mwmy
0

Nl

h
2e

1

3 31 ~2k(-Cy L) 3 a1
< C(et|Inegl)2 e <2 dn| < C(e*|Inel)2.

3

Cl\lnle\
) O
From Lemma |4.11|and (4.67) we obtain
& (e)
lim f U (&, 0)PdE = 0, (4.72)
& (e)

and since, along a sequence {¢;}, U converges locally in S =Rx]0, +00), to U° in
the C? sense, we conclude

f IUL(E,0)PdE =0, (4.73)
R

hence
UY(E,0)=0, E€R (4.74)

Passing to the limit as € — 0" in (4.65) we also have
U’&,00=0, £€R. (4.75)
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A classical argument based on (4.73) and (4.75) shows that the map I : R> — R™

= a,, on IR X (—00,0),
=1 U onRx[0,+oo),

is a W'?2 solution of AU = W, (U). Obviously the same is true for the map identically
equal to a,. This and a unique continuation theorem in [15] imply (I = a, and
therefore that holds also in the vector case.

We are now in the position to conclude the proof. Assume that (i) does not hold.
Then there exists K > 0, 6 > 0 and sequences {€j}, €, > 0" as j — +oo, {y;} such that

e, (2, y)) —a 26, y;<Kej, j=1,2,...
This is equivalent to
|u€/(0/17]) - a+| 2 6/ T]] < EI ] = 1/21- ..

which, since U¢ converges to U° uniformly in compacts, contradicts (4.63). This con-
tradiction proves (i). Statement (ii) is a straightforward consequence of (i). Finally
if (iii) does not hold we have

ej%ue(a?,O) >0, j=1,2,...

for some sequence {¢;}, €; — 0* as j — +oco and therefore
U, (0,00>6, j=1,2,...

This again contradicts (4.63) since, along a subsequence, U;j converges in the C?

sense, uniformly in compacts, to U°. The proof of Theorem is complete.
|

4.3. % < 1, The internal layer case. In this section we analyze in detail the struc-
ture of the minimizers of problem (4.1) under the assumption
> h. (4.76)

We will establish Theorem |1.4] of the Introduction. The proof is based on the tight
lower/upper energy bounds, on the vector analogue of the Caffarelli-Cordoba den-

sity estimate (see [5] Theorem 5.2), and on the study of the one-dimensional prob-
lem in Section [4.1.3]

4.3.1. The upper bound.

Proposition 4.12. There exists C > 0 independent of € such that, if uis a minimizer

of (4.1), then
Jo(u) < 20h + Ce.

Proof. 1. From (1.9) it follows that there is a number 6 > 0 and smooth functions
p,q:[-6,1+ 6] = R such that

QN[=6,1+06]x[=6,1+0] =S,
55 =1{(x,y) 1 y € (p(x), q(x)), x € [-6,1 + 0]},
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p(x) =0, x€[0,1]; gix) =h, x€[0,1],
pPO)=p'()=90)=401=0, (4.77)
p"(0)=p"() =9"(0)=q"(1) = 0.

We define a test function u. in several steps. We let 6. > 0 be a small number
to be chosen later and set

utest(z) =a-, z€ Q \ S(‘)el

(4.78)
utest(z) =44, Z€ [6611 - 66] X [0/ h]

2. To complete the definition of us we observe that Ss_ is mapped onto the rec-
tangle Rs, = [-0c, [ + 0.] X [0, h] via the map z = (x, y) = C = (&, 1) defined by

E=x, x€(=06.1+0),

_ Iy — p(x))
n= q(x) _ p(x)/ y € (p(x)/ Q(x))/

with inverse 4.79)
X = 5/ g € (_66/l + 66)/

c) —pé
y:n(q() p(c)

p +p(&), n€(O,h).

NI=

From (4.77), if 6. is chosen sufficiently small, say 6. < €
p’,q are O(e) for x € [0, [ + 6c]. It follows that

, we have that p,q — h,

%(z) =1+ O(e),
z 3 (4.80)
deta—C(C) =1+ O(e),

where % is the Jacobian matrix of (, det M the determinant of the matrix M and
z:Ss. = Rs, the inverse of C. From (4.80) it follows that, if v : Rs, — R" is a smooth
bounded map and if we set

utest(z) = U(C(Z))/ VAS Ségr
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then it follows that
f Vitea(2)Pdz < f 2 OO Fidet o2 a0

Sbg
<(1+0() f Vo(O)RdL,

(4.81)
f W(ttest(2))dz = f W(v(C))Idet (C)IdC

Soe

<(1+0() f W)L

Rse

3. The estimates (4.81) show that we can work on R;.. Obviously we need to impose
v =a, on [0, —0:]X[0,h] and, to ensure that u. satisfies the boundary conditions
in the minimization problem (4.1), we must require

0(C) = 8e(C) =: e(2(0)), C € [0, 1+ 6] X {0, h},
where ¢. is as in (1.10). More explicitly we have

g=a_, (&n) €[-06.,0]U[l1+06:]x{0,h},

§=8e (&m €[0,Coe] U [l = Coe, 1] x{0,h}, (4.82)

g =4as, (EI T]) € [Coel 66] U [l - 6611 - C0€] X {OI h}/
with g. and Cj as in (1.10).

4. We complete the definition of v. We divide [—06,, 0] U [l — 0,1 + O] X [0, h] in
parts denoted A, B, C, D as sketched in Fig. [5| The definition of v in regions labeled
with the same letter is similar. Therefore we only define v on one (marked by the
superscript *) of the regions denoted with the same letter. The extension to the

entire domain is then straightforward. We set 6. = € + €A, with A, = |In€"| and
n > 1 a sufficiently large number, and define

oE ) =), (E )€ A = [-ede A xle h—e],

oEm) = T@E) - 36 0) + 30, (E) € B = [eA eAd X [0,€],

oE ) = (- =A@ - a) +a., (483)
(&,n) €C =[eAe, eAe +€] X [e,h—€],

oem) =1~ -2 2@0) -a) +a,

(&, € D" =[eAe, ede + €] X [0, €].

with these definitions we immediately have
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Ficure 5. Rs,, Ss, and the sets A, B,C, D.

J5-(©) < oh. (4.84)

To proceed with the estimates of [3.(v) etc, we recall (4.4) and that similar esti-
mates are valid for the derivative of u. Moreover the fact that v is bounded and the
assumption that a* are nondegenerate imply that there is a constant C > 0 such
that

W(v) < Clo —a*P. (4.85)
To estimate J;.(v) we divide B* as B = B~ U B’ U B* where B~ = [—eA,,0] X [0, €],
B’ = [0, Coe] X [0, €] and B* = [Cye, €A] X [0, €]. From the properties of g. in and
the definition of v it follows that (&, 1) € B’ implies [Vv| < % and W(v) < C. This and
|B’| < Ce? imply
J5(v) < Ce. (4.86)
Next we estimate J5,(v). Since, for & € [Coe,eA.], it follows that $(£,0) = a, and
therefore v(&, 1) = g(ﬁ(é) —-a,) +a,, from and we obtain

€ €Ac¢
. C s 2 M= &
<< [ [ () -aps T
0 C(]E
€ €le
< %ffe_”‘édédn < Ce.
0 Coé’

In a similar way we also obtain J5;_(v) < Ce. From this and (4.86) we conclude
J5.(v) < Ce. (4.87)
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On C* we have Ig—gl < [u(Ae) —ayl, g—z = 0 and, from (4.85), W(v) < Clu(A.) — a.,|*. This
and (4.4) imply

€Acte
Jo o) < S - o [ de

€le

(4.88)

2nk
< Ce™e™ < Ce,

provided 7 is chosen sufficiently large. Finally, using as before (4.4), (4.85) and
[(Ae) — a,> < Cee™ < Ce, it is seen that J¢,(v) is of higher order

J5.(v) < Ce. (4.89)

From (4.84), (4.87), (4.88) and (4.84) and the similar estimates valid for [4(v) etc.
we obtain

Jr, (0) <20h + Ce.

This concludes the proof. O

4.3.2. The lower bound. We now derive a lower bound for the energy of a minimizer
of problem (4.1) (see also Corollary below).

Proposition 4.13. There exist Cy > 0 and €y > 0 such that, if u is a minimizer of

(4.1), then

. € du 1 1
Jo(u) > f(ilglz + EW(u))dxdy > 20h — Cqe?, €€ (0,€e0]. (4.90)
Q
Remark 5. By Corollary below

€du, 1 =
f(§|£| + EW(u))dxdy > 20h — Ce.
Q

As a consequence to this and the upper bound above, one obtains the following key
estimate
d
f 122 Pdxdy < C.
Ay
Q

Proof. 1. Let 6 = 6(¢) > 0 a number to be chosen later that satisfies ;; = o(1), as
€ — 0. Set Qs = {z € Q : mingea [u(z) — a| < 6} and let Qf be the complement of Qs in
Q. Then (2.2) and Proposition 4.12|imply

c2 5%

Vzve Q) < % f W(u)dz < J& (1) < 20h + Ce,
Q

(4.91)
£



52 NICHOLAS D. ALIKAKOS AND GIORGIO FUSCO
2. For x € (0,]) set £, = {x} X (0,h) and define
X = {x € (Coe, I — Coe) : HY (T N Q) > Tt — n%},

X = XE(Coel—CQG) 7’[1(2 mQ)>n62

where 1 > 0 is a constant to be selected later. From (4.91) we have

N5 H(X) < fﬂl I, N Qf)dx < |0f] < Cs5.

It follows that c
HY(X) < 75

and therefore
HY(X) > 1-2Cpe - %
3. We divide the sections in X in two parts X_ and X, = X \ X_ where

X_={xeX:dae A\ {a,}andz € L, such that |u(z) —a| < 5},

Xi={xeX:Z,NQs={ze€Xy:|u(z)—a,| <0o}.
From the boundary condition at x € (0,/), y = 0,h, Lemma and Proposition [4.12]
it follows that

(20 — Cwd*)YH (X_) < 20h + Ce,

h+ e
= HYX) < —c h+ge+ Cw h62,
1-35262 o 0
and, in turn by Step 2 above,
HY X)) >1-h—(2Cy+ )e — % — CTWh(SZ.

Since | > h this estimate shows that if € > 0 and 6 > 0 are sufficiently small and if
1 > 0 is sufficiently large we have H'(X,) > %(l —h). Then from the characterization
of X, and X we have

xeX, = H(zeX,: [u@@) —a,| <o) =h- né-
This and Lemma [2.3] imply
f (€|8” —W(u))dxdy > (20 = Cd)(h = 053 <) > 20k — (Cyh + 20m)e?,
Q

where we have set 6 = ¢i. The proof is complete. O

For z;,z, € R?> we denote sg(z;,2,) the open segment with end points z; and z,.
We use brackets for closed or half closed segments. For y € (0,4) let sg[z}/, zi] the
connected component of £, = Q N ((—oo, +00) X {y}) that contains (0, ) X {y}
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0 X1 X2 )

Ficure 6. The set D and the segments sg(z,, (x1, ¥)) and sg((x2, ), z})-

Remark 6. From the proof of Proposition there exist 0 < x; < x, <[ that satisfy
X, —x; > 3(I—h) and are such that in the lower bound in Proposition 4.13} Q can be
replaced by the subset (see Figure [6)

D= U Sg(Z;/ (xll :V)) U Sg((xZI ]/), Z;)
ye(O,n)

Here D plays the same role as the set denoted again D in the boundary layer case
(see Remark

Arguing as in the proof of Theorem we show that, in Q \ D, u remains in a
neighborhood of A. Actually, by adapting to the case at hand the argument in Steps
1. and 2. in the proof of Theorem [1.2) we see that the existence of a point z € Q\ D
that satisfies

d(z,d(Q\ D)) > Ce?, and min|u(z) - a > 5,
for C > 0 is sufficiently large, contradicts Proposition It follows that

z€Q\D, d(z,d(Q\ D)) > Ce?

(4.92)
= |u(z) —a| <6, for somea € A.

Set Q = (x1,x2) X (0,h) and Q* = Q\ (D U Q). From (4.92), by means of the approach
developed in Steps 2. and 3. in the proof of Lemma [4.3] we obtain via u = g. on 9Q
and the continuity of u up to the boundary

z€Q, min|x — x| > Ce?
i (4.93)
= |u(z) —a,| <9,
and, if Q" is nonempty,

z€Q, d(z, D) > Ce?

(4.94)
= |u(z)—a_| <9,
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and then derive the exponential estimates

K i (|
lu(z) — a,| < Ke~eminik=xil=Ce2)* = c

k N (4.95)
lu(z) —a_| < Ke¢@ED=Ce2™ - 7 e Oy,
The estimate (4.95); implies the following
Corollary 4.14. The lower bound (4.90) above can be upgraded to
f (":|‘9—”|2 + %W(u))dxdy > 20h - Ce. (4.96)

Q

Proof. Since xz —x1 > (l —h), for x = x,, = (xl + Xx,) we have min; |x,, — x;| > %(l —h).
This and (4.95), yield, for €e>0 sufﬁc1ently small,

(X, Y) — a,] < Ke™e GO0 < g3, (4.97)
Therefore Lemma [2.3]implies
1
o UC YD T o) @C,Y) >0 = 5Cwe, y € (0,h), (4.98)
where xiy is defined by (xy, y) = zy, i = 1,2, and (4.96) follows and the proof is com-
plete. O

4.3.3. The proof of Theorem In this Section we parallel the reasoning developed
in Section to analyze the fine structure of a minimizer u inside the set D and
on the basis of this information we prove Theorem The estimates in (4.98)
suggest that u(-, y)l(x;,xm) should be a perturbation of a translation of the heteroclinic

u and similarly that u(-, y)l(xm,xé) should be a perturbation of the map s — u(—s) that

connects 4, to a_. By applying Lemma and Lemma [4.6] to the restrictions of u
to the segments sg(z;, (xm, y)) and sg((xu, v), zj) we show that this is true for most

y € (0,h). When dealing with sg(z,, (xm, y)) the interval (0, 1) in (4.33) should be
replaced by the interval (x , Xn) Where x is defined by (xy, y) = z , and the intervals
[0,s7%*] and [s*™, A] with the intervals [xy x +s7%] and [x + s w xm].

Let Y =Y, UY, C(0,h) be defined by

Y=y € ) 1l Pl € )
Y= (y € O,h) : ul, Pl € V)
Lemma 4.15. There exists C > 0 such that
H'(Y) < Cet. (4.99)
Proof. From Lemma and Proposition 4.12| we obtain
Z ((o- %Cwe)(h — H'(Y))) + H'(Y;)(0 + Cwe?)) < 20h + Ce.
ief,2}

It follows that H'(Y) < H (Y1) + H(Y>) < Ce?. O
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Ficure 7. Q(n), Q(n)* and I'.

For n € (0, %] we define the set Q(n), the analogue of the set ()() in the proof of
Theorem A set Q) that satisfies (1.9) may have a rather complex structure and
the same is true for the set D, see Figure [6l Therefore some care is needed for the
definition of )(n). We start by setting

Qn) = Uye(O,n)Sg(Z;z (Xm, ¥)),
Q(n)+ = Uye[q,h)sg(zil (xm/ y))
Set I1(n) = Q°UQ(n)* U{z: x > x,,} and define

Q@) = Qs(n) \ (1),

where Q¢ is the complement of Q in R?, Qs(1)) = Useaq Bs(z) and 6 > 0 is a small
number. The plan is now to obtain a precise estimate of ]g(q)(u). To do this we
collect information of the values of the minimizer u on dC2(n). The boundary of (1)
includes sg(z}, (x,,, 7)) and dQ(17) N dQ. We observe that if

n’
I' = 9Q(n) \ (s(z3, (¥, M) U (9Q(0) N 0Q)) # 0,

then, for each z € I we have d(z, D) > 0 (cfr. Figure[7).
This, (4.95); and u = a_ on JQ~, imply that, for € > 0 sufficiently small we have

lu(z) —a_| <e, zeT U(@Q(n) NIQ).
Assume now that 11 ¢ Y then we have u(:, 77)|(x}1,x,,,) e w*. This, (4.39) and (4.40) imply

_ru('ln)l(

. 1
that, if we set x, = s ) — x}], we have

1
lux, ) —a_| < Ke?, x € (x;,x,),

lu(x,n) —a| < Kei, x € (xp + ZC*G%,xm).
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To complete the description of the boundary values of u on dQ(n) we recall (4.97)
which implies
u(n, y) —a.l < €2, y e (0,n),

and u = g on JQ and in particular
u(x,0) =a,, x € (Coe, xp).

We proceed to estimate ]5(17)(”)' We give the details for the case n € (0, %) and x, > 0,

since the other cases can be discussed in the same way with obvious modifications.
We regard ()(n7) as the union of fibers orthogonal to the segment sg((Coe, 0), (x;, 17)).
We let ()(17)’ the union of the fibers that have one of their extreme points on the
sg((Coe, 0), (x,,0)) and (1) the union of the fibers that have one of their extreme
points on the sg((x,, 0), (x,,17)). From the above discussion on the boundary values
of u on JQ(n) and Lemma we obtain

J g(n)’ () = (0 - CWKZe%)(xm — Coe) sinay,

1 n .
JE (1) > (0 — CwK3e?) — (x, — Coe) sina,),
Q(n) (COS a_q 7) (4100)
=
2
]Q(n)(u) 2 (O CwK-e EZ)COS 0511
where
- C0€ n

smay, =

cos v, = .
\/(x,, Coe)? + n V@, — Coe)? + 12
On the other hand, since by construction Q(n) N Q(n)* = 0, from (4.98) we obtain
1) 2 Ty 1) + T 000 (10,
Joncup(®) = 2h = 1)(o = Ce).
This, and Lemma [4.12]yield

(0 — CyK2eh)—1
Cos a,

+ (2h — n)(0 — Ce) < 2ho + Ce,

which, via the expression of cos a,,, implies

\/(x,, —Coe)?+n>—n < Ce?,

1
= x,; < Cei.

(4.101)

Set
= ((~Ce#,Ce3) U (I - Ce3, 1+ Ce?)) x ((0,1) \ Y).
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Then (4.41), Lemma and (4.101) imply
Jo. (1) > 2(0 — Ced)(h — HY(Y)),
= J5.(u) > 20h - Ce.

This shows that most of the energy of u is concentrated in D, and as a consequence
applying the arguments developed for (4.95) we establish the exponential estimates
in Theorem The proof of Theorem [1.4]is complete.
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