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SHARP LOWER BOUNDS FOR THE VECTOR ALLEN-CAHN ENERGY
AND QUALITATIVE PROPERTIES OF MINIMIZERS UNDER NO

SYMMETRY HYPOTHESES

NICHOLAS D. ALIKAKOS AND GIORGIO FUSCO

Abstract. We study vector minimizers uε of Jε
Ω

(u) =
∫

Ω
( ε2 |∇u|2 + 1

εW(u))dx, W > 0,
on Rm

\ {a1, . . . , aN}, m ≥ 1, for bounded domains Ω ⊂ Rn, with certain geometrical
features and u = gε on ∂Ω. We derive a sharp lower bound (as ε → 0) with the
additional feature that it involves half of the gradient and part of the domain. Based
on this we derive very precise (in ε) pointwise estimates up to the boundary for
limε→0 uε = u0. Depending on the geometry of Ω, uε exhibits either boundary layers
of internal layers. We do not impose symmetry hypotheses and we do not employ
Γ-convergence techniques.

1. Introduction
The object of study in the present paper is the system

∆u −Wu(u) = 0, x ∈ Ω ⊂ Rn, (1.1)
where W : Rm

→ R is a C2 phase transition potential. That is: W is nonnegative
and vanishes only on a finite set {W = 0} = A = {a1, . . . , aN} for some distinct points
a1, . . . , aN ∈ Rm that represent the phases of a substance that can exist in N ≥ 2
different equally preferred states. We assume that the zeros a1, . . . , aN are nonde-
generate in the sense that the Jacobian matrix ∂2W(a), a ∈ A, is positive definite.
Finally we assume that

lim inf
|z|→+∞

W(z) > 0. (1.2)

System (1.1) is the Euler-Lagrange equation corresponding the Allen-Cahn energy

JΩ(v) =

∫
Ω

(1
2
|∇v|2 + W(v)

)
dx. (1.3)

We are interested in the class of solutions that connect in some way the phases or
a subset of them.

The scalar case m = 1 has been extensively studied: here N = 2 is the natural
choice. The reader may consult [25, 21, 12] where further references can be found.
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A well known conjecture of De Giorgi (1978) and its solution about thirty years
later, played a significant role in the development of a large part of this work.

The vector case m ≥ 2 by comparison has been studied very little. We note that
for the coexistence of three or more phases a vector order parameter is necessary
and so there is physical interest for the system. On the geometric side (1.3), when
rescaled as in (1.4) below, it produces minimal partitions {P j}

N
1 (see (1.7)) that ex-

hibit junctions, that is singularities with certain structures, that do not exist for
m = 1.

For m ≥ 2 (1.1) has been mainly studied in the class of equivariant solutions with
respect to point reflection groups beginning with Bronsard, Gui and Schatzman
[10] and later Gui and Schatzman [18], and has been significantly extended and
generalized in variousways by the authors, including also finite and discrete groups
[8]. We refer also to Chapters 6 and 7 in [5] and the reference therein. The only
related works that do not require symmetry concern the case N = 2, see [22, 20, 24].
We will be focusing on the rescaled functional

JεΩ(v) =

∫
Ω

(ε
2
|∇v|2 +

1
ε

W(v)
)
dx, (1.4)

where Ω is an open, bounded, C1,α, for some α ∈ (0, 1), smooth connected set and we
consider the minimization problem

min JεΩ(v), v = gε on ∂Ω, (1.5)

where gε is a given map that may depend on ε.
The rescaled problem (1.5) is also useful for constructing entire solutions of (1.1)

over Rn, and although this point of view is not exploited in the present paper, it
provides one of the motivations behind this work. We revisit this point later in the
introduction.

We are interested in uniformly (with respect to ε) pointwise bounded global mini-
mizers connecting minima of W, and for this reason we adopt the simple hypothesis

Wu(u) · u > 0, for |u| > M, some M,
|gε| ≤M,

(1.6)

which together with the previously mentioned assumptions W ∈ C2(Rm;R), W ≥

0, {W = 0} = {a1, . . . , aN}, ∂2W(ai) positive definite, i = 1, . . . ,N, will comprise the
hypothesis on W.
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A major general tool for the study of the minimizers uε of (1.5) is the limiting
functional as ε→ 0 given by the weighted perimeter functional

E(P) =

N∑
i, j

σi, jH
n−1(∂Di ∩ ∂D j), P = {D j}

N
j=1, a partition of Ω,

σi, j = inf
∫
R

(1
2
|U̇|2 + W(U)

)
ds, U(−∞) = ai, U(+∞) = a j.

(1.7)

Baldo [7] established for the vector case m ≥ 2, for the mass constrained problem,
that Γ − limε→0 Jε

Ω
= E(P), from which it follows that along subsequences

lim
ε→0
‖uε − u0‖L1(Ω;Rm) = 0, (1.8)

where u0 =
∑N

j=1 a jχD j is a minimizer of E under the same constraint.
The other major tool for the study of the minimizers {uε} as ε→ 0 is the Caffarelli-

Cordoba [11] density estimate originally derived for m = 1. This is independent
from Γ-convergence and complements it by upgrading (1.8) to uniform convergence
over compacts in D j. It has been extended to the vector case in [4]. We refer to
Chapter 5, in [5].

A major difficulty that one faces in implementing these general results and their
variants is that the convergence in (1.8) does not come with an estimate in ε. This
also is the major obstruction for utilizing the rescaled problem in constructing en-
tire solutions to (1.1).

It is only under symmetry conditions that such exponential estimates similar
to (1.12) below have been obtained in generality. More specifically we have the
following general result (Theorem 6.1 in [5])
Theorem 1.1. ([3, 2, 14])
Under the hypotheses

H1: W ∈ C2(Rm;R), W ≥ 0, {W = 0} = {a1, . . . , aN}, ∂2W(ai) positive definite, i = 1, . . . ,N.
H2: G a finite point reflection group acting on Rm;

W(gu) = W(u), any g ∈ G,u ∈ Rm.

Moreover there exists M > 0 such that W(su) ≥W(u), for s ≥ 1 and |u| = M.
H3: Let F ⊂ Rm be a fundamental region of G. Assume that F contains a single global

minimum, say a1. Let Ga1 be the stabilizer of a1 and set

D := Int(∪g∈Ga1
gF).

Note that a1 is also the unique global minimum of G in D. Moreover
|G|
|Ga1 |

= N.

Then there is an equivariant entire solution of
∆u −Wu(u), u(gx) = gu(x), any x ∈ Rn, g ∈ G.
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The solution u is a minimizer in the equivariance class and has the following prop-
erties:

(i) |u(x) − a1| ≤ Ke−k d(x,∂D), x ∈ D, k,K,positive constants.
(ii) u(F) ⊂ F, u(D) ⊂ D (positivity).
(iii) limλ→+∞ u(λgν) = ga1, for g ∈ G, uniformly for ν in compact subsets of D∩Sn−1

(connecting the minima).

The proof of this theorem is based on minimizing in the equivariant class

JBR(u) =

∫
BR

(1
2
|∇u|2 + W(u)

)
dx

over balls centered at the origin, and taking the limit

u(x) = lim
R→+∞

uR(x).

Uniform (in R) estimates at infinity are crucial for guaranteeing the non triviality
of u. A fundamental step is the derivation of the estimate

|uR(x) − a1| ≤ Ke−k d(x,∂DR), x ∈ DR := D ∩ BR, R ≥ R0,

or equivalently

|uε(y) − a1| ≤ Ke−
k
εd(y,∂D1), y ∈ D1 ε =

1
R
, y = εx, ε < ε0 =

1
R0
.

We note that the pointwise estimate in (1.12) below is weaker since it only locates
the internal layer within O(ε

1
4 ) neighborhood of the sharp interface, and by itself

is not sufficient to produce a connecting entire solution. We believe that this is the
effect of the lack of symmetry. However what is crucial for a successful rescaling is
the optimal thickness O(ε) of the layer.

In the present paper we illustrate in term of various simple examples how the
derivation of sharp lower bounds for Jε

Ω
(uε) allows extraction of pointwise estimates

for uε → u0 all the way up to the boundary of the partition. We do not make any
symmetry assumptions. We do not utilize the limiting problem, but we do utilize
the vector Caffarelli-Cordoba density estimate.

We now describe the content of the paper in more detail. We consider two exam-
ples where besides an upper bound it is also possible to derive a sharp lower bound
for the energy of a minimizer of problem (1.5). We show that the knowledge of sharp
lower and upper bounds together with the vector Caffarelli-Cordoba density esti-
mate [11], [4] allow for an accurate description of the fine structure of minimizers
for all ε > 0 sufficiently small. A key point of the analysis is that the lower bound
is obtained by considering only the energy in a proper subset of Ω.

In our first example Ω is a bounded domain in Rn, n ≥ 2 and gε ≡ z where z ∈
Rm
\ A, A = {W = 0}, is a fixed vector. We prove
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0 l

h
Ω

Figure 1. An example of Ω.

Theorem 1.2. Let u (u = uε) be a minimizer of problem (1.5) with gε ≡ z, z ∈ Rm
\A.

Then there exist az ∈ A and positive constants k,K and C such that

|u(x) − az| ≤ Ke−
k
ε (d(x,∂Ω)−Cε

1
3(n−1) )+ , x ∈ Ω,

where r+ = max{r, 0}.

The proof of this theorem is based on the fact that one can show (see Theorem
3.3) that most of the energy of a minimizer is contained in a tiny neighborhood of
∂Ω. This allows for a transparent use of the density estimate in combination with
the sharp upper and lower energy bounds.

In our second example we consider a domain Ω ⊂ R2 as introduced after (1.4) and
with the additional geometrical property

Ω ∩ [0, l] × [0, h] = [0, l] × (0, h) =: R. (1.9)

In Figure 1 we give an example of a set Ω that satisfies (1.9). In (1.9) l > 0 and
h > 0 are free parameters and our interest is in describing the fine structure of
minimizers as a function of the ratio h/l. We choose the Dirichlet data u = gε on
∂Ω, gε a C1,α(Ω;Rm), some α ∈ (0, 1), with the feature that gε converges, as ε → 0,
in a controlled manner to a step map taking values a−, a+ in A. Here a− ∈ A can be
fixed arbitrarily while a+ is chosen via a minimizing process (see Lemma 2.2) that
determines a minimizing connection u : R→ Rm between a− and a+. We assume

gε(x, 0) = gε(x, h) = a+, x ∈ (C0ε, l − C0ε),
gε(x, y) = a−, (x, y) ∈ ∂Ω \ (0, l) × {0, h},

|gε(x, y)| ≤ C, |gε,x(x, y)| ≤
C
ε
, x ∈ (0,C0ε) ∪ (l − C0ε, l), y = 0, h,

|gε,x(·, y)|α ≤
C
ε1+α

, y = 0, h.

(1.10)
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Figure 2. The case l < h. Blue = a−, red= a+.

We show that the structure of global minimizers uε for 0 < ε << 1 depends dras-
tically on whether l < h of l > h, that is on the geometry of Ω. Figures 2 and 3 are
simple illustrations of the cases h/l > 1 and h/l < 1.
We state our main results

Theorem 1.3. (l < h, The Boundary Layer Case) There is ε0 > 0 such that, if uε,
ε ∈ (0, ε0] is a minimizer of (1.5), then

2σl − Cε ≤
∫
R

(ε
2
|
∂uε
∂y
|
2 +

1
ε

W(uε)
)
dxdy ≤ JεΩ(uε) ≤ 2σl + Cε| ln ε|3,

|uε(z) − a−| ≤ Ke−
k
ε (d(z,∂+Ω)−Cε

1
4 | ln ε|

3
2 )+ , z ∈ Ω,

(1.11)

where σ is the action of the connecting orbit between a− and a+ (cfr. (1.7)) and C, k
and K are positive constants, and ∂+Ω = (0, l) × {0, h}.

These estimates imply that uε converges uniformly in compacts in Ω \ ∂+Ω to a−.
Furthermore Theorem 1.3 is complemented by Theorem 4.8 below, which estab-
lishes the existence of a boundary layer at ∂+Ω strictly thicker than O(ε). See (1.14)
for explanations.

Theorem 1.4. (l > h, The Internal Layer Case) There is ε0 > 0 such that, if uε,
ε ∈ (0, ε0] is a minimizer of (1.5), then

2σh − Cε ≤
∫
D

(ε
2
|
∂uε
∂x
|
2 +

1
ε

W(uε)
)
dxdy ≤ JεΩ(uε) ≤ 2σh + Cε,

|uε(z) − a−| ≤ Ke−
k
ε (d(z,R)−Cε

1
4 )+ , z ∈ Ω \ R,

|uε(z) − a+| ≤ Ke−
k
ε (d(z,Ω\R)−Cε

1
4 )+ , z ∈ R,

(1.12)

where D is strictly contained in Ω, and K, k and C positive constants.

These estimates imply that, as ε→ 0, uε converges to the step map u0:

u0 =

{
a−, in Ω \ R,
a+, in R,
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Figure 3. Case l > h. Blue = a−, red= a+.

and the convergence is uniform in compacts in Ω \ {0, l} × [0, h] and all the way up to
∂Ω. In particular there are no boundary layers. On the other hand there are two
internal layers located within a distance O(ε

1
4 ) from the discontinuity sets {0}×(0, h),

{l} × (0, h).
At a formal level it is not difficult to understand why minimizers favour the

boundary layer or the internal layer by considering the limiting problem and as-
suming that the Dirichlet data are preserved and comparing the interface energies.
We refer to [6] where a scalar problem with ε-dependent Dirichlet data similar to
ours is considered and the Γ-limit is justified rigorously and also to Theorem 7.10
in [9].

The lower bound estimates have different features that play different roles in the
derivation of the pointwise estimates.

Fist note that they involve only part of the gradient. For instance in the internal
layer case via the lower and upper bounds we obtain∫

Ω

|
∂uε
∂y
|
2dxdy ≤ C, (1.13)

which implies that, for small ε > 0, the interfaces are almost orthogonal to the x
axis. We note that this point is reminiscent of an estimate in Alama, Bronsard and
Gui [1] and also in Schatzman [22] where, however, the setup and the arguments
are entirely different (cfr. [5] Theorem 8.5 and Lemma 9.4). In the boundary layer
case the presence of the logarithm term (that we don’t think can be removed) does
not allow the derivation of a bound independent of ε for

∫
Ω
|
∂uε
∂x |

2dxdy. However it
serves a similar purpose (Lemma 4.9) for establishing the width of the boundary
layer as we explain later in this introduction.

The other feature of the lower bounds is that they are based on proper subsets
of Ω. This fact, in conjunction with the upper bound can be used to obtain certain
refinements and estimates up to the boundary in the remaining part of Ω via the
density estimate.

At a formal level it is not difficult to guess that the boundary layer is strictly
thicker than O(ε) since there is no connecting orbit in the half line. For establishing
this, one needs to show that the problem in the half space

∆U0 = Wu(U0), (ξ, η) ∈ R × (0,∞),

U0(ξ, 0) = a+, ξ ∈ R,
(1.14)
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has the unique solutions U0
≡ a+. In the scalar case m = 1, and in the whole plane

(onRn generally) it was established byModica [19] that, if the entire solution U has
a point x0 ∈ Rn such that W(U(x0)) = 0, then necessarily U ≡ a where a = U(x0) ∈ A.
He obtained this as a corollary of the so called Modica Inequality

1
2
|∇U|2 ≤W(U),

that is valid for L∞ solutions of ∆U = Wu(U), U : Rn
→ R.

Farina and Valdinoci [13] have extended the Modica inequality to solutions satis-
fying ∆U = Wu(U) in the half spaceRn−1

× [0,∞) provided that U ∈ C2(Rn−1
× [0,∞))∩

L∞. Utilizing this result we settle the question following (1.14) for m = 1.
However for m ≥ 2, P. Smyrnelis [23] (cfr. 3.3 in [5]) has pointed out that the

Modica inequality is not generally valid and thus a different approach is required.
For this purpose we can employ an appropriate Hamiltonian Identity of Gui [17]
(e.g. 3.4 in [5]) together with the analog of (1.13) mentioned above to deduce that∫

R

|
∂U0

∂η
(ξ, 0)|2dξ = 0, (1.15)

and thus conclude via a unique continuation theorem in [15], that U0(ξ, η) = a+.
The following simple estimate on the 1-dimensional energy is basic and is imple-

mented in several places throughout the paper

J(s1,s2)(v) =

s2∫
s1

( |v′|2
2

+ W(v)
)
ds ≥ σ − CW

1
2

(δ2
−

+ δ2
+), (1.16)

where CW is a constant depending only on W and |v(s1)− a−| ≤ δ− and |v(s2)− a+| ≤ δ+

(cfr. Lemma 2.3 below).
The pointwise estimates (1.12) and (1.11) are obtained via linear elliptic theory

from an estimate of the type
|uε(z) − a| ≤ δ, z ∈ V ⊂ Ω, some open V, (1.17)

where δ > 0 is a small number.
A route for obtaining (1.17) in a neighborhood of the part of ∂Ω where u = a is by

constructing a V with ∂V partially coinciding with ∂Ω and such that
|uε(z) − a| ≤ δ, z ∈ ∂V.

Then we conclude via Theorem 4.1 in [5]. It should be noted that this argument uti-
lizes the fact that Ω is 2d and ∂V is a curve along which (1.16) can be implemented.

Finally a few comments on possible extensions of our results are in order. We
have studied the case l < h and l > h and established a significant qualitative
difference between the global minimizers. We expect that both types of solutions
exist independently of the relation between l and h but as local minimizers. The
case l = h is open. Here we expect two types of global minimizers. Extending
the results to genuinely higher dimensional examples is not straightforward. A
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minimizer of the type of Theorem 1.3 should require that the boundary ∂Ω or part
of it is a minimal surface. The lower bound also should be significantly harder since
the sections will not be one-dimensional.

The remaining part of the paper is structured as follows: in §2 we present the
basic lemmas. In §3 we present a different Example 1. In §4 we study the example
covered in Theorems 1.3 and 1.4 above. First we introduce the hypothesis in §4.1.
Then in §4.2 we consider the boundary layer case and in §4.3 the internal layer case.
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2. Basic Lemmas
Lemma 2.1. The nondegeneracy assumptions on the zeros of W imply the existence
of δW > 0, and constants cW,CW > 0 such that

⇒
1
2

c2
W |u − a|2 ≤W(u) ≤

1
2

C2
W |u − a|2; |u − a| ≤ δW, a ∈ A. (2.1)

Moreover, if
mina∈A |u − a| ≥ δ,

then
1
2c2

Wδ
2
≤W(u).

(2.2)

For a map v : (s1, s2)→ Rm in H1
loc, with −∞ ≤ s1 < s2 ≤ +∞, we define

J(s1,s2)(v) =

s2∫
s1

( |v′|2
2

+ W(v)
)
ds.

For J(−∞,+∞)(v) we also use the notation JR(v).

Lemma 2.2. Given a− ∈ A there exists a+ ∈ A′ = A \ {a−} and a map u : R → Rm

which satisfy
lim

s→−∞
u(s) = a−, lim

s→+∞
u(s) = a+,

JR(u) = min
v

JR(v),

where the minimization is taken on the set of v ∈ H1
loc(R;Rm) that satisfy

lim
s→−∞

v(s) = a−, lim
s→+∞

d(v(s),A′) = 0.
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Given z ∈ Rm
\ A there exist az ∈ A and a map uz ∈ H1

loc([0,+∞);Rm) that satisfies
uz(0+) = z, lim

s→+∞
uz(s) = az ∈ A,

J(0,+∞)(uz) = min J(0,+∞)(v),

where the minimization is taken on the set of v ∈ H1
loc([0,+∞);Rm) that satisfy

v(0) = z, lim
s→+∞

d(v(s),A) = 0.

Proof. See for example Theorem 2.1 in [5]) and its proof. �

We set σ = JR(u) and σz = J(0,+∞)(uz). That is: σ is the energy of the map u that
connects a− to a+ and σz is the energy of the map uz that connects z to az.
Set Γ0(a±) = {a±} and Γδ(a±) = ∂Bδ(a±) for δ > 0.

Lemma 2.3. Let a±, az, u and uz be as in Lemma 2.2.
(i) Let δ± ∈ [0, δW], δW as in Lemma 2.1, and let v : (s−, s+) → Rm be a smooth

map such that
lim
s→s±

d(v(s),Γδ±(a±)) = 0. (2.3)

Then
J(s−,s+)(v) ≥ σ −

1
2

CW(δ2
−

+ δ2
+). (2.4)

(ii) Let v ∈ C1((0, s+);Rm) ∩ C([0, s+);Rm),
v(0) = z,
lim
s→s+

d(v(s),Γδ+(az)) = 0. (2.5)

Then
J(0,s+)(v) ≥ σz −

1
2

CWδ
2
+. (2.6)

Proof. 1. For δ− = δ+ = 0 (2.4) is just the statement of theminimality of u. Therefore
we can assume that either δ− or δ+ or both are positive. From (2.3) and δ+ > 0, if
s+ = +∞, it follows

∫ s+

s−
W(v)ds = +∞ and (2.4) holds trivially. The same is true

if δ+ > 0, s+ < +∞ and lims→s+ v(s) does not exist. Indeed in this case we have∫ s+

s−
|v̇|2ds = +∞. It follows that, if δ+ > 0, we can assume s+ < +∞ and moreover that

lim
s→s+

v(s) = v+, (2.7)

for some v+ ∈ Γδ+(a+). An analogous conclusion applies to the case δ− > 0.
2. If both δ− and δ+ are positive and w± is a test map that connects v± to a±, the

minimality of u implies
J(s−,s+)(v) ≥ σ − J(w−) − J(w+),

where J(w±) is the energy of w±. This yields (2.4) provided we show that w± can be
chosen so that

J(w±) ≤
1
2

CWδ
2
±
.
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3. We choose

w+ = (1 −
γ(s)
δ+

)a+ +
γ(s)
δ+

v+, γ(s) = δ+e−CW(s−s+).

If δ± ≤ δW, it follows from (2.1) that

1
2

+∞∫
s+

|ẇ+|
2ds =

C2
W

2
|v+ − a+|

2

+∞∫
s+

e−2CW(s−s+)ds =
1
4

CWδ
2
+,

+∞∫
s+

W(w+)ds ≤
C2

W

2
|v+ − a+|

2

+∞∫
s+

e−2CW(s−s+)ds =
1
4

CWδ
2
+.

This and the analogous computation for J(w−) establish (2.4) for δ− and δ+ positive.
Clearly (2.4) is valid also if δ− or δ+ vanishes. The proof of (2.6) is analogous. The
proof is complete. �

We also define σ∗ by setting
σ∗ = inf

v
J(s1,s2)(v),

where v ∈ H1
loc((s1, s2);Rm) is a map that satisfies v(s1) = z and lims→s2 v(s) ∈ A \ {az}.

Note that, if the extreme az ∈ A of uz is uniquely determined, then we have
σz < σ

∗.

The same is true if az is not unique provided the set of v is restricted to the maps
that satisfy lims→s2 d(v(s2),A \ Az) = 0, where Az ⊂ A is the set of possible az’s.

Lemma 2.4. Minimizers uε of problem (1.5) (actually H1(Ω;Rm) critical points )
satisfy the estimates

‖uε‖L∞ < M,

‖∇uε‖L∞ <
C′′

ε
.

(2.8)

Proof. By linear elliptic theory uε ∈ C2(Ω;Rm). Set vε = |uε|2. Then
∆vε = 2Wu(uε) · uε + 2|∇uε|2 > 0, for |uε| > M. (2.9)

Hence max |uε|2 ≤M2 if vε attains its max in the interior of Ω. On the other hand by
(2.9) max∂Ω |uε| ≤ M and (2.8)1 follows. For the gradient bound rescale the solution
of the Euler-Lagrange equation

ε∆uε =
1
ε

Wu(uε),

by z
ε and denote by ũ, g̃ the rescaled uε, gε. Then by linear theory (see (8.87) in [16])

|ũ|1+α ≤ C′(‖ũ‖L∞ + |g̃|1,α) ≤ C′′.
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Hence
‖∇ũ‖L∞ ≤ C′′,

and therefore (2.8)2 follows. �

3. Example 1
We consider the problem

min
u∈A

JεΩ(u), JεΩ(u) =

∫
Ω

(ε
2
|∇u|2 +

1
ε

W(u)
)
dx,

A = {u ∈ H1(Ω;Rm) : u = z, x ∈ ∂Ω},

(3.1)

where Ω ⊂ Rn, n ≥ 2 is a bounded smooth domain and z ∈ Rm
\ A is a fixed vector.

We let u = uε a minimizer of (3.1). We now introduce a special system of coordi-
nates in a neighborhood of ∂Ω that we use for deriving upper and lower bounds for
Jε
Ω

(uε).
For each p ∈ ∂Ω we let νp the unit exterior normal to ∂Ω at p. The smoothness of

Ω implies that there is h0 > 0 such that
x(p, h) = p − hνp, p ∈ ∂Ω, h ∈ (−h0, h0)

defines a diffeomorphism of ∂Ω × (−h0, h0) onto {x ∈ Rn : d(x, ∂Ω) < h0}. We have

∂x(p, h)
∂(p, h)

=


1 − hk1 0 · · · 0

0 1 − hk2 0 · · · 0
· · ·

0 · · · 0 1 − hkn−1 0
0 · · · 0 1


and

det(
∂x(p, h)
∂(p, h)

) = Πn−1
j=1 (1 − hk j),

where k1, . . . , kn−1 are the principal curvatures of ∂Ω at p. We let σz, σ∗ and uz as in
§2. We have

Lemma 3.1. (Upper Bound) There is a constant C0 > 0 such that

JεΩ(uε) ≤ σzH
n−1(∂Ω) + C0ε,

for a minimizer uε of (3.1).

Proof. We define a comparison map ũ : Ω→ Rm by setting

ũ(x(p, h)) = uz(
h
ε

), p ∈ ∂Ω, h ∈ [0, h0),

ũ(x) = uz(
h0

ε
), x ∈ Ω, d(x, ∂Ω) ≥ h0.
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If e1, ..., en−1, νp is an orthonormal basis with e1, ..., en−1 tangent to ∂Ω at p in the di-
rection of the principal curvatures, we have

ũx j(x(p, h)) = 0, h ∈ (0, h0), j = 1, . . . ,n − 1,

ũxn(x(p, h)) =
1
ε

u′z(
h
ε

), h ∈ (0, h0).

It follows that

Jε
{d(x,∂Ω)<h0}

(ũ) =
1
ε

∫
∂Ω

h0∫
0

(1
2
|u′z(

h
ε

)|2 + W(uz(
h
ε

))
)
|Πn−1

j=1 (1 − hk j)|dhdp

=

∫
∂Ω

h0
ε∫

0

|u′z(s)|2|Πn−1
j=1 (1 − εsk j)|dsdp ≤ σzH

n−1(∂Ω) +
1
2

C0ε,

where C0 > 0 is a constant and we have used 1
2 |u
′

z(s)|2 = W(uz(s)). We also have

Jε
{d(x,∂Ω)≥h0}

(ũ) =
1
ε

W(uz(
h0

ε
))

∫
{d(x,∂Ω)≥h0}

dx

≤
1
2ε

C2
W |uz(

h0

ε
) − az|

2
|Ω| ≤

1
2ε

C2
WK

2
e−

2kh0
ε |Ω| ≤

1
2

C0ε,

where we have used (2.1) and |uz(s) − az| ≤ Ke−ks for some k,K > 0. �

Next we introduce some basic lemmas and the lower bound.

Lemma 3.2. Let uε a minimizer of (3.1) and δ > 0 a small number. Set Ωδ = {x ∈
Ω : mina∈A |uε − a|} ≤ δ}. Then there is a constant C1 > 0 such that

|Ωδ| ≥ |Ω|(1 −
C1

δ2 ε),

where |·| stands for the n-dimensional Lebesgue measure.

Proof. Let Ωc
δ = Ω \Ωδ. Then Lemma 3.1 and (2.2) imply

1
2

c2
Wδ

2

ε
|Ωc

δ| ≤
1
ε

∫
Ω

W(uε)dx ≤ JεΩ(uε) ≤ σzH
n−1(∂Ω) + C0ε.

It follows that there is C1 > 0 such that

|Ωc
δ| ≤

C1

δ2 |Ω|ε,

|Ωδ| ≥ |Ω|(1 −
C1

δ2 ε).

�
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Theorem 3.3. (The Lower Bound) Let uε a minimizer of (3.1). Then there is a con-
stant C > 0 such that

JεΩ(uε) ≥ σzH
n−1(∂Ω)(1 − Cε

1
3 ). (3.2)

Proof. For each p ∈ ∂Ω define hp by setting
hp = h0, if p − hνp ∈ Ωc

δ, h ∈ [0, h0],
hp = max{h ∈ (0, h0] : p − sνp ∈ Ωc

δ, s ∈ [0, h)}, otherwise.

Let α ∈ [0, 1) a number to be chosen later and let
S α = {p ∈ ∂Ω : hp ≥ ε

α
}.

We have ∫
S α

εα∫
0

|Πn−1
j (1 − hk j)|dhdp ≤

∫
S α

hp∫
0

|Πn−1
j (1 − hk j)|dhdp ≤ |Ωc

δ| ≤
C1

δ2 |Ω|ε.

This and |Πn−1
j (1− hk j)| ≥ 1−Ckεα (Ck > 0 a constant that depends on the curvatures

of ∂Ω) imply the existence of C2 > 0 such that

H
n−1(S α)εα(1 − Ckε

α) ≤
C1

δ2 |Ω|ε,

⇒H
n−1(S α) ≤

C2

δ2 ε
1−α
H

n−1(∂Ω).
(3.3)

Next continuing with the canonical coordinates near ∂Ω (pag.354 in [16]) and uti-
lizing that |∇uε| ≥ |∂uε

∂d |, d the distance from ∂Ω, and a standard estimate on the
Jacobian, already employed above, via Lemma 2.3 we obtain from (3.3)

JεΩ(uε) ≥ (σz −
1
2

CWδ
2)

∫
∂Ω\S α

min{1, |Πn−1
j (1 − εαk j)|}dp

≥ (σz −
1
2

CWδ
2)

∫
∂Ω\S α

(1 − Ckε
α)dp

≥ (σz −
1
2

CWδ
2)Hn−1(∂Ω)(1 −

C2

δ2 ε
1−α)(1 − Ckε

α).

It follows
JεΩ(uε) ≥ σzH

n−1(∂Ω)(1 − C3(δ2 + εα +
ε1−α

δ2 )),

for some constant C3 > 0. This implies (3.2) for α = 1
3 , δ2 = ε

1
3 . �

Let δ0 ∈ (0,mini, j
1
2 |ai − a j|) and δ ∈ (0, δ0) be fixed. A consequence of the upper

bound, the lower bound and the density estimate (see for example Theorem 5.2 in
[5]) is that a minimizer u remains near just one of the zeros of W throughout Ω.
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3.1. Proof of Theorem 1.2.
Proof. 1. Assume x0 ∈ Ωc

δ. Then by Lemma 2.4 we have the gradient bound

|∇uε| ≤
M
ε

which implies
min

j
|uε(x) − a j| >

δ
2
, x ∈ B δε

2M
(x0). (3.4)

Let v : Ω
ε → R

m be defined by v( x
ε ) = uε(x). Then the minimality of uε implies that v

minimizes
∫

Ω
ε
( 1

2 |∇v|2 + W(v))dy and (3.4) implies that v satisfies

min
j
|v(y) − a j| >

δ
2
, y ∈ B δ

2M
(y0).

Then arguing as in the proof of Lemma 5.5 in [5] we obtain, via the density estimate,
with c′(δ) a constant,

|Br(y0) ∩ {y : min
j
|v(y) − a j| > δ}| ≥ (δ0 − δ)c′(δ)rn−1, r ≤ d(y0, ∂(

Ω

ε
)),

which, in terms of uε, becomes
ε−n
|Bεr(x0) ∩Ωc

δ| ≥ (δ0 − δ)c′(δ)rn−1, εr ≤ d(x0, ∂Ω).

It follows
JεBεr(x0)(uε) ≥ wδ(δ0 − δ)c′(δ)(εr)n−1 = Cδ(εr)n−1, εr ≤ d(x0, ∂Ω), (3.5)

where wδ = minx∈Ωc
δ
W(uε(x)) > 0 and Cδ = wδ(δ0 − δ)c′(δ).

2. From the proof of Theorem 3.3 we see that the right hand side of (3.2) is an
estimate of the energy contained in an ε 1

3−neighborhood of ∂Ω. Therefore we can
add the energy JBεr(x0) and improve the lower bound given by (3.2) provided x0 and r
satisfy the condition

d(x0, ∂Ω) > ε
1
3 + εr.

In order to contradict the assumption that x0 ∈ Ωc
δ by utilizing the upper bound

given by Lemma 3.1 we choose r by imposing the condition

Cδ(εr)n−1 = 2σzH
n−1(∂Ω)Cε

1
3 ⇔ r = (

2σzH
n−1(∂Ω)C
Cδ

)
1

n−1 ε−(1− 1
3(n−1) ),

where C > 0 is the constant in (3.2). With this choice of r we obtain that the exis-
tence of a point x0 ∈ Ωc

δ that satisfies d(x0, ∂Ω) > ε
1
3 +C′ε

1
3(n−1) (hereC′ = (2σzH

n−1(∂Ω)C
Cδ

)
1

n−1 )
implies

JεΩ(uε) ≥ σz∂Ω(1 + Cε
1
3 )

which is in conflict with Lemma 3.1. This and the smoothness of the minimizer u
imply that there is a0 ∈ A such that

d(x0, ∂Ω) ≥ (2C′ + 1)ε
1

3(n−1) ⇒ |uε(x) − a0| < δ. (3.6)
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3. Finally we show that a0 ∈ Az, Az ⊂ A the set of possible az’s. If this is not the
case, from Lemmas 2.3 and 3.1 we have

(σ∗ −
1
2

CWδ
2)Hn−1(∂Ω)(1 − CKε

1
3(n−1) ) ≤ σzH

n−1(∂Ω) + C0ε,

where CK > 0 is a constant that depends on C′ and from the curvature of ∂Ω. Since
σ∗ > σz this inequality cannot hold if δ and ε are sufficiently small. This proves the
claim.

From (3.6) with a0 = az and via linear elliptic theory we obtain the exponential
estimate. The proof is complete. �

4. Example 2
We consider the minimization problem

min
u∈A

JεΩ(u), JεΩ(u) =

∫
Ω

(ε
2
|∇u|2 +

1
ε

W(u)
)
dx,

A = {u ∈ H1(Ω;Rm) : u = gε, x ∈ ∂Ω}.

(4.1)

under the hypothesis on the potential W and the Dirichlet data stated in the Intro-
duction (below (1.1), in (1.2) and in (1.6))

4.1. h
l > 1 The boundary layer case. In this section we analyze in detail the

structure of the minimizers of Jε
Ω

(u) under the assumption
l < h. (4.2)

We will establish Theorem 1.3 of the Introduction. The proof is based on the
tight lower/upper energy bounds and on the vector analog of the Caffarelli-Cordoba
density estimate (see [[5] Theorem 5.2]).

Set Jε
R

(v) =
∫
R

( ε2 |v
′
|
2 + 1

εW(v))ds and note that

σ = JεR(u(
·

ε
)) = JR(u).

4.1.1. The Upper Bound.

Proposition 4.1. There is a constant C1 > 0 such that, if uε : Ω→ Rm is a minimizer
of the problem (4.1) then

JεΩ(uε) ≤ 2lσ + C1ε| ln ε|3. (4.3)
Remark 1. We don’t believe that the logarithm can be removed.
Proof. We show that there exists a test map ũ : Ω → Rm that satisfies the bound
(4.3). Let η > 0 a small number to be chosen later and set

L1 = [C0ε, l − C0ε] × [0, 2η], L2 = [C0ε, l − C0ε] × [h − 2η, h],

T1 = {(x, y) : 0 ≤ y ≤
2η
C0ε

x, x ∈ [0,C0ε]}.
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We denote by T2 the reflection of T1 in the x axis, by T3 the reflection of T1 in the y
axis, by T4 the reflection of T2 in the y axis and by T j

τ, we denote T j subjected to the
translation τ ∈ R2. Set

B = L1 ∪ L2 ∪ T1
∪ T2

(0,h) ∪ T3
(l,0) ∪ T4

(l,h).

We set ũ(x, y) = a− for (x, y) ∈ Ω \ B. To define ũ in L1 ∪ L2 we use the map
v : [−η, η]→ Rm given by

v(s) =


1

C2ε

(
(−η + C2ε − s)a− + (η + s)u(C2 −

η
ε )
)
, −η ≤ s ≤ −η + C2ε,

u( s
ε ), −η + C2ε ≤ s ≤ η − C2ε,

1
C2ε

(
(η − s)u(ηε − C2) + (s − η + C2ε)a+)

)
, η − C2ε ≤ s ≤ η.

There are positive constants k and K such that (see Proposition 2.4 in [5])
|u(s) − a−| ≤ Keks, s ≤ 0,

|u(s) − a+| ≤ Ke−ks, s ≥ 0.
(4.4)

We take η = 1
2kε| ln ε|. Then (4.4) implies

|u(C2 −
η

ε
) − a−| ≤ KeC2eln ε

1
2 = C3ε

1
2 ,

|u(
η

ε
− C2) − a+| ≤ KeC2eln ε

1
2 = C3ε

1
2 .

This, (2.1), the definition of v and a standard computation yield

Jε(−η,−η+C2ε)
(v), Jε(η−C2ε,η)(v) ≤

1
2

(
C2

3

C2
+ C2

WC2
3C2)ε = C4ε. (4.5)

This and the obvious inequality Jε(−η+C2ε,η−C2ε)
(v) ≤ σ yield

Jε(−η,η)(v) ≤ σ + 2C4ε. (4.6)

We set
ũ(x, y) =

{
v(y − h + η), (x, y) ∈ L2,
v(η − y), (x, y) ∈ L1.

(4.7)

It remains to define ũ on T1
∪T2

(0,h)∪T3
(l,0)∪T4

(l,h). We define ũ on T1. The definition on
T2

(0,h),T
3
(l,0),T

4
(l,h) is similar. Let (r, s) ∈ R2 be coordinates with respect to a positively

oriented system with origin in (0, 0) and the s axis coinciding with the line y =
2η

C0ε
x.

We define ũ|T1 on each line parallel to the s axis by linear interpolation between the
values on the intersection of the line with the boundary of T1. Set λ = (C2

0ε
2 + 4η2)

1
2 ,

α = C0ε
λ and β =

2η
λ . With this definition it follows that

ũ(r, s) =
λ −

β
αr − s

λ − r
αβ

g(
r
β
, 0) +

s − α
β r

λ − r
αβ

v(−η +
r
α

), s ∈ [
α
β

r, λ −
β

α
r], r ∈ [0, αβλ]. (4.8)
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Since ũ is uniformly bounded for ε→ 0+ the same is true for W(ũ). It follows that
1
ε

∫
T1

W(ũ) ≤ CC0η = Cε| ln ε|. (4.9)

From (4.8) we have
ũs(r, s) =

1
λ − r

αβ

(v(−η +
r
α

) − g(
r
β
, 0)),

and therefore

ε

∫
T1

|ũs|
2 = ε

αβλ∫
0

λ−
β
α r∫

α
β r

|ũs|
2dsdr = ε

αβλ∫
0

αβ

αβλ − r
|v(−η +

r
α

) − g(
r
β
, 0)|2dr.

Observe that from βλ = 2η and αλ = C0ε it follows that

r = αβλ ⇒ v(−η +
r
α

) = v(η) = g(
r
β
, 0)) = g(C0ε, 0) = a+.

This and the fact that |v′|, |gx| ≤
C
ε imply

|v(−η +
r
α

) − g(
r
β
, 0)| ≤ |v(−η +

r
α

) − a+| + |g(
r
β
, 0) − a+|

≤
C
ε

(|2η −
r
α
| + |

r
β
− αλ|) =

C
ε

α + β

αβ
(αβλ − r).

(4.10)

With this estimate we obtain

ε

∫
T1

|ũs|
2
≤ ε

αβλ∫
0

C2

ε2

(α + β)2

αβ
(αβλ − r)dr

=
C2

2ε
αβλ2(α + β)2

≤
C2

ε
αβλ2

≤ Cε| ln ε|.

After some manipulation we obtain

ũr(r, s) =
1
αβ

(α2λ − s)
g( r

β , 0) − v(−η + r
α )

(λ − r
αβ )2

+
1
β

λ −
β
αr − s

λ − r
αβ

gx(
r
β
, 0) +

1
α

s − α
β r

λ − r
αβ

v′(−η +
r
α

).

This and (4.10) imply

|ũr|
2
≤

C
ε2

(α2λ − s)2 + α2(λ − β
αr − s)2 + β2(s − α

β r)2

(αβλ − r)2 .
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Observing that
λ−

β
α r∫

α
β r

(
(α2λ − s)2 + α2(λ −

β

α
r − s)2 + β2(s −

α
β

r)2
)
ds =

1 + α6 + β6

3α3β3 (αβλ − r)3,

we finally obtain

ε

∫
T1

|ũr|
2 = ε

αβλ∫
0

λ−
β
α r∫

α
β r

|ũr|
2dsdr

≤
C

εα3β3

αβλ∫
0

(αβλ − r)dr =
Cλ2

2εαβ
≤ Cε| ln ε|3.

The proof is complete. �

4.1.2. The Lower Bound. We now derive a lower bound for the energy of a mini-
mizer uε : Ω→ Rm of problem (4.1) (see also Corollary 4.4 below).
Proposition 4.2. There exist ε0 > 0 and a constant C̃ > 0 independent of ε ∈ (0, ε0]
such that, if uε : Ω→ Rm is a minimizer of problem (4.1), then

JεΩ(uε) ≥

l∫
0

h∫
0

(ε
2
|
∂uε
∂y
|
2 +

1
ε

W(uε)
)
dydx ≥ 2lσ − C̃ε

1
2 . (4.11)

Proof. 1. Given y ∈ (0, h), let Σy = {(x′, y′) ∈ Ω : y′ = y} and let Y ⊂ (0, h) be the set
Y = {y ∈ (0, h) : Σy ∩ {min

a,a−
|uε − a| ≤ δ} = ∅},

where δ = δε is to be chosen later. That is the set of sections Σy on which uε is δ away
from all a , a−. To estimate the measureH1(Y) from below we note that y ∈ (0, h)\Y
implies the existence of a , a− and (x(y), y) such that |uε(x(y), y) − a| < δ. From this,
(4.3) and Lemma 2.3 we obtain

2lσ + C1ε| ln ε|3 ≥
∫

(0,h)\Y

∫
Σy

(
ε
2
|
∂
∂x

uε(x, y)|2 +
1
ε

W(uε(x, y)))dxdy

≥ (2σ − CWδ
2)(h −H1(Y)).

It follows, for δ > 0 small, that

H
1(Y) ≥ h − l −O(δ2) ≥

1
2

(h − l).

2. Among the sections Σy considered in the previous step (a large set) consider
those that contain a subset on which uε is also δ-away from a−. We will show that
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this subset has small measure for most of these sections. Set Σ∗y = {(x, y) ∈ Σy :
|uε(x, y) − a−| > δ}. Then the definition of Y implies

min
a∈A
|uε − a| > δ, (x, y) ∈ Σ∗y, y ∈ Y,

and therefore, from Lemma 2.1 and Proposition 4.1 we get
1
2ε

C2
Wδ

2
∫
Y

H
1(Σ∗y) ≤ 2lσ + C1ε| ln ε|3,

⇒

∫
Y

H
1(Σ∗y) ≤ C∗

ε
δ2 , C∗ = 8

lσ
C2

W

.
(4.12)

Let Y∗ = {y ∈ Y : H1(Σ∗y) ≥ 2
H1(Y)C

∗ ε
δ2 }. Then (4.12) yields H1(Y∗) ≤ 1

2H
1(Y), and in

turn by step 1.

H
1(Y \ Y∗) ≥

1
4

(h − l).

For each y ∈ Y \ Y∗ we have that H1(Σ∗y) < 2
H1(Y)C

∗ ε
δ2 . It follows that

y ∈ Y \ Y∗ ⇒ H
1({x ∈ (0, l) : |uε(x, y) − a−| ≤ δ}) > l −

2
H1(Y

C∗
ε
δ2 . (4.13)

3. From step 2. there exist y1, y2 ∈ (0, h), y2 − y1 ≥
1
4 (h− l), that satisfy (4.13). The

boundary condition implies uε(x, h) = a+ for x ∈ (C0ε, l − C0ε). Hence from (4.13) we
have

H
1({x ∈ (C0ε, l − C0ε) : |uε(x, y2) − a−| ≤ δ}) > l − 2C0ε −

2
H1(Y)

C∗
ε
δ2 .

This and Lemma 2.3 imply

Jε(C0ε,l−C0ε)×(y2,h)(uε) ≥
∫

{x∈(C0ε,l−C0ε):|uε(x,y2)−a−|≤δ}

Jε(y2,h)(uε(x, ·))dx

≥ (σ −
1
2

CWδ
2)(l − 2C0ε −

2
H1(Y)

C∗
ε
δ2 ).

(4.14)

Since a similar estimate holds for Jε(C0ε,l−C0ε)×(0,y1)(uε), the lower bound (4.11) follows
from (4.14) with δ = ε

1
4 and from the fact that Jε(0,y1)(uε(x, ·)) and Jε(y2,h)(uε(x, ·)) only

account for the derivative ∂
∂yuε. The proof is complete. �

Remark 2. The lower bound in Proposition 4.2 is an estimate from below of the
energy of the minimizer uε in the set D = [0, l]× ([0, y1]∪ [y2, h]) which is quite tight
with respect the upper bound (4.3) on the whole domain. Hence we expect that, in
Ω \D, the minimizer to be close to a− uniformly.

Set δ0 = 1
2 mini, j |ai − a j|.
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Lemma 4.3. Fix δ ∈ (0, δ0] then there is a constant Cδ > 0 such that
z ∈ Ω, d(z,D)) ≥ Cδε

1
2 ⇒ |uε(z) − a−| ≤ δ. (4.15)

Moreover there is a constant k > 0 such that

|uε(z) − a−| ≤ δe−
k
ε (d(z,D)−Cδε

1
2 )+ , z ∈ Ω \D. (4.16)

Proof. 1. We first establish (4.15). Suppose that mina∈A |uε(z0) − a| > δ for some
z0 ∈ Ω \ D. From the gradient bound |∇uε| ≤ M

ε it follows that mina∈A |uε(z) − a| > δ
2

for z ∈ B δε
2M

(z0). Then by the Caffarelli-Cordoba (vector version) density estimate we
obtain

JεBεr(z0)(uε) ≥ C′δεr, for εr ≤ d(z0, ∂(Ω \D)), (4.17)
for some C′δ > 0. We choose r by imposing

C′δεr = 2C̃ε
1
2 ⇔ r =

2C̃
C′δ
ε−

1
2 ,

where C̃ is the constant in Proposition 4.2. With this choice of r we see that the
existence of z0 ∈ Ω \D, d(z0, ∂(Ω \D)) ≥ 2C̃

C′
δ
ε

1
2 , implies by Proposition 4.2 and (4.17)

JεΩ(uε) ≥ 2lσ + C̃ε
1
2

that contradicts Proposition 4.1 for small ε. It follows that
z ∈ Ω \D, d(z, ∂(Ω \D)) ≥ C∗δε

1
2 ⇒ |uε(z) − az| < δ, for some az ∈ A, (4.18)

where we have set C∗δ = 2C̃
C′
δ
.

2. az ≡ a−. The smoothness of ∂Ω implies the existence of d > 0 such that the
points z ∈ Cd, Cd = {z ∈ Ω : d(z, ∂Ω) ≤ d} can be represented with coordinates (s, r)
where r = d(z, ∂Ω) and s, in each connected component of ∂Ω, is the arc-length of
the orthogonal projection of z on ∂Ω.

Given z0 = z(0, s0) ∈ ∂Ω and a small interval (s1, s2) that contains s0 set
Ns0,(s1,s2) = {z = z(r, s) : r ∈ (0,C∗δε

1
2 ), s ∈ (s1, s2)}.

Assume that d(Ns0,(s1,s2),D) ≥ C∗δε
1
2 and observe that, since az is locally constant by

the continuity of uε, a
z(C∗

δ
ε

1
2 ,s0)
, a− implies via Lemma 2.3,

JεNs0 ,(s1 ,s2)
(uε) ≥ (σ − CWδ

2)(s2 − s1)(1 −
C∗δε

1
2

ρ
), (4.19)

where ρ > 0 is a lower bound for the the radius of curvature of ∂Ω. Since the proof
of Proposition 4.2 implies

JεD(uε) ≥ 2lσ − C̃ε
1
2 , (4.20)

(4.19) is in contradiction with the upper bound given by Proposition 4.1 and we
conclude

a
z(C∗

δ
ε

1
2 ,s0)

= a−.
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This, the fact that s0 is arbitrary and the continuity of uε implies the claim and we
have

z ∈ Ω \D, d(z, ∂(Ω \D)) ≥ C∗δε
1
2 ⇒ |uε(x, y) − a−| ≤ δ. (4.21)

3. We now show that this can be upgraded to (4.15) thus eliminating ∂Ω−, that
is the part of ∂(Ω \ D) near which we do not expect a boundary layer, and thus
allowing z all the way to the boundary ∂Ω−. The tool for accomplishing this is the
cut-off Lemma (Theorem 4.1 in [5]). We now describe a constructionwhich is needed
for closing the potential boundary layer. Let C > 0 be fixed and assume that, for
some value s0 of the curvilinear abscissa on ∂Ω, it follows that

d(z(r, s0),D) ≥ Cε
1
2 , r ∈ [0,C∗δε

1
2 ],

max
r∈[0,C∗

δ
ε

1
2 ]

|uε(z(r, s0)) − a−| ≥ δ. (4.22)

Then there exists r0 ∈ (0,C∗δε
1
2 ) such that
|uε(z(r, s0)) − a−| < δ, r ∈ [0, r0),
|uε(z(r0, s0)) − a−| = δ.

Since δ > 0 is small Lemma 2.1 implies

W(uε(z(r, s0)) ≥
c2

W

2
|uε(z(r, s0)) − a−|2 , r ∈ (0, r0).

This and v(r) = uε(z(r, s0)) − a− imply

j(s0) =:

r0∫
0

(ε
2
|
∂
∂r

uε(z(r, s0))|2 +
1
ε

W(uε(z(r, s0)))
)
dr

≥

r0∫
0

1
2

(ε|v′|2 +
c2

W

ε
|v|2)dr ≥

r0∫
0

1
2

(ε|v̂′|2 +
c2

W

ε
|v̂|2)dr =

δ2cW

2
cosh cW

ε r0

sinh cW
ε r0

,

(4.23)

where the map v̂(r) = δ
sinh

cW
ε r

sinh
cW
ε r0

n, n = u(z0)−a−
|u(z0)−a−|

, minimizes
∫ r0

0
1
2 (ε|v′|2 +

c2
W
ε |v|

2)dr in the
class of maps that satisfy v(0) = 0, v(r0) = δn. It follows that

j(s0) ≥
cWδ2

2
. (4.24)

Let S = {s0 : (4.22) holds}. Then (4.24) implies

JεΩ\D(uε) ≥
∫
S

j(s0)(1 −
C∗δε

1
2

ρ
)ds0 ≥ H

1(S)
cWδ2

2
(1 −

C∗δε
1
2

ρ
), (4.25)

This, (4.25), (4.20) and (4.3) imply

H
1(S)

cWδ2

2
(1 −

C∗δε
1
2

ρ
) + 2lσ − C̃ε

1
2 ≤ 2lσ + C1ε| ln ε|3
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and we obtain

H
1(S) ≤ 2

C̃ε
1
2 + C1|ε ln ε|3

cWδ2(1 −
C∗
δ
ε

1
2

ρ )
≤ Ĉε

1
2 . (4.26)

From (4.26) it follows that, given z(0, s0) ∈ ∂Ω− with d(z(0, s0),D) ≥ Cε
1
2 for some

C > 0 sufficiently large, there are s1 < s0 < s2 with s2 − s1 ≤ 2Ĉε
1
2 such that (recalling

also that we have uε = a− on ∂Ω−)
|uε(z) − a−| ≤ δ, z ∈ ∂Ns0,(s1,s2).

This, since δ > 0 is a small number, implies that we can invoke Theorem 4.1 in [5]
and conclude that

|uε(z) − a−| ≤ δ, z ∈ Ns0,(s1,s2).

This and the fact that the only condition imposed to s0 is d(z(0, s0),D) ≥ Cε
1
2 imply

(4.15) for some constant Cδ > 0.
4. Finally we establish (4.16) by applying linear theory. Set Ωε = {ζ : εζ ∈ Ω}.

The map Uε : Ωε
→ Rm, Uε(ζ) = uε(εζ) is a minimizer of

∫
Ωε

(
1
2 |∇V|2 + W(V)

)
dξdη. Fix

z ∈ Ω with d(z,D) ≥ Cε
1
2 . Now (4.15) implies that we can assume C > 0 sufficiently

large to ensure
|uε − a−| ≤ δ, on BR(z) ∩Ω, R = d(z,D) − Cε

1
2 .

Set E = BR(z) ∩Ω and Eε = {ζ : εζ ∈ E}. The minimizer Uε satisfies
|Uε
− a−| ≤ δ, on Eε,

Uε = a−, on ∂Eε ∩ ∂Ωε.
(4.27)

Arguing as in the proof of Lemma 4.4 (p.123 in [5]) with A = Eε and r = δ we deduce

|Uε(
z
ε

) − a−|2 ≤ δ2ϕ(
z
ε

),

where ϕ : Eε → R is the solution of
∆ϕ = c2

Wϕ, on Eε,

ϕ =
1
δ2 |U

ε
− a−|2 ≤ 1, on ∂Eε.

(4.28)

Since from (4.27) we have ϕ = 0 on ∂Eε ∩ ∂Ωε, the restriction to Eε of the solution ψ
of the problem

∆ψ = c2
Wψ, on B R

ε
(
z
ε

),

ϕ = 1, on ∂B R
ε
(
z
ε

),
(4.29)

is a super-solution for problem (4.28) therefore, using also Lemma A.1 in [5], we
have

|Uε(
z
ε

) − a−|2 ≤ δ2ψ(
z
ε

) ≤ δ2e−k0
R
ε , for R ≥ ερ0, (4.30)
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for appropriate k0 > 0 and ρ0. It follows that

|uε(z) − a−| ≤ δe−
k0
2ε (d(z,D)−Cε

1
2 ), for d(z,D) ≥ Cε

1
2 ,

where, by adjusting the constant C > 0 we have absorbed the term ερ0 in Cε
1
2 . The

proof is complete. �

Corollary 4.4. The lower bound (4.11) can be upgraded to

JεΩ(uε) ≥

l∫
0

h∫
0

(ε
2
|
∂uε
∂y
|
2 +

1
ε

W(uε)
)
dydx ≥ 2σl − C̃′ε.

Proof. Consider y1, y2 in Step 3 in the proof of Proposition 4.2 above. Set ŷ1 =
1
2 (y1 + y2)− 1

4 (y2 − y1), ŷ2 = 1
2 (y1 + y2) + 1

4 (y2 − y1), then, from y2 − y1 ≥
1
4 (h− l) and the

exponential estimate in Lemma 4.3 it follows that
x ∈ (C0ε, l − C0ε), j = 1, 2 ⇒

|uε(x, ŷ j) − a−| ≤ δe−
k

16ε (h−l−Cδε
1
2 )
≤ δe−

k
32ε (h−l).

Then, by taking ε > 0 sufficiently small we can assume

|uε(x, ŷ j) − a−| ≤ ε
1
2 , x ∈ (C0ε, l − C0ε), j = 1, 2.

Therefore, proceeding as for (4.14) with ŷ j in place of y j and δ = ε
1
2 , we obtain

Jε(0,ŷ1)(uε(x, ·)), J
ε
(ŷ2,h)(uε(x, ·)) ≥ σ − CWε, x ∈ (C0ε, l − C0ε), (4.31)

and therefore the lower bound

JεΩ(uε) ≥

l∫
0

Jε(0,h)(uε(x, ·))dx ≥ 2lσ − C̃′ε, C̃′ = 4σC0 + CWl. (4.32)

�

The estimate (4.32) is basic for deriving information on the structure of the mini-
mizer uε in the set [0, l]× ([0, y1]∪ [y2, h]). We begin by studying the one-dimensional
problem:
4.1.3. The one-dimensional problem. Consider the minimization problem

min
v∈V

Jε(0,λv)(v), Jε(0,λv)(v) =

λv∫
0

(
ε
2
|v′|2 +

1
ε

W(v))ds,

V = {v ∈ H1((0, λv);Rm) : |v(0) − a−| ≤ ε
1
2 , |v(λv) − a+| ≤ ε

1
2 , }.

(4.33)

Note that in the definition of V we have assumed that the interval of definition of
v ∈ V may change with v. Also observe that if λ > 0 is a fixed number it follows
that

min
v∈V

Jε(0,λv)(v) ≤ min
{v∈V :λv=λ}

Jε(0,λ)(v). (4.34)
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Lemma 4.5. Assume v is a minimizer of (4.33). Then there exist 0 < s− < s+ < λv
and a constant C∗ > 0 such that

s+
− s− ≤ C∗ε

1
2 , (C∗ =

4σ
c2

W

)

and
v(s) ∈ B

ε
1
4
(a−), s ∈ [0, s−),

v(s) ∈ Rm
\ ∪a∈AB

ε
1
4
(a), s ∈ [s−, s+],

v(s) ∈ B
ε

1
4
(a+), s ∈ (s+, λv).

(4.35)

Proof. For the energy of a minimizer v we have the upper bound

Jε(0,λv)(v) ≤ σ. (4.36)

This follows from Lemma 2.2 and the definition of σ. Set
s− = sup{s > 0 : v(s) ∈ B

ε
1
4
(a−)},

s+ = inf{s < λv : v(s) ∈ B
ε

1
4
(a+)}.

Lemma 2.4 and Lemma 2.5 in [5] imply that, for δ > 0 small and a ∈ A, the existence
of s1 < s2 < s3 such that

v(si) ∈ Bδ(a), i = 1, 3 and v(s2) < Bδ(a)

is incompatible with the minimality of v. This property of minimizers implies that
(4.35)2 and (4.35)4 hold and moreover that

v(s) ∈ Rm
\ (B

ε
1
4
(a−) ∪ B

ε
1
4
(a+)), s ∈ [s−, s+]. (4.37)

From Lemma 2.2, σ = JR(u), the minimality of u and the upper bound (4.36) we also
have

v(s) < B
ε

1
4
(a), a ∈ A \ {a−, a+}, s ∈ [s−, s+].

From this and (4.37) (4.35)3 follows. From (4.35)3 and Lemma 2.1 we have W(v(s)) ≥
1
2c2

Wε
1
2 and therefore from (4.36) we obtain

(s+
− s−)

1
2ε

c2
Wε

1
2 ≤ σ + Cε

and (4.35)1 follows with C∗ = 4σ
c2

W
. The proof is complete. �

Now let λ > 0 be fixed and define Va = V 1
a ∪ V 2

a where

V 1
a = {v ∈ V : λv = λ, v(s) ∈ B

ε
1
4
(a), for some a , a±, and s ∈ (0, λ)},

V 2
a = {v ∈ V : λv = λ, v(si) ∈ B

ε
1
4
(ai), a1 = a−, a2 = a+, a3 = a−

for some 0 ≤ s1 < s2 < s3 < λ}.

(4.38)
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Let W = {v ∈ V : λv = λ} \ Va. For w ∈ W we set
s−,w = sup{s ∈ (0, λ) : w(s) ∈ B

ε
1
4
(a−),

s+,w = inf{s ∈ (0, λ) : w(s) ∈ B
ε

1
4
(a+),

Sw = {s ∈ (0, λ) : w(s) ∈ Rm
\ ∪a∈AB

ε
1
4
(a)}.

Let K > 1 a number to be chosen later and define
W ∗ =

{
w ∈ W : |Sw

| < 2C∗ε
1
2 , and

w(s) ∈ B
Kε

1
4
(a−), s ∈ [0, s−,w),

w(s) ∈ B
Kε

1
4
(a+), s ∈ (s+,w, λ] .

} (4.39)

Note that
s+,w
− s−,w ≤ 2C∗ε

1
2 , w ∈ W ∗, (4.40)

and that Lemma 2.3 implies
Jε(0,λ)(w) ≥ σ − CWε

1
2 , w ∈ W ∗. (4.41)

We divide W c = W \W ∗ in two disjoint parts Ŵ c and W̃ c defined as follows
Ŵ c = {w ∈ W c : |Sw

| ≥ 2C∗ε
1
2 },

W̃ c = {w ∈ W c : |Sw
| < 2C∗ε

1
2 , and

w(s) < B
Kε

1
4
(a−) ∪ B

Kε
1
4
(a+), for some s < [s−,w, s+,w]}.

(4.42)

We set V c = Va ∪ Ŵ c
∪ W̃ c and observe that V c = {v ∈ V : λv = λ} \W ∗. From the

definition of V c we see that maps in V c have a structure that differs substantially
from that of minimizers of problem (4.33) described in Lemma 4.5. We need a
quantitative estimate of the energy price paid by a map w ∈ V c.
Lemma 4.6. Let V c be as before. Then there is K > 1 such that

w ∈ V c
⇒ Jε(0,λ)(w) ≥ σ + CWε

1
2 . (4.43)

Proof. 1. If w ∈ V 1
a we have Jε(0,λ)(w) ≥ σ + η for some η > 0. This follows from the

minimality of u. If w ∈ V 2
a Lemma 2.3 yields Jε(0,λ)(w) ≥ 2σ − CWε

1
2 .

2. If w ∈ Ŵ c we have
W(w(s)) ≥

1
2

c2
Wε

1
2 , s ∈ Sw.

It follows that

Jε(0,λ)(w) ≥
1
ε

W(w(s))|Sw
| ≥ 2c2

WC∗ = 4σ, (C∗ =
2σ
c2

W

).

3. If w ∈ W̃ c we have
w(s−,w) ∈ B

ε
1
4
(a−),

w(s+,w) ∈ B
ε

1
4
(a+).
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This and Lemma 2.3 imply
Jε(s−,w,s+,w)(w) ≥ σ − CWε

1
2 . (4.44)

By assumption there is s < (s−,w, s+,w) that satisfies w(s) ∈ Rm
\ (B

Kε
1
4
(a−) ∪ B

Kε
1
4
(a+)).

From this follows the existence of two intervals I j = [r j, s j] ⊂ (0, λ)\ (s−,w, s+,w), j = 1, 2
such that

W(w(s)) ≥
1
2

c2
Wε

1
2 , s ∈ I j,

||w(r j)| − |w(s j)|| ≥ (K − 1)ε
1
4 .

This and a standard computation imply

JεI j
(w) ≥

1
2

(
ε

3
2
(K − 1)2

|I j|
+

1

ε
1
2

c2
W |I j|

)
≥ cW(K − 1)ε

1
2 ,

that together with (4.44) yields
Jε(0,λ)(w) ≥ σ + (2cW(K − 1) − CW)ε

1
2 ≥ σ + CWε

1
2 ,

where we have chosen K = 1 + CW
cW
. The proof is complete. �

4.1.4. The structure inside the domain. From (4.31) we have a good lower bound for
the energy J(0,ŷ1)(uε(x, ·)) or J(ŷ2,h)(uε(x, ·)) of the restrictions of the minimizer uε : Ω→
Rm to each fiber {x}×(0, ŷ1), or {x}×(ŷ2, h) and therefore we expect that uε(x, ·)|(0,ŷ1) and
uε(x, ·)|(ŷ2,h) should be well approximated by a translation of u(−·) and u respectively.
We prove that this is indeed the case for most x ∈ (C0ε, l−C0ε). To show this we apply
the results in Lemma 4.5 and Lemma 4.6 to uε restricted to the fibers {x}×(0, ŷ1) and
{x} × (ŷ2, h). This requires a natural reinterpretation of the notation. For instance,
when dealing with the fiber {x}×(ŷ2, h) the interval (0, λ) in problem (4.33) should be
replaced by the interval (ŷ2, h) and the intervals [0, s−,w] and [s+,w, λ] in the definition
(4.39) of W ∗ with the intervals [ŷ2, ŷ2 + s−,w] and [ŷ2 + s+,w, h]. For w = uε(x, ·)|(ŷ2,h) we
set

η(x) = h − ŷ2 − s+,uε(x,·)|(ŷ2 ,h) .

Let X = X1 ∪ X2 ⊂ (C0ε, l − C0ε) be defined by
X1 = {x ∈ (C0ε, l − C0ε) : uε(x, ·)|(0,ŷ1) ∈ V c

},

X2 = {x ∈ (C0ε, l − C0ε) : uε(x, ·)|(ŷ2,h) ∈ V c
}.

Lemma 4.7. There exists a constant C′ > 0 such that
H

1(X) ≤ C′ε
1
2 | ln ε|3. (4.45)

Proof. From Lemma 4.6, (4.31) and Proposition 4.1 we have∑
i∈{1,2}

(
(σ − CWε)(l − C0ε −H

1(Xi)) +H1(Xi)(σ + CWε
1
2 )
)
≤ JεΩ(uε) ≤ 2lσ + C1ε| ln ε|3.

It follows that H1(X1) +H1(X2) ≤ C′ε
1
2 | ln ε|3 with C′ = C1

CW
. This and H1(X1 ∪ X2) ≤

H
1(X1) +H1(X2) conclude the proof. �
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(0, ŷ2)

Ω(ξ)

(ξ, h)

(ξ, h − η(ξ))

(ξ, ŷ2)

H

Lξ

H

(−2Cδε
1
2 , ŷ2)

Ω(ξ)′ Ω(ξ)′′

αξ

Figure 4. Ω(ξ),Ω(ξ)′,Ω(ξ)′′,Lξ and H for two different Ω.

4.2. The proof of Theorem 1.3.
Proof. 1. For ξ ∈ (0, l

2 ] we let Ω(ξ) be the connected component of Ω ∩ (−2Cδε
1
2 , ξ) ×

(ŷ2,+∞) that contains (0, ξ) × (ŷ2, h) (see Figure 4).
Set

Lξ = [−2Cδε
1
2 , ξ] × {ŷ2},

H = ∂Ω(ξ) ∩ (−∞, ξ) × (ŷ2, h),

and observe that, for small ε > 0, the estimate (4.16) in Lemma 4.3 implies
|uε(z) − a−| < ε, on Lξ ∪H. (4.46)

Also note that, if ξ ∈ [C0ε, l
2 ] \ X2 we have uε(x, ·)|(ŷ2,h) ∈ W ∗ and therefore

|uε(z) − a+| < Kε
1
4 , on Hη, (4.47)

where
Hη = {ξ} × [h − η(ξ), h].

2. Assume that ξ ∈ [C0ε, l
2 ] \ X2 and set

sinαξ =
η(ξ)

(ξ2 + η2(ξ)) 1
2

, cosαξ =
ξ

(ξ2 + η2(ξ)) 1
2

.

We regard Ω(ξ) as a union of fibers parallel to (sinαξ, cosαξ) and let Ω(ξ)′ be the
union of the fibers that terminate on [C0ε, ξ] × {h} and Ω(ξ)′′ the union of the fibers
that terminate on Hη. Since uε = a+ on [C0ε, ξ] × {h} and each fiber with the second
extreme on [C0ε, ξ] × {h} has its first extreme on Lξ ∪H, from (4.46) it follows that

JεΩ(ξ)′(uε) ≥ (σ − CWε)(ξ − C0ε −H
1(X)) cosαξ ≥ σξ cosαξ − Cε

1
2 | ln ε|3, (4.48)

where we have used (4.45) and C > 0 denotes a generic constant independent of ε.
On the other hand (4.47) implies that the contribution JΩ(ξ)′′(uε) of the fibers that

intersect Hη satisfies
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JεΩ(ξ)′′(uε) ≥ (σ − K2CWε
1
2 ))η(ξ) sinαξ ≥ ση(ξ) sinαξ − Cε

1
2 .

This and (4.48) yield

JεΩ(ξ)(uε) ≥ JεΩ(ξ)′(uε) + JεΩ(ξ)′′(uε) ≥ ση(ξ) sinαξ + σξ cosαξ − Cε
1
2 | ln ε|3. (4.49)

From (4.31) with R = (C0ε, l − C0ε) × (0, ŷ1) and R(ξ) = (ξ, l − C0ε) × (ŷ2, h) we also
have

JεR(uε) ≥ (σ − CWε)(l − 2C0ε) ≥ σl − Cε,
JεR(ξ)(uε) ≥ (σ − CWε)(l − ξ − C0ε) ≥ σ(l − ξ) − Cε. (4.50)

The upper bound (4.3) and the estimate (4.49), (4.50) yield

η(ξ) sinαξ ≤ ξ(1 − cosαξ) + Cε
1
2 | ln ε|3. (4.51)

The definition of sinαξ and cosαξ implies that (4.51) is equivalent to

η(ξ)2
≤ 2Cξε

1
2 | ln ε|3 + C2ε ln ε|6.

Since we have ξ ≤ l
2 and ξ < X we conclude

η(ξ) ≤ C]ε
1
4 | ln ε|

3
2 , ξ ∈ (C0ε,

l
2

] \ X. (4.52)

for some constant C] > 0 independent of ε.
3. We can perform a similar analysis for estimating η(ξ) for ξ ∈ [ l

2 , l − C0ε) and
for estimating the size of s−,u(x,·)|(0,ŷ1) for ξ ∈ (C0ε, l−C0ε). Proceeding in this way and
recalling the definition of η(ξ) and the estimate (4.40) we finally obtain

h − ŷ2 − s−,uε(x,·)|(ŷ2 ,h) ≤ 2C]ε
1
4 | ln ε|

3
2 ,

s+,uε(x,·)|(0,ŷ1) ≤ 2C]ε
1
4 | ln ε|

3
2 ,

for x ∈ (C0ε, l − C0ε) \ X. (4.53)

This implies that most of the energy of the minimizer u is concentrated near ∂+Ω.
Set

Dε =
(
(C0ε, l − C0ε) \ X

)
×

(
(0, 2C]ε

1
4 | ln ε|

3
2 ) ∪ (h − 2C]ε

1
4 | ln ε|

3
2 , h)

)
.

From (4.53) and the fact that uε(x, ·)|(0,ŷ1) and uε(x, ·)|(ŷ2,h) belong to W ∗ it follows
that
|uε(z) − a−| ≤ Kε

1
4 , z ∈

(
(C0ε, l − C0ε) \ X

)
× (2C]ε

1
4 | ln ε|

3
2 , h − 2C]ε

1
4 | ln ε|

3
2 ), (4.54)

and therefore Lemma 2.3 and (4.45) imply

JεDε
(uε) ≥ 2(σ − K2CWε

1
2 )(l − 2C0ε − C′ε

1
2 | ln ε|3) ≥ 2σl − Cε

1
2 | ln ε|3.

4. Conclusion. As in the proof of Lemma 4.3 we find that mina∈A |uε(z0)− a| ≥ δ for
some z0 ∈ Ω \Dε implies

JεBεr(z0)(uε) ≥ C′δεr, for εr ≤ d(z0, ∂(Ω \Dε)), (4.55)
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for some C′δ > 0. We choose r by imposing

C′δεr = 3σC′ε
1
2 | ln ε|3 ⇔ r =

3σC′

C′δ
ε−

1
2 | ln ε|3.

With this choice of r we see that the existence of z0 ∈ Ω \ Dε, d(z0, ∂(Ω \ Dε)) ≥
3σC′
C′
δ
ε

1
2 | ln ε|3, implies

JεDε
(uε) + JεBεr(z0)(uε) ≥ 2lσ + σC′ε

1
2 | ln ε|3.

This estimate, if ε > 0 is small, collides with the upper bound (4.3) and we conclude
that

min
a∈A
|uε(z) − a| < δ, z ∈ Ω \Dε, d(z, ∂(Ω \Dε)) ≥ Cε

1
2 | ln ε|3, (4.56)

where C = 3σC′
C′
δ
. This, (4.54), (4.15) and the continuity of u imply that actually we

have a = a− in (4.56). From the definition of Dε it follows that for C1 > 0 sufficiently
large we have, for small ε > 0,

z ∈ Ω, d(z, ∂+Ω) ≥ C1ε
1
4 | ln ε|

3
2 ⇒

z ∈ Ω \Dε, d(z, ∂Ω \Dε) ≥ Cε
1
2 | ln ε|3,

and from (4.56) with a = a− we conclude
z ∈ Ω, d(z, ∂+Ω) ≥ C1ε

1
4 | ln ε|

3
2 ,

⇒ |uε(z) − a−| < δ.

From this, proceeding as in the proof of (4.16) in the proof of Lemma 4.3, we derive
the exponential estimate

|uε(z) − a−| ≤ δe−
k
ε (d(z,∂+Ω)−C1ε

1
2 | ln ε|3), z ∈ Ω, d(z, ∂+Ω) ≥ C1ε

1
4 | ln ε|

3
2 .

The estimate (1.11) follows from this, (2.8) and a suitable choice of K. The proof is
complete. �

Remark 3. Theorem 1.3 implies the existence of the pointwise limit
u0 = lim

ε→0+
uε,

where
u0 =

{
a−, on Ω \ ∂+Ω,
a+, on ∂+Ω.

4.2.1. On the thickness of the boundary layer. Fix a point (x̂, ŷ) ∈ Ω and consider
the rescaled map

Uε(ξ, η) = uε(εξ + x̂, εη + ŷ), (εξ + x̂, εη + ŷ) ∈ Ω. (4.57)
The bound

|uε| ≤M, ⇔ |Uε
| ≤M,
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the smoothness of W and of ∂Ω and elliptic theory imply
|Uε
|C2,α(Ω

ε
;Rm) ≤ C, (4.58)

for some α ∈ (0, 1) and some constant C > 0. Therefore, at least along a subsequence,
there exists

U0 = lim
ε→0+

Uε,

and the convergence is in the C2 sense in compact sets. Clearly the limit function
U0 depends on the choice of the point (x̂, ŷ) ∈ Ω. From Theorem 1.3 we can easily
characterize U0 for various choices of (x̂, ŷ). For instance, if (x̂, ŷ) ∈ Ω \ ∂+Ω we have

U0 = a−, for (ξ, η) ∈ S,

where S = R2 if (x̂, ŷ) ∈ Ω and S is the half plane that contains Ω and is tangent to
Ω at (x̂, ŷ) if (x̂, ŷ) ∈ ∂Ω \∂+Ω. If (x̂ε, ŷ) ∈ ∂Ω has x̂ε ∈ (0,Cε), ŷ = 0 and g(x̂, 0) = b , a±
we expect that U0 : S → Rm satisfies limξ→±∞U0(ξ, 0) = a± and that as η → +∞,
U0(·, η) converges exponentially to a translate of the heteroclinic connection u, see
[22] and Chapter 9 in [5]. It remains to consider the case where (x̂, ŷ) ∈ ∂+Ω. In
this case, Theorem 1.3 suggests that

U0
≡ a+, (4.59)

on the half plane S. In spite of the fact that the estimate for the thickness of the
boundary layer given by Theorem 1.3 may not be optimal as far as the power ε 1

2 is
concerned, it is correct in indicating that the layer is thicker than O(ε). In Theo-
rem 4.8 below we establish (4.59) and also prove that the thickness is ε

o(1) . This is
compatible with the fact that there is no connecting orbit in the half plane.

The existence of the boundary layer is a higher dimensional effect and a new
phenomenon. It is the result of a compromise between two competing minimiza-
tion requirements: in the interior of ∂+Ω to reduce energy the solution Uε tries to
behave like in the one dimensional case and push the layer in the interior while in
a neighborhood of the extreme points of ∂+Ω minimization requires the solution to
remain near a−.

Theorem 4.8. Let x̂ ∈ (0, l) be fixed. Then
(i) For each K > 0 it results

lim
ε→0+

sup
y≤Kε
|uε(x̂, y) − a+| = 0,

(ii)

lim inf
ε→0+

|uε(x̂, yε) − a+| > 0 ⇒ lim
ε→0+

yε

ε
= +∞,

(iii)

lim
ε→0+

ε
∂uε
∂y

(x̂, 0) = 0.



VECTOR ALLEN-CAHN ENERGY AND QUALITATIVE PROPERTIES OF MINIMIZERS 43

Proof. 1. We begin with the scalar case m = 1 that can be handled by simply com-
bining known facts based on the Modica inequality which is not available in the
vector case. Specifically we will make use of a result of Farina and Valdinoci [13,
Theorem 1 (ii)] which in particular establishes the validity of the Modica inequality
on the half space (as opposed to the whole Rn).
The map Uε defined in (4.57) for fixed x̂ ∈ (0, l) and ŷ = 0 satisfies

∆Uε = W′(Uε), (εξ + x̂, εη) ∈ Ω; ξ =
x − x̂
ε
, η =

y
ε
.

Since we are in the scalar case we can assume a± ∈ R, a− < a+. Then we have
a− ≤ Uε

≤ a+ which follows from the boundary conditions on ∂Ω via the maximum
principle. By linear elliptic theory

Uε
∈ C2,α(Ω

ε
), Ωε = {(ξ, η) : (εξ + x̂, εη) ∈ Ω},

and so, along a subsequence,

Uε j C2

→ U0, on compacts in S = R × [0 +∞).

The limit function U0 satisfies{
∆U0 = W′(U0), inS = R × (0,+∞),
U0(ξ, 0) = a+, ξ ∈ R.

(4.60)

Setting u = −U0 + a+, −F′(u) = W(a+ − u) we can apply Theorem 1 (ii) in [13] and
conclude, via the positivity of W and the specific bounds U0

∈ [a−, a+], the Modica
estimate

1
2
|∇U0

|
2
≤W(U0), in S. (4.61)

As we mention below, classical estimates from linear elliptic theory imply
U0
∈ C2,α(S), (4.62)

which we accept for the moment This extends the validity of (4.61) up to the bound-
ary of S. Arguing now as in [19, Theorem I] we set

φ(t) = U0((ξ, 0) + tn) + a+, n ∈ S1, t ∈ R, (ξ, 0) + tn ∈ S,

and obtain via (4.61) that there is δ > 0 such that
|φ′(t)|2 ≤ C|φ(t)|2, φ(0) = 0, |t| ≤ δ,

and conclude thatφ(t) = 0 for |t| < δ. This shows that the set {(ξ, η) ∈ S : U0(ξ, η) = a+}

which is nonempty and closed in S is also open and therefore coincides with S, hence
U0
≡ a+, onR × [0,+∞). (4.63)

From this Theorem 4.8 follows. To avoid repetition, we give details concerning the
various statements of the theorem, when dealing with the vector case.

To prove (4.62) we note that the boundedness of U0 and Theorem 8.29 in [16]
imply a Hölder estimate for U0 up to the boundary of S. This and the smoothness of
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W yields W′(U0) ∈ Cα(S), for some α ∈ (0, 1). Next with the global Schauder estimate
we have

‖U0
‖C2,α(S) ≤ C1‖W′(U0)‖Cα(S) + C2‖U0

‖L∞(S),

and (4.62) follows.

Remark 4. The previous discussion of the scalar case can be slightly generalized.
Indeed the argument developed to derive (4.63) goes through in the same way also
if we allow the point x̂ ∈ (Cε, l − Cε) in the definition of Uε to depend on ε.

2. Now we move to the vector case m > 1. The objective is to establish (4.63) and
the difficulty is due to the absence of the Modica estimate. We will utilize the upper
bound (4.3) in Proposition 4.1, the refined lower bound (4.32), which is sharp as far
as the power of ε is concerned as well as the zero order term, Gui’s Hamiltonian
identities (e.g. [5], 3.4) and Theorem 1.3 above.

Lemma 4.9.
l∫

0

h∫
0

|
∂
∂x

uε|2dydx ≤ C| ln ε|3, some constant C > 0,

l−x̂
ε∫

−
x̂
ε

h
ε∫

0

|Uε
ξ|

2dηdξ ≤ C| ln ε|3.

Proof. From (4.3) and (4.32) we have

ε
2

l∫
0

h∫
0

|
∂
∂x

uε|2dydx ≤ 2lσ + C1ε| ln ε|3 −

l∫
0

Jε(0,h)(uε(x, ·))dx ≤ C1ε| ln ε|3 + C̃′ε,

and the first inequality is established. The second inequality follows from the first
by changing variables. �

From the boundary conditions we have Uε(ξ, 0) = a+ for ξ ∈ (− x̂
ε + C, l−x̂

ε −C), so by
linear elliptic theory (e.g. Theorem 8.29 in [16])

|Uε(ξ, η) −Uε(ξ, 0)| ≤ C̃|η|α, (4.64)

for some constant C̃ > 0 and α ∈ (0, 1). Thus we obtain in this range of η ’s the
estimate

|Uε(ξ, η) − a+| ≤ C̃|η|α, (4.65)
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Lemma 4.10. There exist ξ±(ε) such that

ξ−(ε) ∈ (−
x̂
ε

+ C,−
x̂
ε

+ C + ε−
3
4 ),

ξ+(ε) ∈ (
l − x̂
ε
− C − ε−

3
4 ,

l − x̂
ε
− C),

h
ε∫

0

|Uε
ξ(ξ
±(ε), η)|2dη ≤ Cε

3
4 | ln ε|3.

(4.66)

Proof. Set f (ξ) =
∫ h

ε

0
|Uε

ξ(ξ, η)|2dη, ξ ∈ (− x̂
ε + C, l−x̂

ε − C). Then Lemma 4.9 and the
Mean Value Theorem imply, for each p ∈ (− x̂

ε + C, l−x̂
ε − C − ε−

3
4 ),

ε−
3
4 f (ξ(ε)) =

p+ε−
3
4∫

p

f (ξ)dξ ≤ C| ln ε|3, some ξ(ε) ∈ (p, p + ε−
3
4 ),

�

We now utilize the Hamiltonian Identity in the rectangle [ξ−(ε), ξ+(ε)] × [0, h
2ε ]

arguing as in the proof of Theorem 3.2 in [5]. Taking into account the boundary
condition Uε(ξ, 0) = a+, we have

ξ+(ε)∫
ξ−(ε)

[
1
2

(|Uε
ξ|

2
− |Uε

η|
2) + W(Uε)]|η= h

2ε
dξ +

1
2

ξ+(ε)∫
ξ−(ε)

|Uε
η(ξ, 0)|2dξ

=

h
2ε∫

0

Uε
ξ ·U

ε
η|ξ=ξ−(ε)dη −

h
2ε∫

0

Uε
ξ ·U

ε
η|ξ=ξ+(ε)dη.

(4.67)

Lemma 4.11.

lim
ε→0+

ξ+(ε)∫
ξ−(ε)

[
1
2

(|Uε
ξ|

2
− |Uε

η|
2) + W(Uε)]|η= h

2ε
dξ = 0,

lim
ε→0+

h
2ε∫

0

|Uε
ξ ·U

ε
η|

∣∣∣ξ=ξ±(ε) dη = 0.

(4.68)

Proof. From ∆Uε = Wu(Uε) = Wu(Uε) − Wu(a−) and Theorem 1.3, via a local Lp-
estimate, we obtain [e changed to exp below – too small fonts]

|∇Uε
| ≤ C exp

(
−k

(
min{η,

h
ε
− η} − C1

| ln ε|3

ε
1
2

))
, in [−

x̂
ε
,

l − x̂
ε

] × [0,
h
ε

], (4.69)
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where C > 0 here and below is a constant possibly different from line to line. This
with η = h

2ε and the smallness of W(Uε(ξ, h
2ε )), ξ ∈ (− x̂

ε ,
l−x̂
ε ) that follows by (1.11),

proves (4.68)1.
To complete the proof we write

h
2ε∫

0

|Uε
ξ ·U

ε
η|

∣∣∣ξ=ξ±(ε) dη =

C1
| ln ε|3

ε
1
2∫

0

|Uε
ξ ·U

ε
η|

∣∣∣ξ=ξ±(ε) dη +

h
2ε∫

C1
| ln ε|3

ε
1
2

|Uε
ξ ·U

ε
η|

∣∣∣ξ=ξ±(ε) dη = I + II.

We estimate each term separately. From (4.58) and (4.66)2 and (4.69) we have

I ≤ C


C1
| ln ε|3

ε
1
2∫

0

|Uε
ξ(ξ
±(ε), η)|2dη



1
2

(
| ln ε|3

ε
1
2

)
1
2 ≤ C(ε

3
4 | ln ε|3)

1
2 (
| ln ε|3

ε
1
2

)
1
2 ≤ Cε

1
8 | ln ε|3, (4.70)

II ≤


h
ε∫

0

|Uε
ξ(ξ
±(ε), η)|2dη


1
2


h
2ε∫

C1
| ln ε|3

ε
1
2

|Uε
η(ξ
±(ε), η)|2dη



1
2

≤ C(ε
3
4 | ln ε|3)

1
2


h
2ε∫

C1
| ln ε|3

ε
1
2

e
−2k(η−C1

| ln ε|3

ε
1
2

)
dη



1
2

≤ C(ε
3
4 | ln ε|3)

1
2 .

(4.71)

�

From Lemma 4.11 and (4.67) we obtain

lim
ε→0+

ξ+(ε)∫
ξ−(ε)

|Uε
η(ξ, 0)|2dξ = 0, (4.72)

and since, along a sequence {ε j}, Uε j converges locally in S = R × [0,+∞), to U0 in
the C2 sense, we conclude ∫

R

|U0
η(ξ, 0)|2dξ = 0, (4.73)

hence
U0
η(ξ, 0) = 0, ξ ∈ R. (4.74)

Passing to the limit as ε→ 0+ in (4.65) we also have
U0(ξ, 0) = 0, ξ ∈ R. (4.75)
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A classical argument based on (4.73) and (4.75) shows that the map Ũ : R2
→ Rm

Ũ =

{
a+, on R × (−∞, 0),
U0, on R × [0,+∞),

is a W1,2 solution of ∆U = Wu(U). Obviously the same is true for the map identically
equal to a+. This and a unique continuation theorem in [15] imply Ũ ≡ a+ and
therefore that (4.63) holds also in the vector case.

We are now in the position to conclude the proof. Assume that (i) does not hold.
Then there exists K > 0, δ > 0 and sequences {ε j}, ε j → 0+ as j→ +∞, {y j} such that

|uε j(x̂, y j) − a+| ≥ δ, y j ≤ Kε j, j = 1, 2, . . .

This is equivalent to
|Uε j(0, η j) − a+| ≥ δ, η j ≤ K, j = 1, 2, . . .

which, since Uε converges to U0 uniformly in compacts, contradicts (4.63). This con-
tradiction proves (i). Statement (ii) is a straightforward consequence of (i). Finally
if (iii) does not hold we have

ε j
∂
∂y

uε(x̂, 0) ≥ δ, j = 1, 2, . . .

for some sequence {ε j}, ε j → 0+ as j→ +∞ and therefore
Uε j
η (0, 0) ≥ δ, j = 1, 2, . . .

This again contradicts (4.63) since, along a subsequence, Uε j
η converges in the C2

sense, uniformly in compacts, to U0. The proof of Theorem 4.8 is complete.
�

4.3. h
l < 1, The internal layer case. In this section we analyze in detail the struc-

ture of the minimizers of problem (4.1) under the assumption
l > h. (4.76)

We will establish Theorem 1.4 of the Introduction. The proof is based on the tight
lower/upper energy bounds, on the vector analogue of the Caffarelli-Cordoba den-
sity estimate (see [5] Theorem 5.2), and on the study of the one-dimensional prob-
lem in Section 4.1.3
4.3.1. The upper bound.
Proposition 4.12. There exists C > 0 independent of ε such that, if u is a minimizer
of (4.1), then

JεΩ(u) ≤ 2σh + Cε.

Proof. 1. From (1.9) it follows that there is a number δ > 0 and smooth functions
p, q : [−δ, l + δ]→ R such that

Ω ∩ [−δ, l + δ] × [−δ, h + δ] = Sδ,
Sδ = {(x, y) : y ∈ (p(x), q(x)), x ∈ [−δ, l + δ]},
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p(x) = 0, x ∈ [0, l]; q(x) = h, x ∈ [0, l],
p′(0) = p′(l) = q′(0) = q′(l) = 0,
p′′(0) = p′′(l) = q′′(0) = q′′(l) = 0.

(4.77)

We define a test function utest in several steps. We let δε > 0 be a small number
to be chosen later and set

utest(z) = a−, z ∈ Ω \ Sδε ,
utest(z) = a+, z ∈ [δε, l − δε] × [0, h].

(4.78)

2. To complete the definition of utest we observe that Sδε is mapped onto the rec-
tangle Rδε = [−δε, l + δε] × [0, h] via the map z = (x, y)→ ζ = (ξ, η) defined by

ξ = x, x ∈ (−δε, l + δε),

η =
h(y − p(x))
q(x) − p(x)

, y ∈ (p(x), q(x)),

with inverse
x = ξ, ξ ∈ (−δε, l + δε),

y =
η(q(ξ) − p(ξ))

h
+ p(ξ), η ∈ (0, h).

(4.79)

From (4.77), if δε is chosen sufficiently small, say δε ≤ ε
1
2 , we have that p, q − h,

p′, q′ are O(ε) for x ∈ [−δε, l + δε]. It follows that

∂ζ
∂z

(z) = I + O(ε),

det
∂z
∂ζ

(ζ) = 1 + O(ε),
(4.80)

where ∂ζ
∂z is the Jacobian matrix of ζ, det M the determinant of the matrix M and

z : Sδε → Rδε the inverse of ζ. From (4.80) it follows that, if v : Rδε → R
m is a smooth

bounded map and if we set

utest(z) = v(ζ(z)), z ∈ Sδε ,
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then it follows that∫
Sδε

|∇utest(z)|2dz ≤
∫

Rδε

|
∂ζ
∂z

(z(ζ))|2|∇v(ζ)|2|det
∂z
∂ζ

(ζ)|dζ,

≤ (1 + o(ε))
∫

Rδε

|∇v(ζ)|2dζ,

∫
Sδε

W(utest(z))dz =

∫
Rδε

W(v(ζ))|det
∂z
∂ζ

(ζ)|dζ,

≤ (1 + o(ε))
∫

Rδε

W(v(ζ))dζ.

(4.81)

3. The estimates (4.81) show that we can work on Rδε. Obviously we need to impose
v = a+ on [δε, l− δε]× [0, h] and, to ensure that utest satisfies the boundary conditions
in the minimization problem (4.1), we must require

v(ζ) = g̃ε(ζ) =: gε(z(ζ)), ζ ∈ [−δε, l + δε] × {0, h},

where gε is as in (1.10). More explicitly we have
g̃ = a−, (ξ, η) ∈ [−δε, 0] ∪ [l, l + δε] × {0, h},
g̃ = gε, (ξ, η) ∈ [0,C0ε] ∪ [l − C0ε, l] × {0, h},
g̃ = a+, (ξ, η) ∈ [C0ε, δε] ∪ [l − δε, l − C0ε] × {0, h},

(4.82)

with gε and C0 as in (1.10).
4. We complete the definition of v. We divide [−δε, δε] ∪ [l − δε, l + δε] × [0, h] in

parts denoted A,B,C,D as sketched in Fig. 5. The definition of v in regions labeled
with the same letter is similar. Therefore we only define v on one (marked by the
superscript ∗) of the regions denoted with the same letter. The extension to the
entire domain is then straightforward. We set δε = ε + ελε, with λε = | ln εn

| and
n ≥ 1 a sufficiently large number, and define

v(ξ, η) = u(
ξ
ε

), (ξ, η) ∈ A∗ = [−ελε, ελε] × [ε, h − ε],

v(ξ, η) =
η

ε
(u(
ξ
ε

) − g̃(ξ, 0)) + g̃(ξ, 0), (ξ, η) ∈ B∗ = [−ελε, ελε] × [0, ε],

v(ξ, η) = (1 − (
ξ
ε
− λε))(u(λε) − a+) + a+,

(ξ, η) ∈ C∗ = [ελε, ελε + ε] × [ε, h − ε],

v(ξ, η) = (1 − (
ξ
ε
− λε))

η

ε
(u(λε) − a+) + a+,

(ξ, η) ∈ D∗ = [ελε, ελε + ε] × [0, ε].

(4.83)

with these definitions we immediately have



50 NICHOLAS D. ALIKAKOS AND GIORGIO FUSCO

D∗D

D

A∗

B∗

B D

C∗C

0

h

ελε
D D

D

A

B

BD

C CRδε

l

Sδεδε

Figure 5. Rδε, Sδε and the sets A,B,C,D.

JεA∗(v) ≤ σh. (4.84)
To proceed with the estimates of JB∗(v) etc, we recall (4.4) and that similar esti-
mates are valid for the derivative of u. Moreover the fact that v is bounded and the
assumption that a± are nondegenerate imply that there is a constant C > 0 such
that

W(v) ≤ C|v − a±|2. (4.85)
To estimate JεB∗(v) we divide B∗ as B∗ = B− ∪ B′ ∪ B+ where B− = [−ελε, 0] × [0, ε],
B′ = [0,C0ε]× [0, ε] and B+ = [C0ε, ελε]× [0, ε]. From the properties of gε in (1.10) and
the definition of v it follows that (ξ, η) ∈ B′ implies |∇v| ≤ C

ε and W(v) ≤ C. This and
|B′| ≤ Cε2 imply

JεB′(v) ≤ Cε. (4.86)
Next we estimate JεB+(v). Since, for ξ ∈ [C0ε, ελε], it follows that g̃(ξ, 0) = a+ and
therefore v(ξ, η) =

η
ε (u(ξε ) − a+) + a+, from (4.4) and (4.85) we obtain

JεB+(v) ≤
C
ε

ε∫
0

ελε∫
C0ε

(
|u(
ξ
ε

) − a+|
2 +

η2

ε2 |u
′(
ξ
ε

)|2
)
dξdη

≤
C
ε

ε∫
0

ελε∫
C0ε

e−2k ξε dξdη ≤ Cε.

In a similar way we also obtain JεB−(v) ≤ Cε. From this and (4.86) we conclude
JεB∗(v) ≤ Cε. (4.87)
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On C∗ we have | ∂v
∂ξ | ≤ |u(λε) − a+|, ∂v

∂η = 0 and, from (4.85), W(v) ≤ C|u(λε) − a+|
2. This

and (4.4) imply

JεC∗(v) ≤
C
ε
|u(λε) − a+|

2

ελε+ε∫
ελε

dξ

≤ Celn ε2nk
≤ Cε,

(4.88)

provided n is chosen sufficiently large. Finally, using as before (4.4), (4.85) and
|u(λε) − a+|

2
≤ Celn ε2nk

≤ Cε, it is seen that JεD∗(v) is of higher order

JεD∗(v) ≤ Cε2. (4.89)
From (4.84), (4.87), (4.88) and (4.84) and the similar estimates valid for JA(v) etc.

we obtain
JεRδε (v) ≤ 2σh + Cε.

This concludes the proof. �

4.3.2. The lower bound. We now derive a lower bound for the energy of a minimizer
of problem (4.1) (see also Corollary 4.14 below).

Proposition 4.13. There exist C4 > 0 and ε0 > 0 such that, if u is a minimizer of
(4.1), then

JεΩ(u) ≥
∫
Ω

(ε
2
|
∂u
∂x
|
2 +

1
ε

W(u)
)
dxdy ≥ 2σh − C4ε

1
2 , ε ∈ (0, ε0]. (4.90)

Remark 5. By Corollary 4.14 below∫
Ω

(ε
2
|
∂u
∂x
|
2 +

1
ε

W(u)
)
dxdy ≥ 2σh − C̃ε.

As a consequence to this and the upper bound above, one obtains the following key
estimate ∫

Ω

|
∂u
∂y
|
2dxdy ≤ C.

Proof. 1. Let δ = δ(ε) > 0 a number to be chosen later that satisfies ε
δ2 = o(1), as

ε→ 0. Set Ωδ = {z ∈ Ω : mina∈A |u(z) − a| < δ} and let Ωc
δ be the complement of Ωδ in

Ω. Then (2.2) and Proposition 4.12 imply
c2

Wδ
2

2ε
|Ωc

δ| ≤
1
ε

∫
Ω

W(u)dz ≤ JεΩ(u) ≤ 2σh + Cε,

⇒ |Ωc
δ| ≤ C5

ε
δ2 .

(4.91)
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2. For x ∈ (0, l) set Σx = {x} × (0, h) and define

X = {x ∈ (C0ε, l − C0ε) : H1(Σx ∩Ωδ) > h − η
ε
δ2 },

Xc = {x ∈ (C0ε, l − C0ε) : H1(Σx ∩Ωc
δ) ≥ η

ε
δ2 },

where η > 0 is a constant to be selected later. From (4.91) we have

η
ε
δ2H

1(Xc) ≤
∫
Xc

H
1(Σx ∩Ωc

δ)dx ≤ |Ωc
δ| ≤ C5

ε
δ2 .

It follows that
H

1(Xc) ≤
C5

η
,

and therefore
H

1(X) ≥ l − 2C0ε −
C5

η
.

3. We divide the sections in X in two parts X− and X+ = X \ X− where
X− = {x ∈ X : ∃ a ∈ A \ {a+}and z ∈ Σx such that |u(z) − a| < δ},
X+ = {x ∈ X : Σx ∩Ωδ = {z ∈ Σx : |u(z) − a+| < δ}}.

From the boundary condition at x ∈ (0, l), y = 0, h, Lemma 2.3 and Proposition 4.12
it follows that

(2σ − CWδ
2)H1(X−) ≤ 2σh + Cε,

⇒ H
1(X−) ≤

h + C
2σε

1 − CW
2σ δ

2
≤ h +

C
σ
ε +

CWh
σ
δ2,

and, in turn by Step 2 above,

H
1(X+) ≥ l − h − (2C0 +

C
σ

)ε −
C5

η
−

CWh
σ
δ2.

Since l > h this estimate shows that if ε > 0 and δ > 0 are sufficiently small and if
η > 0 is sufficiently large we haveH1(X+) ≥ 1

2 (l− h). Then from the characterization
of X+ and X we have

x ∈ X+ ⇒ H
1({z ∈ Σx : |u(z) − a+| < δ}) ≥ h − η

ε
δ2 .

This and Lemma 2.3 imply∫
Ω

(ε
2
|
∂u
∂x
|
2 +

1
ε

W(u)
)
dxdy ≥ (2σ − CWδ

2)(h − η
ε
δ2 ) ≥ 2σh − (CWh + 2ση)ε

1
2 ,

where we have set δ = ε
1
4 . The proof is complete. �

For z1, z2 ∈ R2 we denote sg(z1, z2) the open segment with end points z1 and z2.
We use brackets for closed or half closed segments. For y ∈ (0, h) let sg[z1

y, z2
y] the

connected component of Σy = Ω ∩ ((−∞,+∞) × {y}) that contains (0, l) × {y}.
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0 l

h
Ω

x1 x2

D

z1
y z2

y

Figure 6. The set D and the segments sg(z1
y, (x1, y)) and sg((x2, y), z2

y).

Remark 6. From the proof of Proposition 4.13 there exist 0 < x1 < x2 < l that satisfy
x2 − x1 ≥

1
2 (l− h) and are such that in the lower bound in Proposition 4.13, Ω can be

replaced by the subset (see Figure 6)

D =
⋃

y∈(0,h)

sg(z1
y, (x1, y)) ∪ sg((x2, y), z2

y).

Here D plays the same role as the set denoted again D in the boundary layer case
(see Remark 2)

Arguing as in the proof of Theorem 1.2, we show that, in Ω \ D, u remains in a
neighborhood of A. Actually, by adapting to the case at hand the argument in Steps
1. and 2. in the proof of Theorem 1.2 we see that the existence of a point z ∈ Ω \D
that satisfies

d(z, ∂(Ω \D)) ≥ Cε
1
2 , and min

a∈A
|u(z) − a| ≥ δ,

for C > 0 is sufficiently large, contradicts Proposition 4.12. It follows that

z ∈ Ω \D, d(z, ∂(Ω \D)) ≥ Cε
1
2

⇒ |u(z) − a| ≤ δ, for some a ∈ A.
(4.92)

Set Q = (x1, x2)× (0, h) and Ω∗ = Ω \ (D ∪Q). From (4.92), by means of the approach
developed in Steps 2. and 3. in the proof of Lemma 4.3, we obtain via u = gε on ∂Ω
and the continuity of u up to the boundary

z ∈ Q, min
i
|x − xi| ≥ Cε

1
2

⇒ |u(z) − a+| ≤ δ,
(4.93)

and, if Ω∗ is nonempty,

z ∈ Ω∗, d(z,D) ≥ Cε
1
2

⇒ |u(z) − a−| ≤ δ,
(4.94)
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and then derive the exponential estimates

|u(z) − a+| ≤ Ke−
k
ε (mini |x−xi|−Cε

1
2 )+ , z ∈ Q,

|u(z) − a−| ≤ Ke−
k
ε (d(z,D)−Cε

1
2 )+ , z ∈ Ω∗.

(4.95)

The estimate (4.95)1 implies the following
Corollary 4.14. The lower bound (4.90) above can be upgraded to∫

Ω

(ε
2
|
∂u
∂x
|
2 +

1
ε

W(u)
)
dxdy ≥ 2σh − C̃ε. (4.96)

Proof. Since x2 − x1 ≥
1
2 (l − h), for x = xm = 1

2 (x1 + x2) we have mini |xm − xi| ≥
1
4 (l − h).

This and (4.95)2 yield, for ε > 0 sufficiently small,

|u(xm, y) − a+| ≤ Ke−
k
ε ( 1

4 (l−h)−Cε
1
2 )
≤ ε

1
2 . (4.97)

Therefore Lemma 2.3 implies

Jε
(x1

y,xm)
(u(·, y)), Jε

(xm,x2
y)

(u(·, y)) > σ −
1
2

CWε, y ∈ (0, h), (4.98)

where xi
y is defined by (xi

y, y) = zi
y, i = 1, 2, and (4.96) follows and the proof is com-

plete. �

4.3.3. The proof of Theorem 1.4. In this Sectionwe parallel the reasoning developed
in Section 4.1.4 to analyze the fine structure of a minimizer u inside the set D and
on the basis of this information we prove Theorem 1.4. The estimates in (4.98)
suggest that u(·, y)|(x1

y,xm) should be a perturbation of a translation of the heteroclinic
u and similarly that u(·, y)|(xm,x2

y) should be a perturbation of the map s→ u(−s) that
connects a+ to a−. By applying Lemma 4.5 and Lemma 4.6 to the restrictions of u
to the segments sg(z1

y, (xm, y)) and sg((xm, y), z2
y) we show that this is true for most

y ∈ (0, h). When dealing with sg(z1
y, (xm, y)) the interval (0, λ) in (4.33) should be

replaced by the interval (x1
y, xm) where x1

y is defined by (x1
y, y) = z1

y, and the intervals
[0, s−,w] and [s+,w, λ] with the intervals [x1

y, x1
y + s−,w] and [x1

y + s+,w, xm].
Let Y = Y1 ∪ Y2 ⊂ (0, h) be defined by

Y1 = {y ∈ (0, h) : u(·, y)|(x1
y,xm) ∈ V c

},

Y2 = {y ∈ (0, h) : u(·, y)|(xm,x2
y) ∈ V c

}.

Lemma 4.15. There exists C > 0 such that
H

1(Y) ≤ Cε
1
2 . (4.99)

Proof. From Lemma 4.6, (4.98) and Proposition 4.12 we obtain∑
i∈{1,2}

(
(σ −

1
2

CWε)(h −H1(Yi)) +H1(Yi)(σ + CWε
1
2 )
)
≤ 2σh + Cε.

It follows that H1(Y) ≤ H1(Y1) +H1(Y2) ≤ Cε
1
2 . �
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δ
Γ

Ω(η)+

Ω(η)

x1
η 0 xη xm

η

h

αη

Figure 7. Ω(η), Ω(η)+ and Γ.

For η ∈ (0, h
2 ] we define the set Ω(η), the analogue of the set Ω(ξ) in the proof of

Theorem 1.3. A set Ω that satisfies (1.9) may have a rather complex structure and
the same is true for the set D, see Figure 6. Therefore some care is needed for the
definition of Ω(η). We start by setting

Ω̃(η) = ∪y∈(0,η)sg(z1
y, (xm, y)),

Ω(η)+ = ∪y∈[η,h)sg(z1
y, (xm, y)).

Set Π(η) = Ωc
∪Ω(η)+

∪ {z : x ≥ xm} and define

Ω(η) = Ω̃δ(η) \Π(η),

where Ωc is the complement of Ω in R2, Ω̃δ(η) =
⋃

z∈Ω̃(η) Bδ(z) and δ > 0 is a small
number. The plan is now to obtain a precise estimate of Jε

Ω(η)(u). To do this we
collect information of the values of the minimizer u on ∂Ω(η). The boundary of Ω(η)
includes sg(z1

η, (xm, η)) and ∂Ω(η) ∩ ∂Ω. We observe that if

Γ = ∂Ω(η) \
(
sg(z1

η, (xm, η)) ∪ (∂Ω(η) ∩ ∂Ω)
)
, ∅,

then, for each z ∈ Γ we have d(z,D) ≥ δ (cfr. Figure 7).
This, (4.95)1 and u = a− on ∂Ω−, imply that, for ε > 0 sufficiently small we have

|u(z) − a−| < ε, z ∈ Γ ∪ (∂Ω(η) ∩ ∂Ω−).

Assume now that η < Y then we have u(·, η)|(x1
η,xm) ∈ W ∗. This, (4.39) and (4.40) imply

that, if we set xη = s
−,u(·,η)|(x1

η,xm)
− x1

η, we have

|u(x, η) − a−| ≤ Kε
1
4 , x ∈ (x1

η, xη),

|u(x, η) − a+| ≤ Kε
1
4 , x ∈ (xη + 2C∗ε

1
2 , xm).
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To complete the description of the boundary values of u on ∂Ω(η) we recall (4.97)
which implies

|u(xm, y) − a+| ≤ ε
1
2 , y ∈ (0, η),

and u = gε on ∂Ω and in particular

u(x, 0) = a+, x ∈ (C0ε, xm).

We proceed to estimate Jε
Ω(η)(u). We give the details for the case η ∈ (0, h

2 ) and xη > 0,
since the other cases can be discussed in the same way with obvious modifications.
We regard Ω(η) as the union of fibers orthogonal to the segment sg((C0ε, 0), (xη, η)).
We let Ω(η)′ the union of the fibers that have one of their extreme points on the
sg((C0ε, 0), (xm, 0)) and Ω(η)′′ the union of the fibers that have one of their extreme
points on the sg((xm, 0), (xm, η)). From the above discussion on the boundary values
of u on ∂Ω(η) and Lemma 2.3 we obtain

JεΩ(η)′(u) ≥ (σ − CWK2ε
1
2 )(xm − C0ε) sinαη,

JεΩ(η)′′(u) ≥ (σ − CWK2ε
1
2 )
( η

cosαη
− (xm − C0ε) sinαη

)
,

⇒

JεΩ(η)(u) ≥ (σ − CWK2εε
1
2 )

η

cosαη
,

(4.100)

where

sinαη =
xη − C0ε√

(xη − C0ε)2 + η2
, cosαη =

η√
(xη − C0ε)2 + η2

.

On the other hand, since by construction Ω(η) ∩Ω(η)+ = ∅, from (4.98) we obtain
JεΩ(u) ≥ JεΩ(η)(u) + JεD\Ω(η)(u),

JεD\Ω(η)(u) ≥ (2h − η)(σ − Cε).

This, (4.100) and Lemma 4.12 yield

(σ − CWK2ε
1
2 )

η

cosαη
+ (2h − η)(σ − Cε) ≤ 2hσ + Cε,

which, via the expression of cosαη, implies

√
(xη − C0ε)2 + η2 − η ≤ Cε

1
2 ,

⇒ xη ≤ Cε
1
4 .

(4.101)

Set
Dε =

(
(−Cε

1
4 ,Cε

1
4 ) ∪ (l − Cε

1
4 , l + Cε

1
4 )
)
×

(
(0, h) \ Y

)
.
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Then (4.41), Lemma 4.15 and (4.101) imply

JεDε
(u) ≥ 2(σ − CWε

1
2 )(h −H1(Y)),

⇒ JεDε
(u) ≥ 2σh − Cε

1
2 .

This shows that most of the energy of u is concentrated in Dε and as a consequence
applying the arguments developed for (4.95) we establish the exponential estimates
in Theorem 1.4. The proof of Theorem 1.4 is complete.
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