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THE MAXIMUM AND ITS POSITION IN DIFFUSIVELY RESCALED
SYMMETRIC CONDENSING ZERO-RANGE PROCESSES

MARIOS G. STAMATAKIS

ABSTRACT. Condensing zero range processes (ZRPs) are stochastic interacting particle systems
that exhibit phase separation with the emergence of a condensate. Standard approaches for
deriving a hydrodynamic limit of the density fail in these models, and an effective macroscopic
description has not been rigorously established. In this article we focus on the macroscopic
description of the condensate and study the evolution of its size and its position.

1. INTRODUCTION

Zero-range processes (ZRPs) are stochastic interacting particle systems on lattices. Particles
leave from a site they occupy at an exponential rate g(k) which depends only on the number &
of particles on that same site through a non-negative function g. Thus each particle interacts
only with the particles on the same site hence the term zero-range. The stochastic dynamics
pose no restriction on the number of particles per site.

ZRPs were introduced in 1970 by Spitzer [13]. Since then, they have attracted a lot of at-
tention, especially after it was observed that for suitable eventually non-increasing jump rates
they exhibit phase separation [6] above a finite critical density p. > 0. This phase transition
is manifested in the thermodynamic limit: as was proved in [10, 2] for particular jump rate
functions g, the finite dimensional projections of the canonical equilibrium states on the com-
munication classes My, i consisting of configurations of K particles on a lattice with IV sites
converge weakly, as the density K/N of particles tends to p > p., to the grand canonical equi-
librium measure of mean density p.. The excess p — p. macroscopic mass is concentrated on a
randomly located site.

A main open problem in the theory of condensing ZRPs is obtaining the hydrodynamic
equation describing their macroscopic evolution in the appropriate scaling limit. The difficulties
stem from both the microscopic and the macroscopic level. On the microscopic level difficulties
arise from the slow ergodic averaging that such processes exhibit and the lack of an upper bound
on the number of particles at each site of the lattice. Due to the rich dynamical behavior of
condensing ZRPs the particular initial states from which the process starts are expected to play
an important role in the hydrodynamic description. An intriguing choice of initial data is to
start the ZRP from a supercritical profile po(u) > p. for v in some non-trivial domain. In this
case, large clusters are initially formed which then exchange particles during a coarsening phase.
The coarsening regime has been heuristically studied extensively in dimension d =1 [9, [7, [L0].
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Rigorous results when the number of particles tends to infinity on a fixed finite lattice have
been obtained in [3]. The simplest case of initial data in the study of the hydrodynamic limit
is to start from a subcritical initial profile. This has been rigorously covered in [14].

The natural next step is to consider the case of an initial profile which is subcritical outside a
single well formed condensate, since in this case the coarsening phase of the evolution should not
enter the picture. This is the motivation for the current article. We prove that if a symmetric
ZRP starts from such an initial profile in dimensions d > 3, then the (rescaled) size of the
condensate and its position do not change in the diffusive hydrodynamic timescale, where time
is rescaled by N? when the lattice spacing is % In the course of the proof we also obtain
that the second largest coordinate does not change in size in the diffusive timescale. This
behavior in dimensions d > 3 is different from the conjectured behavior in dimension d = 1
as heuristic arguments and Monte Carlo simulations [§, 12] suggest, where out of equilibrium
initial conditions are expected to lead to mass transfer between the bulk and the condensate in
the hydrodynamic scale. The behavior of the ZRP in dimension d > 3 is also different to the
one obtained in [3] regarding the coarsening phase in a fixed finite lattice in dimension d =1 on
the diffusive timescale, where it is proved that clusters will exchange mass and die out until a
single condensate remains. In dimension d = 2 both behaviors seem plausible to us, depending
on the density of the bulk around the condensate.

In general, solutions to the hydrodynamic equation, which for symmetric ZRPs is expected to
be a non-linear saturated diffusion, must be considered to be measure-valued in order to account
for the existence of the condensate. A rigorous derivation of the hydrodynamic equation has
not yet been achieved. The results in this article indicate that in dimensions d > 3 and for
initial data with a unique condensate one can expect the measure-valued solution to consist of
a Dirac mass at the initial position of the condensate and an absolutely continuous part. This
also opens up the possibility for a local replacement lemma away from the immobile condensate.

2. PRELIMINARIES AND STATEMENT OF RESULTS

Let T4, := {0,1,...,N—1}¢ N € N, be the discrete torus with periodic boundary conditions
and let IM?V be the space of configurations of particles on ’I[‘?V, i.e. the set of all functions
n: T4 — Z4 == {0,1,2,...}. Thus, for n € M4, and x € T%, n(z) is the number of particles
at x. Given a configuration n € JM?V with n(x) # 0 we will denote by n™¥ the configuration
resulting from n by moving a particle from site x to site y. If there are no particles at site x
we set n*¥Y = 1. The symmetric ZRP on M?\, with elementary transition probabilities p on ’]I‘?l\,
and jump rate g: Z4 — Ry is the Markov jump process with generator

Lyfm)= Y {f@™¥) = f(n)}a(n(z))p(=,y),

x,yEleV

acting on functions f: Mﬁl\, — R. The transition probabilities p are assumed to be symmetric
and irreducible. We also assume that they are translation invariant, so that, with a slight
abuse of notation, p(z,y) = p(y — x) for some probability measure p on ’]F]dv. The jump rate
g is assumed to satisfy the non-degeneracy condition g(k) = 0 <= k = 0. All examples of
condensing ZRPs in the literature that exhibit phase separation have bounded jump rate g.
So we also assume g to be bounded. Given an initial probability distribution ,uév on Mﬁl\, we
will denote by PN = PH0 the law of the diffusively rescaled (i.e. sped up by N2) ZRP on the
Skorokhod space of cadlag (right continuous with left hand limits) paths, D(R; M%), starting
from Y. The reader is referred to [H, Chapter 3] for the theory of Skorokhod spaces.
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Forn € Mﬁl\, we write |n|; 1= erw\r n(z) for the total number of particles in the configuration
1. Since p is irreducible, the hyperplanes }M‘]i\,’k = {n € M% ‘ Inh = k}, k € Z4, are
finite irreducible communication classes and, as such, they have a unique equilibrium state
vn,k- The collection {VNJC}(N’]{;) is the canonical ensemble. The grand canonical ensemble
consists of the product and translation invariant equilibrium states on M%,. Setting g!(k) =
g(1)-...-g(k) for £ € N and g!(0) = 1 these have one site marginal of the form 7,(k) =
co¥ /g!(k) for some normalizing constant ¢ = ¢(p) and a parameter ¢ > 0 such that the series
Z(p) = Y 22 ¢"/g!(k) converges. The normalizing constant is c¢(¢) = 1/Z(p). The density
function is defined by R(yp) := [ kdi,(k). It is strictly increasing on its proper domain Dp :=
{¢ > 0| R(p) < 400} and its inverse ®: R(Dr) — Dg is well defined. The critical density
is pe 1= Supgepy, R(p) and whenever p. < +o0o, Z converges at its radius of convergence
Pe, 1. Z(pe) < 400 (see [L1, Section 2.2.3]). The grand canonical ensemble #) := 7SV is
parametrized by the density by setting y/],V = Dq]y(p) for all p € [0, pc] NRy. We write v, 1= Ug ()
for the 1-site marginal of Vlﬁv.

A class of jump rate functions g for which the ZRP exhibits phase transition in the thermo-
dynamic limit are those whose factorial g!(k) satisfies the asymptotic relation

. gl(k)
kll:il-loo k:b

= C(b) € (0,400)

for b > 2. Particular examples are the Evans jump rate given by g(k) =1 + %, k > 1, with the
asymptotic behavior g!(k) ~ T'(b+ 1)~'k® ([10]) and the Beltrdn-Landim jump rate defined by
g(1) =1 and g(k) = (%)b, whose factorial is exactly g!(k) = k.

In this article we study the evolution of the maximum of the ZRP in the diffusive timescale.
Let My : Mﬁl\, — Z4 and Ky M‘f\, — 2T% be the functions

My(n) = max n(z), Kn(n):={z € TH |n(z) = My(n)}-
z€Tg
We consider the process MY : Ry x D(Ry; M%) — Ry and KV: Ry x D(Ry, M%) — 2T
defined by MY (n) = My(n;) and K{¥(n) = Kn(n:). We will also consider the strict second
maximum Moy py: M;iv — R defined by My n(n) = MAX, cpd \ Ky n(x) and the induced process
ME’N(n) = My (1) for n € D(R4; M%), t > 0. The processes (M), (K}) and (MEN) are
functions of the ZRP and thus their analysis can be based on their associated martingales
t

(F(Tlt) — F(no) — /LNF(ﬁs) ds)t>0 for F'= My, Ky and M y.
/ >

In all the results we assume that the initial states ,uév have finite first order moments i.e.
[ n(z) duév < 4o0 for all z € ’]I‘?l\, and total mass asymptotically bounded from above in
probability, i.e. that there exists p < +o0o such that

tim o 3 ) > 5} =0 (1)

N—+o00

Any additional assumptions required on the initial data will be stated in the results.
We will make use of the following notation. Given a measurable map f: X — Y between
measurable spaces and a measure p on the o-algebra of X we will denote by f;u the push
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forward measure defined by fyu(B) = po f~}(B) for all B C Y in the o-algebra of the space Y.
Any topological space will be considered as a measurable space with its Borel o-algebra. Also
for any topological space X and T' > 0 we will denote by ¢ = ¢x: X — C(0,7; X) the map that
assigns to each x € X the constant path ¢(z)(¢) = z, 0 <t <T. When necessary we will use
the subindex X in the map cx to clarify the target space X of the constant maps.

Theorem 2.1. Let {11} } nen be a sequence of initial distributions on Mﬁl\, with finite first order

moments and total mass bounded above in the sense of (m) Let PN be the law on D(0,T; M%)

of a diffusively rescaled symmetric ZRP on 'IF‘}V with bounded jump rate g starting from ,uév .

If d > 3, then the rescaled mazimum is asymptotically constant in the hydrodynamic scale as
N — 400, i.e.

MY — MY

lim PN{ sup ‘tids

N—~o00 0<s,t<T N
the sequence {QN} = {((N*thN)tZO)ﬁPN} of the laws of the rescaled maximum on D(0,T; R+)

is relatively compact in the weak topology and any limit point Q* on D(0,T;Ry) of {QN} is
concentrated on constant paths. Furthermore, if the initial laws of the rescaled initial maxi-
mum {(N=4Mp)sud} Nen converge weakly to a measure mo on Ry then the whole sequence
{QN} yen converges weakly to the measure Qp,, := (er, )gmo which is supported by constant
paths and assigns probabilities according to my.

>6}:O, Ve, >0, (2)

Of course this implies that if the initial distributions {u{'} have initially exactly v > 0
condensing mass in probability, in the sense that limy_, oo ' {|N"¢My — 7| > €} = 0 for all
e > 0, then so does the ZRP for all times, mg = 0, and the measure @, is the Dirac measure
concentrated on the constant path equal to ~.

Remark 2.1. In the particular case of the Beltran-Landim model with b > 3, under stronger
assumptions on the sequence {12’} of the initial distributions, we can obtain that the laws {QN}
of the rescaled maximum are relatively compact also in dimension d = 2 and that all the limit
points of {QN} are concentrated on continuous trajectories. The stronger assumptions are that
pd{| - |1 = kn} =1 for some sequence {kn}35_, such that
lim ky/N%=p> 3
Nirﬂoo N/ P Pe ( )
and that {,uév} is close to the canonical state on the hyperplane with ky particles, in the sense
that for some pair of conjugate exponents p € [1,+00), q € (1, +00]
_ 1 dp)
i 5 | Gy
N—4o00 NT_Q UN ky

= 0. (4)

Li(vN k)

In the next section we will see examples of states ,uév that satisfy assumption (H) We have
stated Remark only for the Beltran-Landim model with b > 3, and not for all jump rates
g whose factorial scales as C'(b)k® when k tends to infinity, because their proofs rely on results
in [, Section 9] which are proved there only for the Beltran-Landim jump rate with b > 3. Since
Remark concerns only partial results in dimension d = 2, which is not the main focus of this
article, we do not attempt to extend the results of [l, Section 9] to more general jump rates.
However these results are expected to hold for all non-increasing jump rates whose factorial
scales as g!(k) ~ C(b)k® with b > 2.

In order to obtain information on the position of the maximally occupied coordinate we also
study the strict second largest coordinate (M );>0.
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Theorem 2.2. Let ,u[])V, N € N, be an initial distribution on Jl\/[‘fv, d > 3, with finite first
order moments and let PN be the law on D(0,T; Mﬁl\,) of a diffusively rescaled symmetric ZRP
with bounded jump rate g starting from uév. Assume that the sequence {uév} of the initial
distributions has total mass bounded above in the sense of (|ll), that the mazimum is achieved
on a singleton, i.e.

Jlim ad {gKy > 2} =0 (5)

and that the rescaled strict second mazimum is initially asymptotically distinct from the rescaled
mazximum, i.e. for some g > 0
My — My N

T e 6
Niriloo Ko Nd 0 ( )
Then the mazrimizing set is a singleton and the rescaled strict second maximum is asymptotically
constant in the hydrodynamic scaling in any finite time horizon, i.e.

lim PN{ sup tKN > 2} —0, YI'>0 (7)

N—+4o00 0<t<T

and
ME:N _ MSQ»N
|| >

lim PN{ sup d

N—+o0 0<s,t<T

}:o, Ve, T > 0. (8)

It follows that the strict second maximum remains asymptotically distinct from the first
maximum at all times, namely for all § € (0, dg)

MYN — MmN

Tim PN{ inf t < 5} —0, VI >0. 9)

N> Foo 0<t<T Nd
As a corollary we obtain that the position of the maximum does not change in the diffusive
hydrodynamic scale in any finite time horizon T' > 0. There are various approaches to defining
the position of the maximum zy. One is to order the set Ky in some complete order, for
example the lexicographic order, and define z as the minimal element of the set Ky in this
order. Another is to add an isolated point ? to the microscopic toruses, T, := ’IP?V U {2} and
the macroscopic torus, T¢ := T? U {0} and then define the function zy: M% — T% by the
formula

oy = Y KN ={y}, y €Ty
 iffKy >2 '

Since 0 is an isolated point, T¢ consists by definition of the two connected components T% and
{0}. The macroscopic position of the condensate is then defined as uy = zn/N if xy # 0
and uy = 0 otherwise. As usual we define the induced processes by =¥ (n) = zx(1:) and
ud (n) = un(ne) for n € D(0,T; M4%;). We can extend the metric d of the torus T? to a metric
d on T by choosing a constant R > % = diamT“/2 and defining d(u,?) = R for all u € T¢, so

that (T?, d) becomes a compact metric space.

Corollary 2.1. Under the assumptions of Theorem @, let UN = ((u¥)o<t<7)s PN be the
law on D(0,T;T%) of the macroscopic position of the mazimal coordinate of the diffusively
rescaled ZRP. Then {UN}nen is relatively compact in the weak topology and all of its limit
points are supported by the constant paths in T%. If we assume in addition that the macroscopic
position of the condensate has initially a well defined profile Ay, in the sense that the laws
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AN = uNwéV converge weakly to a measure \g on T%, then the process UN converges to the
law Uy, = (c¢qa)gAo-

Related Results. The dynamics of the location of the condensate in dimension d = 1 have been
studied extensively in the literature. Some of the first results [8, [12] focused on the Evans jump
rate, relied on heuristic arguments and simulations and conjectured that the condensate moves
at the timescale N'*?. This was proved rigorously in [4] for the particular case of the Beltran-
Landim jump rate on a fixed finite lattice as the number of particles converges to infinity and
in [[1] for the Beltran-Landim jump rate with b > 20, when the lattice size converges to infinity
together with the number of particles. Although our main results focus only on dimensions
d > 3 and at the faster diffusive time scale N2, they apply to all bounded jump rates for quite
general initial profiles and also describe the evolution of the size of the condensate. They are
thus expected to be useful in a rigorous derivation of the expected hydrodynamic equation of
the ZRP.

3. EXAMPLES OF ADMISSIBLE INITIAL STATES

Before proceeding with the proofs of the main results, we give in this section concrete examples
of initial states that satisfy our assumptions.

Example 3.1. A simple exzample of initial_states {u) }nven that satisfy the assumptions of
Theorems and and of Corollary is the family of product measures with slowly
varying profile po: T — [0, pe] and a Dirac mass v > 0 at a point v € T¢. More precisely,
given sequences {ynv} C Ry and {yn € T%}nen such that limy 0o yn/N? = v > 0 and
limy 400 yn/N = v € T?, we define a probability measure uév on ]Mﬁlv by

,Uév (YNGyy) @ ( ® Vp m/N)
TAYN

The family {ud'} satisfies assumptions (El) (B) and (E), the law (N~IMy )yl of its mazimum
converges weakly to the Dirac measure 6, on R4 and the law uNWéV of the position of the
condensate converges weakly to the Dirac measure &, on T¢.

Proof. The family {,uo } is associated to the macroscopic profile ug := pgdLpa + 79, in the

sense that
uo{‘Nd Z G< (x)—/G(u)dMo(u)‘>s}:O

xGT Téd

for all G € C(T9) and all ¢ > 0. This is a consequence of the law of large numbers, [11,
Section 3]. In particular, if 5 > po(T?) then {12’} has total mass bounded above by 5 and thus
{ud\'} satisfies assumptlon (@) To check that assumption (ff) is also satisfied we note that since

My > n(yn) >~ 1 -a.s.,
po (KN > 21 < Y o {n(e) > wl= D /ﬂ[w,+oo)(k‘) dvpy (/) (k).
TAYN TEYNG,

Thus, since the family {v,},c[,,] 15 stochastically non-decreasing [11, Lemma 2.3.5] and the
function 1, ;o) is non-decreasing

Nd 1

o {#KN > 2} < (N? = Dwp, ([yw, +00)) <
IN

N [e's)
[ #b oy (B () Y2520,
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where the last limit holds since [ kdv,, (k) = p. < +oo and limy_, oo 25 =7 > 0. Likewise, if
dp < 7y then

My — M N
(" <a) < ; i {n(@) > v = 6N}
TFZYN

< (Nd - 1)Vpc('7N - 50Nd7 +OO) N_)_"")OO O’

which shows that the initial states {u)} also satisfy assumption (B) Since My > vn,

N 00
o {Mn # v} = o {My >y} < Z pd {n(z) >} " =57 0.
TEYN

This shows that lmy_ 4o (N "My )sud) = 8. Similarly, imy_+ e pd {zn # yn} = 0 which
shows that limy_, 4 uNW(])V = 0,. O

Example 3.2. In the context of the Beltran-Landim jump rate with b > 3, a simple ezample
of initial states out of (but close to) equilibrium for which the assumptions of Remark are
satisfied is given by fixing p > p. and conditioning the canonical state VN,[pNd] SO thal the
occupation variables obtain their maximum at a particular site. To be precise, given p > p. and
a point v € T in the macroscopic torus we define a sequence {1/ oI NeN of initial distributions
by

Voo () = vy ey (- [ M = n([Nv])).

Then the sequence {v, Yo} has deterministic total mass equal to [pNY, has the macroscopic
profile p := p. dLpa + (,O pc)0y and if b > 3 then for any pair of conjugate exponents p,q with
p € [1,+00)

~N? as N = +oo. (10)

H dI/N
Consequently, if b > 3 4+ p then the assumptwn (@) 1s satisfied in dimension d = 2.

Nd])

N 1
Proof. A simple computation shows that HddVT’X;JHLq(,,N) = UN,[pN] {My =n([Nv])} ». Thus
in order to show (@) it suffices to show that

Jim N My = (N} = 1

Since the function §K is translation invariant and the events {f{Ky = 1, My = n(z)} and
{tKny =1, My = n(y)} are disjoint when = # y, we have by the translation invariance of the
law vy [,ya) that

1
VN,[de}{ﬁKN =1, My =n([Nv])} = WVN’[de]{ﬁKN =1}.

Similarly, by translation invariance, vy ,ya{Mn = n([Nv])} > ﬁ and consequently we have
by Lemma @ that

1< Ny v { My = n([Nv])} < vy ova{tEn = 1} + Ny ya {8KN > 2}

Since b > 3, the claim follows by taking the limit as N — +o0. O
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4. PROOFS

In Section @ we prove Theorem @ and the remark following it and in Section we prove
Theorem and Corollary

4.1. On the size of the maximum. We break down the proof of Theorem @ in smaller
subsections. First, we introduce the martingale associated to the maximum process via the
martingale problem and prove its asymptotic negligibility. Secondly, we prove that the max-
imum remains asymptotically constant in time in the hydrodynamic scale. We then use this
fact to prove the relative compactness of the rescaled maximum process in the weak topology
of probability measures and also give the proof of Remark P.1|. Finally, we complete the proof
of Theorem by proving the convergence of the laws of the rescaled maximum.

The martingale associated to the maximum.

Proposition 4.1. Assume that the ZRP starts from an initial state ) on Mﬁl\, with finite first
moments. Then the process

t

MmN MY 1

AN = Ntd - N% — Nd_Q/LNMN(nS)ds, t>0, (11)
0

is a square integrable martingale with respect to the natural filtration (F}N)iso of the ZRP and

its quadratic variation (AN) (in the sense that the process VN := (AN)2 —(AN) is a martingale)
s given by

1

N
(A% = a2

ST (M) — My () *a(ns())p(y — ) ds. (12)
0 x,yE']I“fV

Proof. The jump rate of the ZRP is assumed bounded. The claim would thus follow
immediately from standard results on Markov jump processes (e.g. [11, Lemma A1.5.1]) if the
map My was bounded. Here we apply [11, Lemma A1.5.1] to the bounded map My : Mﬁl\, —
Ry given by My . = 1+€| ;- Then, setting M “(n) = My e(n) for n € D(0,T; M%), we have
by [11, Lemma A1.5.1] that for each fixed € > 0 the process

N MM MyE 1
Al - ]\t[d — ]\(;d N2 /LNMN,E(US) ds
0

is a bounded, and thus an L?-martingale, with quadratic variation

t

W = s [ X (M) = Mue(n) ne(a)ply ~ )
0 m,yeTﬁl\,

and the process V" := (ANE) — (AN#) is a martingale. Since [n™¥|; = |n|; for all n € M$, we
have that Ly My (n) = LxMpy(n) and thus, since |n:|1 = |no|1 for PY-almost all paths,

we also have that At

(1+€|7i\ )

- (1+€\770|1)
has finite first order moments, we can apply the conditional dominated convergence theorem to

conclude that AN is a martingale.

AN PN.as. Since AY is in L! by the assumption that uf’
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Next we note that (AN=), < (AN); € L' and therefore by Fatou’s lemma

_ 1
= e (AN )

N(AN)? < lim inf EN(AN4)? = liﬁr)l]EN(AN’E)t = EN(AN), < +o0. (13)

3 3
In particular AV is square integrable and since for each t > 0 the random variable VtN’6 =
(Aftv’e)2 — (AN#), is dominated by the integrable random variable (A})? 4 (AN); we can apply
the conditional dominated convergence theorem to conclude the proof. U

In order to use the martingale AY to study how the maximum M}V evolves in the diffusive
timescale, we compute Ly M explicitly. First, any jump outside the set K does not affect the
maximum. On the other hand, any jump from any site xz € ’]I‘?l\, to a site y € K will increase
the maximum by one. Finally, jumps from x € Ky to y € Kf, := ’]I‘ﬁlv \ Ky decrease the
maximum by one if Ky = 1 and n(y) < My — 2 and leave it unaffected otherwise. Therefore

+1 if RS KN
M Y\ M = 14
W) = Man) {—1 itw € Ky, n(y) < My(n) ~2and gy =1 0
and LyMpy is equal to
LyMy = Y g(n@)p(y — =) — g(Mn)Lpgrey—ry D, py—2an). (15)
€T, yn(y)<Mn—2
yeKnN
It is obvious by (@) that Ly My satisfies the trivial bound
—llollos < —llgllocLigry=1} < LnMn < lg]lociEN. (16)
Similarly, by (@) and (@) we see that the quadratic variation (A") satisfies the bound
_ 2lsllo | lsllo
Glloo 9lloo
(AN = (AY)s < T / Ly —1y 4 + 3503 / B Ly >0y dr (17)

S S

We examine now the asymptotic negligibility of the martingale AY.

Proposition 4.2. In dimensions d > 3 the martingale (A );>o defined in (@) is asymptotically
negligible as N — 400, i.e. for all € > 0,

lim PN{ sup |AN| > 6} =0.
N—+o0 0<t<T

Proof. The quadratic variation of A% is given by (@) and by the Chebyshev-Doob inequality
1
PN{ sup |AN| > 5} < —]EN(AT) — SEN (AN,
0<t<T €

Therefore it suffices to show that limy_, 1 EV(AV)r = 0. By (@) and the crudest possible
estimate, Ky < N¢,

< 2l 2[|gloo(t — s)
(AN —(A%)s < o5 /rtKN dr < == 20— (18)
Therefore EN (AN < QU\?‘UWQT NZ42 0 since d > 3. O
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Remark 4.1. In dimension d = 2, in the particular case of the Beltrdn-Landim model with
b > 3, we can show that when the ZRP starts from initial states that satisfy

. 1 H dpd ‘
im
N—+o0 Nb_TQ'Q dVN,k:N

=0 19
Li(vn k) (19)
for a pair of conjugate exponents p € [1,400), q € (1, +00], then the martingale AN is asymptot-
ically negligible. According to (@j) the initial states of Example satisfy the assumption ([19)
for all b > 3 in dimension d = 2.

In the proof of Remarks @ and @ we will use the following two lemmas.

Lemma 4.1. Suppose that the ZRP has the Beltran-Landim jump rate with b > 3. Let p > p.
and let {kn}nen be a sequence satisfying (B). There exists then a constant C > 0 independent
of N such that for all large enough N € N

VN,kN{ﬁKN 2 2} S CN_(b_Q)d.

Proof. This follows by Propositions 9.3 and 9.4 in [[1]. They are stated there in the case of
one spatial dimension, but since the elementary transition probability p of the ZRP does not
appear in the formulas of the canonical and grand canonical equilibrium states, they are valid
in all dimensions. To simplify the notation we set vy := vy, . By (E), given 6 € (0,1), there
exists Ny € N such that kn > pcN?+ 0(p — pc)N? for all N > Ny. Let ay := 5(ky — [pN9)).
Then ay > g(p— pe)N? for all N > Ny and therefore by applying [, Proposition 9.3] we obtain
that there exists a constant C' < 400 such that
kn — [peN9] 2t-1C 1

2

0=1(p — po)b—1 N(b-2)d

for all large N € N. Next, we let 2 be the minimal element of Ky in the lexicographic order of

VN{MN < } < CNy? < (20)

T‘fv =~ {0,1,...,N}¥ C 79, and consider the second largest coordinate My o := maxgqy ().
By applying [1, Proposition 9.4] with By = ay = 3(kn — [pN?]) we obtain a constant C' < 400
such that for all large enough N

un{Mna > Bn} = vn{Mn > kn — [pN9 — an, My2 > B} + vn{My < an}
- 2bC 1
- gb—l(p_ pc)b—l N (b=2)d"

According to the definition of M, ~,2 we have {{Ky > 2} = {My = M, ~,2} and therefore we
can estimate the probability of the event {§Ky > 2} by

UNin BN > 2} <vnpn{My = MN,Q <an}+ Ny {My = MN,Q >an}
< un s AMN < an}t + vn gy {Mn2 > an}.
Thus the claim follows by (@) and (@) O

< CNay? + By (21)

The following lemma is the reason we need to impose stronger conditions on the sequence of
the initial distribution of the ZRP in Remarks and @.1.

Lemma 4.2. Suppose that the ZRP has the Beltrin-Landim jump rate with b > 3, let {kn} C N
be a sequence satisfying (B) for some p > p., and let v = vy, be the canonical equilibrium
state of the ZRP on }Mﬁl\,’kN. If {uév} 1s a sequence of initial distributions with deterministic
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particle number ky, i.e. ud'{|- |1 = kn} = 1, then there exists a constant C' < 400 independent
of N such that for any pair of conjugate exponents p € [1,+00), q € (1, +00]

T

1

C»T

EN(/ﬂ{ﬁKtNm} at) <
0 N

dpp’ ‘
dvy

(22)

Li(vy)

Proof. Let p be a probability measure on the measurable space M = (M,F) and let
1 < p < . Any Markov kernel P: M x F % [0,1] on M induces a linear contraction
P: LP(uP) — LP(p) by the formula Pf(z) = [, f(y) dP*(y). In particular if x is invariant for
the kernel P, i.e. uP = p, then P mduces a linear contractlon on LP(u). In our particular case,
since vy is an equilibrium distribution, the semigroup (S );>¢ of the diffusively rescaled ZRP on
M¢,; induces a semigroup of linear contractions S{¥: LP(vy) — LP(vy). Thus 1SN N Lo () <
||fNHLp(l,N) for any map f~ € LP(vy). We apply this to the ZRP starting from pj)’ for the
function fV = Ly >2) and use Holder’s inequality to obtain

T
d N
E </]l{tiKN>2} dt // St ]l{ﬁKN>2}) du dVth
0 0 M,
i N dup
§/H5t ﬂ{rtKNz%HLp(yN)HTWV‘L,,(VN) dt
0
<T- oy
un (KN > 2)7 ) .
By Lemma @ this yields (@) O

As in the proof of Proposition @, in order to prove Remark @ regarding the asymptotic neg-
ligibility of the martingale AN in dimension d = 2, it suffices to show that lim N—s+00 EN <AN =
0. For this we use ([L7) and Lemma @ to estimate that for some constant C' < +o0 independent
of N, for all large N

T T
N 2(|8lloo pn 8]0 v
EY(A%)r < J5is B ( / ﬂ{uKNzl}dt> Na2L ( l{ﬁKtNZZ}dt)
0 0

< 2glleT CPTHQIIOOH dprg’ ‘
- N2 dvy

Lq(l/N

This upper bound converges to zero by assumption (@)

Evolution of the Maximum. In this subsection we will prove that in dimensions d > 3 the
maximum does not change in time. We will show first that the maximum can not decrease
and then use this fact to show that whenever the initial states have at least some positive
condensing mass it can not increase either. Finally, we use the strong Markov property to
remove the assumption that the initial states have some positive condensing mass. As always,
{ud'} is a sequence of initial distributions on M, with finite first order moments and total mass
bounded above in probability by p < +o0 and PN is the law of a diffusively rescaled symmetric
ZRP with bounded jump rate, starting from uév .
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Lemma 4.3. If d > 3 then the rescaled mazximum process (N_thN)tZO is asymptotically
non-decreasing in the hydrodynamic scale, i.e.
{ ) MtN o MN

inf < —5} =0 foralle,T >0. (23)

lim PN
0<s<t<T Nd

N—+400

Proof. By the expression (EI) of the martingale AN

MN - MN .
N ' T SR e N{ . N _ 4N _7}
P {ogiggT Nd < 8} <P ogsnglng(At Ag) < 5
t

+P 1 5
N e
{0<;<£<T Nd—2 / LyMn(n,)dr < 2}.

S
For d > 3 the first term in the summand above vanishes as N — —+oo by the asymptotic
negligibility of the martingale A" on any finite time horizon, while the event appearing in the
second summand is empty for large enough N € N, since by (@) we have that fst LMy (n)dr >
—lg]loo(t — s) for all s,t € R. O

As a consequence, if the initial states {MO } have at least v condensing mass asymptotically
as N — +o0, in the sense that limy_, 4 fg { <7y — E} =0 for all £ > 0, then the same is
also true in any finite time horizon in the hydrodynamlc scale, i.e.

MN
lim PN{ inf (— . ) < —e} =0 foralle,T > 0. (24)
N—3+00 0<t<T \ N4
Taking into account this fact one can use the elementary inequality My - fKx < |- |1 to see

that if the ZRP starts from a sequence of initial distributions {z2’} with total mass bounded
from above and at least some condensing mass in the maximal coordinate, then the set K"
is a.s. finite in probability as N — +o0o. This can in turn be used to show that the rescaled
maximum is in fact asymptotically constant in the hydrodynamic scale.

Lemma 4.4. Let d > 3. Suppose that the initial states {,u } have at least v > 0 condensing
mass in the maximal coordinate and total mass bounded above by p < +o00. Then

lim PN{ sup K} > L (5} =0 for each 6,T > 0. (25)
N—+o0 0<t<T Y

Proof. By the inequality My - Ky < |- |1, for every §,T > 0,
BN ::{ sup tKN > £ —1—5} { sup el > = +5}
’ o<t<T ' o<t<r MY 7 5

We choose ¢ € (0, ), decompose the event B 5 according to whether the rescaled maximum has
dropped by ¢ and use the conservation of the total number of particles to obtain

PN(B§V)<PN{ sup el > = +5 inf (MtN— )>—€}
- oct<r MN T v "7 o<i<r \ Nd =

g, (=) <)
N

<P (> (oo -afe e { e (T -2) < <)
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The second term converges to 0 as N — 400 by (@) for any € > 0, while if we choose € > 0
small enough then the first term also goes to zero by the assumption that the sequence of initial
states has at most p total mass in probability. U

Using Lemma Q it easy to prove that, if the ZRP has at least v > 0 condensing mass in the
hydrodynamic scale, then any limit point of the sequence of the laws of the rescaled maximum
(N=9M}N);>¢ is concentrated on constant curves.

Lemma 4.5. Suppose that the initial distributions {,u(])V} have at least v > 0 condensing mass
and d > 3. Then the rescaled mazximum is asymptotically non-increasing in the hydrodynamic
scale, that is

lim PN

MN
N—+o00 {

MN
sup t7d>5}:0 for all e, T > 0.
o<s<t<r NV

Proof. Let ¢,7 > 0 be given and let Fiy, En . be the events

MY — MY p+1
Ene ::{ sup t7d>5} Fn ::{ sup ijtNgi}
0<s<t<T N 0<t<T 0l
Then PN(Ey.) < PN(Ey. N Fy) + PY(F§) and the term PN (F§) converges to zero as
N — +00 by Lemma ¢.4. For the other term, by ([L1}) we have that
PN(En.NFy) < PN{ sup (AN — ANy > E}
0<s<t<T 2
t
1 €
+PN<FNﬂ{ sup W/LNMM(m)dT>2}>.

0<s<t<T
s

The first term above converges to 0 by the asymptotic negligibility of the martingale AY. For
the second term, in view of %@) and Lemma {.4, we note that on the event Fiy
t

1 gl N o llelleo(t —5) p+1
Nd2/LNM () dr < 5055 2/1jK dr< S

S

for all 0 < s <t < T. This upper bound converges to 0 as N — +o0o0, which completes the
proof. O

Proposition 4.3. Suppose that the sequence of initial distributions of the ZRP has at least
v > 0 condensing mass. Then

MN o MN
lim PN{ sup ’tids >
N—+o0 0<s,t<T N

Proof. Immediate by combining Lemmas @ and @ O

E} =0 foralle, T >0.

In particular when the maximum has exactly v > 0 condensing mass at time zero, then so it
does in any finite time horizon in the hydrodynamic scale, i.e.

N
——7‘>5}:O, Ve, T > 0. (26)

lim PN{ sup ‘
o<t<T | N4

N—+4o00

We remove now the assumption that the initial states have some condensing mass v > 0. We
will see first that if the sequence of initial distributions has no condensing mass, in the sense
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that limy_ 100 ,uév {% > 6} =0 for all € > 0, then the same holds at all times in the diffusive
time-scale. More generally we will show that if the ZRP has initially at most v > 0 condensing
mass in the sense that o

Nlirilmuév{N—g—7>€}:0, Ve >0 (27)
then so it does at all later times. Note that, according to the definitions, the sequence {,uév }
has no condensing mass iff it has 0 condensing mass iff it has at most v condensing mass for all
v > 0.

Proposition 4.4. Suppose that the sequence of initial distributions of the ZRP has at most
v > 0 condensing mass at the mazximal coordinate. Then

MN
<7t— >>5}:0, Ve, T > 0. (28)

. N
lim P { sup Nd

N—+o00 0<t<T
Proof. The heuristic idea of the proof is the following. For each € > 0, consider the stopping
time 75 : D(R; M%) — [0, +00] given by

T =inf {t > 0| MY > [(y+ )N}

On the stochastic interval [0, 75), the maximum satisfies MY < [( + ) N9] while by the right
continuity of the paths we have that Mgv = [(y 4+ &)N?. But by the strong Markov property
from the time 75 and onwards the maximum behaves as the maximum of a ZRP that starts from
a sequence of initial laws that has total mass bounded above by p > 0 and v+ ¢ > 0 condensing
mass, namely the sequence uév’s = (nT]eV)ﬂPN , N € N. Thus, by (Rg) the rescaled maximum
will have exactly v + ¢ condensing mass for all times in the stochastic interval [75,, +00). So in
general, at all times it will have at most v 4+ ¢ > 0 condensing mass. Since € > 0 is arbitrary
this proves the claim.

We proceed now with the rigorous proof. The rescaled maximum (N~2MY )¢ is asymptot-

ically non-decreasing by Lemma and thus in order to prove (R§) it suffices to show that
N[ MY
lim P {— } = T . 2
N ~Nd >v+e 0, Ve, T7>0 (29)

For each 7,7 > 0 we set an(r,T) :== PN{MY/N? > v + r}. Then, in order to prove (@) we
can equivalently show that for all €,d > 0 any subsequence of {ay(e + J,T)} ven has a further
subsequence which converges to zero. The reason for considering an extra parameter ¢ is that we
allow for the case that v = 0, in which case we want the maximum to have positive condensing
mass equal to € at the time 75, since our aim is to reduce the claim to the limit (RG). So
let {an}nen be an arbitrary subsequence (which we continue to denote by the same index) of
{an(e +0,T)} yen. Let QN2 .= (QVe, (]-',;N’E)tzg, PN#) be the filtered probability space of the
ZRP conditioned on the event {75, < 400}, provided that this event is of positive probability.
Then, the evaluation ¢ of the ZRP at the stopping time 75 is a well-defined random variable
on QN4 with law ,uév’a = nT]eVﬁPN’E on Mﬁl\,. By the strong Markov property the process

e = (1175, +t)t>0 is a ZRP on QN starting from uév’a. If iminf 0o PN{75 < +00} =0

then there exists a subsequence of {ay, } of {an} along which the limit inferior is achieved.
Since M{¥ < [(y+¢)N?] for all t > 0 on the event {75 = +00}, we then have that
MY
agy = PkN{kig > fy—i—s—l—é} < PkN{T,iN < 400} Nz,
N
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and thus in this case {aj, } is the required further subsequence that converges to zero. If on
the other hand liminfy_, ;. PV {75 < 400} > 0, then the conditioned probability space Q¥
is well-defined for large enough N. Since MY < [(v + )N on the event {75 > T}, if we set
here MM .= (M]YEV_H)QO, then for all N large enough

!
MY

ay < PN£<{W >q+e+dpn{rg <T})
N,a

< PN’E{ sup
0<t<T Nd

Therefore, it suffices to show that

>’y+€—i—6}

lim PN’E{ sup

— >46p =0. 30
N—+o0 0<t<T N (7 + 8) ‘ } ( )

The process M™M= is the maximum process of the ZRP n™¥:*. The sequence {uév’g} ~Nen of
its initial distributions has total mass bounded by p > 0 and finite first order moments, as is
immediate from the conservation of the number of particles and the fact that the sequence {u)’}
of the initial states of the original ZRP satisfies these properties. Thus, if we can show that
{,uév “} has exactly v + ¢ > 0 condensing mass then the limit in (@) follows by (@) But this
follows from the definition of the stopping time 75 and the assumption that the initial state
{ud’} has at most  condensing mass. Indeed, M% = [(y+€)N9] on the event {0 < 75 < 400},
and therefore for any § > 0 the event

{ NT‘J; —(’y+€)‘>5}ﬂ{0<7'fv<+oo}

is empty for all sufficiently large N € IN. Therefore, for large N

o *{ @—('HE)‘ > o) = phed Moy

Nd N Nd
But by the right continuity of the paths of the ZRP, {75, = 0} C {MZ > [(v + ¢)N9]} and
therefore the assumption that there is at most v condensing mass at the initial state implies

that limpy_ 10 pN {r5 = 0} = 0 for all € > 0. This proves that the sequence of distributions

~(y+2)| > 6} < PVe{r5 = 0}.

{,uéV’E}NE]N has exactly v + ¢ > 0 condensing mass. O

We complete now the proof of (E) by removing all additional assumptions on the initial
condensing mass. We fix arbitrary ,7 > 0 and set
’Mt - MN

BQ]T = { sup Nd

0<s,t<T

} N eN.

It suffices to show that any subsequence of {PV (BéVT)} NeN, which we continue to denote by
the same subscript, has a further subsequence that converges to zero. For each § > 0 we define
the event I := {My < [§N9]}. If there exists § > 0 such that liminfy_ oo pd (IN) = 0,
then we can choose a subsequence {,ukN (I FNYY of {pd (IM)} (which may depend on & > 0) that
achieves the limit inferior. Along this subsequence

My, N—r+oo0
MSN{ de<5}§u’8N{MkN [SRY] + 1} = pg™ (1Y) "= 0

N




THE MAXIMUM AND ITS POSITION IN ZERO-RANGE PROCESSES 67

which shows that {ugN }nen has at least 6 > 0 condensing mass. Therefore {ax, (¢,T)} is
the required subsequence by Proposition . So in what follows we can assume that ps :=
liminf n 400 pd) (I év ) > 0 for all § > 0. Now, if there exist numbers § > 0 arbitrarily close
to 0 such that ps = 1, then the sequence {,uév } has no condensing mass and so the claim also
holds in this case by PropositionO@ applied with v = 0. Thus we can assume that there
exists 61 > 0 such that ps; € (0,1) for all § € (0,d1). Then for any 0 < < 1 A § we choose a
subsequence {uISN (I(?N)} of {ud (IY)}, possibly depending on § > 0, such that ,uISN (I§N) €(0,1)
for all N € N. Then the restricted probability measures P*~ (-|ny € I(’;N), PN (g ¢ I§N) are
well-defined for all N € N. Restricting a Markov process (X¢):>0, which starts from a law px,
to start on a particular set of positive probability, i.e. on a set of the form {Xy € A} for some
measurable subset A of its state space with u(A) > 0, is the same as starting the process from
the restricted law u(-|A), i.e. P*(-|Xo € A) = P#I4)(.). Therefore

Phv (R ) < P G (BEY ) 4 pro (007 (gl

The second term on the right hand side above is the probability of the event Bf’% with respect
to the law of the ZRP starting from a sequence with at least § > 0 condensing mass, namel
the sequence {,ulgN (‘\(IZ;N )°)}, and thus it converges to zero as N — 400 by Proposition §.3.
The first term is bounded above by

kn kN kn kN lHkN g
pro- CII) (BRNY < 9 pio™ CII5T) L _§)>-—0¢.
(Boy) < {OiltlgT< s >> 5 }

Since the sequence {,ugN (-|I§N )} is a sequence of initial states with at most ¢ condensing mass
and we have chosen § < ¢/2, it follows by Proposition @ that the right hand side above
converges to zero. Thus the sequence {P*N (Bf]%)} is the required subsequence converging to
zero and the proof of (P) is complete.

Relative compactness of the rescaled maximum process. We prove in this section that
the sequence {QV} := {((N"M});>0): PV} ven of the laws of the rescaled maximum processes
is relatively compact in the Skorokhod space D(0,7;Ry). According to standard criteria for
compactness in Skorokhod spaces ([11, Theorem 4.1.3 and Remark 4.1.4]) it suffices to prove
the tightness of {(N_thN)ﬁPN}NE]N at each fixed time ¢ > 0 and then control the ordinary
modulus of continuity,

MY — MY
T

lim lim sup PN{ sup > 8} =0, Ve>0. (31)

00 Ntoo 0<s,t<T:|t—s|<6
Controlling the ordinary modulus of continuity implies in addition that all limit points are
concentrated on continuous curves ([11, Remark 4.1.4]). This does not yield any additional
information in dimensions d > 3, since we have proved that the maximum is asymptotically
constant in the hydrodynamic scale, but it does so in dimension d = 2.
First, since we assume that the ZRP starts from initial states with at most p mass and the
total number of particles is conserved, we have that

MN
lim sup PN{ sup —td > 7”} =0, Vr>p, (32)
N— 400 >0 N

which is stronger than the pointwise in time tightness. In the case that d > 3, since we have
proved that the maximum is asymptotically constant in the hydrodynamic scale, the limit (81)
follows immediately by (E), which was proved in the previous section.
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We prove now Remark @ regarding the relative compactness of the rescaled maximum of
the Beltran-Landim model with b > 3 in_dimension d = 2. In this case we can still control
the ordinary modulus of continuity. By ([L1)), and in view of Remark which states that the
martingale AV is asymptotically negligible in dimension d = 2, it suffices to show that

lim lim sup P { sup ‘/LNMN(nr)dr‘ > 6} =0, Ve>D0. (33)
=0 Ns4o0o 0<st<T:[t—s|<6
S
By (@), for each 0 < s,t < T with |t — s| < § we have
t t
| [ Eadtntn ar| < 2lale [ Lrrony dr + sl [ £ Lpir sz dr

s s
T

< 2/lg]loc + [lglloc N2 / 1y dr.
0

Therefore, by Lemma @ there exists a constant C' < 400 such that for any pair of conjugate
exponents p € [1,+00), ¢ € (1, +0o0],

dup’ ’

IE)N( sup ’/LNMN(UT)dTD < 2|[gllocd + b 22 2” dvy

0<s,t<T":|t—s|<é

Lq IIN

By assumption ( @ the right hand side above converges to 0 as N — oo and then § — 0 and
thus the limit in ( E follows by Chebyshev’s inequality.

Weak convergence of the rescaled maximum. Having proved the relative compactness
of the sequence {QV}yen of the laws of the rescaled maximum of a diffusively rescaled sym-
metric ZRP, it remains to identify its limit points. So let Q* be a limit point of {Q"} and
let M;: D(IR4+;R) — R, t > 0, be the evaluation maps. The map M, is continuous at each
cadlag path z that is continuous at t. Since {QN } converges (modulo a subsequence) to Q*,
we know by [5, Theorem 7.8] that for each 0 < s < ¢ there exist sequences {sy} C [s,+00)
and {ty} C [t, +00) converging to s and ¢ respectively, such that {(Ms,, My, ):Q™} converges
weakly to (Mg, My);Q*. For any £ > 0 the set U, := {(s,t) € Ry x Ry } |t —s| > ¢} is open.
Therefore, if T' > max{s,t} is such that [0,7] contains the sequences {sy} and {tx}, then by
the Portmanteau theorem and (B),

* M MY
Q{IM; — M| > e} < liminf (M, My, ), QY (U) = liminf PY{| =2 | o)
}:0.

MY — MY
T

We assume finally that the sequence {(N~9Mpy);ul’} converges to a measure my on R
and we will to show that the arbitrary limit point Q* of {Q™} is equal to the measure Q.
By what we have shown so far, Q*{|M; — My| = 0} = 1 for all ¢ > 0. Consequently for any
0<t;<...<tp,neN,

< lim PN{ sup
N—+o0 0<s,t<T

Q" (Mo =M, =...=M,) = (ﬂ{|Mt Mo| = 0}) =
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By the right continuity of paths in D(0,7; R) the evaluation map Mj is continuous with respect
to the Skorokhod topology. Therefore, for any limit point Q* of {Q™V} we have that MyQ* = mg
and so for any Borel sets A,..., 4, C Ry

Q*{Mtl cAy,..., M, EAn} :Q*{Mo EAlm"-ﬂAn}:mo(Alﬂ---ﬂAn).
But this is the measure ¢ymg since ¢ ({My, € Aq,... My, € A,}) = A1 NN A, O

4.2. On the size of the strict second maximum. In the first subsection we introduce
an appropriate martingale associated to the rescaled strict second maximum and prove its
asymptotic negligibility. In the second subsection we prove Theorem @ and in the last one we
prove Corollary R.1l.

A stopped martingale associated to the second maximum. The martingale associated
to the rescaled strict second maximum (N _thZ ’N)tzo via the martingale problem is the process

t

/LNngN(ns)ds, t>0.

0

In Theorem @ we assume that the ZRP starts from a sequence of initial states for which the
rescaled maximum is attained on a singleton in probability as N — 400, in the sense of ([1),
and differs from the rescaled strict second maximum by a positive amount dp, as in (fj). In our
approach we will stop the ZRP prior to the first time this ceases to be true, at an appropriate
time 7. We will first obtain the required results up to this time 7y and we will then extend
them to all times by showing that the time 75 converges in probability to 400, in the sense
that limy_ 100 PN(TN < T) =0 for every T" > 0. The time 7y is defined as the exit time from
the event

MmN PN 1

2,N . _
A T Nd Nd — Nd-2

Ey = {MZNSMN—TL}ﬁ{ﬁKN:l} (34)

for some fixed n > 3.

In this approach, we need to obtain an explicit formula for the martingale associated to
the rescaled strict second maximum only up to the stopping time 75 and thus it suffices to
compute LyMs n on the event E. The advantage is that on the event Ey the formula of
M; V(1) := Ma,n(n™Y) is simplified considerably compared to the general case: for jumps from

z € TY to y € Koy we have My%, = My v + 1, for jumps from x ¢ Ky v to y ¢ Koy we have
M;’K, = M> y, while, finally, for jumps from x € Ky y to y ¢ Ka n,

sy _ JMon—1 if 1Koy =1and n(y) # Moy —1
2N Ms N otherwise ’

Therefore, on the event Fn we have that

LyMay = > gm@)ply — o) — Ligry yery8(Man) Y. ply — z2,n).

€T, n(y)#Mz,N—1
yeKa N

Note that this formula of Ly Ms n on the event Ey is similar to the one for LyMpy. Thus, if
we set HMQJ\[ := 1gy LnMs N, we have the bounds
~llgleclmy < InMan < [lglloo N1y (35)

Consequently, similar reasoning to that used in the study of My will apply to M n as long as
the ZRP stays in the event Ey defined in (@)
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Lemma 4.6. Let )y be the exit time of the ZRP from the set En defined in (@) If the initial
distributions {11} of the ZRP have finite first order moments then the stopped process (A%N)™~
defined by

tATN
MEN 2N 1 o
2,N tA
(A27N)Z-N = At/\TN = N;—N - ]Sd - Nd_2 / LNMQ,N(TIS) dS
0
1 a square integrable martingale with quadratic variation
tATN
27N 1 'T:y 2
(A5 )inry = N2d—2 Z (Ma,n(n5Y) — Ma,n(ns))"8(ns(z))p(y — ) ds
0 zyeTY

and it is asymptotically negligible.

Proof. The square integrability of the stopped martingale (A%?)™ and the expression of
its quadratic variation are obtained by the dominated convergence theorem similarly to the
case of the martingale A" associated to the rescaled maximum process. Since (Ma y(7%Y) —
< It
Thus, since d > 3, the asymptotic negligibility of the stopped martingale (A%")™ follows by
the Chebyshev-Doob inequality as in Proposition (]

Evolution of the second maximum. We prove in this section that under the assumptions (B)

M n(n))? € {0,1} for n in the event Ey, the quadratic variation satisfies (A2 )z,

and (B) the rescaled strict second maximum (N~—?M>"),5¢ is asymptotically constant in the
hydrodynamic scale in dimensions d > 3. As a preliminary step we show first that the rescaled
second maximum remains asymptotically constant in the hydrodynamic scale up to the exit
time TN -

Lemma 4.7. Assume that the initial distributions {uév} of the ZRP have finite first order
moments and total mass bounded_above by p < +oo in the sense of () and let Tn be the exit
time from the set En defined in (B4). Then, the rescaled strict second mazimum is asymptotically
non-decreasing in the hydrodynamic scale up to the time Ty, i.e.

MEN 2N
{ inf TN ATy —e} —0, Ve, T>0. (36)

lim
0<s<t<T Nd

N—+o00

If the rescaled strict second mazximum has initially at least some condensing mass v > 0, in
the sense that

: M N
1 N{ ’ _ }:
I <y —¢ 0, Ve>0, (37)

then the rescaled strict second mazimum is asymptotically constant in the hydrodynamic scale
up to the time Ty, i.e.

w2 N
‘ try — SN ‘ > a} —0, Ve, T>0. (38)

lim { sup ~d

N—+oo Log<s<t<T

Proof. The stopped martingale (A%")™ is asymptotically negligible by Lemma @ So,
as in the case of the maximum, it follows by (B5) that (N~4M} ’N)go is non-decreasing in the
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hydrodynamic scale as N — +o0o. Indeed, by the definition of the martingale (A%")™~,

PY{ inf Mg ~ M _ —eb <PV i (apl - A% < -2}
0<s<t<T Nd = 0<s<t<T" ATN SATN 5
tATN
+PN{ inf L LM (n)dr<—§}
0<sgi<T N2 NM2 N (N 5"
SATN

The first term in the right hand side vanishes as N — +o00 in dimensions d > 3 by the asymptotic
negligibility of the stopped martingale (A%")™ . By (BH) and Chebyshev’s inequality the second
term is bounded above by

PNl MlletATN —sATN) e _ 2ll8llT
D Nd-2 9 = eNd-2
0<s<t<T
which converges to 0 as N — 4oo for d > 3. This proves (@) Thus, as in the case of the
maximum, if N~9M?*"N starts with some condensing mass 72 > 0 at time ¢ = 0, then the
stopped process (N~¢M?N )™~ has at least 7o condensing mass in the hydrodynamic scale in
any finite time horizon:

M2,N
. . tAT,
i P fnt (S — ) < e} =0 (39

N ﬁKtz’N < |no|1 this yields the upper bound % on
the cardinality of K y up to the time 7x in the hydrodynamic scale:

In view of the elementary inequality Mt2

tim PV sup gKEY > E+5} —0, V.T>0.
N—+o0 ogthti TN T ’

The proof is entirely similar to that of Lemma @ Then, again as in the case of the maxi-
mum, this in turn shows that the paths of (N _de ’N)go must also be non-increasing in the
hydrodynamic scale up to the time 7y, i.e.

MEN N
lim PN{ sup PATN 5 SATN 5} =0, Ve, T>0.
N—+o00 0<s<t<T N
Combining this with (@) we obtain (@) O

Lemma 4.8. Assume that the initial distributions {yév} of the ZRP have first order moments,
total mass bounded above by p < +oo and satisfy assumptions (f) and (f).

(a) If the strict second maximum has initially at least some condensing mass v2 > 0 in the sense
of (é), then the rescaled strict second mazimum is asymptotically constant in the hydrodynamic
scale i.e. (§) holds.

(b) Let 6o be the number in (E) If the second mazimal coordinate has initially at most o €
[0,60/4) condensing mass, in the sense that

M-
lim uév{ Q’N—’yg>5}:0, Ve > 0,

N—+4o00 Nd
then the same is true in the hydrodynamic scale in any finite time horizon:
2N
lim P{ (S —2) >ef =0, T >0 40
e Sup (Tya T , Ve, (40)
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Proof. For the number n > 3 appearing in the set defined in (@) we consider the stopping

time
oy =inf {t>0| MPN > MY —(n—1)}.

Whenever the process starts from a configuration in which the maximum is achieved on a
singleton and the second maximum has at least n fewer particles than the maximum then in
order for the maximizing set to stop being a singleton the difference My — My must first
become less or equal to n — 1. Thus 7y = o on the event {7x > 0} and it is immediate from
the assumptions (E) and (B) on the initial data that in both cases (a) and (b) it holds that
limy 400 PV {7y >0} = 1.
(a) We will show first that Lemma @ implies that limy_, y oo PV {7ny < T} = 0 for every T > 0.
Indeed, let T > 0. We fix ¢ € (0, %0), where &g is the lower bound of the initial distance between
My and M y in (B), and define the event

2,N 2N
| — My |

tATN ‘MN MN

F5 n ::{sup <eg Supggs}.
e 0<t<T Nd " o<t<T Nd

By (@) and (E) this is an asymptotically sure event. The event Gy := { M — MOQ’N > SN}
is also asymptotically sure by assumption (fi) and on the event Fy v NGy

MPN < MEN 4 eNT < MY + (e — 60)N? < MY + (26 — 6o)N?, VO<t<7yAT.

Since on the event {7 > 0} we have that 7y = oy, it follows by the definition of the stopping
time opn that on the event

F27N7€QGNH{0 <71y < T} = F27N76QGN ﬂ{TN > O}H{JN < T} (41)
we have
MZN < MY+ (2e — §o)N? = MZN +n — 1+ (22 — 6) N (42)
But since we have chosen £ < dy/2 inequality (@) can not hold if N € N is large enough. Thus
the event in (41)) must be empty for large enough N and so
{rn ST} C (Fone NG N {7y > 0})".
Therefore

lim PN{ry <T} < m (PN(F5 o)+ PY(GY) + PN ({rv = 0})) = 0.

N—4-o00
Thus, for given ,T > 0, we can take the limit as N — 400 in the inequality

|M2 N 2,N

AN 2N N
PN{ sup M ~Nd 0 ‘>6}§PN{ sup MTNNd 0 |>6}+PN{TN<T}
0<t<T 0<t<T

to obtain

2,N 2,N
lim PN{ sup My — My | > E},
N—+o0 0<t<T Nd

which is equivalent to (E)

(b) We show first that if (ME’N)QO starts with at most 2 € [0,99/4) condensing mass then
it will have at most 9 condensing mass up to the time 7 in the hydrodynamic scale. The
proof is similar to the one in Proposition , but, in order to apply part (a), an additional
argument is needed to show that (for some sufficiently small € > 0) the laws of the ZRP at the
stopping times 75\ := inf{t > 0| MY > [(y2 + €)N9)} satisfy the assumptions (B) and (B)
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Note that limpy_, 400 PN{TQE’N =0} =0 for all ¢ > 0 by the assumption that My ny has at most
~vo condensing mass at time ¢ = 0. Our first goal is to prove that
2,N

M
lim PN { IATN } —0. 43
N-oioo o?f% Nd ~EE (43)

Since (Mt2 ’N)go is asymptotically non-decreasing by Lemma @, in order to show (@) it suffices
to show that

lim asn(e+9,T)=0, Ve<dy/2 and 4,7 > 0. (44)
N—+o00

Here for each N € N and ,7 > 0 we have set ag n(r,T) := PN{MEJ’VA/Z\T/Nd >y +r}. To
prove (@) let € < 0p/2 and 0, T > 0. We will show that any subsequence of {az v} = {az n(e +
9,T)} has a further subsequence which converges to zero. So let {as n} nen denote an arbitrary
subsequence (which we continue to denote by the same index). We set 7725’ N = 7'257 N ATN. First,
if there exists an increasing sequence {ky}nyen such that limy_ 4o PkN{T'QE’kN < +oo} = 0,
then, since

2N
TATN >y 246N {75y = 400} =0
Nd 72 2N — —
we have for the corresponding subsequence {agj, } of {az n} that
2 kN
TA - -
a2 ky = PkN({k?VTkN >y e+ 5} N{T5hy < +oo}> < PP {F5, < +oo}

Thus in this case {ag,} is the further subsequence converging to zero. So in what fol-
lows we assume that liminfy_, o PV {?25 N < +oo} > 0. Then the filtered space O2Ne —
(2N (F2NE) 50, P2V4) resulting by conditioning the canonical space QN of the ZRP on the
event {75 5 < +oo} is well-defined for large N. Since supy<i<rp MPN < (2 4 €)N9 on the
event {75 y > T'}

MEN

=~ +(TA _ =& _
as N = PN({ T2, N (NdTN 7’2,1\1) > vo + €+ 5} N {TS,N < T})

< PN(HFV(e+0)n{Fy <T})

where we have set

2,N M%ZH
HZ (r) = { sup Nd > 2 —i—r}.
0<t<T

We note next that
{(Rn<T}C{ny <~ oy <TIU{rn <1y, v < T}
and therefore
ao,y < PN(HPN (e +0)n{msy <7y, 58 <T}) + PV{ry <75y, 7w < T} (45)

We will prove first that the second term in the right hand side above converges to 0. Since
TN = oy on the asymptotically sure event {7y > 0} it suffices to show this for the time oy in
place of 7. By assumption (E) the maximal coordinate has at least 1 := 30p/4 condensing
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mass. We choose 6 > 0 such that e 4+ 20 < 0y/2, so that 72 + &+ 20 < =1, and for each t > 0 we
consider the asymptotically sure event
N

M.
Flo={ inf (S —m)=-0}.
N, o%?gT Nd )=
On the event {oy < 75 5, on < T} N Fi , we have that

My, Mz +(n—1) _[(e+e)NY  (n-1)
(2+e+0)<(n—0)< NZV: IN N < N T
So the event {on < 75y, on < T} N FL, is empty for large enough N. Since F]r{;ﬁ has
asymptotically vanishing complement, this proves that the second term in the right hand side
of (@)) converges to 0 as claimed.

Since Flj\;e has asymptotically vanishing complement, it follows thus by (@) that

lim sup ag x < limsup PN(H%’N(E +8)N{mS N <7N, TSN < T}NFLy).
N—+o0 N—4o00 ’ ’ ’

But {75y <7n, 5y < T} ﬂFﬁg C{msy <tootn{nz , € Ef\}e} where

EY = {My > [(m = O)N], Moy = [(32 + )N, §Ky =1}

and therefore (recall that P?"¢ is the law PV conditioned on the event {75y < +oo})

limsup ag, y < limsup P (H%N(E +0) N {75 x < +oo} N {mz , € E]s\}e})

N—+o0 N—+o00
2,N
. TS tt 0
ShmsupPQ’N’5<{ sup ——— >’yg+€+5} Nz € B )
N—+oo o<i<T N9 m{ 2N TN J

Let now ug’N’a = (n;;ﬁN)ﬂPzN’E denote the law of the ZRP at the stopping time ?257]\,. By the

strong Markov property, the law of the process (77?§N+t)t20 is equal to the law of the ZRP

starting from MS’N’E, that is

2,N,e
((77?§7N+t)t20)ﬁp2,N,a = Pto
Therefore, if ng: D(R4; M%) — M4, denotes the evaluation map at t = 0, we can write the last
inequality as (with the convention % -0=0)
2,N

2,N,e
limsup as x < limsup P*o ({ sup td >v9 4+ €+ 5}‘170 € Eff)
N—s+00 N—+00 o<t<T NV
2,N
2,N,e e,0 M ’
= limsup PHo~ CIEN ){ sup ) td —(72+E)‘ >5}.
N—s+400 o<t<T | N

It follows that imsupy_,, ., a2 n(€ + §) = 0 since the initial states M(Q)’N’E(-]Ei}g) satisfy the

assumptions of (a). This proves (13).

As in part (a) now, the limit ({3) implies that 7 converges in probability to 400 as N — +oc.
Indeed similarly to part (a) one can check that for sufficiently small ¢ > 0 and sufficiently large
NeN

2,N N

M, M
(v =T ({ g, S < e o, i 2 m—<po o)

C



THE MAXIMUM AND ITS POSITION IN ZERO-RANGE PROCESSES 75

But the event in the right hand side is asymptotically of zero probability and therefore, as in
part (a) again, we have that for all e,7 > 0

N M N M, N N—s+o00
P {sup 7 >5}§P {sup dN>€}+P {rn <T} —0.
0<t<T o<t<T N
Since oy = 7 on the asymptotically sure event {Tn > 0} we also obtain (H) O

We combine finally parts (a) and (b) of Lemma @ to conclude the proof of Theorem @
We fix arbitrary €, T > 0 and set
‘ MtQ,N .

2N
—S‘ >5}, N € N.

2,N _
B&T .—{ sup ~d

0<s,t<T
It suffices to show that any subsequence of {PY (Beijy )}, which we continue to denote by the
same subscript, has a further subsequence that converges to zero. For each 6 € (0,0¢/4), where
8o is the number in (f), we define the set JJ' := {My y < [INY]}. As in the case of the maximum
we can assume that there exists 6y € (0,00/4) such that pyg := liminfy_, o0 ' (J3) € (0,1)
for all 6 € (0, 6).

We choose then 6 € (0,0pA5), a subsequence { P~ (Jéw)} of {PN(J)} N, possibly depending
on ¢ > 0, such that psp = limy 40 MISN(JgN) € (0,1) and Ny € N such that ,ulgN(JgN) is
bounded away from 0 and 1 for all N > Ny. Then, for any sequence of events Ay C M?V such
that imy 1 o ,uéV(AN) = 1, we have that

N—+
_>OO

L2 g™ (A UJGY) = g™ (Ary ) 1

and so, by taking the the limit as N — +o00 in the equality
k k k kn 7k k k
10" (Ary N Jg™) = o™ (Ary) + 110™ (Jg™) — o™ (Ary U Jg™),

we obtain that limy_ 40 ugN(AkN N JgN) = limy_ 400 ugN(JécN). Since ugN(JgN) > 0 for
large N, it follows that limy_ 4o u’SN(AkN\JgN) = 1. Likewise we obtain that limy_ oo
MISN(A;CNKJgN)C) = 1. Applying this for the sets Ay = {§ Ky =1} and Ay = {My — Moy >
50N} we obtain that_each one of the sequences {,LLISN(-UgN)} and {MISN(-|(J§N)C)} satisfies
assumptions (a) and ().

The restricted probability measures PN (-|ng € Jg V), PN (g € (Jég N)¢) are well-defined for
large N and therefore

PkN(Bf’éiN) < pugN(-ngN)(Bs,égN) i PMSN(.‘(JQCN)C)(BS,;N).
The second term on the right hand side above is the probability of the event BE,T?N with

respect to the law of the ZRP starting with at least # > 0 condensing mass in the strict second
maximum and as such it converges to zero as N — 400 by Lemma {.§(a). The first term is

the probability of the event Bf’éf"’ with respect to a sequence of initial states with at most 6
condensﬁ mass and thus, since § < min{dy/4,e/2}, the first term also converges to zero by by

Lemma §.§(b). Thus the sequence { P~ (BS’;&N )} is the required subsequence.
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Evolution of the maximizing set. Recall the definition of the processes (z}¥) and (u)') in

the paragraph prior to the statement of Corollary R.1. In order for the maximum to change
position when starting as a singleton it has to be surpassed first by the second maximum. As
shown in Theorem R.2, if {ul’} satisfies assumptions (f) and (f), then this never happens in
the hydrodynamic scale. So, if 7 is the exit time of the ZRP from the set Ey defined in (B4),
we have on the event {7y > T} that ¥ =z}’ for all 0 <t < T. Consequently, for any & > 0

lim PN{ sup  d(ul,u)) > 5} < lim PV{ry <T} =0 (46)
N—r+o00 0<s,t<T N—r+o00

and the relative compactness conditions [[11, Theorem 4.1.3, Remark 4.1.4] are trivially satisfied

by the processes (ul¥)o<i<r. Thus, the sequence of their laws is relatively compact and all of

its limit points are supported on C(0,T; T9).

Let now UY be the law of the process (uf')o<;<r on D(0,T;T?), let U* be any limit point
of {UN} and let wuy: D(O,T;’I_Fd) — T9, t > 0, denote the natural projections. The map
d(ug,us): D(0,T;T¢) — R is continuous at each path which is continuous at ¢. Since U* is
concentrated on continuous trajectories, the map d(uo, u¢) is U*-a.s. continuous and thus by the
Portmanteau theorem and the limit (@), for any € > 0

U*{d(uo,u) > e} < l}\lfriglof UN{J(UO, u) > e} = lﬂioréfPN{ci(uév, ulM) > e} =0.

Since this holds for all € > 0 it follows that for any 0 < t; < ... < t,, n € N, U{ug = uy, =
... =1y, } =1 and thus U* is concentrated on constant trajectories.

The point d is an isolated point of T¢, e.g. D(d,4) = {o}. This implies that the singleton {cy}
of the trajectory that is constant at d is also isolated in the Skorokhod metric. In fact D(co, 1) =
{c»} and thus {c} is open. Consequently, by the Portmanteau theorem and assumption (@),

* oo N N
U{(ut)o<t<r = o} < }\lffgfégp {(w )o<i<r = e}

<t P (ol =0) < i (5100 2 2] =0
This implies that U* is supported by the set of constant paths in T¢.

We assume finally that Ay := upy ,uév converges weakly to a measure \g on T¢. The projection
ug at time 0 is continuous on the Skorokhod space and therefore ugU* = Ag. Thus, since U*
is concentrated in constant trajectories, we have that for any Borel sets By, ..., B, C T¢ and
any 0 <t < ... <,

U*{ut1 €B1,...,u, € Bn} = U*{U() € By ﬁ...ﬂBn} = Ao(Blﬂ...ﬂBn).
This proves that U* = (¢f4)3Ao and completes the proof of Corollary @
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