BULLETIN OF THE
HELLENIC MATHEMATICAL SOCIETY
Volume 66, 2022 (26-44)

AN ALTERNATIVE APPROACH TO SHARP L' ESTIMATES FOR THE
DYADIC MAXIMAL OPERATOR

ELEFTHERIOS N. NIKOLIDAKIS AND ANDREAS G. TOLIAS

ABSTRACT. We provide alternative proofs of sharp L' inequalities for the dyadic maximal
function M7¢ when ¢ satisfies certain L' and L> conditions (see [4]).

1. INTRODUCTION

The dyadic maximal operator on R™ is a useful tool in analysis and is defined by the formula
1
Mgo(z) = sup 5l / |p(u)|du : z € S, S CR" is a dyadic cube ; , (1)
S

for every ¢ € LL (R™), where | - | denotes the Lebesgue measure on R™, and the dyadic cubes

are those formed by the grids 2=VZ"”, for N =0,1,2,....
It is well known that the operator defined above satisfies the following weak type (1,1)
inequality

e eR: M) > <5 [ Jotwldu )

{Mgp>Ar}

for every ¢ € L'(R") and every A > 0, from which it is easy to get the following LP-inequality
p
[Mallp < ﬁ\\ﬂﬁ\lp (3)

for every p > 1, and every ¢ € LP(R"™). It is easy to see that the weak type inequality (E) is the
best possible. For refinements of this inequality see [[7].

It has also been proved that (J) is best possible (see [[l]] and [2] for general martingales and
[10] for dyadic ones). An approach for the study of the behaviour of this maximal operator
in more depth is the introduction of the so called Bellman functions which play the role of
generalized norms of M. Such functions related to the LP-inequality () have been precisely
evaluated in [3], [4] and [6]. For the study of the Bellman functions of M, we use the notation
Avg(y) = ﬁ i) 5 ¥, whenever E is a Lebesgue measurable subset of R™ of positive measure and
1 is a real valued integrable function defined on E. For a fixed dyadic cube ) the localized
maximal operator M/ ¢ is defined as in (m) but with the dyadic cubes S being assumed to be
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contained in ). Then for every p > 1 let

By(fF) =supd <o [ My 020, Avo(é) = f. Avg(¢") = F | (1)
Q

where the variables f, F' satisfy 0 < fP < F. This is the well known Bellman function of two
integral variables of the dyadic maximal operator. By a scaling argument it is easy to see that
(@) is independent of the choice of @, so we may choose @ to be the unit cube [0,1]". In [3],
the function ({f) has been precisely evaluated for the first time. The proof has been given in a
much more general setting of tree-like structures on probability spaces.

More precisely for a non-atomic probability space (X, A, u) and T a family of measurable
subsets of X that has a tree-like structure similar to the one of the dyadic case (the exact
definition is given in Section E) the dyadic maximal operator associated to 7 is defined by

1
Myo(x) = sup o) I/ lpldu: el eT (5)

for every ¢ € L'(u) and = € X.
This operator is related to the theory of martingales and satisfies essentially the same in-
equalities as My does. Now we define the corresponding Bellman function of three variables of

M, by

By (f,F,k) = sup / (Mr¢)du: ¢ >0, / ¢dp = f,
X

K

/qﬁpdu = F, K C X measurable with u(K) =%, (6)
b's

the_variables f, F k satisfying 0 < fP < F and k € (0,1]. The exact evaluation of (B) is given
in [3].
It is well known that in general M7¢ does not belong to L!(u) when ¢ € L(p). In [11] it is
proved that if ¢ satisfies the condition [ |¢|log™ |¢|du < 400 then My¢ € Li(n). In [9] it is
X

shown that this condition is also necessary for the integrability of My ¢. In [b] the corresponding
to (B) function with respect to certain Llog L conditions has been precisely evaluated. As a
matter of fact in [5] more general conditions on ¢ have been considered. An application of this
result is the evaluation of the following Bellman type function

BT (1.0 =sup{ [ Mrodus 620, [ 6du=1. 6] = M 7
X X
when 0 < f < M.

In the subsequent sections we provide proofs of Theorem @ and Theorem Q that are stated
right below. The results that we present are special cases of deep results concerning the study
of more general Bellman type functions that are considered in [4] by A. Melas. However the
approach that we give in the present paper is more simple and elementary and thus easily
accessible to the reader.
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Theorem 1.1. For all real variables f, My, My with My > f > My > 0 the following holds:

sup { /MTqu,u :¢: X — R is measurable,
X

[ 6= 1. 6l = 2, essintix(6) = 11}
X

= £ (f = M) log (). ()

For the proof of the above theorem we study the respective Hardy operator problem which
is connected to the dyadic maximal operator problem and we use a symmetrization principle
which appears in [6].

Theorem 1.2. For all f, M, k that satisfy 0 < f < M and k € (0, 1] it holds that

sup { /Mﬂbd,u : ¢: X — R is measurable, /qbd,u =f, [|19lloc = M,
K X

K measurable, yu(K) = k:}

kM if0<k< 4

= (9)
f+ flog(ME) it f <k <1.

The values of the suprema that appear in Theorem and Theorem @ are independent of
the probability measure space (X, A, i) and the tree T (see also [4]).

At this points we should comment on the methods that we use in the proofs of Theorems EI
and [L.2 compared to the methods used in the proofs of more general results in [4] by A. Melas.

In 4] A. Melas studies a more general problem by considering integrals of ¢ and My¢
related to two increasing convex functions G and H that satisfy certain growth conditions. His
approach is given in several steps. In the first one he provides a combinatorial rearrangement
inequality on subtrees of the initial tree T, and several technical lemmas that uses in the sequel.
In the second step he applies a linearization for Ms¢ which permits him to study this maximal
function on a certain subtree of T related to ¢. By using the rearrangement inequality proved
in the first step he reduces the evaluation of the Bellman function of interest to the evaluation
of a respective Bellman type function involving decreasing functions. The proofs of his results
involve techniques from ODEs and from the theory of calculus of variations. At the third step
he finds extremals for the Bellman functions that he studies, again using ODEs and several
techniques on extremization of integral expressions. Finally he provides examples, considering
specific functions G and H.

In our approach we use independent results (appearing in [G] and [§]) that allow us to reduce
the evaluation of the Bellman type functions that we study, to the corresponding problem for
the Hardy operator acting on decreasing functions on (0,1]. We determine the upper bound
that is described in (f) (see Theorem [1.1)) by using Riemann-Stieltjes integrals in a direct way.
The sharpness of this upper bound in (§) is proved by using the results in [8]. Then we prove
Theorem [L.9 by considering integrals of M ¢ on certain subsets of X (related to the distribution
function of My¢) which can be decomposed as pairwise almost disjoint unions of elements of
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T. Then applying Theorem @ we reach the upper bound that is stated in (g) Finally we
prove the sharpness of this upper bound by providing functions ¢ which satisfy the conditions

that are settled on our problem, for which the value of [ M7¢dp on certain suitable subsets K
K
of X is arbitrarily close to the right side of (E)

2. PRELIMINARIES

Definition 2.1. Let (X, .4, 1) be a non-atomic probability measure space. We recall that a
collection of measurable sets T is called a tree in A provided that the following conditions are
satisfied:

(i) X € T and every I € T has positive measure.
(ii) To every I € T corresponds a countable (finite or infinite) family C(I) C T, containing
at least two elements, such that:
(a) The elements of C(I) are almost pairwise disjoint, i.e. for J, J' € C(I) with J # J’
we have that u(JNJ') =0.
(b) I =UC(I).

(iii) If we define 7o) = {X} and T, 41) = U{C(I) : I € Ty} for all n then T = G Tin)
(iv) For (T(n))nen as defined above, liTILn [sup{p(l) : I € Tiyy}] =0 B

The maximal operator M associated to the tree 7 corresponds to every measurable function
¢ : X — R the function M7¢ defined by the formula

Mro(e) = sup { ﬂWuxaeﬂ

We also recall that for every measurable function ¢ : X — R, defining ¢* : (0,1] — [0, +00)
by the formula

¢*(t) = inf{y > 0: u([l¢| >y]) <t}

we have that ¢* is the unique decreasing and left continuous function on (0, 1] that is equimea-
surable to ¢. The following is proved in [3]:

Lemma 2.2. For every I € 7 and every « such that 0 < a < 1, there exists a subfamily F of
T consisting of almost pairwise disjoint subsets of I such that

(U= n)=0-aud).

JeF JeF
In [§] the following is proved:

Lemma 2.3. For any integrable ¢ : X — R™* it holds that

H—M—A

t
(M1 f)*( /gb* )du for every t € (0,1].
0

We will also need the following symmetrization principle which appears in [6].
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Theorem 2.4. Let g : (0,1] — Rt be decreasing and let G1,Gs : [0, +00) — [0, +00) be two
increasing functions. Then for every k € (0, 1] the following holds:

sup { / (G1 o M7d)(Gao @)= & = g, p(K) = k}
K

k

:/Gl(

0

g(u)du)Ga(g(t))dt.

~+ | =
O"\
~

Let us fix some notation. For My > f > Ms > 0, we set

Cx7(My, f,Ms) = {¢:X — R measurable, ||¢]oc = M,
/(bd,u = f, essinfx(¢) = Ma}
X

and

Cx7(My, f) = {¢: X = R" measurable, ||¢||oc = M1, /(bd,u =f}
X

In Theorem EI we will compute the quantity

sup { / Mrédp: ¢ € Cxr(Mi, f, M)
X

for all for all My > f > M, > 0 while in Theorem E we will compute the quantity

sup { [ Mrodu, 6 € Cxr(Mi.f)., K € A u(K) =k}
K
for all My > f > 0 and all k£ € (0, 1].

3. PROOF OF THEOREM
For the proof of Theorem EI we work as follows. Fix My > f > My > 0 and let A(My, f, M>)

be the class of functions
A(My, f, M) = {g :10,1) = [0,400) : g is decreasing,

left continuous, continuous at 0,
1

9(0) = My, limg(t) = My and_ [ g(t)dt = f}.
0
For each g € A(My, f, M2) we set
1 t
I, = / (% /g(u)du)dt.
0 0
Our goal is to maximize I, over all g € A(M;, f, M>).
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We observe that since hm <log fo du) = 0 for every g € A(My, f, M), when we
integrate by parts we get that
1 t 1
I, = / (1/g(u)du)dt: —/log(t)g(t)dt.
0 0 0
We consider the function & : [0, 1] — R defined by the formula
t—tlog(t) if 0<t<1
h(t) =
0 if t=0.

Since h(0) = 0 = %1—13(1) h(t), I'(t) = —log(t) > 0 and h”(t) = —% < 0 for every ¢ € (0,1), h is
continuous, strictly increasing and strictly concave, thus for every g € A(My, f, Mg) the value
I, = fo (t)( — log(t))dt may be expressed as the Riemann-Stieltjes integral I, = fo t)dh(t).
Proposition 3.1. The quantity sup{I, : g € A(Mj, f, M)} is equal to

My — Mo
[ =M )

Moreover the supremum is uniquely attained by the function gg defined as

[+ (f — Mz)log(

M, if 0<t<c
go(t) =
My if c<t<l,

f—M>
Mi—Ms-*

where ¢ =

Proof. We start with the second part. A direct calculation shows that

1
M. - M

/90( )dt = M+M2(1—M)2ﬁ

0

while go(0) = M1, go(1) = Mz and g is left continuous; thus gy € A(My, f, Ms). We also have

that
1 c 1
—/log(t)go(t)dt: —/M1 log(t)dt — /M2 log(t)dt
0 c

_ Ml(h(c)—h(O))+M2( (1) = h(c))
= Mi(c— clog(c)) + Mz(1 — (c - clog(c))
= M+ (My — M) c (1 log(

Igo

c))
= M+ (M; — M) J\J; M, (1 M))
M — Mg

= [+ (f—M2)10g(W>-

Thus sup{Z, : g € A(My, f,Ma)} > f + (f — M) log(MazE2).
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We will show now that the number f + (f — M) log(]\}{f]\g/f) is an upper bound of the set
{Ig g € A(Mlvfa MQ)}

Let g € A(M;, f, M3). We will calculate the Riemman Stieltjes integral I, = fo t)dh(t)
as the limit of the Riemman Stieltjes sums over the net of all partitions P = {0 = tg < t; <
tyg < -+ <t, =1} equipped with the right boundaries of the intervals [t;_1,t;] as intermediate
points.

= lim [— h(to) +Zh = g(ti+1)) + g(tn)h(ta)
n—1

= lim |:M2 + ) () (9(t:) — g(tz‘+1))]
1=0

(we took into account that h(tp) = h(0) =0, h(t,) = h(1) = 1 and g(t,) = g(1) = Ma).
Since g is decreasing, for every partition P = {0 =ty < t; < to < --- < t,, = 1} we have that

g(ti) = g(tix1) > 0 for i = 0,1,...,n — 1 while 3> (g(t;) — g(ti+1)) = 9(0) — g(1) = My — M,

=0

ti)—g(t; n—1 . . . .
and thus the numbers (%)izo serve as coefficients of a convex combination. Since

g(ti) — g(tit1)

I, = My + (M — Ms) 11mthl M= M,

=0
the fact that the function A is concave and continuous yields

n—1
t) — g(t;
I, < My + (M — M2)h<li7rpnz Wti) (10)

But also

lim Z (9(ti) — g(tit1))t:

n—1

—1lim (g(to)to + X g(t:)(ti — i) = glta)tn-r )

1=0
= My -0+ [} g(t)dt — My-1= f — My
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and thus
f— M,
I, < M- My — M- -
g < My+ (M 2>h(M1—M2)
= f— Ms
= M- M — My)——-"(1 - log ——
2 + (M — 2)M1 M( 0g M1—M2)
My — M-
My — My
= +(f — M3)log ————=.
[+ (f = Mp)log 7k
Up to this point we have shown that
My — M-
sup{ly : g € A(My, f,Ma)} = f+ (f — Mz)logﬁ

and that the supremum is attained by the function gg. It remains to prove that gg is the unique
function in A(Mi, f, Ms) with this property. It is enough to show that for each g € A(Mj, f, My)
with g # go we have that I, < f + (f — My)log M = M2

Consider such a g. Since g # gg there exists yg a pomt of continuity of g such that M; >
9(yo) > Ms. We set M = g(yp). In the proof that is presented above we may consider only
partitions of [0, 1] containing the point yo i.e. partitions of the form

P:{O:t0<t1<t2<"'<tk—1<tk:y0<tk+l<"'<tn:1}.

Then

Iy = M+ (M — M) hm(Zh M)

My — My
— M2+(M1—M2)lim( th —9(tir1)
P — M “ - M
M M — My — g(tiy1)
Zh i, >

Since Z Lg}\}[“) 1 and Z g(tM_ig]E/[tjl) = 1, using the fact that h is concave we get that

i=k
k-1
My — M g(ti) — g(tiy1)
I, < M M M) 1 h t;
2+ (M 2) lI][1<]W1 M, (1:0 My — M )
n—1
M — My g(ti) — g(tiv1)
+M1—M2h(z M — M, tz))

But
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k—1
1i7gn 2 (9(ti) — g(tiv1))ts = 1i7§n [Q(to)toJng(ti)(tz‘ —ti1) — g(tr)tr—1
Yo Yo
= M1'0+/g(t)dt—Myo:/g(t)dt—Myo
0 0
and
n—1 n—1
ligli%(g(ti)—g(tiﬂ))ti = lim g(te)ty + Zk;l )t — tic1) — g(tn)tn_1

1
= M-yo+/g(t)dt—M2,

Yo

. . P
as g is continuous at yg and tx_1 — yo.
Thus we get that

M, — M 9 g(t)dt — M

My — M> My — M
+M—M2 (Myo—l—f g(t dt—MQ)}
My — Mo M — My ’
We observe that the coefficients a = ]%1:]\]\/;[2 and 8 = AA{[Q are positive, a + § = 1 while,

Y0 g(t)dt — Myg o Myo+f g(t)dt — Mo
My — M vo M — M,
where we took into account that the function g is continuous at the points yg and 1 and

My > g(yo) =M > M.
Therefore the fact that h is strictly concave yields

Mi—M [ g(t)dt — My

I, < My + (M — MQ)h(

Ml M2 M1 M
M — M, My0+f g(t dt—M2)
+M1—M2 M — M2
fo — M,
= M. M =l -
2+ (M= ( M1 M2 )
[ — M,
= M My — M- -
2 + (M 2)h(M1_M2)
My — My
= — M) 1 —).
f+(f 2)0g(f_M2)
The proof is complete. O

Similar arguments to those used in the previous proof lead to the following.
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Proposition 3.2. If (g,)nen is a sequence in A(Mj, f, Ma) such that limI,, = f+ (f —
n

_]\42

M) log(A?*Mﬂ then g, —= go (and therefore also gy, EZN go), where gg is the function defined
in the statement of Proposition

We are now in position to prove Theorem EI

Proof of Theorem EI First we observe that for ¢ € Cx 7(Mi, f, Mz) we have that ¢* €
A(My, f, My). Also from [§] we have that (M¢)*(t) < 1 f(f ¢*(s)ds for every t € (0,1]. Since
the functions M7¢ and (M7¢)* are equimeasurable we get that

1

[ Mrodn = [(Mroy

0
j(i/tqﬁ*(s)ds)dt
0 0

= Iy < [+ (f — M2)log(

IN

My — Mz)
f—=My ~
where the last inequality follows from Proposition @
The sharpness of the above inequality is a consequence of Theorem @ for G1(t) =t, Ga(t) =
1, t € [0,400) and k = 1, where g = g is the function in the statement of Proposition and
the fact that since the probability measure space (X, A, 1) is non-atomic we may easily find a
measurable function ¢ : X — R such that ¢* = gg. The proof of Theorem is complete. [

4. PROOF OF THEOREM

In this section we will prove Theorem @ We start with the following lemma.

Lemma 4.1. Let g1, g2 : [0,+00) — [0,4+00) and 0 < k < 1 such that:

a) g1, g2 are decreasing.

b) g1(t) < g2(t) for every t € [0, 4+00).

¢) g1 is right continuous and g9 is left continuous.

d) Jim g2(t) = 0 and g2(0) = 1. Then there exists u € [0, +00) such that g1(u) < k < go(u).

li
—o0

(
(
(
(
Proof. We set u = sup g;l<[k,+oo)). Since g2(0) = 1 the set g;l<[k,+oo)> is nonempty,

while it is bounded from above since g is decreasing and tligl g2(t) = 0. Thus u is a well
—+00

defined real number.

The left continuity of go yields ga(u) > k, thus it suffices to show that g1(u) < k. If g1(u) > k
from the right continuity of g; we get that g;(¢t) > k for all ¢ € [u,u + €) for some € > 0. Thus
k < g1(t) < ga(t) for all t € [u,u + ), which contradicts the definition of w. O

Lemma 4.2. Let (X, A, 1) be a measure space, let g : X — [0,4+00) be a measurable function
and v > 0. Let also D be a measurable set such that [g > u] C D C [g > u]. Then for every
measurable set K such that (D) = pu(K) we have that [ gdu < [ gdp.

K D

Proof. Let v denote the indefinite integral of g with respect to u, i.e. the measure defined by

the formula v(A) = [ gdu for all A € A.
A
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We set Vi = [g > u| and V5 = [g > u]. We have that v(K) = v(KNW)+v(K\ V) =
v(Vi) —v(Vi \ K) + v(K \ V1) and taking into account that V4 C D C V5, we get that

v(K) —v(D) = —v(D\ V1) —v(Vi \ K) + v(K \ V1) (11)

Since for every x € D\ V; we have that = € V5 and hence g(x) > u and since Vi C D we get
that

~ D\ V) < —up(D\ Vi) = ~upu(D) + ups(V2) (12)
For every = € Vi \ K we have that g(z) > u, thus
—v(Vi\ K) < —up(Vi\ K) = —up(V1) + up(K 0 V1) (13)
Finally for every z € K \ Vi we have that g(z) < u thus

V(K \ V1) < up(K \ Vi) = up(K) — up(K 0 1V3) (14)

Therefore from (EI), (@), (@), (@) we get that

v(K) — v(D) < up(K) — up(D) = 0

ie. [gdu < [ gdp. (]
K D

Proof of Theorem . For the case k < % it is obvious that for every ¢ € Cx (M, f) and
K € A with u(K) = k it holds that [ Myodu < Mu(K) = kM.
K

We examine next the case where % <k <1. Let ¢ € Cx7(M, f). The functions g1,g2 : X —
[0, +00] defined as g1 (t) = u([M7¢ > t]) and go(t) = pu([M7¢ > t]) are decreasing, g; is right
continuous, g is left continuous, ¢1(t) < ga(t) for all ¢, tggloo g2(t) = 0and ¢g2(0) = 1. By Lemma
@ there exists u > 0 such that g;(u) < k < ga(u), i.e. u([Myo > u)) <k < p([Mr1¢d > ul).
The fact that the probability measure space (X,.4, 1) is non-atomic yields the existence of a
D € A with [M7¢ > u] C D C [M7¢ > u] such that p(D) = k. Lemma @ implies that for
every K € A with p(D) = p(K) the inequality [ Myodu < [ M7¢dp holds.

D

K
We set Vi = [My¢ > u] and Vo = [My¢ > u]. Since Vi € D C Vo and thus p(Vp) <
w(D) < u(Va), there exists unique s € [0, 1] such that k& = u(D) = su(V1) + (1 — s)u(Va) hence
p(D\ V1) = (1 = s)u(Va \ V1).

Claim.

[ Mrodu=s [ Mrodu+ (1= 5) [ Mroan
D Vi Vo



SHARP L! ESTIMATES FOR THE DYADIC MAXIMAL OPERATOR 37
Proof.
/ Mrédy = / Moédu + / Myrédp
D

D\
_ / Meyédp +up(D\ V)
Vi
- / Merédp +u(1 — s)u(Va \ Vi)
Vi
_ /M7¢du+ 1—s/MT¢du+ (-5 [ Mrods

Va\Vi

= s//\/l7¢du+(1—s)//\/l¢¢du.

O
The set Vi = [M7¢ > u] can be written as Vi = |J I; where (I;)jc4 is a pairwise almost
€A
disjoint famﬂy of sets in T, such that for each i € I the set I; is a maximal set of the family
{IeT: f ddp > u}.
We may also assume that the set Vo = [M7¢ > u] can be written Vo = |J J; where (J;);ep
JjEB
is a pairwise almost disjoint farnily of sets in T, such that for each j € J the set J; is a maximal
set of the family {J € T : f ddp > u}.

This is possible because we may assume that ¢ satisfies the following additional property:
Vee X AL, € T: Myop(x /d)du (15)

This is due to the following:

Remark. Let ¢ : X — RT be a measurable function such that [, ¢du = f and ||¢|c = M. If
we define the sequence (¢, )nen of functions as follows

On = Z AVI(¢)XI

IE'T(TL)

(where x; denotes the characteristic function of I), then [y ¢ndu = f, ||¢nlloc < M and each
on satisfies ([L). Moreover, (M7¢n)nen is an increasing sequence of functions that converges
pointwise to M7¢. This implies that | g MT10n — i} g M9 for every measurable subset B of
X.

For each i € Aweset A, ={l € A: I C L}, Ti={l¢c€T: IC I} and we define
wi(l) = ﬁu([ ) for every I € A;. Then (I;, A, i1;) is a non-atomic probability measure space
and 7; is a tree in A;. Denoting by ¢; the restriction of ¢ on I;, by M; the essential supremum
of ¢; and setting fi(¢) = [ ¢idpi = ﬁfgzﬁdu we observe that 0 < f;(¢) < M; < M and

I
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¢i € Cr, 1:(M;, fi(¢), Ma ;) for some M ; with 0 < My ; < fi(¢). In the case where My ; < fi(¢),
Theorem yields

M; — Mo ;

/MWW < 0) + ((0) — M) og (st )

which implies that

M;
/Mﬂ@'@% < fi(®) + fi(¢) log (fi(@)’

7

while in the case My ; = fi(¢) the last inequality is obvious. The fact that each I; is a maximal
set of the family {I € T : ﬁ [ ¢dp > u} implies that M7, ¢;(z) = M7d(z) for every z € I;.
I

Thus we get that

1
juen)

M.
*) for every i € A.

/MT¢du < fi(¢) + fi(o) log(fi(¢)

I;

By defining in a similar way f;(¢) and M; for every j € B, we get that

1 M. _
M/M7¢d“ < fi(9) + [; () log(fj(;)) for every j € B.

From the inequalities above we get that

Mrodp = ) | Mrodu
/ /

€Ay,

IN

M;
> uh) (4:00) + £i@) 10555,

and

[Mroan = 3 [ Mroan
Va

i€By,

IN

M4
;uuj) (1560 + £i(@)1oe( 5.
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Let now an arbitrary K € A with u(K) = k. We have that

! Mrédp < D/ My

— / Mooy + (1 5) / My édy

MA
< s ) + fi(¢) log(——75)
;“ ( s fi(9) )
M;
H1=9)3 ul ) (41(6) + 150 log( £ 25))
= sz,u(fi)fi(fﬁ)‘i‘(1_3)2“(Jﬂ)fﬂ(¢
icA jeB
M; M;
—i—s;u o) log( f(<;5 ];3# ¢) log( f](¢))‘
Therefore
/MTqbdu < /¢du+ (1=s) /¢>du
K
M; M;
o 2 IO oe )+ (1= ) 2 n() (9 oal 750,

We observe that since Vi C V5 we have that

s [odn+=s) [odn< [odus [odu=t.
1% %) Vo X

Also, since M; < M for each i € A we get

M; ,u M
2 () fi(6)log( 705 s (7))

€A

Since Z “(I ) = 1 and the function hg defined as ho(t) = tlog(%) is concave we obtain
ieal

p(I;)
o n()

M

39

(16)
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/ Gdp
Similarly it is shown that
M.
> i85 < nVo( i [ ).
Vo

Thus

Z,u ®) log( f]\(ié)) (V) ho

€A

JjEB
Therefore
M; M;
;u @) log( ¢)>+<1—s>jEZBu<Jj>fj<¢>1og< 79
<su<v1)ho(ﬂ(1v)/¢du) (1= (Ve /w

\%t

Taking into account that the number s has been selected such that sp(V1) + (1 = s)u(Va) =
w(D) = k and using again the fact that the function hg is concave we get that the quantity
above is

[ ¢du _, J pdu
L a )u(‘/z)h()(v;%) ))

(V1) ) z
°) / o
Vo

1
< kho(Z/cﬁdu +
Vi
We set I' = %Vf odp + %J ¢dp. Until this point we have shown that
1 2

(0

Mk
/ M édp < KT+ kho(T') = KT + KT log(——).
We consider the function hi(t) = ¢ + tlog(MTk), t € (0, Mk]. The function h; is increasing,
since hj(t) = log(2%) > 0 for every t € (0, Mk). Since from (@) we have that k' < f we
get that hl(kF) < h1(f) (remember that we are studying the case where % < k < 1), thus
kT + kI log (22 )<f+flog(jvjlck)
Therefore

/Mmdu <f+ flog(]\fpk)-

Up to this point we have shown that the left hand side of (B) in the statement of Theorem

is less than or equal to the right side. It remains to show that equality holds. We will again
discern the cases 0 < k < % and % <k<1.

Let’s first consider the case 0 < k < % Using Lemma we select a family (I;);e4 of almost

pairwise disjoint sets in 7 such that ) p(l;) = k. We consider the function ¢ : X — R defined

€A
as )
M if xe U I;
€A
P(r) = f—Mk '

=% if I‘EX\UI,L
i€A
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The function ¢ is measurable, while since k < % we have ¢ > 0. Also, since f < M we have

IZME < M thus [|¢]|eo = M. Finally

— Mk
[odn = U+ L2 uce U
4 icA icA
_ f-Mk . _
= Mk+—=(1-k) =/,
thus ¢ € Cx (M, f).
Since
Mypdp = Mk
I;
icA

the proof in the case where 0 < k < % is complete.

We treat now the case % < k < 1. In this case it is enough to show that for every § > 0
there exists a K € A with u(K) =k and a ¢ € Cx,7(M, f) such that

[ Mrodu = (1=6)(5 + Flog(*).
K

As in the first case, using again Lemma @, we select a family (;);ca of almost pairwise disjoint
sets in T such that > u(l;) =k. Weset K = | L, f' = % (notice that f’ < M) and for every
i€A icA

i€ Aweset A, ={leA: ICL}, T, ={I€T: ICI}and we define p;(I) = ﬁu(]) for
every I € A;. For each i € A, Theorem yields the existence of a ¢; € Cy, 7;(M, f’,0) such
that [ Mrdudpi; > (1— 6)(f + f'log(2))

We consider ¢ : X — R with ¢|I; = ¢; for each i € I and ¢|(X \ U ;) = 0. Then ¢ > 0,

i€A

[6]loc = M and

[odn=3" [ odu=3"un)s =kt = 1
X

€Ay, i€A

hence ¢ € Cx 7(M, f).
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Finally we have that

Mrdp =y, | Mrodp
/ /

zEAI
> Z/M7¢zdu
zeAI
= Yun / Mo
€A
> Y uI) - ) + Flog())
1€EA f
Mk
— (1= 0)( + £ log(*)
Mk
= (1=0)(f+ flog(T))-
Letting § — 0™ we obtain our result. O

Remark 4.3. In the case that f < M we may add the condition essinf x (¢) = 0 in the statement
of Theorem E without affecting the value of the supremum.

Proof. We distinguish the following three cases

Case 1. k=1.
This case is obviously a special case of Theorem EI for My = 0.

Case 2. f <k<l.
In this case the extremal function ¢ that we constructed in the proof of Theorem @ satisfies
the desired condltlon

Case 3. 0<k < y;
In this case the extremal function ¢ that we constructed in the proof of Theorem . does not
satisfy the condition essinf y (¢) = 0. In order to overcome this difficulty, for every sufficiently
small € > 0 (namely ¢ < 1 — %) we construct a function ¢. as follows. Keeping the notation
that was used in the proof of Theorem @, for fixed ip € A, we choose a set J. € T such that
0 < p(Je) < ep(lp) < 1— 4 and pu(J.) < <. We define ¢. by the formula

M ifre J I\ J
icA
¢(:L‘) — O lf T 6 Jg

MGpl)) it pe X\ U L.
€A
We notice that for this choice of ¢ and J. we have that % < M and thus ||¢z||cc =
M, while [ ¢odu = f, essinfx(¢.) =0 and

| Mrocduz [ Moy =20k - p(1) 2 ME e,
UL U Li\Je

i€A i€EA

and this completes the proof of the remark. O
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An application of Theorem @ is the following.
Corollary 4.4. For 0 < My < f< Mjand 0 <k <1
sup { /MTd)d,u : ¢ : X — RY is measurable, /d)d,u =f, ¢l = M,
K X

essinf x (¢) = Ma, K measurable, pu(K) = k:}

kM, it0<k<

= My(1— k) + (f — M) log(V9=32%)  if =2

f—Maz

My—DMao

43
=My
Mi— Mo
(17)
<k<1.

Proof. Fix Ms, f, My and k as in the statement, and let A be the value of the supremum. Then

A = kMj + sup { /MT(qb — Ms)dp : ¢ : X — RT is measurable,
K

/(¢— Ma)dp = f — Ma, |[|¢ — Malloo = My — Ma,
X

essinfx (¢ — M) =0, K measurable, u(K) = k}

= kMs + sup { /Mde,u . ¢ : X — R" is measurable, /wdu = f — Mo,
K X

|V|loo = M1 — My, essinfx(¢) =0, K measurable, pu(K) = k:}

The last supremum is evaluated using Remark @ In the case that 0 < k <
A= kM + k(M; — M) = kM,

while in the case that 1\51_—%212 < k <1 we get that
My — M)k
A = KMyt (F— M)+ (f - M) log(LE 2R,
Jf =M
My — Mo)k
= F = Ma(1— k) + (F — M) oML 2T
[ =M

and this completes the proof.
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