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ON THE GENERALIZED FERMAT EQUATION a? + 305 = ¢"

ANGELOS KOUTSIANAS

ABSTRACT. We prove that the only primitive solutions of the equation
a® 43 =¢"
for n > 3 are (a,b,c,n) = (£47,£2,4£7,4). Our proof is based on the modularity of Galois

representations of Q-curves and the work of Ellenberg [EII04] for big values of n and a variety
of techniques for small n.

1. INTRODUCTION

The remarkable breakthrough of Andrew Wiles about the proof of Taniyama-Shimura con-
jecture which leaded to the proof of Fermat’s Last Theorem introduced a new and very rich area
of modern number theory. A variety of techniques and ideas have been developed for solving
the generalized Fermat equation

(1) Ad? + Bb? = Cc".

Because the literature is very rich we refer to [BCDY15] for a detailed exposition of the cases
of that have been solved. A solution of is called primitive if a, b, c are pairwise coprime
integers and abc # 0.

In this paper we prove the following.

Theorem 1. Let n > 3 be an integer. The only primitive solutions of equation
(2) a? 4 365 = ¢,
are (a,b,c,n) = (£47,+£2,£7,4).

For the proof of Theorem [I]we use the recent proof of modularity of Q-curves as a consequence
of Serre’s modularity conjecture [KW09al, KW09bl [Kis09] and the study of the arithmetic of
Q-curves by many mathematicians [Que00, [E1104, Rib04]. Even though we are not able to give
a detailed proof, it seems that for the equation a? + db% = ¢, where d > 0 is fixed, we are
able to attach a Frey Q-curve only for the cases d = 1 [BC12] and 3 which makes these values
special.

The paper is organised as follows. In Section [2] we recall the terminology and theory of Q-
curves. In Section [3| we attach a Frey curve to a solution (a,b,c) of . We prove that the
Frey curve is a Q-curve and compute its arithmetic invariants. In Section [4 we prove Theorem
when n > 11 is a prime using Ellenberg’s analytic method [EII04] which we explain in Section
In Section [6] we prove Theorem [I] for the small exponents n = 3,4,5,7.
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The computations of the paper were performed in Magma [BCP97] and the programs can
be found in the Bulletin’s website, at the location http://bulletin.math.uoc.gr/vol/64/
2020-koutsianas/.

2. PRELIMINARIES

In this section we recall the main definitions of the Q-curves and their associated Galois rep-
resentations; we recommend [BC12, [ESO1l |Que00, Rib04, [(Chel()] for a more detailed exposition.

Let K be a number field and E/K an elliptic curve without complex multiplication such that
for every o € G there exists an isogeny pg(o) : 7E — E. Then, E is called a Q-curve defined
over K. We make a choice of the isogenies p1g (o) such that for any o, 7 € Gg with o |x=7 |k
it holds ug(o) = pur(7).

We define

3) cp(o,7) = pp(0) pe(t)pe(or) ™!, € (Hom(E, F) @7 Q)* = Q*,

where ugl = (1/deg pup)py, and py, is the dual of pg. A short computation shows that the
map cg : Gg X Gg — Q* is a 2-cocycle under the trivial action of Gg on Q*. A different
choice of the isogenies ug(o) changes cg only by a coboundary, hence cp determines a class in
H?(Gg,Q*) which depends only on the Q-isogeny class of E.

Because of the natural inclusion of Q* — Q" the map cg determines an element in H 2(Go, @*)
Tate has shown that H?(Gg, Q") is trivial when Gg acts trivially on Q" [Ser77, Theorem 4].
So, there exists a continuous map 5 : Gg — Q" such that

(4) cp(o,7) = B(o)B(r)B(or) ™",

as cocycles. The map S is called a splitting map of cg. From here on, for a given splitting map
p we enlarge K if necessary so that 8 factors through K.
We define an action of Gg on Q, ®z, T,(E) given by

() pEpp(0) 1@ ) = (o)~ @ pp(0)(o(x)),

where T},(E) is the p-adic Tate module of E and = € T,(F). From the definition of pg 5, we
have that Ppg g, |~ PoE,, where

(6) ¢E7p : Gal(K’/K) — GLQ(ZP),

is the usual Galois representation of G i acting on T),(E) and Ppg g, and Pég , are the projective
representations of pg g, and ¢g p, respectively [ES0I, Proposition 2.3].
Let A be an abelian variety over K of dimension g. If there is a number field L with [L : Q] = ¢
such that
L < Endg(A) ® Q,

then we say A is of GLa-type. Let T,(A) be the p-adic Tate module of an abelian variety A
of GLa-type; because A is of GLa-type, T,(A) is free of rank two as L ®z Q,-modulo [Rib04,
Section 2]. Suppose 7 | p is a prime in L, then from the natural map L ®z Q, — L, we have a
Galois representation of Gg

PAT GQ — GLQ(Zﬂ—),
which is the action of Gg on the m-adic Tate module of A. Given a splitting map [, Ribet
[Rib04, Section 6] attaches an abelian variety Ag over Q of GLa-type such that E is a simple
factor over Q and pg g, ~ pagx [ESOLL Proposition 2.10].
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Suppose (' is an other splitting map. From it is not hard to show that there exists a
character x : Gg — Q" such that 8/ = x3. On the other hand, for a given character x the map
B' = xf is an other splitting map. The abelian varieties Ag and Ag are twists of each other
with pg g, = X @ pESp-

We recall that we have made the assumption that 3 factors through K. For practical purposes
it is important to make a choice of 5 such that K has small degree. Among many others in
[Que00] the author studies this problem and explains that we can make a choice of a twist
Eg/Kg of E such that cg,(0,7) = B(0)B8(7)B(o7)~! as cocycles, § factors through a number
field Kg and the degree of Kj is not ‘big’. The field Kj is called the splitting field of 3.

Suppose we have determined Fz/K 3. In [Rib04, Section 6] the author shows that the abelian
variety Ag is a quotient of Res K5/Q Ep over Q, and the endomorphism algebra of Ag is equal
to Mg where Mg is the field generated by the values of f3.

We define the map €: Gg — Q" given by

_ Blo)?
@) ) = Jegu(o)
Because
B*(0)B*(1) _ o _1y _ deg(p(o)) deg(u(T))
52(0-7.) - CzE'(U7 T) - deg(,U,E(O') ME(T)/*LE(UT) 1) - deg(u(m'))

we conclude that the map € is a character. We denote by K. the field over the character e
factors. From the definition of pg g, we get that

(8) det(ﬂE,@p) =l Xp>

where Y, is the p-th cyclotomic character. We can attach a residual representation associate to
pEp (see [ESOL p. 107])

(9) pE,sp : Gal(Q/Q) — F, GLy(F,).

Similarly, we denote by (ZEE,p the residual representation associate to ¢ .

A Q-curve F is called modular if there is a positive integer N such that F is the quotient over
Q of the modular curve Ji(N). If E is modular, then there is a newform f € So(To(N),e 1)
attached to E such that A; is defined over Q of GLo-type where Ay is the abelian variety
associated to f (see [DSO5, Section 6.6] for the definition of Ay). This is because the modular
curve Ji(N) it is a product of Af’s up to isogeny over Q [Rib80, Section 2|. Then, from [Chel0),
Proposition 10] Ay is isogenous to Ag for some splitting map 3, hence it holds pg g, >~ prp
where py, is the Galois representation attached to f (see [DS05l Section 9.5] for the construction
of psp). Because splitting maps differ by a character we conclude that for any splitting map
there exists a newform f of Ji(NN) such that pg g, =~ pg,. Conversely, if pg g, >~ py, for some
newform f € So(To(N),e 1), then Ag is isogenous to Af over Q so E is a quotient of J; (V).

Assuming the Serre’s modularity conjecture [Ser87] Ribet proves that any Q-curve is modular
[Rib04, Corollary 6.2]. Nowadays, Serre’s modularity conjecture is a theorem [KWO09al, KW09b,
Kis09].

Theorem 2. Suppose E/K is a Q-curve. Then, E is modular.

3. FREY Q-CURVE ATTACHED TO a? 4 30 = P

In this section we attach a Frey Q-curve over K = Q(1/—3) to a primitive solution (a, b, ¢) of
. Let n = p be an odd prime. We define
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(10) E.p:Y?=X3—9/-3b(4a — 5v/=3b*) X + 18(2a* — 14v/—3ab® — 33b°).
When it is not confusing we use the notation F instead of E, ;. The invariants of E are given
by
313
() i) =238 V=3 8 \ﬁ%bf\/(igb )mbs)’
(12) A(E)=—-28.3". (a — vV=3b%) - (a + vV—=3b)?,
(13) ci(B) =232 V/=3-b- (4a — 5v/—3b%),
(14) ce(E) = —25-3%. (242 — 14v/—3b%a — 33b°).

We are grateful to the referees for mentioning this shorter proof of the next lemma.

Lemma 3.1. If (a,b,c) is a primitive solution of , then the curve E does not have complex
multiplication.

Proof. From (1)), j(E) € Q(v/—3) and an easy symbolic computation shows that, in j(E), the
coefficient of v/—3 is
(2a2 — 75b%) (160> — 33b9)
(a? + 3b5)3 ’
which is non-zero because a and b are non-zero integers. In particular, j(E) ¢ R which, by

the theory of complex multiplication [Sil94, Ch. II, problem 2.9], implies that E is not a
CM-curve. O

864ab>

Remark. It is important to mention that the trivial solution (41,0, 1) corresponds to an elliptic
curve FE with complex multiplication. Because of Lemma [3.1] this obstruction has been isolated.

Lemma 3.2. Let (a,b,c) be a primitive solution of , then c is divisible by a prime different
from 2 and 3.

Proof. Because (a, b, c) is a primitive solution of a? +3b% = ¢? we have that 3 { c. Because p > 3
and a? + 3b% #Z 0 (mod 8) we have that 21 c. O

Because of Lemma [3.1] we assume that E has no complex multiplication. The curve F is
a Q-curve because it is 3-isogenous to its conjugate and the isogeny is defined over K (see
IsQcurve.m). We make a choice of isogenies p(o) : “E —— E such that pu(o) =1 for 0 € Gg
and p(o) equals the 3-isogeny above for o € G .

Let d be the degree map (see [Que00} p. 289]), then we have that d(Gg) = {1,3} C Q*/Q*2.
The fixed field Ky of the kernel of the degree map is Q(v/—3). Then (a,d) = (=3,3) is a dual
basis in the terminology of [Que00, p. 294]. We can see that the quaternion algebra (—3,3) is
unramified and so e = 1, K. = Q and Kz = Q(v/—3). Moreover, we have 3(c) = y/d(c) and so
Mp = Q(V3).

Let Ag = Resg/g E. Since Kg = K we understand that {x () has trivial Schur class, where
£k (E) is as in [Que00], p. 288]. Thus, from [Que00, Theorem 5.4] we have that Ag is a GLa-type
variety with Q-endomorphism algebra isomorphic to Mg. Moreover, from the definition of pg g
we understand that pp g, |G~ OEp-

Let po and p3 be the primes in K above 2 and 3, respectively; thus ps = (2) and p3 = (v/—3).
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Lemma 3.3. The elliptic curve E is a minimal model with conductor equal to

(15) N(E)=p5-p5-[]»-
ple

Proof. Suppose p is a prime in K with p | A(E). If p does not divide 2 and 3, or equivalently p | ¢
by Lemma we understand from that p { c4(F), hence E has multiplicative reduction
at p [Sil86, Ch. VII, Proposition 5.1].

For p = p3 or po it is more convenient to use the following isomorphic to model of £

(16) E:Y?+6V-3bXY — 12(v/=3b® + a)Y = X3,

Suppose p = p3. From Tate’s algorithm we can prove that E has I'V* reduction type and
because vy, (A) = 14 the exponent of the conductor at ps is equal to 8.

Suppose p = po. Again, we apply Tate’s algorithm and we prove that £ has IV* reduction
type. Because vy, (A(E)) = 8 we have the result. O

Lemma 3.4. The conductor of Ag is

(17) d3 /g - Normy g (N (E)) = 2* . 317 Hp2.

ple

Proof. This is an immediate consequence of [Mil72, Proposition 1] and the fact that K is
unramified outside 3. U

Since Ag is of GLo-type with Mz = Q(+/3), the conductor Na, of pg gy is given by

(18) Na, =223 -]]p.
ple

as it is explained in [Chel0), Lemma 29].

In the modular method we do not use pg g, which has conductor depending on the solutions,
but we work with the residual representation pr 5,. We have to compute the Serre invariants
N; = N(pEgp): ks = k(pepyp) and €5 = €(ppgp) of prgp [Ser87, [KW09a] and prove that
PE.B,p is irreducible. Because K is unramified away from 3 for p # 3 it holds I, C Gk where I,
is an inertia group at p.

Proposition 3.5. The representation ¢, |1, is finite flat for p # 2,3.

Proof. Let p be a prime above p. By Lemma [3.3] we know that E has good or multiplicative
reduction at p. In the case of multiplicative reduction the exponent of p in the minimal dis-
criminant of E is divisible by p. As we have mentioned I, C G'x and the result follows as it is
explained in [DDT97, Proposition 2.12]. O

Proposition 3.6. The representation Q_SEJ, |1, is trivial for £ # 2,3, p.

Proof. Let | be a prime above £. Because of Lemma [3.3| we know that E has good or multi-
plicative reduction at [. In the case of multiplicative reduction the exponent of [ in the minimal
discriminant of F is divisible by p. As we have mentioned I, C Gk and the result follows as it
is explained in [DDT97, Proposition 2.12]. O

Proposition 3.7. Suppose p # 2,3. Then N; = 972.
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Proof. Because we want to compute the Artin conductor of pg g, we consider only ramification
at primes above £ # p. We recall that pg g, |G~ OB

Let consider ¢ # 2,3, p. We recall that K = Kg. Because ¢ # 3 we have that Kz is unramified
at £, so Iy C Gg. Because pggpla, ~ qEE,p and (ZEEJ, |7, is trivial from Proposition we have
that pg g p is trivial at I,. Thus, pg g, is unramified outside 2, 3, p.

Suppose £ = 2,3. From we understand that F has potential good reduction at primes
above 2,3. That means ¢g p|7, factors through a finite group of order divisible only by 2,3
[Kra90, p. 354]. Thus, pggp|r, factors through a finite group of order divisible only by 2, 3.
It follows that the exponent of ¢ in the conductor of pg g, is the same as in the conductor of
PEBp aS D # 2,3. (]

Proposition 3.8. Suppose p # 2,3. Then k; = 2.
Proof. The weight is determined by pggpls,. For p # 3 we recall that I, C Gk. Because

PEBplGr &Eum éE,p |7, is finite flat from Proposition and the determinant of &E,p is the
cyclotomic p-th character then from [Ser87, Prop. 4] we have the conclusion. O

Proposition 3.9. The character €5 is trivial.

Proof. This is a consequence of the fact that € is trivial and equation . O

From [ElI04, Proposition 3.2] and Lemma we have.

Proposition 3.10. Let assume that pg g, is reducible for p # 2,3,5,7,13. Then E has poten-
tially good reduction at all primes above £ > 3.

An immediate consequence of Proposition and Lemma [3.2] is the following.
Corollary 3.11. The representation pg g, is irreducible for p #2,3,5,7,13.
Proposition 3.12. If p = 13, then pg g, s irreducible.
Proof. This is similar to [BCI12, Proposition 17] which is based on results in [Ken79] about
Q-rational points on X¢(39)/ws. O

4. PROOF OF THEOREM [

Suppose f is a newform of weight 2, level N and trivial character with g-expansion
flg)=1+ Z an(f)q".
n>2

We denote by K¢ the eigenvalue field of f and we say f is rational if [K; : Q] = 1 and irrational,
otherwise. Suppose p is a rational prime and p a prime ideal of K; above p. Then, we can
associate a continuous, semisimple representation

Pfp: GQ — GLQ(Fp),

that is unramified at all primes ¢ { pNy and Tr(psp,(Froby)) = aq(f) (mod p), where Froby is a
Frobenius element at q.

Proposition 4.1. Let f be a newform of weight 2, level Ny and trivial character. Suppose
PEBp ~ Prp- Let ¢ # p be a rational prime with ¢t NyN(E). We define

N(ag(E) — ag(f)), Fa2+305 20 (mod q) and (=3) =1,
B(q, f) = N(ag(f)* —ap(E) —2q), ifa®+3b°#0 (mod gq) and _73 = -1,
N((g+1)% = aq(f)?), ifa® + 35 =0 (mod q).
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where agi(E) is the trace of Frobfl acting on the Tate module T,(E). Then p|B(q, f).

Proof. From Section |3| we recall that Ag = Resg/q(F) and Mg = Q(v/3). Let 7 be a prime of
Mg above p. As we mentioned in Section [2| we have that pa, » = pp g, We recall that

(19) pEsp(0) (1@ ) = B(0) ™ @ 1(0)(dr,4(0)(2)),
where ¢g ), is the representation of Gi acting on T,(E) and 1 ® v € Mg, ® T,(E). We also
recall that pa, .~ = pEgp ~ prp and B(o) = /d(0).

Let assume the case a? + 3b% = 0 (mod ¢). By we have that ¢ || N4, and from [Car86,
Théorem (A)], [DDT97, Theorem 3.1] we have that

(20) p | N(ag(f)* = (¢ +1)%).
For the rest of the proof we assume that a® + 3b° # 0 (mod q). When (?) =1 we

have that o = Frob, € Gk, pu(o) = 1 and d(o) = 1, so Trpa, «(0) = Trdpp(c). Because
PAsm = PESp = Pyp We conclude that a,(E) = aq(f) (mod 7) and so p | N(aq(E) — aq(f))-

Suppose (_73> = —1, then 0 = Frob; € Gi. Because 0% € Gk and similarly to the above

lines we have that TrﬁABm(aQ) =Tr ¢pp(0?) = az(E). We know that

1
det(I — ﬁAﬁ,ﬂ(U)q_S)

—ns 1

oo
= exp Z Trpag (™) g

n=1

(21)

n 1-Tr PAsx(0)q5 + qq%

From the coefficient of ¢~2* we have that Tr pa, »(0%) = Tr pa, «(0)?—2¢. As above we conclude

that aq(f)? = a.2(E) +2¢ (mod 7), so p | N(aq(f)? — agz2(E) — 2q). O

The value of B(q, f) depends on the residue classes of (a,b). So, with the notation of Propo-
sition [4.3] we define
a,belFy,
(a,b)#(0,0)

Proof of Theorem[1 Let assume that p > 11 is an odd prime and (a, b, ¢) a primitive solution of
. We attach to (a, b, c) the Frey Q-curve FE with 8 as in Section |3} From Corollary and
Proposition the representation pg g, is irreducible, hence by Serre’s modularity conjecture
[KW09a, Theorem 1.1] pg g, is modular. Thus, there exists a newform f € Sy, (Nj,€;5) such
that pg g, ~ prp. From Propositions and 3.9 we conclude that f € S2(I'9(972))

There are 7 newforms of level 972. Four of them are rational with complex multiplication
by Q(v/—3) and the remaining are irrational. In Section [5| we show how we can prove that non
solutions arise from the rational newforms for p > 11 using Ellenberg’s analytic method, see
Proposition 5.5 For the irrational newforms we apply Proposition [4.1] It is enough to compute
gedy<530(C(g, f)) with g # 2,3 to prove that p <7 (see CongruenceCriterion.m). O

5. ELIMINATING THE CM FORMS

In this section we explain and apply the method of Ellenberg [EII04] which allows us to prove
that no solutions of arise from the rational newforms for p > 11.

Proposition 5.1 (Proposition 3.4 [EIl04]). Let K be an imaginary quadratic field and E/K a
Q-curve of squarefree degree d. Suppose the image of Ppg g, lies in the normalizer of a split
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Cartan subgroup of PGLy(F)), for p = 11 or p > 13 with (p,d) = 1. Then E has potentially
good reduction at all primes of K not dividing 6.

Proposition 5.2 (Proposition 3.6 [EIl04]). Let K be an imaginary quadratic field and E/K
a Q-curve of squarefree degree d. Then there exists a constant My 4 such that if the image of
Ppg gp lies in the normalizer of a non-split Cartan subgroup of PGLa(Fp) and p > My q then
E has potential good reduction at all primes of K.

The constant Mg 4 can be chosen to be a lower bound of the primes for which Proposition

[5.3 holds.

Proposition 5.3 (Proposition 3.9 [Ell04]). Let K be an imaginary quadratic field and x g be
the associate Dirichlet character. Then for all but finitely many primes p, there exists a weight
2 cusp form f, which is either

e a newform in So(L'(dp?)) with wyf = f and waf = —f,
e a newform in So(T'(d'p?)) with d' a proper divisor of d and wyf = f
such that Aygy (Q) is a finite group.

The reason why Propositionimplies Propositionis explained in [EIl04, p. 775]. Before
we show how we can prove when Proposition holds we need to introduce some notation.
Let f be a modular form with g-expansion

(22) F=3 an(fa"
m=0

We define L, (f) := L(f ® x,1) where x is a Dirichlet character. We can think a,, and L, as
linear functions in the space of modular forms.
Moreover, we denote by F a Petersson-orthonormal basis for So(T'g(/V)) and we define

(23) (@m, Ly )N = Z am(f) Ly (f)

ferF

For M | N we denote by (am, Ly )Y the contribution to (a,, Ly)y of the forms which are new
at level M. We also define

(24> (am7 LX)IZ;Q—HQW = (am, LX)p2 — (am, LX)§2'

In [EIIO4] it is explained that Proposition [5.3| holds as long as |(aq, LX)Z 2 V> 0.

In our case we have d = 3 and xy = x_3 = (%3) while cond(x—3) = 3. So we have the
following.

Proposition 5.4. Let p > 11 be a prime. Then there exists a newform f € So(To(p?)) such
that wyf = f and L(f ® x—3) # 0.

Proof. In [DUQ9, Lemmag] the authors prove that |(a1, L, )P~"*"| > 0 for p > 137. For p < 137
we have written a Magma program which proves that the same it true for 11 < p < 137 (see
NewformTwist.m). O

Proposition 5.5. Let p > 11 be a prime. Then, no primitive solutions of arise from a
rational newform f € S2(I'0(972)).
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Proof. Let f be a rational newform of S2(I'9(972)). Then we know that f has complex mul-
tiplication and so the image of py, lies in the normalizer of a Cartan group (either split or
non-split) [BS04, Section 4.4].

Suppose py,, lies in the normalizer of a non-split Cartan group. Because py, ~ pg g, we
understand that Ppg g, also lies in the normalizer of a non-split Cartan group. For ¢ # 1 and
Lemma we conclude that there exists a prime p in K , not dividing 2 and 3, such that E
has multiplicative reduction at p. From Proposition we understand that Proposition
holds for p > 11 which implies that Proposition [5 also holds for p > 11. However, this is a
contradiction to the fact that E has multiplicative reductlon at p.

Suppose py,, lies in the normalizer of a split Cartan group. Because py, ~ pg g, we under-
stand that Ppg g, also lies in the normalizer of a split Cartan group. For ¢ # 1 and Lemma
we conclude that there exists a prime p in K, not dividing 2 and 3, such that E has multiplica-
tive reduction at p. However, from Propositions this is not possible for p > 11 and p # 13.
For p = 13 Proposition does not hold. However, the argument following [EIl04, Proposition
3.9] also works for the split case (see also [BEN1(, Proposition 6]). So, from Proposition we
have the result. (]

6. SOLUTIONS FOR n = 3,4,5,7
In this final section we prove Theorem (1| for n = 3,4,5,7. We need the following lemma.

Lemma 6.1. Let p > 5 be an odd prime and x,y, z pairwise coprime integers such that x* +
3y? = 2P. We define

5]
N |
—

_ p Bl 2i41 p—1-2i
(25) hluo) =3 (4, ) e

<§> (—3)%1_%%2}7’_%.
i

Then there exist integers ug,vy with (ug,vo) = 1 such that x = f1(uo,v0), y = fa(ug,vo) and
— 2 2
z = ug + 3vg.

i1
|
= O

(26) fa(u,v) =

)
i1
(@)

Proof. Because p > 5 and x,y, z are pairwise coprime we understand that (z,6) = 1. The ring

of integers of K = Q(1/—3) is Z[w] where w = L‘Q/jg We know that K has class number one
and the only units in Z[w] are the 6-th roots of unity which are powers of —w. Factorizing
22 + 3y% = 2P over K we have

(27) (z +yv=3)(x — yvV/—3) = 2P.

Because (z,6) = 1 and the order of the roots of unity is 6 coprime to p, we understand that

there exist u(, v, € Z such that
/ 1 /=3 p
24 g3 = <u0+1;0v> ,

where u;, and v, have the same parity. Suppose that uj =

vy =1 (mod 2), then we have
P a? R = < 2+ 30 )
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and we conclude that 2z = ufZ + 3vf?. Because 2 { z and taking the last equation (mod 4) we
get a contradiction, hence uj = vj =0 (mod 2). Suppose u = 2ug and v() = 2vp, then

a:—i—y\f: (U() +U0\/j3)p.

Because (x,y) = 1 we have that (ug,v9) = 1. After expanding the right-hand side of the above
equation we get

p—1
2
p pdg 2i41, p—1-2i

T = < )(—3)2 uy' g ,

= 21+ 1

p—1

2 p p=Ll_; 9 p—2i
v=3 (2) 9 g

i=0

Let (a,b,c) be a primitive solution of (2).

6.1. Case n = 3: A solution with b # 0 corresponds to a rational point of the elliptic curve
E : y? = 2% — 3 via the equation

& ()= ()=

The curve E is Cremona’s curve with label 972B1 which has trivial Mordell-Weil group [Cre97],
hence there are no solutions of for n = 3.

6.2. Case n = 4: We recall that 2 | b. Equation is written
(® 4+ a)(c? — a) = 3(b*)%

From elementary number theory we have that there exist r,s € Z such that +a = r? — 352,
b = 2rs and ¢ = r? + 3s® with (r,s) = 1, r odd and s even. Then, r = R3 s = 453
and ¢ = RS 4 485% which means that the point (R/S,¢/S?) is a rational point on the curve
C :Y? = X%+ 1. In [BTTI] the authors have computed the rational points of C' and it holds
C(Q) = {oo*, (£1,£7)}. From C(Q) it is easy to compute the solutions of (2] for n = 4.

6.3. Case n = 5: For the case n = 5 we are grateful to the referees for this shorter proof.
From Lemma we have that there exist coprime integers u,v such that b® = fo(u,v) =
v(5u* — 30u?v? + 9v*). Thus we can conclude that there exist coprime by, by with byby # 0 such
that

v =52 b} v =b3
{5u4 — 30u*0v? 4+ 9v* =5 - b3 o {5u4 — 30u®v? + 9t =b3
For the first case and after a straightforward combination of the two equations we get
(29) (u® — 1875b%)% = b3 + 223%57h12.

This means that the point (X,Y) = (ba/b], (u* — 1875b%)/b9), because by # 0, is a rational
point of the elliptic curve Y2 = X3 + 223257, However, this curve has trivial Mordell-Weil
group.

For the second case and similar to the previous case we get

(30) (25u® — 7569)? = (5bo)? + 4500612
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Then, because by # 0 the point (X,Y) = (5ba/bf, (25u? — 756%)/b9) is a rational point of the
elliptic curve Y2 = X3 4 4500, whose Mordell-Weil group is trivial.
From the above we conclude that there are not solutions of for n = 5.

6.4. Case n = 7: From Lemma we have that there exist coprime integers u,v such that
b = folu,v) = v(Tub — 105uv? + 189uv* — 270v%). Thus we can conclude that there exist
coprime by, by with b1bo # 0 such that

v =7%b} v =b3
or
7ub — 105utv? + 189u?v* — 2705 =7b3 7u® — 105u*v? + 189u?v?* — 2700 =b3

From Lemma we also have a = f1(u,v) = u” — 63u’v? + 315u3v* — 189uv® and ¢ = u? + 302
Because 3 1 a we also understand that 3 1 u. Moreover, it holds 2 t ¢ which shows that u and v

have different parity.
Let K = Q(0) where 6% — 6% — 20 + 1 = 0. The extension K/Q is Galois and it holds

3
(31) 7ub — 105utv? + 189u%v? — 2700 = 7H(u2 —v?py),
=1
where
—3660% + 2460 + 87
p1= ,
7
1262 — 360 + 27
p2 = ,
7
2402 + 120 — 9
py=—

Let po, p3 and p7 be the unique primes of K above 2, 3 and 7, respectively. We also have that
7 is the only ramified prime in K. It holds that vy(p;) > 0 for any prime ideal p # p7. Because

3
18662402 — 4147200 + 1
Res (“2 —o?p1, [ [ - vzpz’);u> _ 186 00 + 165888 5

, 49
=2
3
186624602 — 4147200 + 165888
Res | u? — v?py, 1_[(u2 —v?p)v | = + ud,
o 49

we understand that
(u? — prv?) = p5p5*p %,
where 0 < e; < 3 and J is a fractional ideal of K with v,(J) > 0 for any prime ideal p # p.
Because u, v have different parity and vy, (p1) = 0 we understand that e; = 0. Moreover, it
holds vp, (p1) = 1 and wvp, (J) > 0, because 3 { u we get that e3 = 0. Finally, the class number of
K is one; hence we understand that there exists d; € K(S,3) and v € K* such that

(32) u? — p1v? = din?,

where K(9,3) = {z € K*/K*3|v,(x) = 0 (mod 3), p € S} is the 3-Selmer group of K for
S = {p7}. We know that this is a finitely generated abelian group [Coh00, Section 7.4]. Because
v = a?b3 with a = 1,7 we get

(33) u? — pra’d} = diy®.
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From the last equation we understand that the point (d17/b%, ud; /b?) is a K-point on the elliptic
curve

(34) E:Y?= X3+ pidia*.

For all possible elements d; € K(S,3) Magma is able to compute the Mordell-Weil group of
E(K) and it holds rank(F(K)) < 2. Because [K : Q] = 3 and we want to compute the points
(X,Y) € E(K) such that Y/d; € Q, we can apply the elliptic curve Chabauty method [Bru03]
(see also [BT04) Section 4] for a nice exposition of the method). Magma has an implementation
of elliptic curve Chabauty method and we have used it to prove that there are no points
(X,Y) € E(K) with Y/d; € Q (see Ezponent7.m). Hence, there are no solutions of (2 for
n="r.
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