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ABSTRACT. A recent result of Freeman, Odell, Sari, and Zheng [FOSZ| states that whenever
a separable Banach space not containing ¢; has the property that all asymptotic models gen-
erated by weakly null sequences are equivalent to the unit vector basis of ¢y then the space is
Asymptotic cg. We show that if we replace co with ¢1 then this result is no longer true. More-
over, a stronger result of B. Maurey - H. P. Rosenthal [MR] type is presented, namely, there
exists a reflexive Banach space with an unconditional basis admitting £; as a unique asymptotic
model whereas any subsequence of the basis generates a non-Asymptotic ¢; subspace.

1. INTRODUCTION

In this paper we study the question whether the uniqueness of asymptotic models, or equiv-
alently, the uniform uniqueness of joint spreading models in a given Banach space implies that
the space must be Asymptotic £,. This is a coordinate free version from [MMT] of the notion of
asymptotic ¢, spaces with a Schauder basis by Milman and Tomczak-Jaegermann from [MT].
The question draws its motivation from the following Problem of Halbeisen and Odell from [HO]
and a subsequent remarkable result from [FOSZ]. Given a Banach space X, let .%y(X) denote
the class of normalized weakly null sequences and .%,(X) denote the class of all normalized
block sequences of a fixed basis, if X has one.

Problem 1 ([HO|). Let X be a Banach space that admits a unique asymptotic model with
respect to Fo(X), or with respect to Fy(X) if X has a basis. Does X contain an Asymptotic
Ly, 1 < p < oo, or an Asymptotic co subspace?

An asymptotic model is a notion which describes the asymptotic behavior of an array of
sequences (x;)J, i € N. On the contrary a space is Asymptotic £,, for 1 < p < oo, (resp.
Asymptotic cp) if the asymptotic behavior of the whole space resembles that of £, (resp. co).
Remarkably, in some cases unique asymptotic array structure implies that a space is Asymptotic
Co.

Theorem 1.1 ([FOSZ]). Let X be a separable Banach space that does not contain {1 and admits
a unique cy asymptotic model with respect to #o(X). Then the space X is Asymptotic cy.

It was observed by Baudier, Lancien, Kalton, the third author, and Schlumprecht in [BLMS,
Section 9.2] that Theorem no longer holds if we replace cp with ¢, for any 1 < p < oo.
The counterexamples are spaces very similar to the space defined by Szlenk in [S]. The main
purpose of this paper is to provide an answer for the remaining case p = 1. Note that the main
obstruction in this case is the fact that the ¢;-norm is the largest one and hence, assuming
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that the space admits a unique ¢; asymptotic model which means a very strong presence of
asymptotic ¢1 structure, it is not obvious how to preserve a tree structure in the space which
has norm smaller than ¢;.

Theorem 1.2. There exists a reflerive Banach space X with an unconditional basis that admits
a unique {1 asymptotic model with respect to Fy(X), whereas it is not an Asymptotic {1 space.

as in Theorem that contains
a weakly null /s-tree of height w®. An easy modification of Tfnc can yield a space containing
a weakly null £)-tree, for any 1 < p < oo with p # 2, or a weakly null cp-tree of height ws.
Furthermore, the following analogue of the classical B. Maurey - H. P. Rosenthal [MR] result is
proved, which yields a stronger separation of the two properties than Theorem

In fact, for every countable ordinal &, there is a space Tfn o

Theorem 1.3. There exists a reflerive Banach space X with an unconditional basis that admits
a unique {1 asymptotic model with respect to Fy(X), whereas any subsequence of the basis
generates a non-Asymptotic £1 subspace.

More specifically, for every countable ordinal £, there is a space Tfs «inc @8 in the theorem
above such that the space generated by any infinite subsequence of its basis contains a block
co-tree of height wé. It is possible to modify Tfss_mc to contain /,-trees for any 1 < p < oo,
instead of ¢p-trees.

In the final part of this paper we show that, for 1 < r < p < o0, certain spaces JT%p,
similar to those defined by Odell and Schlumprecht in [OS, Example 4.2] (see also [O2], page
66]), admit a unique ¢, asymptotic model but are not Asymptotic ¢,. These are spaces with

an unconditional Schauder basis (e;);e7; indexed over a well-founded and infinite branching
countable tree T¢ of height wé. The norm of J T§7p is defined as follows: if z = Ete?’g arer and
S is a segment of T¢ define ||S(z)[]; = >_,cq |a|” and

(1) Hac||JT§’p = sup { ( Z ||S’Z(ac)||§f) ! (Si)i, disjoint segments of ’72}
i=1

The space TS  from Theorem is defined on the same tree. We say that two segments S,

wmc
S of T¢ are incomparable if any node of Sy is incomparable to any node of Ss. We relabel the

basis of the Tsirelson space T as (et)te']'g so that the order is compatible with the initial one

and define the norm of 7%, _ as follows : for z = Zte?’g arer define [|S(2)[13 = g lae|* and

wmc

n
2]l ;¢ = sup { H Z I|Si () ||2€min s; 7 (Si)i=; incomparable segments of 72}

i=1
However, we will not use the above description of the norms. Instead we revert to the notion
of norming sets and norming functionals. This makes some parts of the proof easier and it can
also be potentially useful to show similar results on more complicated spaces based on these
norms.

Finally, we should mention that Problem [I| is only one of several concerning the separation
of different asymptotic structures in Banach space theory. For example, in [AM3] the first and
third author showed that there exist spaces with a uniformly unique spreading model, which
can be chosen to be any ¢, or cp, that have no Asymptotic £, or cy subspace. This answers
a question by Odell in [O1] and Junge, Kutzarova, and Odell in [JKO|. Moreover, in [KM]
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Kutzarova and the third author showed that certain spaces by Beanland, the first author, and
the third author from |[ABM]| are asymptotically symmetric and have no Asymptotic £, or cy
subspaces, answering a question from [JKO].

Notation. By N = {1,2,...} we denote the set of all positive integers. We will use capital
letters as L, M,N,... (resp. lower case letters as s,t,u,...) to denote infinite subsets (resp.
finite subsets) of N. For every infinite subset L of N, the notation [L]|*° (resp. [L]<*°) stands
for the set of all infinite (resp. finite) subsets of L. For every s € [N]<*°, by |s| we denote the
cardinality of s. For L € [N]* and k € N, [L]¥ (resp. [L|<F) is the set of all s € [L]<°>° with
|s| = k (resp. |s| < k). For every s,t € [N|<*°, we write s < t if either at least one of them
is the empty set, or maxs < mint. Also for ) # M € [N|*® and n € N we write n < M if
n<minM. For s ={n; <...<ng} € [N]<*® and for each 1 <1i <k, we set s(i) = n,.

Moreover, we follow [LT| for standard notation and terminology concerning Banach space
theory.

2. ASYMPTOTIC STRUCTURES

Let us recall the definitions of the asymptotic notions that appear in the results of this paper
and were mentioned in the introduction. Namely, asymptotic models, joint spreading models
and the notions of Asymptotic £, and Asymptotic cy spaces. For a more thorough discussion,
including several open problems and known results, we refer the reader to [AM3], Section 3].

Definition 2.1 ([HO]). An infinite array of sequences (w;)], i € N, in a Banach space X, is
said to generate a sequence (e;);, in a seminormed space E, as an asymptotic model if for every
€ > 0 and n € N, there is a kg € N such that for any natural numbers ky < k1 < --- < kj, and

any choice of scalars ay,...,a, in [—1,1] we have that

n n
i=1 i=1

A Banach space X is said to admit a unique asymptotic model with respect to a family %
of normalized sequences in X if whenever two infinite arrays, consisting of sequences from %,
generate asymptotic models then those must be equivalent. Typical families under consideration
are those of normalized weakly null sequences, denoted .%,(X), normalized Schauder basic
sequences, denoted .% (X)), or the family all normalized block sequences of a fixed basis of X, if
it has one, denoted .#(X).

The notion of plegma families was first introduced by Kanellopoulos, Tyros, and the first
author in [AKT]. We will use the slightly modified definition of from [AGLM].

Definition 2.2 (JAGLM]). Let M € [N]>* and k£ € N. A plegma (resp. strict plegma) family
in [M]* is a finite sequence (s;)!_; in [M]* satisfying the following.

(i) si,(J1) < 8iy(j2) for every 1 <1 < jo <k and 1 <iy,ig <.

(ii) 5, (j) < siy(5) (resp. i, (4) < i, (j)) forall 1 <iy <ipg<land1<j<k.
For each | € N, the set of all sequences (s;)}_; which are plegma families in [M]* will be denoted
by Plm;([M]¥) and that of the strict plegma ones by S-Plm;([M]¥).

<e.

Definition 2.3 (JAGLM]). A finite array of sequences (xz)J, 1 < ¢ <[, in a Banach space

X, is said to generate another array of sequences (eg)j, 1 <14 <[, in a seminormed space F,
as a joint spreading model if for every € > 0 and n € N, there is a ky € N such that for any
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(si)l_, € S-Plm([N]") with ko < s1(1) and any [ x n matrix A = (a;;) with entries in [—1, 1]

we have that
l n l n
1323 oot - [ 3o
i=1 j=1 i=1 j=1

A Banach space X is said to admit a uniformly unique joint spreading model with respect
to a family of normalized sequences % in X, if there exists a constant C' such that whenever
two arrays (w;)J and (y;)j, 1 < i <1, of sequences from .# generate joint spreading models
then those must be C-equivalent. Moreover, a Banach space admits a uniformly unique joint
spreading model with respect to a family .% if and only if it admits a unique asymptotic model
with respect to .Z (see, e.g., [AGLM, Remark 4.21] or [AM3| Proposition 3.12]).

It was proved in [AGLM]| that whenever a Banach space admits a uniformly unique joint
spreading model with respect to some family satisfying certain stability conditions, then it
satisfies a property concerning its bounded linear operators, called the Uniform Approximation
on Large Subspaces property (see [AGLM| Theorem 5.17] and [AGLM| Theorem 5.23]).

<eéE.

Definition 2.4 ([MT] and [MMT]). A Banach space X is called Asymptotic £, 1 < p < oo,
(resp. Asymptotic ¢g) if there exists a constant C' such that in a two-player n-turn game
G(n,p,C), where in each turn k = 1,...,n player (S) picks a finite codimensional subspace Y},
of X and then player (V) picks a normalized vector zj € Y, player (S) has a winning strategy
to force player (V) to pick a sequence (xy)}_, that is C-equivalent to the unit vector basis of
y (resp. £°).

The typical example of a non-classical Asymptotic £, space is the Tsirelson space as defined
by Figiel and Johnson in [EJ]. This is a reflexive Asymptotic ¢; space and it is the dual of
Tsirelson’s original space from [T] that is Asymptotic ¢y. Finally, whenever a Banach space is
Asymptotic £, or Asymptotic cp, then it admits a uniformly unique joint spreading model with
respect to .Zy(X) (see, e.g., [AGLM| Corollary 4.12]).

3. A FAMILY OF NON-ASYMPTOTIC {1 SPACES ADMITTING UNIFORMLY UNIQUE #; JOINT
SPREADING MODELS

In this section we define the spaces TZ%C, for each countable ordinal £, and we prove that

they admit a uniformly unique ¢; joint spreading model with respect to ﬁb(Tgw) and are not
Asymptotic /1. The spaces are defined in terms of norming sets and norming functionals as this

is more convenient to prove the desired result.

3.1. Measures on Well-Founded Countable Compact Trees. We start with a key result
that will be used later to prove that Tfm admits a uniformly unique joint spreading model
equivalent to the unit vector basis of #7.

Let < be a partial order on some infinite subset M of the naturals, which is compatible
with the standard order, i.e. n < m implies n < m, for all n,m € M. Assume that, for each
n € M, the set S, = {m € M : m < n} is finite and totally ordered with respect to =<, that is,
T = (M,=) is a tree. Let us also assume that the tree T is well-founded, i.e., it contains no
infinite totally ordered sets, and infinite branching, i.e., every non-maximal node has infinitely
many immediate successors.

Observe that T = ({S; : t € T}, C) is also a tree and is in fact isomorphic to 7 via the map-
ping t — S;. Given t € T, we will denote S; by t. Moreover, two nodes 71,1, are incomparable
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in 7 if and only if the nodes t1,t2 are incomparable in T, i.e. not comparable in the respective
order. For t € T, we denote by V; the set consisting of ¢ and all of its successors.

Note that T is a countable compact space when equipped with the pointwise convergence
topology and hence ./\/l(’T) the set of all regular measures on ’T is isometric to El(T) In
particular, each u € M(’T) is of the form p = Zfe?’ a;d;, where 9; is the Dirac measure centered
on ¢, and ||u|| = ¥ ;.5 |ag|. Finally, the support of  is defined as suppu = {t € T : a; # 0}.
We will prove the following proposition, starting with Lemma

Proposition 3.1. Let (1), be a sequence of positive regular measures on T with disjoint finite

supports and let ¢ > 0 be such that p; ('T) < c for all j € N. Then, for every e > 0, there is an
L € [N|* and a subset G; of suppu; for each j € L, satisfying the following.

(i) uj(7~'\ G;) <€ for every j € L.
(ii) The sets Gj, j € N, are pairwise incomparable.

Lemma 3.2. Let (uj); be a sequence of positive reqular measures on T with disjoint finite
supports and let ¢ > 0 be such that p1;(T) < ¢ for all j € N. Assume that w*-lim; p; = p =

> ic7 aid;- Then, for every t € suppp and € > 0, there is an L € [N]*® and a subset G; of
suppu; for each j € L, satisfying the following.

(i) Gg C V; for every j € L.
(i) |pj(G%) — agl <€ for every j € L.

(iii) The sets Gg-, j € L, are pairwise incomparable.

Proof. Recall that the nodes of 7 are in fact naturals numbers. Hence identifying {t : ¢ €
suppp; }, j € N, as subsets of the naturals and passing to a subsequence, we may assume that
they are successive.

Let (t;); be an enumeration of the immediate successors of t and for each j € N define

Wt = V;\ U/_,V;. Observe that (Wt)j is a decreasing sequence of clopen subsets of 7 with

ﬂ]Wt = {t} and hence lim;; (W5 ) = aj and lim; p; (Wt) = u(Wt) for all : € N. We can thus
find N € [N|> and pass to a Subsequence of (uj)j, which we relabel for convenience, so that
limjen |,u](Wt) (Wt)| = 0 and define Gt = suppp; N Wt for each 7 € N. Note then that

limjen MJ(G ) = a; and M]|Gt (Ug Vi) =0 for all j € N.

There is at most one j € N such that ¢ € Gt and hence, passing to a subsequence, we may
assume that ¢ ¢ Gt for all j € N. Moreover, since lim;en 1} (Gt) = a7, We may even pass
to a further subsequence such that |, (G;) a;] < ¢ for all j € N. For the remaining part

of the proof we will choose, by induction, an L € [N]* such that Gt~ j € L, are pairwise
incomparable. Set /1 = min NV and suppose that we have chosen [; < ... <l in N, for some
k € N, such that Gt and Gt are incomparable, 1 < i < j < k. Ple lg < lpr1 € N such

that i (U{Vs: 3 € Uk 1Gt }) = 0. Then, if for some 1 < ¢ < k the nodes §5; € Gf_
lkt+1 i

and 5y € Gfkﬂ are comparable, we have that 53 € Vs whereas yy, . (V5 ) = 0, which is a
contradiction. Hence G¢ ,...,G!  are pairwise incomparable. O
l lka1
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Proof of Proposition[3.1. Passing to a subsequence, since T is compact with respect to the
pointwise convergence topology and (1;); are uniformly bounded, we may assume that (p;);

w*-converges to some measure (1 = ) ;7 a;07 in M(T).

Let 0 > 0 be such (1 —6)(u(T) —6) > u(T) — /2 and pick ng € N such that Y1) a; >
u(%) — 0. Applying the previous lemma successively for each ti, i = 1,...,np, we obtain an
L € [N]* and, for each j € L and i = 1,...,ng, a subset G of suppp; satistying items (i) - (iii)
of Lemma for ¢; and (5a51,. Note that if fil,fiQ are incomparable for some 1 < i1,i5 < ng,
then by item (i), the sets G;ll and G;QQ are also incomparable for any ji,j2 € L. If the nodes
ti,,ti, are comparable, say #;, C t;,, then there exists at most one j € L such that #;, € G

Hence by a finite induction argument, we may pass to a subsequence such that the sets G;-, for

i=1,...,n9 and j € L, are pairwise incomparable. Define G; = U?zolG;'-, j € L, and conclude
that
no ] no " _ e
pi(Gy) = (G5 =Y ag, —bag, > (u(T) = 8)(1 = 8) > u(T) — 5
i=1 i=1

Finally, passing to a further subsequence if necessary, we may also assume that |4, (T)—u(T)| <
/2 and hence £1;(7 \ Gj) < ¢ for every j € L. O

3.2. Tsirelson Extension of a Ground Set. In order to define Tﬁw, we first introduce some
necessary concepts used in the construction of Tsirelson type spaces.

Definition 3.3. A subset W of cgo(N) is called a norming set if it satisfies the following
conditions.

(i) W is symmetric and e} € W for every i € N.

(ii) || flloo < 1 for every f € W.

(iii) W is closed under the restriction of its elements to intervals of N.

A norming set W induces a norm || - ||y on coo(N) defined as
z]lw = sup{f(z) : f € W}.

Definition 3.4. Let G be a norming set on coo(N). The Tsirelson extension of G, denoted by
W, is the minimal subset of ¢op(N) that contains G and is closed under the (S, 1/2)-operation,
ie, if fi,..., fn are in Wg and n < suppfi < ... < suppfy, then 1/2"" | f; is also in Wg.
We call G the ground set of Wg.

Note that W is a norming set on cgo(N). Moreover, the induced norm || - ||y, satisfies the
following implicit equation

1 n
lellwg = max {[lellg, 5 sup Y 1 Biallwg |

i=1
where the supremum is taken over all finite collections FE1, ..., E, of successive intervals of N
with n < Fj.

Definition 3.5. Let f € Wi. For a finite tree A, a family (fa)ac4 is said to be a tree analysis
of f if the following are satisfied.

(i) A has a unique root denoted by 0 and fy = f.
(ii) For every maximal node a € A we have that f, € G.
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(iii) Let o be a non-maximal node of A and denote by S(«) set of immediate successors of
a. Then f, € W and the ranges of fs, s € S(a), are disjoint and f, = 1/2 Zses(a) fs.

It follows, by minimality, that every f € Wg admits a tree analysis.
Proposition 3.6. Let f € Wg with a tree analysis (fo)aca and denote by M the set of all
mazximal nodes of A. Then the following hold.
(i) For every a € M, there is a ko € NU{0} such that f =Y crq fa/2Fe.
(i) If N C M, then g =3 cnr fo/2F is in Wg and g = f‘u{suppfa:aej\[}.

For an extensive review on Tsirelson’s space we refer the reader to [CS].

3.3. Definition of the space Tfnc We define the space Tfnc as the completion of cgp(N)

with respect to the norm induced by a norming set We. This norming set is a subset of the
Tsirelson extension of a ground set Gg, the functionals of which satisfy a certain property. Both

this property and Gg are defined via an infinite branching well-founded tree 7¢ on the natural
numbers.

We start by fixing a partition of the naturals N = U72,N; into infinite sets and an injection
¢ : [N]<>* — N. Recall the definition of the Schreier families (S¢)¢<y, -

Definition 3.7. Let £ be a countable ordinal. We define, by transfinite induction, the Schreier
family S¢ C [N]<>° as follows.

(i) If £ =0, then Sop = {{n} : n € N} U{0}.
(ii) If € = a+ 1, then
SgZ{UnglEj:TLEN, Ei<...<E, eS8, &anSEl}.
(iii) If £ is a limit ordinal we choose a fixed sequence («(§,7)); C [1,£) which increases to &
and set

S¢ = {E CN: there exists j € N such that E € S, ;) and j < E}.
We now define the tree T¢, by defining a partial order <¢ on N.

Definition 3.8. Fix a countable ordinal § and define the partial order < on N as follows:
n =¢ m if there exists {no,...,ni} € S¢ such that

(i) no € No and n; € Ny(ng,....n;_y) With n;_1 < n; for every 1 <i <k,

(ii) n =n; and m = n; for some 0 <7 < j < k.
Remark 3.9. Note that 7; = (N, =¢) is an infinite branching tree and it is also well-founded
since S¢ is a compact family, i.e., {Xg : E € S¢} is a compact subset of {0, 1}, Moreover, the

partial order =, is compatible with the standard order on the naturals and finally, standard
inductive arguments yield that 7¢ is of height Wb,

Definition 3.10. Define the following norming set on coo(N)
Gg = {Zaief : S is a segment of T¢ and Za? < 1}
i€S €S
and denote by W, the subset of WGg containing all f with tree analysis (fa)aca such that
there exist pairwise incomparable segments S, of T¢ with suppf, C S, for every maximal node
o € A. Denote by TS the completion of cyo(N) with respect to the norm || - lw, induced by

mc

the norming set We.
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Remark 3.11. The unit vector basis (e;); of coo(N) forms a 1-unconditional Schauder basis for

¢ o . ¢ . . .
the space T, .. Moreover it is boundedly complete, since T . admits /1 as a uniformly unique
spreading model as shown in Proposition |3.12

First, we show that Tfnc admits a uniformly unique joint spreading model with respect to
F(T ), that is equivalent to the unit vector basis of /.

wmc

Proposition 3.12. The space Tf;w admits a uniformly unique joint spreading model with respect
to 917(T5w)7 which is equivalent to the unit vector basis of {;.

Proof. Let (x )J, 1 < i <, be an array of normahzed block sequences in TS and € > 0.

wmc
Passing to a subsequence, we assume that supp:L‘ < suppx] > 1 for every i1,i2 = 1,...,1 and

7 € N. For every i = 1,...,0l and j € N, pick a functional fj =D neMi f;a/Qk?a in W¢ such
J b

that f;(:v;) > 1—¢ and f;a(x;) > 0 for every a € M;-, where /\/l; denotes the set of all

maximal nodes of a fixed tree analysis of f; For everyi=1,...,l,j € Nand a € M;, define
A;'-,a = Z ( ) / 9.0 and ﬁ = min supp f},of Moreover, for each j € N, define the probability
measure
1 l
1 a0,
=1 ozef\/l2

Then, Proposition yields an L € [N]OO and a sequence (G;);ecr of pairwise incomparable

subsets of ’72 such that p;(G;) > 1 — ¢ for every j € L and for some ¢ sufficiently small such
that forany ¢ =1,...,land j € L

@) G 2 Ml (6= (1=

7 T
f] (xj aEM;-

Let k € N and (s;)!_; € S-Plmy([L]*) with kl < Ty 1)- Then, for i =1,...,l and j € L, if
= {a € ./\/lii(j) : E;",a € Gy,(j)}, item (ii) of Proposition |3.6 yields that

9 =D o fuihe €We

aE./\/'; 27s;(4),

Moreover, ([2)) implies gj( (])) (1—¢e)*foralli=1,...,l and j € L, and since G;, j € L,
are pairwise incomparable, we have that g = 1/2 2221 Z§:1 g§ is in W¢. Then for any choice

of scalars (aij)ﬁfl =1, due to unconditionality, we conclude that

IR=H E D TEMEL S0 9 oI

=1 j=1 i=1 j=1 =1 j=1

Proposition 3.13. The space Tg e 15 reflexive.

Proof. Since T’ mc admits a boundedly complete unconditional Schauder basis, it does not contain
o (see [LT, Theorem 1.c.10]) and hence it suffices to show that it does not contain ¢; as follows
from [J1, Theorem 2].
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Fix n € N. Let (z;); be a normalized block sequence in Tfnc and f =) ,cqbief in Gg. For
each j =1,...,n, define I; = {i € S : i € suppz;} and note that

2
icl; icl;
Then, for any choice of scalars ay,...,a,, we have that

n n

((§ o) - S = (556 (5 (S0 )

j= i€S j=1 j=1 i€l

S(EDETH < (S

j=1 j=liel; j=1

S

3

and hence
n n 1
2 2
| X e o < ()"
j=1 2 j=1

That is, for any normalized block sequence (z;); in TS

. > there exists a block subsequence (y;);
with HyJ”G§ — 0.

We show that Tfnc does not contain ¢; in a similar manner as in the proof of the reflexivity

for the classical Tsirelson space [F.J]. Suppose that Tfnc contains ¢1. Then James’ ¢; distortion
theorem [J2] implies that, for € < 1/4, there exists a normalized block sequence (z;); in T, d

wmc
such that
n n
H Z%‘%’H >(1-2)) |ay|
j=1 Jj=1

for any n € N and any choice of scalars a1, . .., a,. Applying the result of the previous paragraph,
we may also assume that ||z;[| e < 1/2 for every j € N and hence, for any n > 2, we have that
2

1n+1
> Hl'l + E 22[131
1=

1 n+1
(3) H:Cl + ﬁ Z €X;
=2

Moreover, for any n € N, we have that

GS

n+1

1
DI
1=2

Observe that implies that there exists f = 1/2 2521 fi € We\ Gg such that

>2(1 —e¢).

n+1 1 n+1

f(331+%2xi> > H”ﬁgle

1= 1=

5
1

_52

and that minsuppfi < maxsuppzi, since otherwise

n+1 n+1

f(l’l‘i‘jliz:;-ﬁi) :i;:;f(xi)g 1.
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Therefore, k¥ < maxsuppzi. Note that there are at most k ¢’s such that the support of z;
intersects the supports of at least two f;’s and hence

n+1

1 kK n—k n + max suppx 3
N ) <14+t < :
f<$1+niz;$1) - +n+ 2n  — + 2n n—oo 2
This yields a contradiction for sufficiently large n since 3/2 < 2(1 — ¢). O

Proposition 3.14. The space TS s not Asymptotic £;.

mc

Proof. Suppose that Tfnc is C-Asymptotic /1 and let n € N be such that n > C2. Since Tfnc
is reflexive, we may assume that player (S) chooses tail subspaces (see [AGLM| Lemma 5.18])
throughout any winning strategy in the game G(n,1,C). Let us assume the role of player (V)
and let Y7 be the tail subspace with which player (S) initiates the game. Then, as player (V),
we choose an element of the basis ej; € Y7, such that |S| > n for every maximal segment S
of T¢ with minS = j;. Suppose that in the k + 1 turn of the game, for k& < n, player (5)
chooses the subspace Yiy1. Then, again as player (V), we choose a vector ej, , € Y1 with
Jx+1 an immediate successor of ji. Note that, in the final outcome of the game, we have chosen
elements of the basis e;,, ..., ej, such that {ji,...,jn} is a segment of T¢ and hence {e;,,...,e;, }

is isometric to the standard basis of £5. We calculate

LSl
— eill=|— €. =n
n &=’ n 4~ 7llgs
i=1 =

whereas, since Tfnc is C-Asymptotic £1, we have that

1 1<

o= 2e

=1

and this is a contradiction. U

Remark 3.15. For any 1 < p < 0o, we may replace the norming set Gg with

Gg = {Zaief : S is a segment of T¢ and Z la;|? < 1}
€S €S
where p~! 4+ ¢! = 1, to obtain a reflexive Banach space admitting a uniformly unique ¢; joint

spreading model, that contains a weakly null £,-tree of height w® or a weakly null co-tree if we
replace Gg with G = {xe} : i € N}.

4. A STRONGER SEPARATION OF THE TWO PROPERTIES

The spaces Tfn . constructed in the previous section, yield a separation between the properties
of being an Asymptotic ¢; space and admitting a unique ¢; asymptotic model. It is easy
however to see that these spaces contain subsequences of their bases that generate Asymptotic

{1 subspaces. For example, consider any subspace generated by a subsequence (e;) e of the

basis of some T¢

e» such that the elements of M are pairwise incomparable in 7¢. In this section

that admits
a unique ¢; asymptotic model with respect to gb(Te&ss-mc) and any subsequence of its basis
generates a non-Asymptotic £1 subspace. To some extent, this family of spaces is the Maurey -
Rosenthal [MR] analogue of the two aforementioned properties.

we show that, for any countable ordinal £, there is a reflexive Banach space Tfs sine
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Start by fixing a countable ordinal £ and let (m;j);>0, (n;)j>0 be increasing sequences of
natural numbers such that :

(i) mo =2, mi =4 and m; > m?q for every j > 2 and
(ii) no =1, n1 = 6 and n; > log, m? +nj_1 for every j > 2.

Let Q denote the collection of all finite sequences ((g1,mj,), ..., (g, m;j,)), where g; : N —
{-1,0,1} has finite support and j; € N for 1 <i <k, and m;, <--- <m;,. Let 0 : Q — {m; :
j € N} be an injection so that each sequence ((g1,m;j,),. .., (gk,m;,)) is mapped to some m;

with mj, < m;.

Definition 4.1. Let 7~2 be the set of all finite sequences ((g1,mj, ), - .., (gr, mj,)) satisfying the
following conditions.

(i) gi : N —= {-1,0,1} for i = 1,...,k with suppg; < ... < suppg.

(ii) suppg; € Sy, fori=1,....k, where nj, =ny and nj, <...<nj.
(ili) mj, =mq and mj, = U((gl, mj, )y -, (gi—1,my,_,)) for every i =2,... k.
(iv) {minsuppg; : i =1,...,k} € S¢.

Note that item (iii) of the above definition implies that 7~g, equipped with the partial order
§7~.5 where ; §7~.§ t5 if ¢; is an initial segment of {9, is a tree. Moreover, it is easy to see that it
is infinite-branching, and as follows from item (iv) and standard inductive arguments, it is also
well founded and of height wé. In particular, the above remain true if for an infinite subset of
the naturals M we additionally require that suppg; C M for every ¢ = 1,...,k, in Definition

41l

We may also identify 72 as a closed subset, with respect to the pointwise convergence topology,
of {{imj_l}jeN U {0}}N via the mapping

((glvmj1)7"'ﬂ(gkamjk)>'_>m g1+ +m gk

The fact that lim;m; " = 0 implies that {{:l:m en U {()}} is compact with respect to the
pointwise convergence topology of [-1,1]N.
Observe that, as a consequence of item (iii), any ¢ = ((g1,mj,), ..., (gk,m;, ) in T¢ is uniquely

determined by the pair (gx, m;, ), which we will denote by (g, m]t) or just by ¢ (i.e., t = (g¢,m;,)-
Taking advantage of this we may define T¢ = {(g¢,m;,) : t € 72} which is in leeCtIOIl with 72
via the mapping t = (g¢, m;,) — t. Note that §7~_£ induces a natural order, denoted by <,

on T¢, where (g1, mj,, ) <7¢ (gtn,myy,) if t1 <5 tp. Clearly, the tree (T¢, <7;) is isomorphic to
(72, ) via the mapping t = (g¢, mj,) = .

Definition 4.2. Let Wg be the set of all finite sequences (mj,mj,,...,mj,)
for which there exist gq,...,gx : N = {=1,0,1} with ((g1,m;,),..., (9k,m;,.)) € Te.

The initial segment order <~)5 is a partial order on VN\/g and is in fact naturally induced by
the order <~ Moreover, it is easy to verify that (Wg, < ) is a well founded infinite-branching

tree of helght w€. It is also isomorphic to the tree (Wg, <W5) where We = {m;, : t € 72} and

Mg, <We My, if ] <+ tg This correspondence between Wg and W is identical to that of ’72
and 7.
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Remark 4.3. (i) If my, , mj,, are incomparable nodes in Wk, then for every g1,g2 : N —
{—1,0,1} such that (g1,m;, ) and (g2,m;,,) are in T¢, these are also incomparable.

ii) Note that there exist nodes t; and 3 which are incomparable in ~, whereas m,, an

i) N hat th i des t d to which bl Te, wh jr, and
mj,, are comparable in  Wk. To see this, consider any node
t = ((g1,m4,),---,(gk,mj,)) in ’7~2 with & > 1 and, for each i = 1,...,k — 1, let
hi : N — {=1,0,1} be such that h; # g; and t; = (hs,my;) is in T¢. Then, item
(iii) of Definition [4.1|implies that the nodes #; and ¢ are incomparable whereas mj, and
m;, are comparable for every i =1,...,k — 1, since te 72

Definition 4.4. We say that a subset X of T¢ is essentially incomparable if whenever (gt,, m;,, ),
(9ty,my,,) are in X with mj, <y, my, and g : N — {~1,0,1} is the unique sequence such
that (g,m;, ) <7 (9t,, My, ), then suppg < suppgs, .

Remark 4.5. Let X be an essentially incomparable subset of 7¢ and hy : N — {—1,0, 1} with
supph; C suppg; for every t € X. Then {(h;,m;,) : t € X} is also an essentially incomparable
subset of 7.

The following lemma is an extension of Proposition [3.1] and is the main ingredient of the
proof that the space T ¢

ss.ine ddmits a uniformly unique joint spreading model.

Lemma 4.6. Let (p;); be a sequence of positive reqular measures on 7~g with finite supports and
let C > 0 be such that ju;(Te¢) < C for all i € N. Assume that the sets U{suppg; : t € suppp;},

i € N, are disjoint. Then, for every € > 0, there exists an M € [N]*° and G}, G? subsets of Te
for each i € M, such that

(i) G}, G? are disjoint subsets of suppp; for everyi € M,
(ii) wi(Te \ GFUG?) < e for everyi € M,
(iii) {t € T¢ : t € Uien G} is essentially incomparable and
(iv) for every iy # ig in M, every t; € G121 and ty € G%, the nodes mj, —and my,, are
incomparable in WWe.

Before we are able to prove this Lemma it is necessary to introduce the notion of successor
limits of measures. We find this limit notion to be of independent interest and therefore we use
broader terminology to define it and prove its properties.

Notation 4.7. Let 7 be a countably branching well founded tree. For each t € T we denote
succr(t) the set of immediate successors of t. In particular, if ¢ is maximal then succr(t) is
empty. For ¢t € T we denote V; = {s € T : t < s}. We view T as topological space with the
topology generated by the sets V; and 7 \ V;, t € 7. This is a compact metric topology for
which the sets of the form V; \ (UserVs), t € T and F' C succy(t) finite, form a base of clopen
sets. We denote by M_(T) the cone of all bounded positive measures p : P(7) — [0, +00).
For € M (T) we define the support of u to be the set supp(p) = {t € T : p({t}) > 0}. A set
A'in M (T) is called bounded if sup,,c 4 u(7T) < oo.

Recall that a sequence (p;) in M4 (T) converges in the w*-topology to a u € M (T) if and
only if for all clopen sets V' C T we have lim; u;(V) = (V) if and only if for all ¢ € T we have

lim i (V) = (V).
Definition 4.8. Let 7 be a countably branching well founded tree, (u;) be a disjointly sup-

ported sequence in M (7T) and v € M (T). We say that v is the successor-determined limit
of (u;) if for all t € T we have pu({t}) = lim; p;(succr(t)). In this case we write v = succ-lim; p;.
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Remark 4.9. Tt is possible for a disjointly supported and bounded sequence (u;) € M4 (T) to
satisfy w*- lim; y; # succ-lim; y;. Take for example T = [N]=? (all subsets of N with at most two
elements with the partial order of initial segments). Define p; = d1iiy- Then, w*-lim; p; = dy
whereas succ-lim; p; = 0.

Although these limits are not the necessarily the same, there is an explicit formula relating
succ-lim; p; to w*-lim; u;.

Lemma 4.10. Let T be a countable well founded tree, (u;) be a bounded and disjointly sup-
ported sequence in My (T) so that w*-lim; u; = p exists and for all t € T the limit v({t}) =
lim; 15 (sucer(t)) exists as well. Then, for every t € T and enumeration (t;) of succr(t) we
have

(4) p({t)) = v({) + timtim g (Uisy (V) {86)).

In particular, u({t}) = v({t}) if and only if the double limit in is zero.

Proof. For j € N we have {t} U (Ur>;Vi,) = V4 \ (Uk<;V;,) which is clopen and thus
(5) lim i ({8} U (Vg2 Vi) = m({t} U Uk Vi ) -

Because (;) is disjointly supported we observe that for all j € N

(6) lim pi({ty : k > j}) = lim pi(sucer (1)) = v({t}).

We calculate

p({)) = lim po({# U Uiz Vi) & il ({1} U (Ui Vs,)

= lim B g1y (U2 Vi, ) = limdim i ({t & = 53 U (Urzg (Vi \ {83))
= limlim as({t5 : k> 7)) + i lim s (U (Ve \ (1)),

Thus, @ yields the conclusion. O

Corollary 4.11. Let T be a countable well founded tree and (u;) be a bounded and disjointly
supported sequence in M (T). Then, there exist a subsequence (u;,) of (ui) and v € My (T)
with v = succ-limy, w;,, .

Proof. By passing to a subsequence, pu = w*-lim; p; exists and for all ¢ € T the limit v({t}) =
lim; p1;(sucer(t)) exists as well. By (4] for allt € T we have v({t}) < u({t}). Thus >, v({t}) <
w(T), i.e., v defines a bounded positive measure O

Lemma 4.12. Let T be a countable well founded tree and (p;) be a bounded and disjointly
supported sequence in My (T) so that succ-lim; u; = v exists. Then, there exist an infinite
L C N and partitions A;, B; of supp(u;), i € L, so that the following are satisfied.
(i) If for all i € L we define the measure pi given by ul(C) = wi(C N A;), then v =
w*-limger, p} = suce-lim;er, p} .
(ii) If for all i € L we define the measure u? given by u?(C) = u;(C'N B;) then for allt € T
the sequence (u2(succr(t))); is eventually zero. In particular, succ-limer, u? = 0.
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Proof. Enumerate T = {s, : n € N} and assume, passing if necessary to a subsequence, that
for all n € N and ¢ > n we have

1

2n

Let us point out that for m # n the sets succy(sy,) and succy(sy,) are disjoint and U, sucer(s,) =

T \ {to}, where ¢y denotes the root of the tree 7. We may, and will, assume that for all i € N,
to & supp(u;). Define for each i € N the sets

(7) |mi(sucer(sn)) — visn)| < o7

A; = supp(pi) 1 Uy sucer(sn) ) and B; = supp(p) N (Ui sucer(sn)).

We point out that for all i € N, A;, B; forms a partition of supp(u;) and we will show that it
has the desired properties.

Statement (ii) follows directly from the fact that for every ¢ € T the sequence of sets (B; N
succr(t)); is eventually empty. To show that (i) holds we fix t € 7 and let (¢;) be an enumeration
of sucer(t). Define Lj = U2 {n € N : ¢} < sy}, for each j € N, and observe that N;L; = 0.
Also observe that for all j € N we have Up>;(Vy, \ {tr}) = Uner,;succr(sy,). Therefore we have

(A5 0 (Vg (Vi \ {t) ) = i ((Uimy sucer(sn)) 0 (Uner, sucer(sn)) )

= Mz‘(Uneij[l,i] SUCCT(Sn)> = Z i (SuCCT(Sn))
neL;N[1,i

Z ‘ v(sn) + Z | 2% <v({sn:neL;})+ 9—min(L;)+1
nelL;n[1,i] neL;N[1,i]

= Uk Vi, ) + 27 B

<

Therefore, lim; sup; 1 (Ai N (Ukzj (Ve \ {tk}))) =0 and by Lemma [4.10] (i) is satisfied. O

Proof of Lemmal[{.6 Apply Lemma so that, by passing to a subsequence of (p;), there are,
for each ¢ € N, partitions A;, B; of Supp(ui) so that the conclusion of that Lemma it satisfied.
Define, for each i € N, the measures p}, p? given by u}(C) = 1i(A;NC) and p; 2(C) = ui(B;N0O).

Let v = w*-lim; p} = succ-lim; ). Pick a finite subset F' of ’72 so that 1/(’72 \ F') < /2. Then,
because v = w*-lim; u} we have lim; y1] (’72) = V(’E) and because v = succ-lim; p;

i (7) = i} (Uge psuce(®) | = [v(Te) = tim Y-l (suce(®)| = v(Te \ F) <

teF

hm

<=
2’

We can find ig € N so that for all ¢ > iy we have
~ ~ €
i (7) = i} (Upepsuce(D) | < 2.

(8) pi(Ai) = pa (Az‘ N (Ver Succ(f)))’ = 2

We may, using the fact that the sets U{suppg; : t € suppy;} for i € N are disjoint, find
jo = 19 € N such that

(9) User SUppgs < suppgy for every £ € Ussj,supp(4}).

We define G} = A; N (Uzepsucc(t)), i > jo. By we have that for all i > jo, |wi(4;) —
pi(GY)| < €/2. Additionally, {t € T¢ : t € U;>j,Gi} is essentially incomparable. Indeed, let

51,52 € U;j>j, G} with mj,, <w my,, and (h,m;, ) € T¢ be such that and (h,mj, ) <7; s2. Then

@ implies that supph < suppgs, -
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For the remaining part of the proof, since for all i € N the set B; = suppp? is finite (as a
subset of the finite support of y;) and for each € ’72 the sequence (u?(succ(f))); is eventually
zero, we may pass to a subsequence so that for all i < j we have {m, : te supp,u?} N{m;, : te
supp,u,?} = (). We can therefore define the bounded sequence of disjointly supported measures

(vi) on Wg with v;({ (w1, ..., wi)}) = p2({t € '72 :mj, = wy}). Hence, applying Proposition
and passing to a subsequence, we obtain a subset E; of suppy; such that I/Z'(WE \ E;) < ¢/2 and
the sets E;, i € N, are pairwise incomparable. It is easy to verify that G? ={teB: mj, € 2;},
i € N, are pairwise incomparable and |u;(B;) — u1;(G?)| = uf(i \G?) < g/2 foreveryi e N. O

in a similar way to Tgw, that is, using the notion of the

We now define the space TS

ess-inc
Tsirelson extension Wg of a ground set G.

Definition 4.13. Define the following norming sets on coo(N).
Go={=*e¢}:necN}
1
G = {— Zg(n)e:; :7€N and g: N — {-1,0,1} with suppg € Snj}.
m; neN
For each f = m;l Y oneng(n)ey in Gy, set ty = (g,m;). Moreover, if G = G1 U Gp and f is in
We with a tree analysis (fq)aca, define
./\/l]lc = {a: a is a maximal node of A and f, € G1}.

Let W be the subset of W containing all functionals f such that {t7, : o € M}} is an

essentially incomparable subset of 7¢. Denote by TS

sesine the completion of ¢oo(N) with respect
to the norm || - ||y induced by W.

Remark 4.14. (i) The standard basis (e;); of coo(N) forms a 1-unconditional basis for the
3
space T’

ess-inc
{1 spreading model as shown in Proposition 4.15

(ii) If f € W with a tree analysis (fa)aca and My, for « € ML, are pairwise incompa-
rable nodes in W , then f € W.

(iii) The norming set of Tfss_mc contains the norming set of Tsirelson’s original space, i.e.,

the Tsirelson extension of Gy.

and it is also boundedly complete since T ¢ admits a uniformly unique

ess-inc

Proposition 4.15. The space T¢ admits £1 a uniformly unique joint spreading model with

ess-inc
respect to Fy(TS

ess-inc) :

Proof. Let (3:;) j» 1 <1 <1, be an array of normalized block sequences in Tfss_mc

and fix € > 0.

Passing to a subsequence, we may assume that supp:vé1 < Suppx;%rl for all 71,19 = 1,...,0l and

j € N. Foreach i =1,...,l and j € N, pick a functional f]Z = Zae/vl;l f]i’a/gk},a in W with

fi(x) > 1 —€ and fj,(z5) > 0 for every a € M, where Mj denotes the set of all maximal

nodes of a fixed tree analysis of f]’ Moreover, for each a € M}Z ={ac€ Mz : }a € G}, define
j )

t;'-’a = tf]z;’a and, for each j € N, the measure p; as follows:

w=Y ¥ S,
! PE

i 1
z anMfZ:
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Passing to a subsequence assume that lim; ,uj(7~g) = c¢. If ¢ = 0, then we may assume that
]’:’a € Go for every i = 1,...,1, j € Nand a € ./\/l;-, in which case the desired result is
immediate. Hence, if ¢ > 0, applying Lemma and passing to a subsequence, we obtain
(Gjl-)j, (G?)j satisfying items (i) - (iv) with uj(’fg \ G} U G?) < 1/8. Then, for each pair (i, j),
set

My ={o € My i, €Gj} and - MG = M\ M
and

= fja/z’“ . k=1,2.

aEMﬁJ

Note in particular that, for every pair (4, j), the fact that p; (72» \ G} U GJQ) < 1/8 implies that
\f;(m‘;) —( le(x;) + f](x;))\ < 1/8 and hence that there exists k = 1,2 such that Zk](:rz) >
(7T—¢)/16. Set
A ={(i,4) : fF;(a}) > (T —8¢)/16}, k=12,
Let n € N, {/\w}z 1j=1 C [=1,1] with 37, |Aij| = 1 and s = (s i, € S-Plmy(INJ¥) with
In < min supp:cs (1) Then let kK =1,2 be such that > o j))ea, [Aijl = 1/2 and observe that
= 1/22 (irsiG))EAR Jis; (]) is in W. Hence, we calculate

n . I n ‘ 1 . 7.8
ZZWJ%U) Zf<ZZ|Aij|fﬂii(j)> =5 X Pl elg) = 5

i=1 j=1 i=1 j=1 (4,5:(j))EAR

and due to unconditionality this yields that

l n
Z Z )\"jﬂ%(i)

i=1 j=1

7 — 8¢
32

O

It remains to show that for every M € [N]*°, the space Tfss e contains a co-tree of height

w® supported by (e;)jen. To this end, let us recall the following definition.

Definition 4.16. Let n € N and € > 0. We say that a convex combination x = ZiEA Aie; in
coo(N) is an (n, e)-special convex combination if

(i) A €S, and

(i) D jear Ai <€ for every A’ € S, with m < n.

The main ingredient in the proof of the following proposition is the notion of repeated aver-
ages, first defined by Argyros, Mercourakis, and Tsarpalias. in [AMT]. We refer the reader to
[AT, Chapter 2] for further details.

Proposition 4.17. For every n € N and € > 0, there is a k € N such that, for every mazimal
subset F' of S,, with k < F, there exists an (n,e)-special convexr combination x in coo(N) with
suppx = F.

For a functional f in W with tree analysis (fq)aca, we define the height of f, denoted by
h(f), as the maximum of |a| over all maximal nodes o € A. Moreover, if f = mj_1 Y oneng(n)ern
is in W, we say that f is a weighted functional and define the weight of f as w(f) = m;.
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Lemma 4.18. Let j € N and f be a functional in W with a tree analysis (fo)aca Such that
w(fa) < mj for every o € /\/l} Then suppf € S, where k < nj_1 + h(f).

Proof. For each a € A, let ko € N be such that suppfo € Sg,. Then, since w(fn) < m;, we
have that k, < nj_; for every a € ./\/l} Note then that, as follows from the definition of W,
this implies that ko < nj_1 + 1 for every a € A with |a] = h(f) — 1. In particular, a finite

induction argument yields that ko, < n;_; + ¢ whenever || = h(f) — ¢ and this proves the
desired result. U
Proposition 4.19. Let j € N and x = ), A Mie; be an (nj, m; ~)-special convex combination,
then
1 1 1
— < zllw £ —+ —.
m;j m; mj

Proof. Pick an f in W and define Ay = {i € A : |f(e;)] > mj_l} and Ay = A\ A;. Consider
the tree analysis (fl)aca of fi = f|a, and note that w(fl) < m; for every a € M}l. Indeed,
if w(fl) = mjy > m; for some «, then for any i € suppfl we have that |f(e;)| < mj_,1 and

this is a contradiction. Moreover, the fact that [fi(e;)| > m; U for every i € Ay = suppfi
implies that h(fi1) < logym;j—1 and hence the previous propos1t10n yields that suppfi € &j,
where [ < logy mj +n;_1 < nj. Therefore, since x = ), A Aie; is an (n;,

combination, we have that
1o Q- Nie) < >0 <. 3

m]72)—special convex

IEA 1€A
We also calculate
!f\AQZAeZK*ZA <*
1EA ZEAQ
and conclude that |z|w < m; + m; ~2 For the remaining part notice that the functional
f:mj_1 Yiea € isin W. O

Proposition 4.20. Let j € N and x = Y, A Aie; be an (nj,m;2)—special convex combination.
Then |f(z)] < 2mj_2, for every f € W with a tree analysis (fo)aca such that w(fy) # m; for
all o € M}c

Proof. Define Ay = {i € A+ [f(e;)| > m; 2V and Ay = A\ Ay and let (f1)aeca, be the tree
analysis of fi = f|a,. Similar arguments as in the previous proof yield that w(fL) < mj < mjqq
and hence w(fy) < my for all @ € M}, since w(fa) # my for all a € M} Moreover, since
|fi(es)| > m? for all ¢ € suppfi1, we have that h(f1) < log, mf and therefore Proposition m
yields that Ay = suppfi € & with [ < log, m? +mnj_1 <ny. The fact that x =), \ie; is an
(n;, m;2)—special convex combination implies that

|fleeZ|<ZA<

1EA I€EA]
We also calculate ) )
|f|AQZ)\€’L < QZ)\lSW
1EA -7 1€A2 J

and this completes the proof. O
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Let M be an infinite subset of the naturals and consider the collection T¢ (M) of all finite
sequences (1, ...,x) of vectors in ¢op(N) such that

(1) @1 = my, D ien, Ai€i, Where D, A Aie; is an (njl,mjl2)—special convex combination for
every l =1,....k,
(ii) A; is a subset of M for every [ = 1,...,k and
(iii) ((XAlvmj1)7 cees (XAka m]k)) € 72
Note that T¢ (M), equipped with the initial segment order, is a well-founded infinite branching
tree of height w®.

Proposition 4.21. Let M be an infinite subset of the naturals and (z1,...,xy) be any node of
Tg(M), then ||z1 + ... + xp|lw < 3.

Proof. Let f € W with a tree analysis (fy)aca. Observe that there exists at most one 1 <y < k
such that there is an a € ./\/l} with w(fa) = mj, and suppf, N 4y, is non-empty. Indeed,
suppose that there exist 1 <1} <l <k and a1, € M} with w(fa,) = mj, , w(fay) = my,,
supp fo, NA;, # 0 and supp fa, 1A, # 0. Then since {tf, : @ € M}c} is essentially incomparable
and mj, <w, my, we have that A;, < Atfocl = suppfq, which is a contradiction.

Therefore, for any [ # ly, we have that w(f,) # m;, for every a € ./\/l} and the previous
proposition yields that |f(x;)| < Qmj_ll. Moreover, Proposition yields that |f(x;,)| <
1+ m;lol and hence we conclude that

k
1
]f(m1+-~-+xk)]§1+22$§3.
=1 "7

O

The previous proposition and the fact that the tree T¢ (M) is of height w¢ yield the following
result.

Theorem 4.22. For every M € [N]*, the space Tfss_mc contains a co-tree of height ws, sup-

ported by (e;)jem. In particular, the space generated by (ej)jenm is not Asymptotic £1.

Remark 4.23. There exist modifications of the ground set GG that yield, for any 1 < p < o0, a
space, as in the previous theorem, that contains /)-trees instead of co-trees.

Theorem 4.24. The space T¢

Dss.inc 1S Teflexive.
Proof. Note that since 7¢ is a countable compact space with respect to the pointwise convergence

topology, the completion of cyo(N) with respect to || - || is embedded in C[T¢], i.e., the space of

all continuous real functions on 7T¢, and hence is co-saturated. Furthermore, Tfss_mc admits a
boundedly complete basis and therefore does not contain cy. The above imply that the identity
operator Id : (coo(N), |- [lw) = (coo(N), || - |l¢) is strictly singular and hence for any normalized
block sequence (x;); in Tfss-mc there exists a subsequence () e such that limjeas ||2;]|¢ = 0.

The remainder of the proof is identical to the last paragraph of Proposition [3.13 U

5. MORE NON-ASYMPTOTIC fp SPACES WITH UNIFORMLY UNIQUE fp JOINT SPREADING
MODELS

In this final section we show that, for every 1 < p < oo, there is a reflexive Banach space
that admits a uniformly unique ¢,, asymptotic model whereas it is not Asymptotic £,. This was
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also observed in [BLMS| Section 7.2] for a slightly different type of spaces. We show this for a
class of spaces very similar to those defined in [OS, Example 4.3].

Definition 5.1. Let 1 < p < oo and denote its conjugate by ¢, i.e., p~! +¢ ' = 1. Fix a
countable ordinal ¢ and define the following norming sets on cgo(N).

G§ = {Zeief : S is a segment of T¢ and ¢; = il}
1€S

Ggp:{Zbifi:meN, Z\bi\qgl,fi€G§ fori=1,...,m and

i=1 i=1

suppfi,...,suppfm, are pairwise disjoint}.

Denote by J Tﬁp the completion of cyo(N) with respect to the norm induced by the norming set
Gé

Lp:

We start with some necessary remarks on the above norming sets and a Ramsey type result.

Remark 5.2. Let (f;); be a sequence in G with f; = ZZGS ‘ex, j € N, and for each 7,j € N,

define €;(i) = ej if i € Sj and €j(7) = 0 otherwise. Passing to a subsequence, we may assume
that (S5;); converges pointwise to a segment S, since T¢ is well-founded, and that (e;); also
converges to some € in {—1,1}". Then, clearly, (f;); converges pointwise to f = >, ¢ €(i)e}

(2
.. £
and f is in G3.
Remark 5.3. Let  be a normalized vector in J Tﬁp with finite support.

(i) If for some € > 0 there is a family {fi}iesr in G§ whose members have pairwise disjoint
supports and |f;(z)| > € for all ¢ € I, then #I <& P.

(ii) Let fi,...,fm € Gf have pairwise disjoint supports and suppf; C range(x) for i =
1,...,m. Then, for any choice of scalars b1, ..., b,,, we have that

‘ ibifi(:c)‘q < f: |b; ]2

Definition 5.4. We call a family (F}); of finite subsets of JT5 a normalized block family if
for any choice of z; € Fj}, j € N, the sequence (z;); is block and |z|| = 1 for any = € F;

and j € N. Moreover, for such a family, define M (F;) = max{suppz : z € Fj} and r(F}) =
#(M(Fj_1), M(F})], where M (Fp) = 0.

Lemma 5.5. Let (F}); be a normalized block family in JTf with sup; #F; < co. Then, for
everye > 0 andng € N, there is an L € [N]* such that, for any segment S of T¢ with min S < ng

and any f € GS with suppf = 9, there is at most one j € L with the property that |f(z)| > €
1
for some x € F}.

Proof. For a segment S of T¢, let G denote the set of all f € G§ with suppf = S. If the
conclusion is false for some € > 0 and ng € N, then using Ramsey Theorem from [Ral, there
exists an L € [N]*> such that, for any ¢ < j in L, there is a segment S;; with min S;; < ng, a
functional f;; € Gs,; and x;; € Fj, y;; € Fj such that |fi;(z;)| > € and |fi;(yi;)| > €. Assume
for convenience that L = N. Since # sup; F; < oo, using the pigeon hole principle and a diagonal
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argument we may assume that there exist sequences (z;);, (y;); such that z;,y; € F; and, for
every i < j € N, a segment S;; of T¢ with min S;; < ng and an f;; € Gs,; such that |f;;(z;)| > ¢
and |fi;(y;)| = e.

For each i < j < k in N, define S;ji, = S N Sj; N range(y). Once more, using Ramsey
theorem and passing to a further infinite subset, we may assume that S;;; is either always
empty or always non-empty for every i < j < k in N. Item (i) of Remark and the fact that
llyk|l = 1 for all k € N rules out the first case and hence S;;, # () for all i < j < k in N. This in
particular implies that if we fix ¢ < j; < k and ¢ < js < k, then Sij1k:|[no,m(xk)) = Sij2k|[n0,m(ack))'
For any j € N, take an arbitrary ¢ with 1 <14 < j and set S; = Slij|[n0,m(xj))‘ Then we conclude
that, for any j € N, there is an f; € Gg, such that |fj(x;)| > € for all i < j, where min S; < ny.
This is a contradiction, since Remark implies that there exists an f € G§ with the property
that |f(x;)| > ¢ for all j € N, whereas suppf is finite since 7¢ is well-founded. O

Lemma 5.6. Let € > 0 and (F}); be a normalized block family in JTfp with sup; #F; < oc.
Then there exists a strictly increasing sequence (n;); of naturals and a decreasing sequence (€;);
of positive reals such that
(i) for every j € N, every segment S of T¢ with min S < M (F,;) and f € Gf with suppf =
S, there exists at most one j' > j such that |f(z)| > €; for some x € F,,, and

(”) Z?il T(Fnj) Z;.i](l + 1)67; <e.

Proof. Let (0;); be a sequence of positive reals such that >3, d; < e. We will construct (n;);
and (g5); by induction, along with a decreasing sequence (L;); of infinite subsets of N. Set
ni1 = 1 and L1 = N and choose €1 > 0 such that 2r(F)e; < ;. Suppose that ng,...,n;,
€1,...,€5 and Lq,...,L; have been chosen for some j in N. Then, the previous lemma yields
an Ljy1 € [L;]> such that, for every segment S of T¢ with min S < M(F,,;) and every f € G§
with suppf = S, there is at most one j' > j such that |f(x)| > ¢; for some z € Fy,,. Choose
nj41 € Lji1 with njiq > nj and €511 < ;5 such that

(a) T(Fnj+1)(j +2)ej+1 < dj11 and

(b) 7(Fpy) 3750 (i 4+ 1)e; < 8 for all k < .
It follows quite easily that (n;); and (g;); are as desired. O

Proposition 5.7. Let ¢ > 0 and (F}); be a normalized block family in JTfp with sup; #Fj < 00
satisfying the following.
(i) For every j € N, every segment S of T¢ with min S < M(F,) and f € G§ with suppf =
S, there exists at most one j' > j such that |f(x)| > ¢; for some x € Fj and

(1) Zjoil r(F;) Zfij(z +1)g; <e.

Then, for every n € N, every choice of x1,...,x, with x; € F; and scalars ay, ..., a,, we have
that
n
(Y lagl)” < | Yy < 27+ (X layl?)”
7j=1 7=1 J=

Proof. The lower inequality follows easily from the definition of Gip. Let us first observe that
if (x;); is a sequence with each x; € F}, then, for any j € N and any segment S of T¢ with
M(zj—1) <minS < M(z;) and f € G§ with suppf = 5, the following hold due to (i).

(a) #4i > j: |[f(2) = 5} < 1.
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(b) #{i > j:exr > [f(@i)] > ek} <k for all k> .
Let f =", bif; be in Gip with suppf; = 5;, for i = 1,...,m. For each i, we will denote
by ji1 the unique 1 < j < n such that M(x;,,—1) < minS; < M(zj,,) and by j;2 the unique,
if there exists, j;1 < j < n such that |fi(z;,,)| > €j,,. Denote by f;1 the restriction of f; to
range(x;, , )range(x;, ,) and set fio = fi—fi1fori=1,... m,and [; = {i: j = ji1 or j = ji2}
for j = 1,...,n. Note that, due to (a), each i appears in [; for at most two j and hence

Z] 1 ZZEI |b | < 2.
We thus calculate applying item (ii) of Remark [5.3] -

;bifm(;ajxj):Zagaﬂ ;) (Z|a]yp> (i‘zbifi,l(xj)‘q);

—1 el =1 iel;
S(Z\aﬂp) (ZZ!bI) <ot (Y )
Jj=1 Jj=liel; Jj=1

Finally, for each j € N, set Gj = {i : M(zj,,~1) < minS; < M(xj,,)}. Note that, as follows
from (b), #G; < r(Fj) and |fi2(>p_y zk)| < Dopei(k + 1)y for any i € G;. Hence (ii) yields
that > | fi2(3r_y zx)| < € and we conclude that

m n n m n 1
‘ Z bifiz2 ( Z aj$j> ‘ = ‘ Z aj Z bifi,?(l'j)} < E(Z |aj|p> ’
i=1 j=1 j=1 =1 j=1
which along with the above calculation yield the desired result. O

Proposition 5.8. The space J Tﬁp admits a uniformly unique joint spreading model with respect
to fb(JTﬁp), equivalent to the unit vector basis of €.

Proof. Let (le)j, e (:cé)j be normalized block sequences in JTf’p and let ¢ > 0.
Applying Lemma and passing to a subsequence, we may assume that F; = {$; ci=1,...,1}
is a normalized block family in J Tfp satisfying items (i) and (ii) of Proposition . Then, for

every k € N, every s = (s;)!_; in S-Plmy([L]*) and any choice of scalars (aij)éfl =1, We calculate

(X r)’ HZZ% il <@ v (X2 wr)

=1 j5=1 =1 j=1
A diagonal argument then yields that there exists L € [N]* such that ((x;) jer)i_, generates a

1
joint spreading model 27-equivalent to the unit vector basis of £,,. U
Proposition 5.9. The space JTﬁp is reflerive.

Proof. Note that the unit vector basis of cpo(N) forms a boundedly complete unconditional
Schauder basis for J Tf 1

that is, it does not contain cg. Moreover, Proposition yields that
it does not contain ¢; and hence Theorem 2 from [J1] yields the desired result.

Proposition 5.10. The space JTfp is not Asymptotic £).

1
Proof. Suppose that JTf’p is C-Asymptotic ¢, and let n € N be such that C < na. Then,
following the same arguments as in Proposition in the final outcome of G(n,p,C) we, as
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player (V), have chosen elements of the basis e;j,,...,e;, such that {ji,...,jn} is a segment of
T¢ and hence {e;,,...,e;,} is isometric to £7. We then calculate
n n
_1 _1 1
o D
i=1 i=1 1
whereas, since J Tﬁp is C-Asymptotic ¢,, we have that
1 n
Hn_5 Z ej,l| <C
i=1
and this is a contradiction. O

Remark 5.11. We may also define a conditional version of J Tﬁp, denoted as J T,?, by replacing
the norming set G§ with

G = {Zef : S is a segment 0f72~}.
€S
Note that the above results hold for JT§ . For the reflexivity part, notice that it suffices to
show that (e;); is shrinking for JTS. 1f not, then there is an z* € (JTF)* \ span{e;}32, and
an r** € (JT;)** with 2**(ej) = 0 for all j € N and 2**(2*) = 1. Then, from Odell-Rosenthal

Theorem [OR] and the fact that z**(ej) = 0, j € N, we may find a seminormalized block

sequence (z;); in JT§ with w*-lim; x; = 2** and, passing to a subsequence, we may assume
that it also satisfies items (i) and (ii) of Proposition for some ¢ > 0. Since z**(z*) = 1,
there exists ng € N such that z*(z,) > 1/2 for all n > ny. Then, for £ € N such that

(25 + 5)1(5 < 1/2, Proposition yields that

2 (xno-‘rl t ot Ttk
k

) <@i+e)k
which is a contradiction.
Remark 5.12. Note that by replacing the norming set G§ with
GS = {Zbie;‘ : S is a segment of T¢ and Z b;|”" < 1}
€S i€S

where r~! +7/~! =1 and 1 < r < p, we define the spaces J Tf,p whose norm is described in .
These spaces are also reflexive, admit a unique ¢, asymptotic model and are not Asymptotic ¢,,.

Remark 5.13. The approach used in [BLMS| can be used to show that the spaces J T%p and
JTIE, have the property that any joint spreading model generated by an array of weakly null
sequences is isometrically equivalent to the unit vector basis of £,. That approach provides less

insight and has no potential to apply to cases with a non-isometric result, e.g., the space from
Section [Bl
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