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NON-ASYMPTOTIC `1 SPACES WITH UNIQUE `1 ASYMPTOTIC MODEL

SPIROS A. ARGYROS, ALEXANDROS GEORGIOU, AND PAVLOS MOTAKIS

Abstract. A recent result of Freeman, Odell, Sari, and Zheng [FOSZ] states that whenever
a separable Banach space not containing `1 has the property that all asymptotic models gen-
erated by weakly null sequences are equivalent to the unit vector basis of c0 then the space is
Asymptotic c0. We show that if we replace c0 with `1 then this result is no longer true. More-
over, a stronger result of B. Maurey - H. P. Rosenthal [MR] type is presented, namely, there
exists a reflexive Banach space with an unconditional basis admitting `1 as a unique asymptotic
model whereas any subsequence of the basis generates a non-Asymptotic `1 subspace.

1. Introduction

In this paper we study the question whether the uniqueness of asymptotic models, or equiv-
alently, the uniform uniqueness of joint spreading models in a given Banach space implies that
the space must be Asymptotic `p. This is a coordinate free version from [MMT] of the notion of
asymptotic `p spaces with a Schauder basis by Milman and Tomczak-Jaegermann from [MT].
The question draws its motivation from the following Problem of Halbeisen and Odell from [HO]
and a subsequent remarkable result from [FOSZ]. Given a Banach space X, let F0(X) denote
the class of normalized weakly null sequences and Fb(X) denote the class of all normalized
block sequences of a fixed basis, if X has one.

Problem 1 ([HO]). Let X be a Banach space that admits a unique asymptotic model with
respect to F0(X), or with respect to Fb(X) if X has a basis. Does X contain an Asymptotic
`p, 1 ≤ p <∞, or an Asymptotic c0 subspace?

An asymptotic model is a notion which describes the asymptotic behavior of an array of
sequences (xij)j , i ∈ N. On the contrary a space is Asymptotic `p, for 1 ≤ p < ∞, (resp.

Asymptotic c0) if the asymptotic behavior of the whole space resembles that of `p (resp. c0).
Remarkably, in some cases unique asymptotic array structure implies that a space is Asymptotic
c0.

Theorem 1.1 ([FOSZ]). Let X be a separable Banach space that does not contain `1 and admits
a unique c0 asymptotic model with respect to F0(X). Then the space X is Asymptotic c0.

It was observed by Baudier, Lancien, Kalton, the third author, and Schlumprecht in [BLMS,
Section 9.2] that Theorem 1.1 no longer holds if we replace c0 with `p for any 1 < p < ∞.
The counterexamples are spaces very similar to the space defined by Szlenk in [S]. The main
purpose of this paper is to provide an answer for the remaining case p = 1. Note that the main
obstruction in this case is the fact that the `1-norm is the largest one and hence, assuming
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that the space admits a unique `1 asymptotic model which means a very strong presence of
asymptotic `1 structure, it is not obvious how to preserve a tree structure in the space which
has norm smaller than `1.

Theorem 1.2. There exists a reflexive Banach space X with an unconditional basis that admits
a unique `1 asymptotic model with respect to F0(X), whereas it is not an Asymptotic `1 space.

In fact, for every countable ordinal ξ, there is a space T ξinc, as in Theorem 1.2, that contains

a weakly null `2-tree of height ωξ. An easy modification of T ξinc can yield a space containing

a weakly null `p-tree, for any 1 < p < ∞ with p 6= 2, or a weakly null c0-tree of height ωξ.
Furthermore, the following analogue of the classical B. Maurey - H. P. Rosenthal [MR] result is
proved, which yields a stronger separation of the two properties than Theorem 1.2.

Theorem 1.3. There exists a reflexive Banach space X with an unconditional basis that admits
a unique `1 asymptotic model with respect to F0(X), whereas any subsequence of the basis
generates a non-Asymptotic `1 subspace.

More specifically, for every countable ordinal ξ, there is a space T ξess-inc as in the theorem
above such that the space generated by any infinite subsequence of its basis contains a block

c0-tree of height ωξ. It is possible to modify T ξess-inc to contain `p-trees for any 1 < p < ∞,
instead of c0-trees.

In the final part of this paper we show that, for 1 < r < p < ∞, certain spaces JT ξr,p,
similar to those defined by Odell and Schlumprecht in [OS, Example 4.2] (see also [O2, page
66]), admit a unique `p asymptotic model but are not Asymptotic `p. These are spaces with
an unconditional Schauder basis (et)t∈Tξ indexed over a well-founded and infinite branching

countable tree Tξ of height ωξ. The norm of JT ξr,p is defined as follows: if x =
∑

t∈Tξ atet and

S is a segment of Tξ define ‖S(x)‖rr =
∑

t∈S |at|r and

(1) ‖x‖
JT ξr,p

= sup

{( n∑
i=1

‖Si(x)‖pr
)1/p

: (Si)
n
i=1 disjoint segments of Tξ

}
.

The space T ξinc from Theorem 1.2 is defined on the same tree. We say that two segments S1,
S2 of Tξ are incomparable if any node of S1 is incomparable to any node of S2. We relabel the
basis of the Tsirelson space T as (et)t∈Tξ so that the order is compatible with the initial one

and define the norm of T ξinc as follows : for x =
∑

t∈Tξ atet define ‖S(x)‖22 =
∑

t∈S |at|2 and

‖x‖
T ξinc

= sup

{∥∥∥ n∑
i=1

‖Si(x)‖2eminSi

∥∥∥
T
: (Si)

n
i=1 incomparable segments of Tξ

}
.

However, we will not use the above description of the norms. Instead we revert to the notion
of norming sets and norming functionals. This makes some parts of the proof easier and it can
also be potentially useful to show similar results on more complicated spaces based on these
norms.

Finally, we should mention that Problem 1 is only one of several concerning the separation
of different asymptotic structures in Banach space theory. For example, in [AM3] the first and
third author showed that there exist spaces with a uniformly unique spreading model, which
can be chosen to be any `p or c0, that have no Asymptotic `p or c0 subspace. This answers
a question by Odell in [O1] and Junge, Kutzarova, and Odell in [JKO]. Moreover, in [KM]
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Kutzarova and the third author showed that certain spaces by Beanland, the first author, and
the third author from [ABM] are asymptotically symmetric and have no Asymptotic `p or c0

subspaces, answering a question from [JKO].

Notation. By N = {1, 2, . . .} we denote the set of all positive integers. We will use capital
letters as L,M,N, . . . (resp. lower case letters as s, t, u, . . .) to denote infinite subsets (resp.
finite subsets) of N. For every infinite subset L of N, the notation [L]∞ (resp. [L]<∞) stands
for the set of all infinite (resp. finite) subsets of L. For every s ∈ [N]<∞, by |s| we denote the
cardinality of s. For L ∈ [N]∞ and k ∈ N, [L]k (resp. [L]≤k) is the set of all s ∈ [L]<∞ with
|s| = k (resp. |s| ≤ k). For every s, t ∈ [N]<∞, we write s < t if either at least one of them
is the empty set, or max s < min t. Also for ∅ 6= M ∈ [N]∞ and n ∈ N we write n < M if
n < minM . For s = {n1 < . . . < nk} ∈ [N]<∞ and for each 1 ≤ i ≤ k, we set s(i) = ni.

Moreover, we follow [LT] for standard notation and terminology concerning Banach space
theory.

2. Asymptotic structures

Let us recall the definitions of the asymptotic notions that appear in the results of this paper
and were mentioned in the introduction. Namely, asymptotic models, joint spreading models
and the notions of Asymptotic `p and Asymptotic c0 spaces. For a more thorough discussion,
including several open problems and known results, we refer the reader to [AM3, Section 3].

Definition 2.1 ([HO]). An infinite array of sequences (xij)j , i ∈ N, in a Banach space X, is

said to generate a sequence (ei)i, in a seminormed space E, as an asymptotic model if for every
ε > 0 and n ∈ N, there is a k0 ∈ N such that for any natural numbers k0 ≤ k1 < · · · < kn and
any choice of scalars a1, . . . , an in [−1, 1] we have that∣∣∣∣∣∥∥∥

n∑
i=1

aix
i
ki

∥∥∥− ∥∥∥ n∑
i=1

aiei

∥∥∥∣∣∣∣∣ < ε.

A Banach space X is said to admit a unique asymptotic model with respect to a family F
of normalized sequences in X if whenever two infinite arrays, consisting of sequences from F ,
generate asymptotic models then those must be equivalent. Typical families under consideration
are those of normalized weakly null sequences, denoted F0(X), normalized Schauder basic
sequences, denoted F (X), or the family all normalized block sequences of a fixed basis of X, if
it has one, denoted Fb(X).

The notion of plegma families was first introduced by Kanellopoulos, Tyros, and the first
author in [AKT]. We will use the slightly modified definition of from [AGLM].

Definition 2.2 ([AGLM]). Let M ∈ [N]∞ and k ∈ N. A plegma (resp. strict plegma) family
in [M ]k is a finite sequence (si)

l
i=1 in [M ]k satisfying the following.

(i) si1(j1) < si2(j2) for every 1 ≤ j1 < j2 ≤ k and 1 ≤ i1, i2 ≤ l.
(ii) si1(j) ≤ si2(j)

(
resp. si1(j) < si2(j)

)
for all 1 ≤ i1 < i2 ≤ l and 1 ≤ j ≤ k .

For each l ∈ N, the set of all sequences (si)
l
i=1 which are plegma families in [M ]k will be denoted

by Plml([M ]k) and that of the strict plegma ones by S-Plml([M ]k).

Definition 2.3 ([AGLM]). A finite array of sequences (xij)j , 1 ≤ i ≤ l, in a Banach space

X, is said to generate another array of sequences (eij)j , 1 ≤ i ≤ l, in a seminormed space E,
as a joint spreading model if for every ε > 0 and n ∈ N, there is a k0 ∈ N such that for any
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(si)
l
i=1 ∈ S-Plm([N]n) with k0 ≤ s1(1) and any l × n matrix A = (aij) with entries in [−1, 1]

we have that ∣∣∣∣∣∥∥∥
l∑

i=1

n∑
j=1

aijx
i
si(j)

∥∥∥− ∥∥∥ l∑
i=1

n∑
j=1

aije
i
j

∥∥∥∣∣∣∣∣ < ε.

A Banach space X is said to admit a uniformly unique joint spreading model with respect
to a family of normalized sequences F in X, if there exists a constant C such that whenever
two arrays (xij)j and (yij)j , 1 ≤ i ≤ l, of sequences from F generate joint spreading models
then those must be C-equivalent. Moreover, a Banach space admits a uniformly unique joint
spreading model with respect to a family F if and only if it admits a unique asymptotic model
with respect to F (see, e.g., [AGLM, Remark 4.21] or [AM3, Proposition 3.12]).

It was proved in [AGLM] that whenever a Banach space admits a uniformly unique joint
spreading model with respect to some family satisfying certain stability conditions, then it
satisfies a property concerning its bounded linear operators, called the Uniform Approximation
on Large Subspaces property (see [AGLM, Theorem 5.17] and [AGLM, Theorem 5.23]).

Definition 2.4 ([MT] and [MMT]). A Banach space X is called Asymptotic `p, 1 ≤ p < ∞,
(resp. Asymptotic c0) if there exists a constant C such that in a two-player n-turn game
G(n, p, C), where in each turn k = 1, . . . , n player (S) picks a finite codimensional subspace Yk
of X and then player (V) picks a normalized vector xk ∈ Yk, player (S) has a winning strategy
to force player (V) to pick a sequence (xk)

n
k=1 that is C-equivalent to the unit vector basis of

`np (resp. `∞n ).

The typical example of a non-classical Asymptotic `p space is the Tsirelson space as defined
by Figiel and Johnson in [FJ]. This is a reflexive Asymptotic `1 space and it is the dual of
Tsirelson’s original space from [T] that is Asymptotic c0. Finally, whenever a Banach space is
Asymptotic `p or Asymptotic c0, then it admits a uniformly unique joint spreading model with
respect to F0(X) (see, e.g., [AGLM, Corollary 4.12]).

3. A family of non-asymptotic `1 spaces admitting uniformly unique `1 joint
spreading models

In this section we define the spaces T ξinc, for each countable ordinal ξ, and we prove that

they admit a uniformly unique `1 joint spreading model with respect to Fb(T
ξ
inc) and are not

Asymptotic `1. The spaces are defined in terms of norming sets and norming functionals as this
is more convenient to prove the desired result.

3.1. Measures on Well-Founded Countable Compact Trees. We start with a key result

that will be used later to prove that T ξinc admits a uniformly unique joint spreading model
equivalent to the unit vector basis of `1.

Let � be a partial order on some infinite subset M of the naturals, which is compatible
with the standard order, i.e. n � m implies n ≤ m, for all n,m ∈ M . Assume that, for each
n ∈M , the set Sn = {m ∈M : m � n} is finite and totally ordered with respect to �, that is,
T = (M,�) is a tree. Let us also assume that the tree T is well-founded, i.e., it contains no
infinite totally ordered sets, and infinite branching, i.e., every non-maximal node has infinitely
many immediate successors.

Observe that T̃ = ({St : t ∈ T },⊂) is also a tree and is in fact isomorphic to T via the map-
ping t 7→ St. Given t ∈ T , we will denote St by t̃. Moreover, two nodes t̃1, t̃2 are incomparable
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in T̃ if and only if the nodes t1, t2 are incomparable in T , i.e. not comparable in the respective
order. For t̃ ∈ T , we denote by Vt̃ the set consisting of t̃ and all of its successors.

Note that T̃ is a countable compact space when equipped with the pointwise convergence

topology and hence M(T̃ ), the set of all regular measures on T̃ , is isometric to `1(T̃ ). In

particular, each µ ∈M(T̃ ) is of the form µ =
∑

t̃∈T̃ at̃δt̃, where δt̃ is the Dirac measure centered

on t̃, and ‖µ‖ =
∑

t̃∈T̃ |at̃|. Finally, the support of µ is defined as suppµ = {t̃ ∈ T̃ : at̃ 6= 0}.
We will prove the following proposition, starting with Lemma 3.2

Proposition 3.1. Let (µj)j be a sequence of positive regular measures on T̃ with disjoint finite

supports and let c > 0 be such that µj(T̃ ) < c for all j ∈ N. Then, for every ε > 0, there is an
L ∈ [N]∞ and a subset Gj of suppµj for each j ∈ L, satisfying the following.

(i) µj(T̃ \Gj) ≤ ε for every j ∈ L.
(ii) The sets Gj, j ∈ N, are pairwise incomparable.

Lemma 3.2. Let (µj)j be a sequence of positive regular measures on T̃ with disjoint finite

supports and let c > 0 be such that µj(T̃ ) < c for all j ∈ N. Assume that w∗- limj µj = µ =∑
t̃∈T̃ at̃δt̃. Then, for every t̃ ∈ suppµ and ε > 0, there is an L ∈ [N]∞ and a subset Gt̃j of

suppµj for each j ∈ L, satisfying the following.

(i) Gt̃j ⊂ Vt̃ for every j ∈ L.

(ii) |µj(Gt̃j)− at̃| < ε for every j ∈ L.

(iii) The sets Gt̃j, j ∈ L, are pairwise incomparable.

Proof. Recall that the nodes of T are in fact naturals numbers. Hence identifying {t : t̃ ∈
suppµj}, j ∈ N, as subsets of the naturals and passing to a subsequence, we may assume that
they are successive.

Let (t̃j)j be an enumeration of the immediate successors of t̃ and for each j ∈ N define

W t̃
j = Vt̃ \ ∪

j
i=1Vt̃i . Observe that (W t̃

j )j is a decreasing sequence of clopen subsets of T̃ with

∩jW t̃
j = {t̃} and hence limj µ(W t̃

j ) = at̃ and limj µj(W
t̃
i ) = µ(W t̃

i ) for all i ∈ N. We can thus

find N ∈ [N]∞ and pass to a subsequence of (µj)j , which we relabel for convenience, so that

limj∈N |µj(W t̃
j ) − µ(W t̃

j )| = 0 and define Gt̃j = suppµj ∩W t̃
j for each j ∈ N . Note then that

limj∈N µj(G
t̃
j) = at̃ and µj |Gt̃j (∪

j
i=1Vt̃i) = 0 for all j ∈ N .

There is at most one j ∈ N such that t̃ ∈ Gt̃j and hence, passing to a subsequence, we may

assume that t̃ /∈ Gt̃j for all j ∈ N . Moreover, since limj∈N µj(G
t̃
j) = at̃, we may even pass

to a further subsequence such that |µj(Gt̃j) − at̃| < ε for all j ∈ N . For the remaining part

of the proof we will choose, by induction, an L ∈ [N ]∞ such that Gt̃j , j ∈ L, are pairwise
incomparable. Set l1 = minN and suppose that we have chosen l1 < . . . < lk in N , for some

k ∈ N, such that Gt̃li and Gt̃lj are incomparable, 1 ≤ i < j ≤ k. Pick lk < lk+1 ∈ N such

that µlk+1
|
Gt̃lk+1

(∪{Vs̃ : s̃ ∈ ∪ki=1G
t̃
li
}) = 0. Then, if for some 1 ≤ i ≤ k the nodes s̃1 ∈ Gt̃li

and s̃2 ∈ Gt̃lk+1
are comparable, we have that s̃2 ∈ Vs̃1 whereas µlk+1

(Vs̃1) = 0, which is a

contradiction. Hence Gt̃l1 , . . . , G
t̃
lk+1

are pairwise incomparable. �
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Proof of Proposition 3.1. Passing to a subsequence, since T̃ is compact with respect to the
pointwise convergence topology and (µj)j are uniformly bounded, we may assume that (µj)j
w∗-converges to some measure µ =

∑
t̃∈T̃ at̃δt̃ in M(T̃ ).

Let δ > 0 be such (1 − δ)(µ(T̃ ) − δ) > µ(T̃ ) − ε/2 and pick n0 ∈ N such that
∑n0

i=1 at̃i ≥
µ(T̃ ) − δ. Applying the previous lemma successively for each t̃i, i = 1, . . . , n0, we obtain an
L ∈ [N]∞ and, for each j ∈ L and i = 1, . . . , n0, a subset Gij of suppµj satisfying items (i) - (iii)

of Lemma 3.2 for t̃i and δat̃i . Note that if t̃i1 , t̃i2 are incomparable for some 1 ≤ i1, i2 ≤ n0,

then by item (i), the sets Gi1j1 and Gi2j2 are also incomparable for any j1, j2 ∈ L. If the nodes

t̃i1 , t̃i2 are comparable, say t̃i1 ⊂ t̃i2 , then there exists at most one j ∈ L such that t̃i2 ∈ G
i1
j .

Hence by a finite induction argument, we may pass to a subsequence such that the sets Gij , for

i = 1, . . . , n0 and j ∈ L, are pairwise incomparable. Define Gj = ∪n0
i=1G

i
j , j ∈ L, and conclude

that

µj(Gj) =

n0∑
i=1

µj(G
i
j) ≥

n0∑
i=1

at̃i − δat̃i ≥ (µ(T̃ )− δ)(1− δ) > µ(T̃ )− ε

2
.

Finally, passing to a further subsequence if necessary, we may also assume that |µj(T̃ )−µ(T̃ )| <
ε/2 and hence µj(T̃ \Gj) < ε for every j ∈ L. �

3.2. Tsirelson Extension of a Ground Set. In order to define T ξinc, we first introduce some
necessary concepts used in the construction of Tsirelson type spaces.

Definition 3.3. A subset W of c00(N) is called a norming set if it satisfies the following
conditions.

(i) W is symmetric and e∗i ∈W for every i ∈ N.
(ii) ‖f‖∞ ≤ 1 for every f ∈W .

(iii) W is closed under the restriction of its elements to intervals of N.

A norming set W induces a norm ‖ · ‖W on c00(N) defined as

‖x‖W = sup{f(x) : f ∈W}.

Definition 3.4. Let G be a norming set on c00(N). The Tsirelson extension of G, denoted by
WG, is the minimal subset of c00(N) that contains G and is closed under the (S, 1/2)-operation,
i.e., if f1, . . . , fn are in WG and n ≤ suppf1 < . . . < suppfn, then 1/2

∑n
i=1 fi is also in WG.

We call G the ground set of WG.

Note that WG is a norming set on c00(N). Moreover, the induced norm ‖ · ‖WG
satisfies the

following implicit equation

‖x‖WG
= max

{
‖x‖G,

1

2
sup

n∑
i=1

‖Eix‖WG

}
where the supremum is taken over all finite collections E1, . . . , En of successive intervals of N
with n ≤ E1.

Definition 3.5. Let f ∈WG. For a finite tree A, a family (fα)α∈A is said to be a tree analysis
of f if the following are satisfied.

(i) A has a unique root denoted by 0 and f0 = f .
(ii) For every maximal node α ∈ A we have that fα ∈ G.
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(iii) Let α be a non-maximal node of A and denote by S(α) set of immediate successors of
α. Then fα ∈WG and the ranges of fs, s ∈ S(α), are disjoint and fα = 1/2

∑
s∈S(α) fs.

It follows, by minimality, that every f ∈WG admits a tree analysis.

Proposition 3.6. Let f ∈ WG with a tree analysis (fα)α∈A and denote by M the set of all
maximal nodes of A. Then the following hold.

(i) For every α ∈M, there is a kα ∈ N ∪ {0} such that f =
∑

α∈M fα/2
kα.

(ii) If N ⊂M, then g =
∑

α∈N fα/2
kα is in WG and g = f |∪{suppfα:α∈N}.

For an extensive review on Tsirelson’s space we refer the reader to [CS].

3.3. Definition of the space T ξinc. We define the space T ξinc as the completion of c00(N)
with respect to the norm induced by a norming set Wξ. This norming set is a subset of the

Tsirelson extension of a ground set Gξ2, the functionals of which satisfy a certain property. Both

this property and Gξ2 are defined via an infinite branching well-founded tree Tξ on the natural
numbers.

We start by fixing a partition of the naturals N = ∪∞j=0Nj into infinite sets and an injection

φ : [N]<∞ → N. Recall the definition of the Schreier families (Sξ)ξ<ω1 .

Definition 3.7. Let ξ be a countable ordinal. We define, by transfinite induction, the Schreier
family Sξ ⊂ [N]<∞ as follows.

(i) If ξ = 0, then S0 = {{n} : n ∈ N} ∪ {∅}.
(ii) If ξ = α+ 1, then

Sξ = {∪nj=1Ej : n ∈ N, E1 < . . . < En ∈ Sα and n ≤ E1}.
(iii) If ξ is a limit ordinal we choose a fixed sequence (α(ξ, j))j ⊂ [1, ξ) which increases to ξ

and set

Sξ = {E ⊂ N : there exists j ∈ N such that E ∈ Sα(ξ,j) and j ≤ E}.

We now define the tree Tξ, by defining a partial order �ξ on N.

Definition 3.8. Fix a countable ordinal ξ and define the partial order �ξ on N as follows:
n �ξ m if there exists {n0, . . . , nk} ∈ Sξ such that

(i) n0 ∈ N0 and ni ∈ Nφ(n0,...,ni−1) with ni−1 < ni for every 1 ≤ i ≤ k,
(ii) n = ni and m = nj for some 0 ≤ i ≤ j ≤ k.

Remark 3.9. Note that Tξ = (N,�ξ) is an infinite branching tree and it is also well-founded

since Sξ is a compact family, i.e., {χE : E ∈ Sξ} is a compact subset of {0, 1}N. Moreover, the
partial order �ξ is compatible with the standard order on the naturals and finally, standard

inductive arguments yield that Tξ is of height ωξ.

Definition 3.10. Define the following norming set on c00(N)

Gξ2 =
{∑
i∈S

aie
∗
i : S is a segment of Tξ and

∑
i∈S

a2
i ≤ 1

}
and denote by Wξ the subset of W

Gξ2
containing all f with tree analysis (fα)α∈A such that

there exist pairwise incomparable segments Sα of Tξ with suppfα ⊂ Sα for every maximal node

α ∈ A. Denote by T ξinc the completion of c00(N) with respect to the norm ‖ · ‖Wξ
induced by

the norming set Wξ.
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Remark 3.11. The unit vector basis (ej)j of c00(N) forms a 1-unconditional Schauder basis for

the space T ξinc. Moreover it is boundedly complete, since T ξinc admits `1 as a uniformly unique
spreading model as shown in Proposition 3.12.

First, we show that T ξinc admits a uniformly unique joint spreading model with respect to

Fb(T
ξ
inc), that is equivalent to the unit vector basis of `1.

Proposition 3.12. The space T ξinc admits a uniformly unique joint spreading model with respect

to Fb(T
ξ
inc), which is equivalent to the unit vector basis of `1.

Proof. Let (xij)j , 1 ≤ i ≤ l, be an array of normalized block sequences in T ξinc and ε > 0.

Passing to a subsequence, we assume that suppxi1j < suppxi2j+1 for every i1, i2 = 1, . . . , l and

j ∈ N. For every i = 1, . . . , l and j ∈ N, pick a functional f ij =
∑

α∈Mi
j
f ij,α/2

kij,α in Wξ such

that f ij(x
i
j) ≥ 1 − ε and f ij,α(xij) > 0 for every α ∈ Mi

j , where Mi
j denotes the set of all

maximal nodes of a fixed tree analysis of f ij . For every i = 1, . . . , l, j ∈ N and α ∈ Mi
j , define

λij,α = f ij,α(xij)/2
kij,α and tij,α = min suppf ij,α. Moreover, for each j ∈ N, define the probability

measure

µj =
1

l

l∑
i=1

1

f ij(x
i
j)

∑
α∈Mi

j

λij,αδt̃ij,α
.

Then, Proposition 3.1 yields an L ∈ [N]∞ and a sequence (Gj)j∈L of pairwise incomparable

subsets of T̃ξ such that µj(Gj) ≥ 1 − δ for every j ∈ L and for some δ sufficiently small such
that for any i = 1, . . . , l and j ∈ L

(2)
1

f ij(x
i
j)

∑
α∈Mi

j

λij,αδt̃ij,α
(Gj) ≥ (1− ε)2.

Let k ∈ N and (si)
l
i=1 ∈ S-Plml([L]k) with kl ≤ xs1(1). Then, for i = 1, . . . , l and j ∈ L, if

N i
j = {α ∈Mi

si(j)
: t̃ij,α ∈ Gsi(j)}, item (ii) of Proposition 3.6 yields that

gij =
∑
α∈N ij

1

2
ki
si(j),α

f isi(j),α ∈Wξ.

Moreover, (2) implies gij(x
i
si(j)

) ≥ (1 − ε)2 for all i = 1, . . . , l and j ∈ L, and since Gj , j ∈ L,

are pairwise incomparable, we have that g = 1/2
∑l

i=1

∑k
j=1 g

i
j is in Wξ. Then for any choice

of scalars (aij)
l,k
i=1,j=1, due to unconditionality, we conclude that∥∥∥ l∑

i=1

k∑
j=1

aijx
i
si(j)

∥∥∥ ≥ ∥∥∥ l∑
i=1

k∑
j=1

|aij |xisi(j)
∥∥∥ ≥ (1− ε)2

2

l∑
i=1

k∑
j=1

|aij |.

�

Proposition 3.13. The space T ξinc is reflexive.

Proof. Since T ξinc admits a boundedly complete unconditional Schauder basis, it does not contain
c0 (see [LT, Theorem 1.c.10]) and hence it suffices to show that it does not contain `1 as follows
from [J1, Theorem 2].
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Fix n ∈ N. Let (xj)j be a normalized block sequence in T ξinc and f =
∑

i∈S bie
∗
i in Gξ2. For

each j = 1, . . . , n, define Ij = {i ∈ S : i ∈ suppxj} and note that(∑
i∈Ij

bjxj(i)
)2
≤
∑
i∈Ij

b2i .

Then, for any choice of scalars a1, . . . , an, we have that

f
( n∑
j=1

ajxj

)
=

n∑
j=1

aj
∑
i∈S

bixj(i) ≤
( n∑
j=1

a2
j

) 1
2
( n∑
j=1

(∑
i∈Ij

bixj(i)
)2) 1

2

≤
( n∑
j=1

a2
j

) 1
2
( n∑
j=1

∑
i∈Ij

b2i

) 1
2 ≤

( n∑
j=1

a2
j

) 1
2

and hence ∥∥∥ n∑
j=1

ajxj

∥∥∥
Gξ2

≤
( n∑
j=1

a2
j

) 1
2
.

That is, for any normalized block sequence (xj)j in T ξinc, there exists a block subsequence (yj)j
with ‖yj‖Gξ2 → 0.

We show that T ξinc does not contain `1 in a similar manner as in the proof of the reflexivity

for the classical Tsirelson space [FJ]. Suppose that T ξinc contains `1. Then James’ `1 distortion

theorem [J2] implies that, for ε < 1/4, there exists a normalized block sequence (xj)j in T ξinc
such that ∥∥∥ n∑

j=1

ajxj

∥∥∥ ≥ (1− ε)
n∑
j=1

|aj |

for any n ∈ N and any choice of scalars a1, . . . , an. Applying the result of the previous paragraph,
we may also assume that ‖xj‖Gξ2 < 1/2 for every j ∈ N and hence, for any n ≥ 2, we have that

(3)
∥∥∥x1 +

1

n

n+1∑
i=2

xi

∥∥∥ > ∥∥∥x1 +
1

n

n+1∑
i=2

xi

∥∥∥
Gξ2

.

Moreover, for any n ∈ N, we have that∥∥∥x1 +
1

n

n+1∑
i=2

xi

∥∥∥ ≥ 2(1− ε).

Observe that (3) implies that there exists f = 1/2
∑k

j=1 fj ∈Wξ \Gξ2 such that

f
(
x1 +

1

n

n+1∑
i=2

xi

)
>
∥∥∥x1 +

1

n

n+1∑
i=2

xi

∥∥∥− ε ≥ 5

4

and that min suppf1 ≤ max suppx1, since otherwise

f
(
x1 +

1

n

n+1∑
i=2

xi

)
=

1

n

n+1∑
i=2

f(xi) ≤ 1.
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Therefore, k ≤ max suppx1. Note that there are at most k i’s such that the support of xi
intersects the supports of at least two fj ’s and hence

f
(
x1 +

1

n

n+1∑
i=2

xi

)
≤ 1 +

k

n
+
n− k

2n
≤ 1 +

n+ max suppx1

2n
−−−→
n→∞

3

2
.

This yields a contradiction for sufficiently large n since 3/2 < 2(1− ε). �

Proposition 3.14. The space T ξinc is not Asymptotic `1.

Proof. Suppose that T ξinc is C-Asymptotic `1 and let n ∈ N be such that n > C2. Since T ξinc
is reflexive, we may assume that player (S) chooses tail subspaces (see [AGLM, Lemma 5.18])
throughout any winning strategy in the game G(n, 1, C). Let us assume the role of player (V)
and let Y1 be the tail subspace with which player (S) initiates the game. Then, as player (V ),
we choose an element of the basis ej1 ∈ Y1, such that |S| ≥ n for every maximal segment S
of Tξ with minS = j1. Suppose that in the k + 1 turn of the game, for k < n, player (S)
chooses the subspace Yk+1. Then, again as player (V), we choose a vector ejk+1

∈ Yk+1 with
jk+1 an immediate successor of jk. Note that, in the final outcome of the game, we have chosen
elements of the basis ej1 , . . . , ejn such that {j1, . . . , jn} is a segment of Tξ and hence {ej1 , . . . , ejn}
is isometric to the standard basis of `n2 . We calculate∥∥∥ 1

n

n∑
i=1

eji

∥∥∥ =
∥∥∥ 1

n

n∑
i=1

eji

∥∥∥
Gξ2

= n−
1
2

whereas, since T ξinc is C-Asymptotic `1, we have that

1

C
≤
∥∥∥ 1

n

n∑
i=1

eji

∥∥∥
and this is a contradiction. �

Remark 3.15. For any 1 < p <∞, we may replace the norming set Gξ2 with

Gξp =

{∑
i∈S

aie
∗
i : S is a segment of Tξ and

∑
i∈S
|ai|q ≤ 1

}
where p−1 + q−1 = 1, to obtain a reflexive Banach space admitting a uniformly unique `1 joint
spreading model, that contains a weakly null `p-tree of height ωξ or a weakly null c0-tree if we

replace Gξ2 with G = {±e∗i : i ∈ N}.

4. A stronger separation of the two properties

The spaces T ξinc constructed in the previous section, yield a separation between the properties
of being an Asymptotic `1 space and admitting a unique `1 asymptotic model. It is easy
however to see that these spaces contain subsequences of their bases that generate Asymptotic
`1 subspaces. For example, consider any subspace generated by a subsequence (ej)j∈M of the

basis of some T ξinc, such that the elements of M are pairwise incomparable in Tξ. In this section

we show that, for any countable ordinal ξ, there is a reflexive Banach space T ξess-inc that admits

a unique `1 asymptotic model with respect to Fb(T
ξ
ess-inc) and any subsequence of its basis

generates a non-Asymptotic `1 subspace. To some extent, this family of spaces is the Maurey -
Rosenthal [MR] analogue of the two aforementioned properties.
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Start by fixing a countable ordinal ξ and let (mj)j≥0, (nj)j≥0 be increasing sequences of
natural numbers such that :

(i) m0 = 2, m1 = 4 and mj ≥ m2
j−1 for every j ≥ 2 and

(ii) n0 = 1, n1 = 6 and nj > log2m
2
j + nj−1 for every j ≥ 2.

Let Q denote the collection of all finite sequences ((g1,mj1), . . . , (gk,mjk)), where gi : N →
{−1, 0, 1} has finite support and ji ∈ N for 1 ≤ i ≤ k, and mj1 < · · · < mjk . Let σ : Q → {mj :
j ∈ N} be an injection so that each sequence ((g1,mj1), . . . , (gk,mjk)) is mapped to some mj

with mjk < mj .

Definition 4.1. Let T̃ξ be the set of all finite sequences ((g1,mj1), . . . , (gk,mjk)) satisfying the
following conditions.

(i) gi : N→ {−1, 0, 1} for i = 1, . . . , k with suppg1 < . . . < suppgk.
(ii) suppgi ∈ Snji for i = 1, . . . , k, where nj1 = n1 and nj1 < . . . < njk .

(iii) mj1 = m1 and mji = σ((g1,mj1), . . . , (gi−1,mji−1)) for every i = 2, . . . , k.
(iv) {min suppgi : i = 1, . . . , k} ∈ Sξ.

Note that item (iii) of the above definition implies that T̃ξ, equipped with the partial order
≤T̃ξ where t̃1 ≤T̃ξ t̃2 if t̃1 is an initial segment of t̃2, is a tree. Moreover, it is easy to see that it

is infinite-branching, and as follows from item (iv) and standard inductive arguments, it is also
well founded and of height ωξ. In particular, the above remain true if for an infinite subset of
the naturals M we additionally require that suppgi ⊂ M for every i = 1, . . . , k, in Definition
4.1.

We may also identify T̃ξ as a closed subset, with respect to the pointwise convergence topology,

of
{
{±m−1

j }j∈N ∪ {0}
}N

via the mapping

((g1,mj1), . . . , (gk,mjk)) 7→ m−1
j1

g1 + · · ·+m−1
jk

gk.

The fact that limjm
−1
j = 0 implies that

{
{±m−1

j }j∈N ∪ {0}
}N

is compact with respect to the

pointwise convergence topology of [−1, 1]N.

Observe that, as a consequence of item (iii), any t̃ = ((g1,mj1), . . . , (gk,mjk)) in T̃ξ is uniquely
determined by the pair (gk,mjk), which we will denote by (gt,mjt) or just by t (i.e., t = (gt,mjt).

Taking advantage of this we may define Tξ = {(gt,mjt) : t̃ ∈ T̃ξ}, which is in bijection with T̃ξ
via the mapping t = (gt,mjt) 7→ t̃. Note that ≤T̃ξ induces a natural order, denoted by ≤Tξ ,
on Tξ, where (gt1 ,mjt1

) ≤Tξ (gt2 ,mjt2
) if t̃1 ≤T̃ t̃2. Clearly, the tree (Tξ,≤Tξ) is isomorphic to

(T̃ξ,≤T̃ξ) via the mapping t = (gt,mjt) 7→ t̃.

Definition 4.2. Let W̃ξ be the set of all finite sequences (mj1 ,mj2 , . . . ,mjk)

for which there exist g1, . . . , gk : N→ {−1, 0, 1} with ((g1,mj1), . . . , (gk,mjk)) ∈ T̃ξ.

The initial segment order ≤W̃ξ
is a partial order on W̃ξ and is in fact naturally induced by

the order ≤T̃ξ . Moreover, it is easy to verify that (W̃ξ,≤W̃ξ
) is a well founded infinite-branching

tree of height ωξ. It is also isomorphic to the tree (Wξ,≤Wξ
), where Wξ = {mjt : t̃ ∈ T̃ξ} and

mjt1
≤Wξ

mjt2
if t̃1 ≤T̃ξ t̃2. This correspondence between W̃ξ and Wξ is identical to that of T̃ξ

and Tξ.
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Remark 4.3. (i) If mjt1
, mjt2

are incomparable nodes in Wξ, then for every g1, g2 : N →
{−1, 0, 1} such that (g1,mjt1

) and (g2,mjt2
) are in Tξ, these are also incomparable.

(ii) Note that there exist nodes t̃1 and t̃2 which are incomparable in T̃ξ, whereas mjt1
and

mjt2
are comparable in Wξ. To see this, consider any node

t̃ = ((g1,mj1), . . . , (gk,mjk)) in T̃ξ with k > 1 and, for each i = 1, . . . , k − 1, let
hi : N → {−1, 0, 1} be such that hi 6= gi and ti = (hi,mji) is in Tξ. Then, item
(iii) of Definition 4.1 implies that the nodes t̃i and t̃ are incomparable whereas mjti

and

mjt are comparable for every i = 1, . . . , k − 1, since t̃ ∈ T̃ξ.
Definition 4.4. We say that a subset X of Tξ is essentially incomparable if whenever (gt1 ,mjt1

),
(gt2 ,mjt2

) are in X with mjt1
<Wξ

mjt2
and g : N → {−1, 0, 1} is the unique sequence such

that (g,mjt1
) ≤Tξ (gt2 ,mjt2

), then suppg < suppgt1 .

Remark 4.5. Let X be an essentially incomparable subset of Tξ and ht : N→ {−1, 0, 1} with
suppht ⊂ suppgt for every t ∈ X. Then {(ht,mjt) : t ∈ X} is also an essentially incomparable
subset of Tξ.

The following lemma is an extension of Proposition 3.1 and is the main ingredient of the

proof that the space T ξess-inc admits a uniformly unique joint spreading model.

Lemma 4.6. Let (µi)i be a sequence of positive regular measures on T̃ξ with finite supports and

let C > 0 be such that µi(T̃ξ) < C for all i ∈ N. Assume that the sets ∪{suppgt : t̃ ∈ suppµi},
i ∈ N, are disjoint. Then, for every ε > 0, there exists an M ∈ [N]∞ and G1

i , G
2
i subsets of T̃ξ

for each i ∈M , such that

(i) G1
i , G

2
i are disjoint subsets of suppµi for every i ∈M ,

(ii) µi(T̃ξ \G1
i ∪G2

i ) < ε for every i ∈M ,
(iii) {t ∈ Tξ : t̃ ∈ ∪i∈MG1

i } is essentially incomparable and
(iv) for every i1 6= i2 in M , every t̃1 ∈ G2

i1
and t̃2 ∈ G2

i2
, the nodes mjt1

and mjt2
are

incomparable in Wξ.

Before we are able to prove this Lemma it is necessary to introduce the notion of successor
limits of measures. We find this limit notion to be of independent interest and therefore we use
broader terminology to define it and prove its properties.

Notation 4.7. Let T be a countably branching well founded tree. For each t ∈ T we denote
succT (t) the set of immediate successors of t. In particular, if t is maximal then succT (t) is
empty. For t ∈ T we denote Vt = {s ∈ T : t ≤ s}. We view T as topological space with the
topology generated by the sets Vt and T \ Vt, t ∈ T . This is a compact metric topology for
which the sets of the form Vt \ (∪s∈FVs), t ∈ T and F ⊂ succT (t) finite, form a base of clopen
sets. We denote by M+(T ) the cone of all bounded positive measures µ : P(T ) → [0,+∞).
For µ ∈M+(T ) we define the support of µ to be the set supp(µ) = {t ∈ T : µ({t}) > 0}. A set
A in M+(T ) is called bounded if supµ∈A µ(T ) <∞.

Recall that a sequence (µi) in M+(T ) converges in the w∗-topology to a µ ∈M+(T ) if and
only if for all clopen sets V ⊂ T we have limi µi(V ) = µ(V ) if and only if for all t ∈ T we have
limi µi(Vt) = µ(Vt).

Definition 4.8. Let T be a countably branching well founded tree, (µi) be a disjointly sup-
ported sequence in M+(T ) and ν ∈ M+(T ). We say that ν is the successor-determined limit
of (µi) if for all t ∈ T we have µ({t}) = limi µi(succT (t)). In this case we write ν = succ-limi µi.
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Remark 4.9. It is possible for a disjointly supported and bounded sequence (µi) ∈M+(T ) to
satisfy w∗- limi µi 6= succ-limi µi. Take for example T = [N]≤2 (all subsets of N with at most two
elements with the partial order of initial segments). Define µi = δ{i,i}. Then, w∗- limi µi = δ∅
whereas succ-limi µi = 0.

Although these limits are not the necessarily the same, there is an explicit formula relating
succ-limi µi to w∗- limi µi.

Lemma 4.10. Let T be a countable well founded tree, (µi) be a bounded and disjointly sup-
ported sequence in M+(T ) so that w∗- limi µi = µ exists and for all t ∈ T the limit ν({t}) =
limi µi(succT (t)) exists as well. Then, for every t ∈ T and enumeration (tj) of succT (t) we
have

(4) µ({t}) = ν({t}) + lim
j

lim
i
µi

(
∪k≥j (Vtk \ {tk})

)
.

In particular, µ({t}) = ν({t}) if and only if the double limit in (4) is zero.

Proof. For j ∈ N we have {t} ∪ (∪k≥jVtk) = Vt \ (∪k<jVtk) which is clopen and thus

(5) lim
i
µi
(
{t} ∪ (∪k≥jVtk)

)
= µ

(
{t} ∪ (∪k≥jVtk)

)
.

Because (µi) is disjointly supported we observe that for all j ∈ N

(6) lim
i
µi({tk : k ≥ j}) = lim

i
µi(succT (t)) = ν({t}).

We calculate

µ({t}) = lim
j→∞

µ
(
{t} ∪ (∪k≥jVtj )

)
(5)
= lim

j
lim
i
µi

(
{t} ∪ (∪k≥jVtj )

)
= lim

j
lim
i
µi(∪k≥jVtj ) = lim

j
lim
i
µi({tk : k ≥ j} ∪ (∪k≥j(Vtk \ {tk})))

= lim
j

lim
i
µi({tk : k ≥ j}) + lim

j
lim
i
µi

(
∪k≥j (Vtk \ {tk})

)
.

Thus, (6) yields the conclusion. �

Corollary 4.11. Let T be a countable well founded tree and (µi) be a bounded and disjointly
supported sequence in M+(T ). Then, there exist a subsequence (µin) of (µi) and ν ∈ M+(T )
with ν = succ-limn µin.

Proof. By passing to a subsequence, µ = w∗- limi µi exists and for all t ∈ T the limit ν({t}) =
limi µi(succT (t)) exists as well. By (4) for all t ∈ T we have ν({t}) ≤ µ({t}). Thus

∑
t∈T ν({t}) ≤

µ(T ), i.e., ν defines a bounded positive measure �

Lemma 4.12. Let T be a countable well founded tree and (µi) be a bounded and disjointly
supported sequence in M+(T ) so that succ-limi µi = ν exists. Then, there exist an infinite
L ⊂ N and partitions Ai, Bi of supp(µi), i ∈ L, so that the following are satisfied.

(i) If for all i ∈ L we define the measure µ1
i given by µ1

i (C) = µi(C ∩ Ai), then ν =
w∗- limi∈L µ

1
i = succ-limi∈L µ

1
i .

(ii) If for all i ∈ L we define the measure µ2
i given by µ2

i (C) = µi(C ∩Bi) then for all t ∈ T
the sequence (µ2

i (succT (t)))i is eventually zero. In particular, succ-limi∈L µ
2
i = 0.
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Proof. Enumerate T = {sn : n ∈ N} and assume, passing if necessary to a subsequence, that
for all n ∈ N and i > n we have

(7) |µi(succT (sn))− ν(sn)| < 1

2n
.

Let us point out that form 6= n the sets succT (sm) and succT (sn) are disjoint and ∪nsuccT (sn) =
T \ {t0}, where t0 denotes the root of the tree T . We may, and will, assume that for all i ∈ N,
t0 6∈ supp(µi). Define for each i ∈ N the sets

Ai = supp(µi) ∩
(
∪in=1 succT (sn)

)
and Bi = supp(µi) ∩

(
∪∞n=i+1 succT (sn)

)
.

We point out that for all i ∈ N, Ai, Bi forms a partition of supp(µi) and we will show that it
has the desired properties.

Statement (ii) follows directly from the fact that for every t ∈ T the sequence of sets (Bi ∩
succT (t))i is eventually empty. To show that (i) holds we fix t ∈ T and let (tj) be an enumeration
of succT (t). Define Lj = ∪∞k=j{n ∈ N : tk ≤ sn}, for each j ∈ N, and observe that ∩jLj = ∅.
Also observe that for all j ∈ N we have ∪k≥j(Vtk \ {tk}) = ∪n∈Lj succT (sn). Therefore we have

µi

(
Ai ∩

(
∪k≥j (Vtk \ {tk})

))
= µi

((
∪in=1 succT (sn)

)
∩
(
∪n∈Lj succT (sn)

))
= µi

(
∪n∈Lj∩[1,i] succT (sn)

)
=

∑
n∈Lj∩[1,i]

µi
(
succT (sn)

)
(7)

≤
∑

n∈Lj∩[1,i]

ν(sn) +
∑

n∈Lj∩[1,i]

1

2n
≤ ν({sn : n ∈ Lj}) + 2−min(Lj)+1

= ν(∪k≥jVtk) + 2−min(Lj)+1.

Therefore, limj supi µi

(
Ai ∩

(
∪k≥j (Vtk \ {tk})

))
= 0 and by Lemma 4.10, (i) is satisfied. �

Proof of Lemma 4.6. Apply Lemma 4.12 so that, by passing to a subsequence of (µi), there are,
for each i ∈ N, partitions Ai, Bi of supp(µi) so that the conclusion of that Lemma it satisfied.
Define, for each i ∈ N, the measures µ1

i , µ
2
i given by µ1

i (C) = µi(Ai∩C) and µ2
i (C) = µi(Bi∩C).

Let ν = w∗- limi µ
1
i = succ-limi µ

1
i . Pick a finite subset F of T̃ξ so that ν(T̃ξ \ F ) < ε/2. Then,

because ν = w∗- limi µ
1
i we have limi µ

1
i (T̃ξ) = ν(T̃ξ) and because ν = succ-limi µ

1
i

lim
i

∣∣∣µ1
i (T̃ξ)− µ1

i (∪t̃∈F succ(t̃))
∣∣∣ =

∣∣∣ν(T̃ξ)− lim
i

∑
t̃∈F

µ1
i (succ(t̃))

∣∣∣ = ν(T̃ξ \ F ) <
ε

2
.

We can find i0 ∈ N so that for all i ≥ i0 we have

(8)
∣∣∣µi(Ai)− µi(Ai ∩ ( ∪t̃∈F succ(t̃)

))∣∣∣ =
∣∣∣µ1
i (T̃ξ)− µ1

i (∪t̃∈F succ(t̃))
∣∣∣ < ε

2
.

We may, using the fact that the sets ∪{suppgt : t̃ ∈ suppµi} for i ∈ N are disjoint, find
j0 ≥ i0 ∈ N such that

(9) ∪s̃∈F suppgs < suppgt for every t̃ ∈ ∪i≥j0supp(µ1
i ).

We define G1
i = Ai ∩ (∪t̃∈F succ(t̃)), i ≥ j0. By (8) we have that for all i ≥ j0, |µi(Ai) −

µi(G
1
i )| < ε/2. Additionally, {t ∈ Tξ : t̃ ∈ ∪i≥j0Gi1} is essentially incomparable. Indeed, let

s̃1, s̃2 ∈ ∪i≥j0G1
i with mjs1

<W mjs2
and (h,mjs1

) ∈ Tξ be such that and (h,mjs1
) ≤Tξ s2. Then

(9) implies that supph < suppgs1 .
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For the remaining part of the proof, since for all i ∈ N the set Bi = suppµ2
i is finite (as a

subset of the finite support of µi) and for each t̃ ∈ T̃ξ the sequence (µ2
i (succ(t̃)))i is eventually

zero, we may pass to a subsequence so that for all i < j we have {mjt : t̃ ∈ suppµ2
i }∩ {mjt : t̃ ∈

suppµ2
j} = ∅. We can therefore define the bounded sequence of disjointly supported measures

(νi) on W̃ξ with νi({(w1, . . . , wk)}) = µ2
i ({t̃ ∈ T̃ξ : mjt = wk}). Hence, applying Proposition 3.1

and passing to a subsequence, we obtain a subset Ei of suppνi such that νi(W̃ξ \Ei) < ε/2 and
the sets Ei, i ∈ N, are pairwise incomparable. It is easy to verify that G2

i = {t̃ ∈ Bi : mjt ∈ 2i},
i ∈ N, are pairwise incomparable and |µi(Bi)−µi(G2

i )| = µ2
i (T̃ξ \G2

i ) < ε/2 for every i ∈ N. �

We now define the space T ξess-inc in a similar way to T ξinc, that is, using the notion of the
Tsirelson extension WG of a ground set G.

Definition 4.13. Define the following norming sets on c00(N).

G0 =
{
± e∗n : n ∈ N

}
G1 =

{ 1

mj

∑
n∈N

g(n)e∗n : j ∈ N and g : N→ {−1, 0, 1} with suppg ∈ Snj
}
.

For each f = m−1
j

∑
n∈N g(n)e∗n in G1, set tf = (g,mj). Moreover, if G = G1 ∪G0 and f is in

WG with a tree analysis (fα)α∈A, define

M1
f = {α : α is a maximal node of A and fa ∈ G1}.

Let W be the subset of WG containing all functionals f such that {tfα : α ∈ M1
f} is an

essentially incomparable subset of Tξ. Denote by T ξess-inc the completion of c00(N) with respect
to the norm ‖ · ‖W induced by W .

Remark 4.14. (i) The standard basis (ej)j of c00(N) forms a 1-unconditional basis for the

space T ξess-inc and it is also boundedly complete since T ξess-inc admits a uniformly unique
`1 spreading model as shown in Proposition 4.15.

(ii) If f ∈ WG with a tree analysis (fα)α∈A and mjtfα
, for α ∈ M1

f , are pairwise incompa-

rable nodes in Wξ , then f ∈W .

(iii) The norming set of T ξess-inc contains the norming set of Tsirelson’s original space, i.e.,
the Tsirelson extension of G0.

Proposition 4.15. The space T ξess-inc admits `1 a uniformly unique joint spreading model with

respect to Fb(T
ξ
ess-inc).

Proof. Let (xij)j , 1 ≤ i ≤ l, be an array of normalized block sequences in T ξess-inc and fix ε > 0.

Passing to a subsequence, we may assume that suppxi1j < suppxi2j+1 for all i1, i2 = 1, . . . , l and

j ∈ N. For each i = 1, . . . , l and j ∈ N, pick a functional f ij =
∑

α∈Mi
j
f ij,α/2

kij,α in W with

f ij(x
i
j) ≥ 1 − ε and f ij,α(xij) > 0 for every α ∈ Mi

j , where Mi
j denotes the set of all maximal

nodes of a fixed tree analysis of f ij . Moreover, for each α ∈M1
f ij

= {α ∈Mi
j : f ij,α ∈ G1}, define

tij,α = tf ij,α
and, for each j ∈ N, the measure µj as follows:

µj =
∑
i

∑
α∈M1

fi
j

f ij,α(xij)

2k
i
j,α

δt̃ij,α
.
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Passing to a subsequence assume that limj µj(T̃ξ) = c. If c = 0, then we may assume that
f ij,α ∈ G0 for every i = 1, . . . , l, j ∈ N and α ∈ Mi

j , in which case the desired result is
immediate. Hence, if c > 0, applying Lemma 4.6 and passing to a subsequence, we obtain

(G1
j )j , (G2

j )j satisfying items (i) - (iv) with µj(T̃ξ \G1
j ∪G2

j ) < 1/8. Then, for each pair (i, j),
set

M1
i,j = {α ∈Mi

f ij
: tij,α ∈ G1

j} and M2
i,j =Mj

i \M
1
i,j

and

fki,j =
∑

α∈Mk
i,j

f ij,α/2
kij,α , k = 1, 2.

Note in particular that, for every pair (i, j), the fact that µj(T̃ξ \G1
j ∪G2

j ) < 1/8 implies that

|f ij(xij) − (f1
i,j(x

i
j) + f2

i,j(x
i
j))| < 1/8 and hence that there exists k = 1, 2 such that fki,j(x

i
j) ≥

(7− ε)/16. Set

Ak = {(i, j) : fki,j(x
i
j) ≥ (7− 8ε)/16}, k = 1, 2.

Let n ∈ N, {λij}l,ni=1,j=1 ⊂ [−1, 1] with
∑

i,j |λij | = 1 and s = (si)
l
i=1 ∈ S-Plml([N]k) with

ln ≤ min suppx1
s1(1). Then let k = 1, 2 be such that

∑
(i,si(j))∈Ak |λij | ≥ 1/2 and observe that

f = 1/2
∑

(i,si(j))∈Ak f
k
i,si(j)

is in W . Hence, we calculate∥∥∥∥ l∑
i=1

n∑
j=1

|λij |xisi(j)

∥∥∥∥ ≥ f( l∑
i=1

n∑
j=1

|λij |xisi(j)
)

=
1

2

∑
(i,si(j))∈Ak

|λij |fki,si(j)
(
xisi(j)

)
≥ 7− 8ε

32

and due to unconditionality this yields that∥∥∥∥ l∑
i=1

n∑
j=1

λijx
i
si(j)

∥∥∥∥ ≥ 7− 8ε

32
.

�

It remains to show that for every M ∈ [N]∞, the space T ξess-inc contains a c0-tree of height

ωξ supported by (ej)j∈M . To this end, let us recall the following definition.

Definition 4.16. Let n ∈ N and ε > 0. We say that a convex combination x =
∑

i∈∆ λiei in
c00(N) is an (n, ε)-special convex combination if

(i) ∆ ∈ Sn and
(ii)

∑
i∈∆′ λi < ε for every ∆′ ∈ Sm with m < n.

The main ingredient in the proof of the following proposition is the notion of repeated aver-
ages, first defined by Argyros, Mercourakis, and Tsarpalias. in [AMT]. We refer the reader to
[AT, Chapter 2] for further details.

Proposition 4.17. For every n ∈ N and ε > 0, there is a k ∈ N such that, for every maximal
subset F of Sn with k < F , there exists an (n, ε)-special convex combination x in c00(N) with
suppx = F .

For a functional f in W with tree analysis (fα)α∈A, we define the height of f , denoted by
h(f), as the maximum of |a| over all maximal nodes α ∈ A. Moreover, if f = m−1

j

∑
n∈N g(n)e∗n

is in W , we say that f is a weighted functional and define the weight of f as w(f) = mj .
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Lemma 4.18. Let j ∈ N and f be a functional in W with a tree analysis (fα)α∈A such that
w(fα) < mj for every α ∈M1

f . Then suppf ∈ Sk, where k ≤ nj−1 + h(f).

Proof. For each α ∈ A, let kα ∈ N be such that suppfα ∈ Skα . Then, since w(fα) < mj , we
have that kα ≤ nj−1 for every α ∈ M1

f . Note then that, as follows from the definition of WG,

this implies that kα ≤ nj−1 + 1 for every α ∈ A with |α| = h(f) − 1. In particular, a finite
induction argument yields that kα ≤ nj−1 + i whenever |α| = h(f) − i and this proves the
desired result. �

Proposition 4.19. Let j ∈ N and x =
∑

i∈∆ λiei be an (nj ,m
−2
j )-special convex combination,

then
1

mj
≤ ‖x‖W ≤

1

mj
+

1

m2
j

.

Proof. Pick an f in W and define ∆1 = {i ∈ ∆ : |f(ei)| > m−1
j } and ∆2 = ∆ \∆1. Consider

the tree analysis (f1
α)α∈A of f1 = f |∆1 and note that w(f1

α) < mj for every α ∈ M1
f1

. Indeed,

if w(f1
α) = mj′ ≥ mj for some α, then for any i ∈ suppf1

α we have that |f(ei)| ≤ m−1
j′ and

this is a contradiction. Moreover, the fact that |f1(ei)| > m−1
j for every i ∈ ∆1 = suppf1

implies that h(f1) < log2mj−1 and hence the previous proposition yields that suppf1 ∈ Sl,
where l ≤ log2mj + nj−1 < nj . Therefore, since x =

∑
i∈∆ λiei is an (nj ,m

−2
j )-special convex

combination, we have that

|f |∆1(
∑
i∈∆

λiei)| ≤
∑
i∈∆1

λi <
1

m2
j

.

We also calculate

|f |∆2(
∑
i∈∆

λiei)| ≤
1

mj

∑
i∈∆2

λi ≤
1

mj

and conclude that ‖x‖W ≤ m−1
j + m−2

j . For the remaining part notice that the functional

f = m−1
j

∑
i∈∆ e

∗
i is in W . �

Proposition 4.20. Let j ∈ N and x =
∑

i∈∆ λiei be an (nj ,m
−2
j )-special convex combination.

Then |f(x)| < 2m−2
j , for every f ∈ W with a tree analysis (fα)α∈A such that w(fα) 6= mj for

all α ∈M1
f .

Proof. Define ∆1 = {i ∈ ∆ : |f(ei)| > m−2
j } and ∆2 = ∆ \ ∆1 and let (f1

α)α∈A1 be the tree

analysis of f1 = f |∆1 . Similar arguments as in the previous proof yield that w(f1
α) < m2

j < mj+1

and hence w(f1
α) < mj for all α ∈ M1

f1
, since w(fα) 6= mj for all α ∈ M1

f . Moreover, since

|f1(ei)| > m2
j for all i ∈ suppf1, we have that h(f1) < log2m

2
j and therefore Proposition 4.18

yields that ∆1 = suppf1 ∈ Sl with l ≤ log2m
2
j + nj−1 < nj . The fact that x =

∑
i∈∆ λiei is an

(nj ,m
−2
j )-special convex combination implies that

|f1(
∑
i∈∆

λiei)| ≤
∑
i∈∆1

λi <
1

m2
j

.

We also calculate

|f |∆2(
∑
i∈∆

λiei)| ≤
1

m2
j

∑
i∈∆2

λi ≤
1

m2
j

and this completes the proof. �



NON-ASYMPTOTIC `1 SPACES WITH UNIQUE `1 ASYMPTOTIC MODEL 49

Let M be an infinite subset of the naturals and consider the collection Tξ(M) of all finite
sequences (x1, . . . , xk) of vectors in c00(N) such that

(i) xl = mjl

∑
i∈∆l

λiei, where
∑

i∈∆l
λiei is an (njl ,m

−2
jl

)-special convex combination for
every l = 1, . . . , k,

(ii) ∆l is a subset of M for every l = 1, . . . , k and

(iii) ((χ∆1 ,mj1), . . . , (χ∆k
,mjk)) ∈ T̃ξ.

Note that Tξ(M), equipped with the initial segment order, is a well-founded infinite branching

tree of height ωξ.

Proposition 4.21. Let M be an infinite subset of the naturals and (x1, . . . , xk) be any node of
Tξ(M), then ‖x1 + . . .+ xk‖W ≤ 3.

Proof. Let f ∈W with a tree analysis (fα)α∈A. Observe that there exists at most one 1 ≤ l0 ≤ k
such that there is an α ∈ M1

f with w(fα) = mjl0
and suppfa ∩ ∆l0 is non-empty. Indeed,

suppose that there exist 1 ≤ l1 < l2 ≤ k and α1, α2 ∈ M1
f with w(fα1) = mjl1

, w(fα2) = mjl2
,

suppfα1∩∆l1 6= ∅ and suppfα2∩∆l2 6= ∅. Then since {tfα : α ∈M1
f} is essentially incomparable

and mjl1
<Wξ

mjl2
we have that ∆l1 < ∆tfα1

= suppfα1 which is a contradiction.

Therefore, for any l 6= l0, we have that w(fα) 6= mjl for every α ∈ M1
f and the previous

proposition yields that |f(xl)| < 2m−1
jl

. Moreover, Proposition 4.19 yields that |f(xl0)| ≤
1 +m−1

jl0
and hence we conclude that

|f(x1 + · · ·+ xk)| ≤ 1 + 2
k∑
l=1

1

mjl

≤ 3.

�

The previous proposition and the fact that the tree Tξ(M) is of height ωξ yield the following
result.

Theorem 4.22. For every M ∈ [N]∞, the space T ξess-inc contains a c0-tree of height ωξ, sup-
ported by (ej)j∈M . In particular, the space generated by (ej)j∈M is not Asymptotic `1.

Remark 4.23. There exist modifications of the ground set G that yield, for any 1 < p <∞, a
space, as in the previous theorem, that contains `p-trees instead of c0-trees.

Theorem 4.24. The space T ξess-inc is reflexive.

Proof. Note that since Tξ is a countable compact space with respect to the pointwise convergence
topology, the completion of c00(N) with respect to ‖ · ‖G is embedded in C[Tξ], i.e., the space of

all continuous real functions on Tξ, and hence is c0-saturated. Furthermore, T ξess-inc admits a
boundedly complete basis and therefore does not contain c0. The above imply that the identity
operator Id : (c00(N), ‖ · ‖W )→ (c00(N), ‖ · ‖G) is strictly singular and hence for any normalized

block sequence (xj)j in T ξess-inc there exists a subsequence (xj)j∈M such that limj∈M ‖xj‖G = 0.
The remainder of the proof is identical to the last paragraph of Proposition 3.13. �

5. More non-asymptotic `p spaces with uniformly unique `p joint spreading
models

In this final section we show that, for every 1 < p < ∞, there is a reflexive Banach space
that admits a uniformly unique `p asymptotic model whereas it is not Asymptotic `p. This was
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also observed in [BLMS, Section 7.2] for a slightly different type of spaces. We show this for a
class of spaces very similar to those defined in [OS, Example 4.3].

Definition 5.1. Let 1 < p < ∞ and denote its conjugate by q, i.e., p−1 + q−1 = 1. Fix a
countable ordinal ξ and define the following norming sets on c00(N).

Gξ1 =
{∑
i∈S

εie
∗
i : S is a segment of Tξ and εi = ±1

}

Gξ1,p =
{ m∑
i=1

bifi : m ∈ N,
m∑
i=1

|bi|q ≤ 1, fi ∈ Gξ1 for i = 1, . . . ,m and

suppf1, . . . , suppfm are pairwise disjoint
}
.

Denote by JT ξ1,p the completion of c00(N) with respect to the norm induced by the norming set

Gξ1,p.

We start with some necessary remarks on the above norming sets and a Ramsey type result.

Remark 5.2. Let (fj)j be a sequence in Gξ1 with fj =
∑

i∈Sj ε
j
ie
∗
i , j ∈ N, and for each i, j ∈ N,

define εj(i) = εij if i ∈ Sj and εj(i) = 0 otherwise. Passing to a subsequence, we may assume

that (Sj)j converges pointwise to a segment S, since Tξ is well-founded, and that (εj)j also

converges to some ε in {−1, 1}N. Then, clearly, (fj)j converges pointwise to f =
∑

i∈S ε(i)e
∗
i

and f is in Gξ1.

Remark 5.3. Let x be a normalized vector in JT ξ1,p with finite support.

(i) If for some ε > 0 there is a family {fi}i∈I in Gξ1 whose members have pairwise disjoint
supports and |fi(x)| ≥ ε for all i ∈ I, then #I ≤ ε−p.

(ii) Let f1, . . . , fm ∈ Gξ1 have pairwise disjoint supports and suppfi ⊂ range(x) for i =
1, . . . ,m. Then, for any choice of scalars b1, . . . , bm, we have that∣∣∣ m∑

i=1

bifi(x)
∣∣∣q ≤ m∑

i=1

|bi|q.

Definition 5.4. We call a family (Fj)j of finite subsets of JT ξ1,p a normalized block family if

for any choice of xj ∈ Fj , j ∈ N, the sequence (xj)j is block and ‖x‖ = 1 for any x ∈ Fj
and j ∈ N. Moreover, for such a family, define M(Fj) = max{suppx : x ∈ Fj} and r(Fj) =
#(M(Fj−1),M(Fj)], where M(F0) = 0.

Lemma 5.5. Let (Fj)j be a normalized block family in JT ξ1,p with supj #Fj < ∞. Then, for

every ε > 0 and n0 ∈ N, there is an L ∈ [N]∞ such that, for any segment S of Tξ with minS ≤ n0

and any f ∈ Gξ1 with suppf = S, there is at most one j ∈ L with the property that |f(x)| ≥ ε
for some x ∈ Fj.

Proof. For a segment S of Tξ, let GS denote the set of all f ∈ Gξ1 with suppf = S. If the
conclusion is false for some ε > 0 and n0 ∈ N, then using Ramsey Theorem from [Ra], there
exists an L ∈ [N]∞ such that, for any i < j in L, there is a segment Sij with minSij ≤ n0, a
functional fij ∈ GSij and xij ∈ Fi, yij ∈ Fj such that |fij(xij)| ≥ ε and |fij(yij)| ≥ ε. Assume
for convenience that L = N. Since # supj Fj <∞, using the pigeon hole principle and a diagonal
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argument we may assume that there exist sequences (xj)j , (yj)j such that xj , yj ∈ Fj and, for
every i < j ∈ N, a segment Sij of Tξ with minSij ≤ n0 and an fij ∈ GSij such that |fij(xi)| ≥ ε
and |fij(yj)| ≥ ε.

For each i < j < k in N, define Sijk = Sik ∩ Sjk ∩ range(yk). Once more, using Ramsey
theorem and passing to a further infinite subset, we may assume that Sijk is either always
empty or always non-empty for every i < j < k in N. Item (i) of Remark 5.3 and the fact that
‖yk‖ = 1 for all k ∈ N rules out the first case and hence Sijk 6= ∅ for all i < j < k in N. This in
particular implies that if we fix i < j1 < k and i < j2 < k, then Sij1k|[n0,m(xk)) = Sij2k|[n0,m(xk)).
For any j ∈ N, take an arbitrary i with 1 < i < j and set Sj = S1ij |[n0,m(xj)). Then we conclude

that, for any j ∈ N, there is an fj ∈ GSj such that |fj(xi)| ≥ ε for all i < j, where minSj ≤ n0.

This is a contradiction, since Remark 5.2 implies that there exists an f ∈ Gξ1 with the property
that |f(xj)| ≥ ε for all j ∈ N, whereas suppf is finite since Tξ is well-founded. �

Lemma 5.6. Let ε > 0 and (Fj)j be a normalized block family in JT ξ1,p with supj #Fj < ∞.

Then there exists a strictly increasing sequence (nj)j of naturals and a decreasing sequence (εj)j
of positive reals such that

(i) for every j ∈ N, every segment S of Tξ with minS ≤M(Fnj ) and f ∈ Gξ1 with suppf =
S, there exists at most one j′ > j such that |f(x)| ≥ εj for some x ∈ Fnj′ and

(ii)
∑∞

j=1 r(Fnj )
∑∞

i=j(i+ 1)εi < ε.

Proof. Let (δj)j be a sequence of positive reals such that
∑∞

j=1 δj < ε. We will construct (nj)j
and (εj)j by induction, along with a decreasing sequence (Lj)j of infinite subsets of N. Set
n1 = 1 and L1 = N and choose ε1 > 0 such that 2r(F1)ε1 < δ1. Suppose that n1, . . . , nj ,
ε1, . . . , εj and L1, . . . , Lj have been chosen for some j in N. Then, the previous lemma yields

an Lj+1 ∈ [Lj ]
∞ such that, for every segment S of Tξ with minS ≤ M(Fnj ) and every f ∈ Gξ1

with suppf = S, there is at most one j′ > j such that |f(x)| ≥ εj for some x ∈ Fnj′ . Choose

nj+1 ∈ Lj+1 with nj+1 > nj and εj+1 < εj such that

(a) r(Fnj+1)(j + 2)εj+1 < δj+1 and

(b) r(Fnk)
∑j+1

i=k (i+ 1)εi < δk for all k ≤ j.
It follows quite easily that (nj)j and (εj)j are as desired. �

Proposition 5.7. Let ε > 0 and (Fj)j be a normalized block family in JT ξ1,p with supj #Fj <∞
satisfying the following.

(i) For every j ∈ N, every segment S of Tξ with minS ≤M(Fn) and f ∈ Gξ1 with suppf =
S, there exists at most one j′ > j such that |f(x)| ≥ εj for some x ∈ Fj′ and

(ii)
∑∞

j=1 r(Fj)
∑∞

i=j(i+ 1)εi < ε.

Then, for every n ∈ N, every choice of x1, . . . , xn with xj ∈ Fj and scalars a1, . . . , an, we have
that ( n∑

j=1

|aj |p
) 1
p ≤

∥∥∥ n∑
j=1

ajxj

∥∥∥ ≤ (2
1
q + ε)

( n∑
j=1

|aj |p
) 1
p
.

Proof. The lower inequality follows easily from the definition of Gξ1,p. Let us first observe that

if (xj)j is a sequence with each xj ∈ Fj , then, for any j ∈ N and any segment S of Tξ with

M(xj−1) < minS ≤M(xj) and f ∈ Gξ1 with suppf = S, the following hold due to (i).

(a) #{i > j : |f(xi)| ≥ εj} ≤ 1.
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(b) #{i > j : εk−1 > |f(xi)| ≥ εk} ≤ k for all k > j.

Let f =
∑m

i=1 bifi be in Gξ1,p with suppfi = Si, for i = 1, . . . ,m. For each i, we will denote

by ji,1 the unique 1 ≤ j ≤ n such that M(xji,1−1) < minSi ≤ M(xji,1) and by ji,2 the unique,
if there exists, ji,1 < j ≤ n such that |fi(xji,2)| ≥ εji,1 . Denote by fi,1 the restriction of fi to
range(xji,1)∩range(xji,2) and set fi,2 = fi−fi,1 for i = 1, . . . ,m, and Ij = {i : j = ji,1 or j = ji,2}
for j = 1, . . . , n. Note that, due to (a), each i appears in Ij for at most two j and hence∑n

j=1

∑
i∈Ij |bi|

q ≤ 2.

We thus calculate applying item (ii) of Remark 5.3
m∑
i=1

bifi,1

( n∑
j=1

ajxj

)
=

n∑
j=1

aj
∑
i∈Ij

bifi,1(xj) ≤
( n∑
j=1

|aj |p
) 1
p
( n∑
j=1

∣∣∑
i∈Ij

bifi,1(xj)
∣∣q) 1

q

≤
( n∑
j=1

|aj |p
) 1
p
( n∑
j=1

∑
i∈Ij

|bi|q
) 1
q ≤ 2

1
q

( n∑
j=1

|aj |p
) 1
p
.

Finally, for each j ∈ N, set Gj = {i : M(xji,1−1) < minSi ≤ M(xji,1)}. Note that, as follows
from (b), #Gj ≤ r(Fj) and |fi,2(

∑n
k=1 xk)| <

∑∞
k=i(k + 1)εk for any i ∈ Gj . Hence (ii) yields

that
∑m

i=1 |fi,2(
∑n

k=1 xk)| < ε and we conclude that∣∣∣ m∑
i=1

bifi,2

( n∑
j=1

ajxj

)∣∣∣ =
∣∣∣ n∑
j=1

aj

m∑
i=1

bifi,2(xj)
∣∣∣ < ε

( n∑
j=1

|aj |p
) 1
p

which along with the above calculation yield the desired result. �

Proposition 5.8. The space JT ξ1,p admits a uniformly unique joint spreading model with respect

to Fb(JT
ξ
1,p), equivalent to the unit vector basis of `p.

Proof. Let (x1
j )j , . . . , (x

l
j)j be normalized block sequences in JT ξ1,p and let ε > 0.

Applying Lemma 5.6 and passing to a subsequence, we may assume that Fj = {xij : i = 1, . . . , l}
is a normalized block family in JT ξ1,p satisfying items (i) and (ii) of Proposition 5.7. Then, for

every k ∈ N, every s = (si)
l
i=1 in S-Plml([L]k) and any choice of scalars (aij)

l,k
i=1,j=1, we calculate( l∑

i=1

k∑
j=1

|aij |p
) 1
p ≤

∥∥∥ l∑
i=1

k∑
j=1

aijx
i
si(j)

∥∥∥ ≤ (2
1
q + ε)

( l∑
i=1

k∑
j=1

|aij |p
) 1
p
.

A diagonal argument then yields that there exists L ∈ [N]∞ such that ((xij)j∈L)li=1 generates a

joint spreading model 2
1
q -equivalent to the unit vector basis of `p. �

Proposition 5.9. The space JT ξ1,p is reflexive.

Proof. Note that the unit vector basis of c00(N) forms a boundedly complete unconditional

Schauder basis for JT ξ1,p, that is, it does not contain c0. Moreover, Proposition 5.7 yields that

it does not contain `1 and hence Theorem 2 from [J1] yields the desired result. �

Proposition 5.10. The space JT ξ1,p is not Asymptotic `p.

Proof. Suppose that JT ξ1,p is C-Asymptotic `p and let n ∈ N be such that C ≤ n
1
q . Then,

following the same arguments as in Proposition 3.14, in the final outcome of G(n, p, C) we, as
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player (V), have chosen elements of the basis ej1 , . . . , ejn such that {j1, . . . , jn} is a segment of
Tξ and hence {ej1 , . . . , ejn} is isometric to `n1 . We then calculate∥∥∥n− 1

p

n∑
i=1

eji

∥∥∥ =
∥∥∥n− 1

p

n∑
i=1

eji

∥∥∥
Gξ1

= n
1
q

whereas, since JT ξ1,p is C-Asymptotic `p, we have that∥∥∥n− 1
p

n∑
i=1

eji

∥∥∥ ≤ C
and this is a contradiction. �

Remark 5.11. We may also define a conditional version of JT ξ1,p, denoted as JT ξp , by replacing

the norming set Gξ1 with

Gξsum =
{∑
i∈S

e∗i : S is a segment of Tξ
}
.

Note that the above results hold for JT ξp . For the reflexivity part, notice that it suffices to

show that (ej)j is shrinking for JT ξp . If not, then there is an x∗ ∈ (JT ξp )∗ \ span{e∗j}∞j=1 and

an x∗∗ ∈ (JT ξp )∗∗ with x∗∗(e∗j ) = 0 for all j ∈ N and x∗∗(x∗) = 1. Then, from Odell-Rosenthal

Theorem [OR] and the fact that x∗∗(e∗j ) = 0, j ∈ N, we may find a seminormalized block

sequence (xj)j in JT ξp with w∗-limj xj = x∗∗ and, passing to a subsequence, we may assume
that it also satisfies items (i) and (ii) of Proposition 5.7 for some ε > 0. Since x∗∗(x∗) = 1,
there exists n0 ∈ N such that x∗(xn) ≥ 1/2 for all n ≥ n0. Then, for k ∈ N such that

(2
1
q + ε)k

− 1
q < 1/2, Proposition 5.7 yields that

x∗
(xn0+1 + . . .+ xn0+k

k

)
≤ (2

1
q + ε)k

− 1
q

which is a contradiction.

Remark 5.12. Note that by replacing the norming set Gξ1 with

Gξr =
{∑
i∈S

bie
∗
i : S is a segment of Tξ and

∑
i∈S
|bi|r

′ ≤ 1
}

where r−1 + r′−1 = 1 and 1 < r < p, we define the spaces JT ξr,p whose norm is described in (1).
These spaces are also reflexive, admit a unique `p asymptotic model and are not Asymptotic `p.

Remark 5.13. The approach used in [BLMS] can be used to show that the spaces JT ξr,p and

JT ξp have the property that any joint spreading model generated by an array of weakly null
sequences is isometrically equivalent to the unit vector basis of `p. That approach provides less
insight and has no potential to apply to cases with a non-isometric result, e.g., the space from
Section 3.
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