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BEST SOBOLEV CONSTANTS IN THE PRESENCE OF SHARP HARDY
TERMS IN EUCLIDEAN AND HYPERBOLIC SPACE

G. BARBATIS AND A. TERTIKAS

ABSTRACT. In this article we compute the best Sobolev constants for various Hardy-Sobolev
inequalities with sharp Hardy term. This is carried out in three different environments: interior
point singularity in Euclidean space, interior point singularity in hyperbolic space and boundary
point singularity in Euclidean domains.

1. INTRODUCTION

The standard Hardy inequality in R", n > 3, reads
(1) /|Vu| dr > ( / Sgdr. ueCEE)

The constant ((n — 2)/2)? is sharp and is not attained in any reasonable function space such as
DL2(R™), the completion of C2°(R™) with respect to the norm || Vul|z2. The same remains true
if we replace R™ by B, the unit ball centered at zero.

Similarly the Sobolev inequality in R™, n > 3, reads

. 2/2*
(2) Yar) T, we CRRY),

where 2* = 2n/(n — 2) and the sharp constant .S, is given by

Sy = mn(n — 2) (?Eg;)i

This inequality has as a minimizer in D»?(R") the function

u(z) = (1+ |x!2)_nT_2 , xR,

as well as translates and scaled versions of it.
The following family of inequalities interpolate between the Hardy inequality and the
Sobolev inequality: for any 2 < p < 2* there holds

® [ 1vupds = 5., ( [ 1al"

R?’L R’Il

- 2/
- “ufdz ) " we CP®RY).
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The sharp constant Sy, ;, has been computed in [15] and is given by

—2
N D IRL
¢ sw=2("32)" | . 2epse,
2 (r—2)'(3 ) (2 )
and one minimizer is the function
( n—2), __2_
(5) u() = (1+ 2] 557) 752, seRn
Let us define
1
X(t) := 0,1).
(*) 1—Int’ €(0.1)

In [2], following earlier work in [10], the Hardy-Sobolev inequality
n— 2(n—1) . 2/2*
/|vu\2dx n—z /| s 2 (n=2)° “ I)Sn(/X =2 (afz])uf? dm)
x
B1 B

was established for all 0 < a < a5, and all u € C*(By), where o, = en=7. The exponent
2(n — 1)/(n — 2) is sharp which in particular implies the necessity of the logarithmic factor
X for the validity of @ Moreover it was shown that the Sobolev constant is sharp for any
0<a<ay,.

In this work we prove the following sharp interpolated inequality: for any 2 < p < 2%,
0 < a<a,and all u € C°(B;) there holds

n—2\2 u? _p+2 p(n=2) . P2 2/p
7) /\Vu|2dx— () /dez (n—2)% sn,p(/m X alal) 5 fufpd)
By B1 By

Actually in Theorems [5| and [7| we establish improved versions of .

More generally, our aim in this work is to obtain inequalities analogous to in different
geometric contexts, namely Euclidean or hyperbolic with interior point singularity and Euclidean
with boundary point singularity.

One geometric environment where there has been a lot of recent activity on Hardy and Sobolev
inequalities is the hyperbolic space H"; see [3| [7, 8 9, 12} 13} 4] 16, 17, 18, 19]. The analogue
of the Sobolev inequality in the hyperbolic space reads

_ . 2/2*
/vanqudV— ”(”42)/u2dv > Sn</ 2 dv) ,
]H[’I’L

Hn H»

and the constant S, is sharp [I3]. In fact the full interpolation inequality can be translated
to the hyperbolic environment where it takes the form

) n- 2/
/WWMW—WZ)/ﬁWz&A/@mm%”ﬂwwﬁﬂ

H" H» H»

where S, is given by and is sharp; see also [14) Corollary 2.3| for an analogous interpolated
result.
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It is not difficult to see that inequality can be transformed to the hyperbolic environment
giving that for all 2 < p < 2*, 0 < a < o, and all v € C°(H™) there holds

/|VHW\ dv — / —dVv

p+2 e 2/
> (n—2)""% Sy / (sinh p) T X (tanh(p/2)) [oav )
HTL

Moreover the Sobolev constant is sharp for any 0 < a < ay,.
Actually we prove a slightly stronger result that reads

Theorem 1. (Hardy-Sobolev inequality) Let n >3 and 2 < p < 2*. For any 0 < a < ay,
there holds

9 n(n2)/ 9 n—2 2/ u?
n|“dV — ———= dVv — d
/|VH ul2dV . w2dV ( 5 ) i,
H"» H~

Hn

(n—2)

®) > (1= 2778, ( [ (sinhp) 5 X (@ tanb(p/2) v )
)

2/p
)

+2
for all u € C°(H™). Moreover the constant (n — 2)7%5'”4) is sharp.

It is worth noting that in case n = 3 the Sobolev constant of inequality is equal to S3 ),
whereas for n > 4 it is strictly smaller than S, ;.

In a different direction in [3| [7] the following non-improvable [7] Poincaré-Hardy inequality
was established

9 n—1y\2 9 1/u2 (n—l)(n—3)/ u?
nu|*dV — av > - | —=d dv.
/|VHuy v (2 )/u vz | v+ - el
H~ H"» H~

H™

We note that (n — 1)2/4 is the bottom of the spectrum of the Laplace operator on H". Here we
consider the Poincaré-Hardy inequality

(9) H/n’anUFdVZ (n_1>2/v2dV+ (";2)2/Sis;2pdv,

H'Il H'Il

as well as, for n > 3, the Poincaré-Sobolev inequality

(10)
—1\2 _ n— 2/
[19aePav = (“52)" [ 2av 5., [enng) s mopav) ™ ve o),

H7L HTL H?’L

where 2 < p < 2* and S,,, denotes the best constant. The positivity of S, , follows from the
positivity of Sp2« (see [IT]) together with @

Actually, using the half-space or the unit ball model of H"™ one can see that inequality .
can be written in two equivalent ways, namely

1 2 . (n=2)p 2)p _n 2/p
/Vu|2dx2 4/g2dx+sn,p</ (' 6"2“”“"') |uypdx> . weCREY),
Ri Ri " Ri
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and

(12) /Vu|2da: > i
By

2
U — p(n—2) 2/p
/(l_mp)zdﬁsn,p(/ﬂ P rpar) T we O(By),
Bl 2 Bl
the best constants of , and being equal. For work related to inequality see
also [111 220]. B
The precise value of Sy, is not known in general. In the case n = 3, p = 2* = 6 it has been
shown in [6] that
= T\4/3
Ss6 = 53 =3(3) 3,
Adapting the ideas of [6] we compute in Theorem [14] the constant S, for any 2 < p < 6 and
find that

2
P { AnT?(525) ] 5
2 2
2f Lo - 21 ()
The next problem we address is how the Sobolev constant in is affected when we add a
Hardy term with sharp constant in the RHS. To answer this question we need to study in detail

the existence and asymptotic behaviour of positive solutions of the following two problems:

(13) S3p =S5, =

1

"(t) + ——5—g(t) =0, t>0,
(14) SO nnz !

limy 400 g(t) =1,
and, for n > 3,

(n—1)(n—3)
h'(t) — ———=—>h(t) =0, t>0,
®) 4sinh? ¢ ®)

We shall see that these problems have unique solutions g and h which are actually positive and
behave near zero in a way that allows us to define a function p = p(t) by

p(t)

dr / ds
(15) / GE :/ ORI
0

0

We then define
h(,o(t))2 sinh ¢

_— t > 0.
g)7sinhpt)

(16) Y(t) = (n—2)
We have the following
Theorem 2. (Poincaré-Hardy-Sobolev inequality I) Let n > 3 and 2 < p < 2*. There

holds
9 n—1\2 9 n—2 2/ v?
n >
/vade > ( . )/vdV—l—( 5 ) Y
H" H" H"»
_ - 2/
(17) +(n—2)""% / (sinh p) 7 Y () ofrav)

H»
_pt2__
P

for all v e C(H"). Moreover the constant (n — 2) np is sharp.
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The function Y (¢) above can be compared with the logarithmic function X (¢) near zero; see
Theorem [12| for a precise statement.
In case n = 3 we actually have sharpness of the constant with a logarithmic factor:

Theorem 3. (Poincaré-Hardy-Sobolev inequality) Letn = 3 and 2 < p < 2*. There exists
an @z > 0 that does not depend on p such that for all 0 < a < @z and all v € C(H?) there
holds

(18)

1 2 2/
/|VH3v|2dV> /v2dV+4/Smh2pdV+5’3p</(smhp) > x5 (atanh(p/z))mpdv) g
H3 H3 H3 H"

Moreover the constant S3,, is sharp for all 0 < o < as.

We next consider analogous inequalities in the case where the singularity is placed on the
boundary of a bounded Euclidean domain 2 satisfying an exterior ball condition. Such Hardy-
Sobolev inequalities have recently been obtained in [5]. Our aim here is to provide estimates for
the Sobolev constant. For n > 3 and 0 < < n/2 we denote by S, . the best constant for the

inequality
* * 22 o0 (TN
/|vu\2dx— n— /| 528, </|u2 d:c) . ueCR(RY).

R? R?

We then have

Theorem 4. (Hardy-Sobolev inequality) Let Q@ C R™, n > 3, be a bounded domain with
0 € 09 and let D = supq |x|. Assume that ) satisfies an exterior ball condition at zero, that
is there exists a ball B, C CQ. Then giwen v € [0,1n/2) there exist ry and o, ., in (0,1) both
depending only on n and 7y such that, if the radius p of the exterior ball satisfies p > D /ry, o then
Jor all 0 < a < a, , there holds

2(n—1)
]Vu| d:v>— | |2dac+ (n—2y)" =

Q

n—2

n2dx> "’

In Theorem we establish a more general result where the RHS involves a weighted LP
norm, 2 < p < 2%,

The structure of the article is simple: in Section [2] we study Hardy-Sobolev inequalities in
Euclidean space with an interior singularity, in Section [3| we study Hardy-Sobolev inequalities in
hyperbolic space, whereas in Section [4] we study Hardy-Sobolev inequalities when the singularity
is placed on the boundary of a Euclidean domain €2.

for all u € C*(Q); here X = X (a|z|/D).

2. HARDY-SOBOLEV INEQUALITIES ON EUCLIDEAN SPACE

In this section we establish improved Hardy-Sobolev inequalities in the Euclidean space with
an interior point singularity. Our first result reads
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Theorem 5. Letn > 3,2 <p <2 and 0 < 0 < 1/2. For any 0 < a < «, and for any
u € C°(By) there holds

2\ 2 2 2
/|Vu]2d1:—<n ) %dm—@(l—&) E PX(apc\)
By 1 1
I N pn=2) o \2/P
(19) > (S=5) " Sus( [ 1217 X ala) 5 upde)
B1

p+2
Moreover the constant (17;—_229)?? np 45 sharp for any choice of the parameters.

Proof. Let 7,0, denote the best Sobolev constant for the above inequality. Setting

u(z) = |2|7F X (alz])v(x)

and using polar coordinates we find

/ / rX(ar)” 29(1} + 2\va] )der

n—

; 2
(/ / T_IX(OH“) 2 9p|v|pd5’dr>

0 gn—1

Tnpba = 1nf

Setting

we then obtain

o0
/ / 2+(1—20)_2t1i7926)|vww|2)d3dt

a 29 1gn—1

2/p
< / /—pf|w|Pd5dt)

@)20-1 gn—1

(20) Tn,p,0,a — (1 - 20) P 1nf
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On the other hand we have for any R > 0,

Snp = inf

/ / r”fl(u%—i-r%\ku\Q)der

0 sn—1

inf = y
(/ / rp(n272>_1\u|pd5’d7"> P

0 gn—1

Making the change of variables
t=r" "2 u(r,w) = v(t,w)

we easily arrive at
oo

1

pt2 2—n Qn—1

(21) (n—2) 7 S,p,=in

o0

(/ /t‘p§2|vpd5dt)2/p

R2—n Qn—1

We now choose R so that R2™" = X(a)?’~!. We also note that for all 0 < a < a, and
0 < @ < 1/2 there holds X (a)~! > (1 —260)/(n — 2). Therefore

1
(n—2)2t2 "7

Hence follows from and . The sharpness follows from the fact that for any R > 0,

/ |Vul|*dx
Snp = inf Br

CX(B p(n=2) _ 2/p "’
Tkt ([ 125 )
Br

(1—20)" %72 > for all + > X ()L,
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Let 6 € (0,2) and R > 1. For r € (0,1) we define the function

1
B(r) =
(Re - 7”9)2 <1 + frl S(Rad,sisop)
O R*
22 T (R — (RO — 1)+ T () — ) (RO — )2
n( )+ i —n(gr—s) — g9 )( r?)

Lemma 6. Let 6 € (0,2) and R > 1. Let o and (3 be defined by
1

-1 0 0
Y s"7H(2RY — §)
—lna=R _1+/Md87

—mf=(R-1)2-1>-1.
Then there holds
(23) X(ar) < B(r) < X(Br), r € (0,1).

Proof. We first note that is written equivalently as

1 1
—Ing < — < -1 0,1
nﬁ_B(r) X0 < no, r € (0,1),
We thus consider the function
1 1
= — 1
We have
1
B =
(T) t(RQ —7"6)2’
therefore

o) = (R =2 (14 [ Sa=sg) — 1+ v

r

From this easily follows that g is decreasing. Now, we can write g(r) in an equivalent way as

1
1 s971(2R? — %)
_ 0 0\2
g(?”) =—-1+ (R -r ) (1 + R26 (RH _ 59)2 dS)

T

and therefore
1
6-1(oR0 _ 39)
04) = R¥ — 1 /S(d .

The result now follows from the monotonicity of g. O

We note that if we choose 6 = 0 in Theorem [5| we obtain inequality . For our purposes we
shall also need an improvement of which we believe is of independent interest and reads as
follows:
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Theorem 7. Letn > 3,2 <p<2* 60€(0,2). We define R>1 and a9 <1 by
1
1 s9=1(2RY — %)
0 __ _ P20
R—l"’\/ﬁ, —1nOZn79—R _1+/(R0—39)2d8

Then for all 0 < oo < a9 and for all w € C°(By) there holds
2 n— u? 2
dr — (| —— -0 dx
[ wutae- ("57) [ e / Elesiar
Bl Bl

_p+2 P(”L p(n—=2) p+2 2/p
(24) > (-2 Sy / 225 X (afal) Julfde )

p+2
Moreover the constant (n — 2)_pp n,p 05 sharp.

Proof. A simple computation shows that the function

(@) = |o| == (R~ [2)")

satisfies

Ay m—23\2 1 6?

=)t ey

Making the change of variables v = ¢v and using Lemma [f]it then follows that in order to prove
it is enough to establish that

_ _p+2 _ 2/p
(25) / 2P (R |2V o2de > (n—2)""% s( / 2| " (R? — |2 )°)? B(|]) 5 |v|pdx>
Bl Bl

for all v € C°(By).
Let 7,0, denote the best constant for , so that

/ 2P (R — |al)?| Vol 2da
2/p
( / 2] (R — |2l B(Je]) 5 |vpdx)
1
/ / r(Rf’—r9)2(u$+r—2|ku\2)d5dr
“ph 0 pi2 2/p
( r~Y(R® — 0P B(r) " \v]pder>

Tn0p =

We change variables setting

1
(26) v(r,w) = w(t,w), t=1+ / s(Redjse)Q'
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It is easily seen that r — ¢ is a strictly decreasing map that maps (0,1) onto (1,+00) and in

addition we have
/ / (w? + (R — 7"9)4|wa|2>de75

. 1 §n—1
Tn,0,p = inf =
2

(/ / =52 P det) &

1 gn—1

We claim that

1

(27) (RY — %)% > o re(0,1).

This is written equivalently as
(28) (RO — "2 —2)t>1,  re(0,1),

where t = ¢(r) is given by (26). Hence follows by noting that the LHS of is a decreasing
function of r, being the product of two positive decreasing functions. Therefore

yi 1
2 2
/ / (w? + Vel Jasa
. 1 gn—-1 _p+2
Tn,0,p = inf S =(n—2)" 7 Shp,
2/
(/ / t*¥\wypd5dt) :
1 §n—1

by .

The sharpness of the constant of Theorem 5| for the choice # = 0 implies the sharpness of the
+2
constant (n — 2)71)7 n,p il 1D O

3. HARDY-SOBOLEV INEQUALITIES ON HYPERBOLIC SPACE

In this section we study Hardy-Sobolev inequalities on the hyperbolic space H™. There are
two standard models for H™. The first one is the unit ball model, where the unit ball Bj is
equipped with the Riemannian metric

1— |z|?\—2
d32:( 2|x|) dz?.

Under this model we have

Vanof2 = (1 _2‘:”|2)2|an@|2 , v = (1 _2‘””|2)"d:c.

Denoting by p(z) the distance of z € By to the origin we then have
1+ |x|>

ple) =tn (= 2]

We shall also use the half-space model of H", namely R’} equipped with the Riemannian
metric

ds? — dx?

5
Tn
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Under this model we have

|VH7L’U‘2 == SU?L|VR7L’U‘2 5 dV = x;nd$ .

3.1. Hardy-Sobolev inequalities. In this subsection we prove Hardy-Sobolev inequalities that
are analogues to those of the Euclidean case for an interior point singularity. We start with

Theorem 8. (Hardy-Sobolev inequality I) Let n >3 and 2 <p <2*. Forany 0 < a < a,
there holds

N 2 _pt2 2/p
@) [ 1vaoPav-("52)" SV 2 (0-2)7 75, [ty 5 oy oprav)

H» H» Hn

+2
for all v € C°(H™); here X = X (atanh(p/2)). Moreover the constant (n — 2)_% np 1S sharp
for all values of o € (0, cvy).

Proof. We use the ball model B; for H", taking the centre of B; to correspond to the point
xo where distance is taken from. Using this model the required inequality takes the form
1— |x]2\2-n 9 n—2\2 1—|z]?\—n v?
/( 2 ) Vol dm_( 2 ) /( 2 > 12(1+x|>dx

Bl 1

_pt2 n 1 _ 2 p(n—2) 2/]?
By > 0-2) psw(/\ﬁ<” (A57F) T K akppras)

for all v € CZ°(By).
To prove (30 we use Theorem [5| with the choice # = 0. Making the change of variables

u(z) = (1 _2‘$|2>_n;2v(x).

in (19) we obtain
2

/ (1 _2‘x|2>2_n’v”‘2d$ - n(n4_ . / (1 _2|x‘2)_n”2dx - <n ; 2)2/ (1 _2|x2)2_ny:;|2d$

B1 Bl

_ pt2 " 1 _ 2 p(n—2) 2/]?
> (n-2) p&w(/\ﬁ<” (A57F) T K akppras)
Therefore to prove it is enough to establish
n(n —2) 1—|a:|2>n n—2>2<1—|x|2)2n 1
T +(%5 > EE
- <n2>2(1|x2)—n 1
= 1+|z PRI
2 2 (In| \ I])

for all x € By. This is written equivalently as

T+ Jz[\2 [ /1 — |o2\2 n 4 2n /1 —|z|? 9 9
i[5 () (5 )by = laf?
(n 1- ] { 2 ML S aay L
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This follows setting ¢t = |x| and using the elementary inequality

1
1i>2t 0<t<l.
1—¢

The sharpness of the constant is a consequence of the sharpness of the constant of Theorem [5
O

We next have

Proof of Theorem [1. We first make the substitution

u(z) = (sinh p)_%v(x).
We then have

—9\2
/|VHnu|2dV = /(Sinhp)_"+2]Van|2dV + (n 5 ) /(sinhp)_”v2dV

n(n —2)

1 /(sinh p) 22V,

Hn»

hence the required inequality becomes
pt2 2/
/ (sinh p) "2 |Vggnv[2dV > (n — 2)” fsn,p( / (sinh p) "X % (atanh(p/Q))|v|pdV> g

Hn H"

Using spherical hyperbolic coordinates around z( this is written

// smhp v + |va| )dep

0 gn—1

p+2

we ([ 2/
(31) > (n—2) » Sn,p</ / (sinh p)_1X¥ (atanh(p/2))|v[PdS dp) "
0 gn—1
To prove we change variables setting

% = X (atanh(p/2)) , v(p,w) = w(t,w).
We then have
/ / smhp S V! )dep - / / (w,? + |wa]2>d5dt
0 gn-1 X—1(a)Sn—1

1
2 m|vw1U|2>det,

Vv
—

&

+

since X () > 1/(n — 2). We also have

o0 o0

//(sinhp)—lxpf(atanh(p/z))\vpdscip: / /t—%wpds(ﬁ.
0 gn-1 X—1(a)8n—1
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Inequality now follows from the last two relations together with . The sharpness of the

constant (n —2)  » S, , is a consequence of the sharpness of the constant of Theorem |8} O

Remark. Since

n—2\2 1 n(n —2) n—2\21
2 ) a1 205 ) 2
2 sinh” p 4 2 p
one can obtain inequality as a consequence of inequality . However the sharpness of the

constant in does not follow.

p>0,

3.2. Poincaré-Hardy-Sobolev inequalities. In this subsection we give the proof of Theorem
and other related results.
We recall the definition of the hypergeometric function

F(a,b,c,z) =

I'(c) i T(a+n)(b+n)z" L <1

I'(a)T'(b) &= I'(c+mn) n!’

We refer to [I, Sectionl5| for various properties of the hypergeometric functions.
We shall use three specific hypergeometric functions. The first one is

11

F(Z):F(§’§7172)7 ‘Z|<1
We then have
Lemma 9. The problem
1
"+ ———g=0, t>0
(32) T dsinn®

limy 400 g(t) = 1.

has a unique solution g(t). Moreover the solution is positive, strictly increasing and is given by

1—e?t
ds

t t 1
(62_1)1/2F(1_€2)(1+7T/1 W) 0<t<Inyv2,
Pk 22

(33) g(t) =

Proof. We shall first prove that if a solution of exists then it is positive in (0, +00).
Suppose to the contrary that there exists a p > 0 such that g(p) = 0. Then

o 9 o0 o
1 g " / "2
— dt = — dt = dt.
4 / sinh? ¢ /g g (9)

P P P

Since t < sinht for ¢ > 0, this implies that g is a minimizer for the standard Hardy inequality
in (p,400), which is a contradiction since there is no minimizer. The monotonicity of g(t) then
also follows immediately.

We now change variables in setting

eo 1

1—e2t’
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Simple computations show that g(t) is a solution of if and only if A(§) is a solution of
1
(34) ﬂ&—DA”+@€—DA“+I4=0, £<0.

For ¢ € (—1,0) one solution of is the hypergeometric function F'(§) which is positive for
€ € (—1,0). A second solution of for £ € (—1,0) can be found by standard arguments; after
simple computations we find that a second solution is

—£
ds
F@X/ME—DF@V’ -1<¢<0.
-1
We note in particular that
=
ds
F(g)/s(sl)F(s)?Nm(_g)’ as{—0—.

~1
Therefore the solution of in (—1,0) with A(0) = 1 is the function F(§) and hence the
solution of with lim;_, 0 g(t) = 1 is unique and is given by
1

We want to describe the solution g(t) for ¢ € (0,1n+/2) and to do so we extend the corresponding
function A(&) to the interval (—oo, —1). For this we first note that the function

B(¢) = <—£>1/2A<§

is a solution of if and only if A(€) is a solution of (34)). It follows that the extension of A(€)
has the form

) £ <0,

%
AQ = O P+ [ r=SmE) - €<
-1

for suitable constants cj, c¢5. The continuity of A(£) at & = —1 gives ¢j = 1. Moreover, the
differentiability of A() at & = —1 gives
1
& = P(-1)(4F/(~1) - F(-1)) = - -
This concludes the proof. O

Remark. We note for future use that the above proof implies in particular that the hyper-
geometric function F(§) is positive and increasing in the interval (—1,0).
In our next lemma we make use of the hypergeometric functions

,n—12z), |z| <1,

and
n—1 n-—3

2 2

,1,2) lz| < 1.



78 G. BARBATIS AND A. TERTIKAS

Lemma 10. Let n > 4. The problem

(n—1)(n—3)
h'—+—=-—h=0 |, t >0,
(35) 4sinh?¢

has a unique solution h(t). Moreover the solution is positive, strictly decreasing and there exist

constants Cf, c# with 02# # 0 so that
(36)
1—e?t
2t _ 1\ ot <# # ds )
h(t) = (e =1)2 Fi(1 —e*)(cf +c3 / T DR e 0<t<Inv2,
-1
F2(1—1e2t)7 t>1nv2,

Proof. The monotonicity and positivity of any solution h(t) of follow from the differential
equation by a simple argument.
We change variables setting

1
= . h() =A@
Equation then becomes
(37) EE-—1A"+ (26 -1)A - WA =0, £<0.

One solution of for £ € (—1,0) is the hypergeometric function F5(§) defined above. A
second solution of the ODE for £ € (—1,0) is again found by standard arguments to be the
function
s
E _ -1
2(5)/5(8_ DRy ()2 <€<0,
-1
which behaves like In(—¢) as & — 0—. Hence the solution of in (—1,0) with A(0) = 11is
the function F5(¢) and therefore problem has a unique solution h(t) which for t > In /2 is
given by

(38) h(t) = Fz(%) . t>InvV2.

We next describe the solution h(t) for ¢t € (0,In+/2) and to do so we extend the corresponding
function A(&) to the interval (—oo, —1). For this we first note that the transformation

Al =(=§)" 7 B(3), £<0,

transforms a solution A(€), £ < 0, of to a solution B(w), w < 0, of

182
(39) w(w—l)B"—l—(nw—i—l—n)B’+(n2 )B:O, w < 0.
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One solution of for w € (—1,0) is the hypergeometric function Fij(w) defined above. A
second solution is the function

o ds
Fl(w) / Sn—l(s — 1>F1(3)2'
—1

We thus conclude that there exist cfé, cf so that

%
A = (-9 T R(; c1+c§/sn13_m()), £<-1.
-1

By the differentiability of A(§) at £ = —1 we obtain

d=BED g aapneyney(BED BED noly

It remains to prove that cf # 0. By and the fact that h(t) is strictly decreasing we have
F}(—1)/F>(—1) < 0 and hence it suffices to establish that

F{(-1) n-1

40 <
(40) Fi(-1) — 4
Let as define the function
Fi(w)
w) = , —1<w<0
This function is a solution of
1 —1\2
qJ = (n ) —(n—1—-nw)qg—w(l—w)g?|, -1 <w<0.
w(l —w) 2

Moreover an elementary computation gives

7(0) = (n— ll)éin+ 1) -0,

which implies in particular that ¢(w) < ¢(0) = (n —1)/4 for w < 0 close enough to zero. Since

0< iy ("5) (ot e (M) | = R

for —1 < w < 0, a standard ODE comparison argument yields ¢(w) < (n —1)/4, =1 < w < 0,
and follows. (]
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Lemma 11. The functions g(t) and h(t) satisfy the following asymptotic formulas as t — 0+ :

(i) g(t) = (26)V2(— %111(275) + B+ O0(tnt))

where
1

- 1 [1—(1+t)F?(-t)
(41) B=1+ 7['/ t(t + 1)F2(—t) dt

1
and in particular 1 — — < B < 1.
™
(ii) Ifn>5 then

c(—1)n n—3 n—1)(n—
h(t) = Qn( D (2t)" "2 (1 Lo Ln—3) 24(173(_ D S O(t3)>.

If n =4 then
#
n(r) = L0 (1- étQ In(2t) + O(%)).

Here in both cases cf s the non-zero coefficient of Lemma .

Proof. Part (i) follows from (33); we omit the details. We next prove the double inequality
for B. To prove that B < 1 it is enough to establish that 1 — (1 +¢)F?(—t) < 0 for t € (0,1) or
equivalently 1 — (1 — &)F(£)? < 0 for £ € (—1,0). We have

d
dfg(l —(1=9F(&)?) = FO(F(&) —2(1 = &F'(6)) = F(O)Q(E).
Since F'(0) = 1 the result will follow once we establish that Q(¢) > 0, £ € (—1,0). Indeed,
Q(0) =1/2 and

QO =3F'(6) ~20 - OF"(9) = F[2-OF @+ {F©)] <0, -1<g<0
To prove that B > 1 — 1/7 we first note that
F1=FQ) =2PO(1- P - 2%F©) >0, -1<¢<0,

Hence for € € (—=1,0) we have (1 — £2)F?(€) < F?(0) = 1; this implies

1-(1-¢F*)
§(€—1F(S)

> -1, -1<£<0,

and the result follows.
To prove (ii) we first recall (cf. (36)) that

—T

_ o=t e ds _ oo
h(t) =22 Fl(—:r)<c1 + cf /s”—l(s— 1)F1(3)2> =: R(x) , r=e"'—1
-1
To estimate this we first note that
-1 —1 1)2
Fl(;v)zl—l—n :U—l—(n J(n + )3:2+O(:U3), as x — 0,

4
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and therefore

1 —
(s —1)Fi(s)?

where A, = (2n® — 15n? 4 28n + 1)/(16n). This implies that for small z > 0 we have

-3
—l—i—n s — Aps® + 0(s?), as s — 0,

/” s [ St (14 22 + 802 4 0GY), ifn s,
sn 1(

5_1)F1(5)2_ (1+x72A4x21nx+O(x )), ifn=4.

-1

Combining these we conclude that

# n
CQTE ;) x” 23<1+ 234 + Bpa? 4+ Oz )), if n>5,
(42) R(z) = #

Zpe 1+ix—3—12:c21nx+0(x2)>, if n =4,

where
n—1Dn+1)2 (n-1)(Mn-2) n (n—2)A, (n—3)(n—5)>

B, = — =
" 32n 8 n—4 32(n — 4)

Setting x = e?* — 1 we find

8(n—4)

1+ 230 4 Bua? = 14 53+ U552 L 0(8%), ifn > 5,
l—i—zw—@x Inz =1+ 3t — £t2In(2t) + O(t?), ifn =4,

and
n— -3 — —11
e = (2)7 (1 _n=3,, =3B, O(t3)>.
2 24
These together with give the asymptotic formulas (ii). O

Proof of Theorem [2 Using spherical coordinates in we find that

7 / (sinhp)nfl(u,% + Sm;%\kuﬁ - (”7_1)213)613 dp

0 gn—1
00 N 2
(/ / (sinhp)p( 2 2)_1|u]pdep> :

0 gn—1

(43) Snp = inf

Now let us define

6(p) = (sinh p)~"7" A(p),

where h(p) is the function studied in Lemma [10] (in case n = 3 we simply take h(p) = 1). Simple
computations then give that ¢(p) satisfies

(44) ¢”+(n—1)cothpd>—|—(n;1>2¢20, p > 0.
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Setting u = gw in and using we then find that

[e.o]

[ [ Gy toto? (i + e asas

0 gn—1

// (sinh p) P2 Lo(p)P \w\pdep)

0 gn—1

1
// + o Vet )dep

OSnl

2
// (sinh p) ¥h(p)p|w|pd5dp) "

0 gn—1

Snp = inf

Let us now define

/vanuPdV— (n;1>2/u2dV— (”;Q)Q/Sm“;pdv
in

(46) On,p = iann e )
’ . p(n=2) p+2 2/p
(/(smh p) 2 Y(p) 2 \v]pdV>

Hn

the best constant for inequality . Using polar coordinates this is written as

2

O/Sn/l (sim )"~ ( snnzy Vel <n;1)2u2_(n;2)2(sisht)2>d5dt
<7° /<

0 gn—1

Onp = inf

2
LY ()" ulPdS di &

We next define

1

f(t) = (sinh )7 g(t),

where g(t) is the solution of problem ([14]). Simple computations then show that f(t) is a positive
solution to the equation

(47) £+ (n— 1) cotht f' + ((”;1)2+ (”;2)28111;2]5)%0, > 0.
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Setting v = fv in and using (47)) we obtain

e 1
// (sinh )" £ (¢ )( nh2t|va]2>det

0 Sn 1
Un,p =
2/
/ / Yo ppds dt)
0 gn—1
1 2
o+ [Vl )det
(48) = inf — 28 .
2

(/ /(smh O~ gty Y ()5 ofrds dt) "

0 gn—1

We shall compare the expressions at the RHSs of and and in order to do so we change

variables in setting
t

/ph?:ﬁ :/gzlss)Q ot w) = w(p,w).

0

(Here we note that both integrals are finite by the asymptotics of Lemma .) After some further

computations we arrive at
2(, 2 g(t)* 2

pt2 0 §n—1

(49) onp=(n—2)" 7 inf =
([ [ inp = nioriurasas)™

0 gn—1
Comparing and we conclude that in order to prove it is enough to establish that
gt 1
(sinht)2h(p)* ~ (sinh p)?’
To see this we first recall from Lemmas [9] and [L0] that g(¢) < 1 and h(p) > 1, so

i dr
0/ g(r)?

(50)

and therefore p > t; this easily implies that

t  sinht
1 - .
(51) p - sinh p

Therefore using the monotonicity of the functions g(¢) and h(p),

p i dr / ds t
(o) ZO/ (r)? ‘0/ OO
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which, together with , gives . This completes the proof of .

To prove the sharpness of the constant S, , we use decreasing rearrangements. It is easy to
see (cf. [4, Corollary 1]) that the the infimum (46]) remains the same if it is only taken amongst
radial functions. This, together with and 1' implies the sharpness of the constant ?n,p.
O

Theorem 12. (Poincaré-Hardy-Sobolev inequality IT) Let n > 3 and 2 < p < 2*. There
exists 0 < ay, < e which depends only on n such that for all 0 < a < a,, and for all v € C°(H")
there holds

H/n!Vande > (”51)2/v2dv+ (”;2)2/Sin”;pdv

H» Hn»

p+2

_ e . 2
=25 B ([ ) X atann(p/2) ol av)
]H[n

/p

Proof. By Theorem [2] and by the monotonicity of X it is enough to establish the existence of
an a;, € (0,e) such that

t
(52) Y (t) > X (v, tanh 5) ,  t>0.

By compactness, it is enough to prove that is valid near zero and near infinity.
Case 1: Large t > 0. Let p = p(t) be the function defined in . We claim there exist t,, > 0
and ¢, > 0 so that

(53) p<t+cy,, forall t > t,,.
To prove this we first note that F3(0) > 0 and hence there exists A > 0 such that
n—1 n-3
FQ(&):F( 9 s 2 ,1,£)§1—A§,

for all negative £ small enough in absolute value. It then follows from that for large enough
p there holds

1 1 - 1 . AQRe* +A-2)
hp? (=) — (14 2A5)° (€2 +A—1)2
Hence if p is large enough then
P J Po J P J
r r r
54 = >p—C
>4 G e e e
0 0 PO

for some Cq > 0.

Analogous computations are valid for the function g(t). We now use the estimate
1 1 1 L b(eP—2-1)

— < — -~ = 7
G0 TP ) T (1t k) @ =10

which is valid for some b > 0 and large enough ¢ > 0. This leads to

/ ds
(55) 0/9(5)2 <t+C
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for some C > 0 and large ¢t > 0. Combining , and we conclude that is valid
provided ¢t > 0 is large enough.

Suppose now that ¢ > 0 is large enough so that (53)) is valid. We then have
h(p)?sinht sinh ¢ sinh ¢
Y(t)=(n—2)—F— > (n—2 >n-2)———=
() = (n )g(t)2 sinhp — (n )sinhp = (n )sinh(t + ¢p)

We thus conclude that if a,, > 0 is such that X (ay,) < (n — 2)e™“* then

— (n—2)e " | as t — 4o00.

t
Y(t) > X(an tanh 5)

provided ¢ is large enough.
Case 2: Small t > 0. It is not difficult to see that the constant A in is negative. It then
easily follows that from (i) of Lemma |L1| that there exists p > 0 so that

/ ds 72
) [ 3o <
0

for small enough ¢ > 0. We now distinguish cases according to the dimension n.
(i) n > 5. Applying Lemma [11| we easily obtain

ds n—2
57 = 2p)" % (1 = mp® + O(p* -0
67) [ Hp = g A £ 0WN) s g0t
0 2
where
(n—1)(n—2)(n—3)
Tn =
12n(n —4)
From , and we obtain that for some ¢ > 0 and all small enough ¢ > 0 there holds,
(59) (n-2)(—) @21~ ep) € o
n < :
i “n(26) — p
The required inequality can be written as
sinh ¢ 1 t| sinh p
59 > —— X (atanh = 11¢>0).
(59) J0F S n—2 (a an 2)h(p)2 (small ¢ > 0)

We note that for small ¢ > 0 we have
at) _ 1
27 1—1In(a/4) — In(2t)

Writing M =1 —In(a/4) and using Lemma [L1| we conclude that will follow if we establish
that for M > 0 large enough there holds

X(atanh%) < X(

72 . 1 142 4+ cpt
2 B — — () n—1)(n—
(In(2t))2 4 c1 In(2t)) ~ (n —2)(M — In(2t)) (5132))2 (2p)—n+2 (1 + %pz _ c,o3)

where ¢ > 0 and ¢; € R are fixed constants and the inequality is required to be valid for small
enough ¢t > 0. This is also written as

1 1 L U — e

60 —2( 1 )22 " :
60 =D %) CO" " 5 @n < (22 + o m20) Lt B+ cpt

TCy
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From and we conclude that it is enough to establish the inequality

n—1)(n—3
In?(2t) + ¢1 In(2t) < (1+ %Pz —¢p?) (1 = np? — cp?)
(—1In(2t) = p)(M —In(2t)) — 1+ & 4 cpt '
Now, since n > 5,
1 (n—1)(n—3)
6T T hm—a

hence for small p > 0,
(1 i (nl—za(i—)i%)ﬁ _ cps) (1= p? — cp?)
1+ % + cp?
On the other hand it is easily seen that if M > 0 is large enough then
In?(2t) + ¢; In(2t)
(—In(2t) — u)(M — In(28))

for small enough ¢ > 0. This completes the proof.
(ii) n = 4. Applying Lemma [11| we easily obtain

> 1.

(61) <1,

ds _i ) 1 ) ,
/h(s)2 - (C;éé)gp (1+ 4 In(2p) + O(p?)) , asp— 0+ .

Hence, by , for some ¢ > 0 and small ¢ > 0 there holds,

(62) (7?;?)2<2p>2(1«+»;p21n<2p>—-cp2)f; 5

1
— In(2t) — p)’
Arguing as in the case n > 5 we conclude that it is enough to establish that for M > 0 large
enough there holds

1 \2 1 1 1 — 1p2In(2p) — cp?
S TN - 1oiginly) o
mcy M —1n(2t) (ln (2t) + 1 1n(2t)) 14cp
where ¢ > 0 is some fixed constant and the inequality is required to be valid for small enough

t > 0. Combining this with we conclude that it is enough to establish that for small ¢ > 0
there holds

(In(20))* +erln(2t)) (14 5p*I(2p) = ¢p*)(1 = 3p*In(2p) — cp?)
(u—In(2t))(M — In(2t)) — 1+ cp?
Since for small p > 0 we have
(1+ §p*In(2p) — cp*)(1 — 3p*In(2p) — cp?)
1+ ¢p?

>1

)

the result follows from (61]).

(iii) n = 3. In this case we take h(p) = 1 and therefore the LHS of is equal to p. The
rest of the argument is similar, indeed, simpler, than that of the cases n > 5 or n = 4. This
completes the proof of the theorem. O

Remark. The function X (atanh(p/2)) captures the actual small time behaviour of Y (t) in
the sense that

tl_i)r(§1+ (=Y(t)Int) = 1;
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we omit the proof of this statement.

3.3. Identifying the constant ?34,. Our aim in this subsection is to prove that ?34, = S3p
(cf. (13))) and give the proof of Theorem [3] For this we shall use the half-space model of H".

We start by establishing an inequality which is a consequence of inequality and which will
be used later on.

Theorem 13. Let n >3, 2 < p < 2*. Then for all u € CX(R") there holds

- pn=2) _, 2/p
(63) /\Vu]zdx > Smp(/ <‘$ 6n|2$ + en‘) P ‘u|pda?> )
Rn R”

Moreover the constant is sharp and is attained by the function

2
(p—2)(n—2) (p=2)(n=2)\ —p—3
) P zeR"™.

w(e) = (Jo+enl TE o — e

Proof. The map

SW) = @ 1= o)
maps conformally R™ onto R™. We note that
—e
S| = e
The Jacobian determinant JS(y) of S can be computed explicitly and one finds
on
|JS(y)| = m-

Now let uw € C2°(R™) be given. We define the function w by
n=2 2 =5
wly) = uSIIH I =us6) (1 0m)
By we have

(n=2) 2/p
(64) [ 19wy = S0, ([ 1075 " ulray) ™"

R'Il RTL

Changing variables via S, x = S(y), in we arrive at ([63).
Finally, under this transformation the minimizer is transformed to the function

n—2
w(y) = [JS()| 2 u(z)
n—2
272 (p—2)(n-2), __2_
= ————(1+ |z 2 p=2
|y+en|n72( = )
2
n— (p—2)(n—2) (P=2)(n=2)\ — 53
- 2 22(\y+en| B Fly—en E 2) 2

This concludes the proof. O
In case n = 3 we have
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Theorem 14. For all 2 < p < 6 there holds

Arl?(-L5) 1%
— p ) P
S3p=93p= 7 [<792)] :

Proof. We begin by recalling from [6] that when n = 3 the fundamental solution of the
equation

1
(65) Ut:AU-FF, $:($,,$3)€R3 s t>0,
L3
is given by
1 _|$'—?/'\2+x§+y§ 2r x3Y3 cosé
Gz = 3, y3,t) = W\/@ e 4t /e 2t do .

0

Let @ denote the generator of the semigroup associated to and Q~!(z,y) be the integral
kernel of Q! so that

oo
Q*l(x’ y) = /G(‘T, - yl7 x3,Ys, t)dt
0
It has been proved in [6] that we then have the estimate
—1 -1 3
Q (-fU,y) < (_A) (:B>y) ) ZL‘,yER+,

1
Ar|z — y|

where
(—A) M (z,y) =

is the Green function for —A in R3.
Now, from Theorem [13] we have

_ p=6 2/p
/|Vu|2dx253,p</(!l’ 63!2!30—1—63!) 2 |u]pdx> .

R3 R3
This is also written as
(66) (—Au,u) > 83/l ull?
where -
_(lz—es| x4 e3|\

Using duality gives

Sap{(=A) 1o, 0) < ldu] .
We conclude as in [6] that

@7 o) = (w,0)” = (QV2u,Q7%)” < (Qu.u)(Q o)
_ 1
< {(Qu,u){(=A)" v, v) < g(@u, w)llgolZ -
7p

Therefore

1
-1, 12 <
o™l < g~ (Quw)
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1 2 _ 2/p
/ ‘VUFd.T . Z / %dm > S3,p</ (‘JZ‘ 63’2|~T + €3|> ’ pdx) )
R3 R3 s R3

Hence ?3713 > S3p. The reverse inequality ?3@ < 83, follows by noting that S3, is the best
constant for the inequality

_ p—6 2/p )
/]Vu\Zda:ZS&p(/('x 63|2\x+e3\) 3 ‘u’pdl,) . ue CX(R).

3 3
RY RY

that is

O

Proof of Theorem [3 Inequality follows from Theorems [12] and [14 The sharpness of
Ss3 p follows by a local argument near the origin. One uses the fact that the Sobolev constant
of Theorem [5| remains invariant if we restrict to test functions with support in any given small
neighbourhood of the origin. O

4. HARDY-SOBOLEV INEQUALITIES WITH A BOUNDARY POINT SINGULARITY

In this section we obtain Hardy-Sobolev inequalities when we place a point singularity on the
boundary of a bounded domain 2 C R". Before doing so we consider the flat case = B =
{r e By : x, >0}

Given n > 3,0 <y <n/2 and 2 < p < 2* we define

/]Vu\Qdm— n—-y /’ z
(67) Sy o= mf

npyy T / | ’
C

R'n

_”]u\pdx> 2

Our first result reads

Theorem 15. Letn > 3,2 <p <2* and 0 <y < n/2 be given. Let

n—1—2~
Qpy =€ =27 .
Then for all 0 < a < ay,, and all u € C°(BY") there holds
) n2 u? B . 2/p
(68) /Vu| dx — T / de > (n—27) B Snpv(/ \:c| =y (a|x|)]u|pdx> :
Bf B
Proof. A simple scaling argument shows that the best constant S; . in remains the

same if R} is replaced by B;r for any p > 0. Making the change of variables

u(x) = v(x)

n
[«
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we then obtain

2
xn
’ |27]V1)]2dx
B+
Sy = inf 4
n,p,y 2 2/
(/xmx;“ o)
5t
//w,%r”“ 27(1} + Q\va]> S(w)dr
0 Sn—l
= inf —— 5 / ;
(/ / wﬁr( “HolPdS( dr)
0 Si—l

here w, denotes the nth component of w € S?F_l. We next change variables setting

1
n — 2y

2y—n

t= r , v(r,w) = w(t,w).

After some more computations we arrive at

/ / ;7)2t2|v w| )dS( ) dt

o 27 n Sn 1
(69) (n—2y)" % 85, =inf -
/ / WP 55 |w[PdS (w )dt)
27 n Sn 1
n—22vy

It is enough to establish for @ = o, . Let

n2 U2
Vul?de — — | —=d
/| u|*dx 1 /$|2 T
e p
2/p°
(n—2)
( [ e —“X”f<a|x>|updx)

By

*

Tnpry = inf

Setting
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we find

1
1
//rwg(vz+72\vwv]2)d5dr

0 Sn—l

Topny = inf T i .

_1 < PE2 2/p

( whr X2 (ar)|v|PdS dr)
0 51*1
We change variables again setting
1
t= W y U(T,W) :w(t,W)

After some more computations we obtain

+o00o
/ / w2 (wi + |Vw|?)dS dt

X S1
(70) T;7p7’y = inf +OO :
2 2/p
( / / WP t—%ywwdsclt)
Xy S

Choosing p = 1 and noting that X(a,.,) = n — 2y, we compare and and obtain

pt+2
Ty = (0 — 27)_171] Spy S required. O
Actually inequality can be improved. The next result plays an important role in estab-
lishing Theorem {] which is the main result of this section.

Theorem 16. Letn >3,2<p<2*, 0<vy<n/2and0<60 <2. Let R= Ry and oy~ be
defined by

1

1 s971(2RY — %)
0 _ _ p20
R —1+\/ﬁ s —lnan7%9—R _1+/(1%9—39)2d8
Then for all 0 < o < a9 and for all u € C°(B) there holds
2 2 2
9 n u 9 u
de — — [ —5dx— 0 d
J1vibia = [ e =0 [ ey
By By By
e 2/p
71 > (n—2y 7%25* a:p(22)’”Xp2i2 alz))|ulPdz )
n?p;‘y
B+
Proof. We recall (cf. (22)) that
1
B(r) = r € (0,1).

(R@ - TO)Q (1 + frl t(RGd,ttG)Q)
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To prove we shall first establish the following inequality for all u € C°(B;")

VQd—— d02/ d
/'“'“’” /H?‘” EEE

2/p
« (n—2) TL 2
(72) > (n—29)"% S( / 12" <:c|>\u|Pda:) .

So let us define

|Vul dm—/ 6’2/ dx
/ ™ |20 (R? — []?)

*

7p779 ln +2 2/])
< [t —"Bz<|x|>ru|de>
Bt
Setting
Tn 6 0
u(x) = (RO~ |oyo(x)
I3
we find
ZL'Q
/ (R ol 2o
B+
Topro = inf :

2/p
( [ et - <|x|>rv|Pder>

+
Bl

/ / rw2(RY — 17)? (UZ + %!vaﬁ)dé” dr
(/ / whr (R = 1" B () ol dS dr ) o

We next change variables by

1
(73) t=1+ / s v(r,w) = w(t,w),
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and obtain
“+o00
//wg(w§+cg(t)\vww|2)d5dt
1 Sn 1
(74) T;,p,'yﬁ inf )
/ /wp t_T|w|pd5dt) &
1 Sn 1
where

Q) = (R’ =)
and r = r(t) is the inverse of . Choosing p in so that p"~2Y = n — 2 we obtain

r 1
2(, 2 2
1 Sn71
(75) (n— 27)_75;;1” = inf =
2/
( / / wht™ "5 P dS(w) dt) :
1 8171
By the choice of R we have
Q(t) > b t>1
T (n—2) T
Therefore from and we obtain that 77, > (n —27y)" & S;;p7 and follows.
Finally, inequality now follows by recalling from Lemma @ that B(r) > X(ap,e r) for
€ (0,1). O

We can now state and prove the main result of this section. In the particular case p = 2* this
is Theorem @l

Theorem 17. Let Q@ C R", n > 3, be a bounded domain with 0 € 02 and let D = supq |z|.
Assume that Q satisfies an exterior ball condition at zero with exterior ball B,(—pey,) C CAQ.
Then for any 2 < p < 2* and any v € [0,n/2) there exist an 1y, and o, ., in (0,1) such that, if
the radius p of the exterior ball satisfies p > D /1y then for all 0 < a < a, ., there holds
(76)

2

(n— 2 ;D(TL 2) —n
/|Vu\2dx> /’ szp—&—(n 2y)" np’y</‘ ’p 2 M) pryu‘pdm)p’

2p
Q

for all u € C°(Q); here X = X (alz|/D).

Proof. We shall establish the result in case p = 1, the general case will then follow by scaling.
For simplicity of subsequent computations we make a translation by e, and place the singularity
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at e, so that the exterior ball is By(0); hence instead of we shall establish

n2 U2
Vul?de > — | —— 4
/' ufde 2 4/|scen|2 !
Q Q

(n— 2)
—f—(n—2’)/ P S:pr(/‘l‘ P( 2) <|x—;6n|) nXp+2| pdx>P

As a first step we shall establish that there exist r =7, € (0,1) such that

2 2
9 n U
> R —
/ |Vu|*dz > 1 / \x—en|2d$

CB1NB(en,r) CB1NB(en,r)

N

p(" 2)

2
(77) —|—(n—2fy)p:25:7p”y< / \Jf—en|p<n 2) n<|;1;';€n|> nX P42 ]u‘pdx>p,
CB1NB(en,r)

for all u € C°(CB1NB(en,1)); here X = X(aj, .|z —ey|), where o, . is a constant that depends
only on n and ~.

To prove this we consider the conformal map

1
T = —073(2 ,a 1-— 2 ’
(v) = en‘g( Y y[°)
;hich maps R”! onto CBy. The Jacobian of T is easily computed and we find
2n
78 JT =
(78) T = o
In addition we have .
T '(a) = (22", |2* = 1)

|2/ + (2 + 1)
and therefore
|z — en|
|z + enl|
Now let r < 1 be fixed (this will be chosen later on) and let F' € C°(T(B;)) be given. We
define the function G on B, by
n—2
Gl) = FITE) IT)0)I = PTO) (=) -

Applying Theorem [16{ with § = 1/2 (hence VR =1+ \/711_727) and using a scaling argument we
obtain that there exists o, such that

/’ G| dy > / 1 G2 "
V Y= dy +
. ly |2 AR1/2y 1/2 |y|3/2

i} o2 2/p
(80) > (n—2v)" ' Snp’y(/’y‘ . IG\”dy> :

(79) T~ ()| =

where X = X (an|y|/r).
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/VGde: / |VF|*dz .

We have (cf. [5])

B T(B})
Using and we also find that
G? / 4F?
—dy = dx .
P 7= ealPle + eal?
Bf T(BY)

The other two integrals in can similarly be transformed and we conclude that takes
the following equivalent form

n? 4F? 1 4F?
VF|?dx > — d —_— / d
/ VEPde 2 4 / |z — en)?|z + en|? x+4R1/2r1/2 |z — e, |32z + €,%/2 v

T(B}) T(B;}) (3

T s p(n=2) _ /|T + ey POD n  pye ;

(81) + (TL - 27) P Sn,p,w |‘T - €n| 2 ( 9 ) X2 ‘F|pd$ s
T(B})

where X = X (o, |z —ep|/r|x+ €,]). Now, it follows from and some simple geometry that
for any r < 1

T(B) = {a € B : o —enl < rlo +eal} = B o (Fre,) 5 Brlen),
therefore
(82) T(B}) > BfN By(en).
We will choose 7 € (0,1) such that for all z € B{ N B,.(e,) C T(B;") there holds

n? 4 n 1 4 S n?
4 |z —ep|?|lx+en?  ARYZrV2 |z — e, |32z +€,]5/2 T 4]z — e ]?’
or, equivalently,
4
(83) & — en|/? > 2RV 4 en\5/2(1 - m)
Indeed, this is immediate for |z + e,| < 2. Assuming that |x + e,| > 2 we set t = |z — e,|. We
then have |z + e,| <t 4+ 2 and therefore will follow provided
n2RY2 V24021 4 a) (e + 2)1/% < 4,
for all ¢t < r. Simple computations give that the last inequality holds true provided t <
1/(75n*Rr). This will be true for all ¢ < r if we choose
1
T=Tpa e ————.
" nV/T5R
Finally, the inequality |z +e,| < 3 implies X (an |2 —en|/Tn~y|T+en|) > X(on |z —en|/3rn4).
Inequality now follows with «;, . = /31y 4 by recalling and .
Since D < ry,, we may choose r = D in . Combining with the inclusions
QcQnB(e,, D) CCB(1)N Bley, D)
completes the proof of the theorem. O
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