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A NOTE ON SINGLE VALUED PRIMITIVES

V. NESTORIDIS

ABSTRACT. We prove that if a holomorphic function f on a domain 2 C C admits single valued
primitives on 2 of any order, then f extends holomorphically to the least simply connected
domain Q C C, containing €.

Dedicated to Professor Alain Bernard

1. INTRODUCTION

It is well known that any holomorphic function on a simply connected open set admits a
single valued primitive of any order. On multiply connected open sets the previous result fails;

for instance, on C ~\ {0} the function — does not admit a single valued primitive, as logz is not
z

single valued on C ~\ {0}.

Suppose now, that €2 is a multiply connected open set and let f be a holomorphic function
on (2, admitting single valued primitives on €2 of any order. What can be said then?

If © is connected, then we will prove that f admits a holomorphic extension on ﬁ, which is
the least simply connected domain such that € C Q C C. The set § is equal to X°€, where X
is the component of oo in the set (C U {oo}) ~ Q. Since Q is connected, then we will see that )
is also connected, as well. For a general open set 2 C C, the envelope Q can be defined as the
least simply connected open set, such that 2 C Qcc. Then, one can easily see that Q=X <,
where X is the component of co in (CU {oo}) \ 2. Suppose that Q@ C C is a connected open
set and let G be the component in 0 containing Q. Then, G is a simply connected open set
such that @ € G C C and G C Q. Since, Q is the least open set with the above property, it
follows that G = Q. Therefore, for any domain Q2 C C, its simply connected envelope Q is also
a domain. In this case, if f is a holomorphic function on 2 admitting simple valued primitives
on € of any order we will show that f holomorphically extends on 0.

We note that if €2 is not connected the above fails. Such an example is the following: On the
open set @ = DU B, where D = {z € C: |z| < 1} and B = {z € C: |z| > 5}, we consider the
function f, such that f|p =0 and f|p = 1.

In the case where (2 is a domain, the proof relates to the fact that f7 f(z)P(z)dz = 0, for all
polynomials P and all closed rectifiable curves = in §2, which is the hypothesis of a theorem of
Privalov ([1], page 437). For a proof without using the theorem of Privalov see [2].
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2. THE RESULT

Theorem 2.1. Let 2 C C be a domain and f a holomorphic function on 2. We assume that
for every natural number n > 1 there exists a holomorphic function h, on € such that its nth
derivative satisfies ( n)( = f. Then f has a holomorphic extension on the simply connected
envelope of  in C; that is on the least simply connected domain Q C C such that Q C Q.

Proof. Let us start with the following.
Claim: If f has a primitive of order n, then fv P({)f(¢)d¢ = 0 if P is a poly-
nomial with deg P <n — 1.

Indeed, if f has a single valued primitive, then the integral on a closed contour is zero and
the same holds for any constant multiple of f. Thus, f,y P(()f(¢)d¢ = 0 if deg P = 0. So the
claim holds for n = 1.

We assume by induction that if for a holomorphic function h : 2 — C there exists a single
valued holomorphic function G : © — C such that G™ = h, then we shall show that for
every rectiﬁable closed curve v in 2 and for every polynomial P with deg P < n — 1 we have
f P(2)h(z2)dz = 0.

We w111 show that if for a holomorphic function w : Q@ — C, there exists a single valued
holomorphic function L : Q@ — C such that L+ = & then we have fv Q(z)w(z)dz = 0 for all
rectifiable closed curves v in 2 and all polynomials @) with deg @ < n.

We have (L)' = L("+1) = . By integration by parts, we obtain

/ 2"w(z)dz = / 2MdLM (2) = — / LM (2)dz" = —n / LM (2)de.

v v v v
By the induction hypothesis for the function h = L™ we have that fﬁ/ 2" h(2)dz = 0. Thus,
we proved that [ 2"w(z)dz = 0. For 0 < k < n — 1 we also have that [ Fuw(2)dz = 0
by the induction hypothesis, because w = (L) and deg(z*) < n — 1. By linearity we get,
f Q(2)w(z)dz = 0 for all polynomials ) with deg @ < n. The proof of the inductive argument
is complete
Since f has single valued primitives on 2 of any order, it follows that f7 P(2)f(z)dz = 0 for
all polynomials P.

Now, a theorem of Privalov ([I], page 137), implies the following: Let 4 be a rectifiable
Jordan curve in Q and let G denote the interior of 4. Then, the Cauchy transform F(z) =

o / C(OdC , seen as a holomorphic function on G, has the property, that for almost every
i —z

point A in § (with respect to the arc-length measure) the non-tangential limit of F'(z), when
z — A, z € G exists and is equal to f(A).
Consider a new Jordan curve ¢’ C € surrounding 5 SO that the doubly connected domain

bounded by ¢ and ¢’ is included in Q. Let H(z) = 9 / = d( ; then H is holomorphic in

the interior G’ of ¢’ and H(z) = F(z) on G. Thus, ( ) = f(z) at almost every point in 6.
By analytic continuation, the function H is a holomorphic extension on G’ of the restriction of
f on the doubly connected domain A bounded by § and ¢’. If A C T' C Q and I' is a domain,
then by analytic continuation H and f are compatible and define a single valued holomorphic
function on I' U G’. In particular, this holds for I' = 2, since Q is connected.
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Let ® C @ C Q be a finitely connected domain bounded by a finite set of disjoint rectifiable
Jordan curves. Then, according to the previous discussion, the restriction f|g has a holomorphic
extension on the simply connected envelope </f>, which is the union of ® with the bounded
components of C \ ®, which are finitely many.

It is well known that any domain 2 C C has an exhaustion by compact sets K,, n =
1,2,..., which are the closures of finitely connected domains K, bounded by finitely many
disjoint rectifiable Jordan curves. Then, f(?g = X, where X, is the component of co in the set
(CU{o0}) N\ K.

Let Y denote the component of 0o in (C U {o0}) \ €. Then, Y = €. By de Morgan rules,
we have that UI/(E = UX,‘; = (ﬂXn )C. Since K C K4, it follows that X, D X1

n n n

and {X,}°°, is a decreasing sequence of connected compact sets. Therefore, ﬂXn =Xisa

n
connected compact set.

Since X,, DY, it follows that X = ﬂXn D Y and X is a connected set containing co and

included in (C U {oo}) \ Q. Since Y is the component of co in (CU {oo}) \ Q, it follows that
X CY;hence X =Y and Q = UK;;.

Since 2 is a domain, the envelope Q is also a domain. We have proven that the restriction
f|xe has a holomorphic extension f,, on [/(\g Since K C K7, it follows X;; D X1 and KO =
X, CXpq = /n": We will show that fni1|xe = fn. This holds by analytic continuation,
because on the domain .@, both f, and f,11|xe are holomorphic extensions of f|xo. Thus,
the sequence f,, n = 1,2,..., defines a single valued holomorphic extension of f on Q. This
completes the proof.

An alternative argument would be by monodromy [5], since Q is simply connected. If o is
a curve in SAZ, starting at a point w € €2, then o is contained in K, for some m € N and the
function f,, induces a continuation of the Taylor expansion of f with center w along o. Since,
0= U I/(:OL is simply connected, by monodromy, the function f has a single valued holomorphic

n
extension on ).

For a proof of Theorem 2.1. without the use of the theorem of Privalov, see [2].
(]

Remark 2.2. Obviously, if f has a holomorphic extension F on the simply connected domain
Q then F' has single valued primitives on Q of any order. Since 2 C Q the converse of Theorem
2.1. also holds. In fact, the hypothesis and the conclusion of Theorem 2.1. are equivalent to
the fact that f7 P(2)f(z)dz = 0 for all polynomials P and all rectifiable closed curves 7y in the
domain . In addition, it is equivalent to consider only polygonal closed curves 7y in Q.

Remark 2.3. The equality fv P(2)f(z)dz = 0 for all polynomials P relates to the assumption of
the classical F. and M. Riesz theorem on the open unit disc D, where v = 0D is the unit circle.
In some sense, this condition can be rephrased as ” f has single valued primitives of any order

on OD”, because the dz - integration can be restricted to curves included in OD. Extensions of
the F. and M. Riesz theorem can be found in [3] and [4].



16 V. NESTORIDIS

Remark 2.4. Let n € {1,2,...} be fired. One can verify that if fﬁ/ P(2)f(z)dz = 0 holds for
all rectifiable closed curves v in Q0 and for all polynomials P with deg P < n — 1, then there
exists a holomorphic function L on Q such that L™ = f. Therefore, for each n € {1,2,...}, the
holomorphic function f has a single valued primitive of order n, if and only if, f7 P(2)f(z)dz=0
for all rectifiable closed curves v in Q) and for all polynomials P with deg P <n — 1.
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