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WAVELET DECOMPOSITION AND BANDWIDTH OF FUNCTIONS
DEFINED ON VECTOR SPACES OVER FINITE FIELDS

ALEX IOSEVICH, ALLEN LIU, AZITA MAYELI, AND JONATHAN PAKIANATHAN

ABSTRACT. In this paper we study how zeros of the Fourier transform of a function f : Zg —C
are related to the structure of the function itself. In particular, we introduce a notion of
bandwidth of such functions and discuss its connection with the decomposition of this function
into wavelets. Connections of these concepts with the tomography principle and the Nyquist-
Shannon sampling theorem are explored.

We examine a variety of cases such as when the Fourier transform of the characteristic
function of a set E vanishes on specific sets of points, affine subspaces, and algebraic curves.
In each of these cases, we prove properties such as equidistribution of F across various surfaces
and bounds on the size of F.

We also establish a finite field Heisenberg uncertainty principle for sets that relates their
bandwidth dimension and spatial dimension.

1. INTRODUCTION

Let E C Zg, where Zj, is the prime field of size p and Zg is the d-dimensional vector space
over Zj,. Throughout the paper we shall identify £ C Zg with its indicator function F(z) and
the size of E shall be denoted by |E|. More generally, consider f : ZZ — C and define its Fourier

transform by the relation
(1) Fm)=p@ > x(—2-m)f (=),
zeZd

2miu

where x(u) =e 7 , u € Z,.

The question we ask is, what can we say about the structure of f : Zg — C given that fis
supported in a prescribed subset of Zg. In Euclidean space questions of this type have been
studied for a long time in a variety of settings. For example, if p is a compactly supported
Borel measure on R? and i vanishes on an open ball, then p is identically 0 since it is not
difficult to see that g = [ e~ 2™ 8y (x) is real analytic. Another example is provided by the
Nyquist-Shannon sampling theorem. It says that if f € L?(R) and the Fourier transform of f,
given by f(g) =z e~ 2mwE f(g)dx, ¢ € R, vanishes outside the interval [~B, B], then f can be
recovered by sampling on discrete points f(kT),k € Z, spaced by T = 5. See [6] and [7]. For
a more modern treatment, see, for example, [§].

In the setting of vector spaces over Z,, motivated by the fact that aside from the origin, the
zero set and support set of the Fourier transform of a rational valued function is a union of
punctured lines (see [4], a punctured line is a line through the origin with the origin taken out),
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we define the bandwidth of a complex valued function as the minimum number of lines which
contain the support of its Fourier transform. We then show that this quantity determines the
minimum number of wavelets, which are defined as linear combinations of indicator functions of
a family of parallel hyperplanes, that this function decomposes into. These should be viewed as
finite field analogs of the Euclidean wavelets, first introduced by Grossmann and Morlet in [3].
The Euclidean wavelets involve dilations and translations of a fixed function. Our Zg analog is
a wavelet where the dilation structure is implicit in the dilation invariance of a subspace and
translation manifests itself in that the planes are parallel. To put it another way, the wavelet
analysis in Z, involves only one scale. In the last section of the paper we introduce wavelets
over Z,; where the multi-resolution aspect of wavelet theory is present in the form of I different
scales. A more detailed analysis shall be carried out in a subsequent paper.

Wayvelets form an interesting basis to use when studying the vector space of functions f :
Zg — C and are discussed in Section [3| In this section the decomposition of any function f into
wavelets is discussed as well as the corresponding tomography principle. It turns out that any
function f : Zg — C can be reconstructed purely from the knowledge of its masses on affine
hyperplanes. See the seminal papers [2] and [5] for a treatment of compactly supported wavelets
and related issues in Euclidean space.

We use these results to understand direct connections between the bandwidth of the Fourier
transform of the indicator function of a set and structural properties of the set itself in many
instances. We also obtain a relationship between the bandwidth dimension (defined in later
sections) of the indicator function of a set E and the formal dimension of E that is the finite
field analogue of the Heisenberg uncertainty principle.

In a final section of the paper, we study another basis for the vector space of functions
f: Zg — C given by eigenfunctions of the Fourier transform. We prove among other things,
that such an eigenfunction can be the characteristic function of a set E, only when d is even
and F is a Lagrangian subspace of Zg.

Throughout this paper, we work exclusively over prime fields Z,. There is no loss in generality
in doing this rather than working in general finite fields as we will be studying properties of
the Fourier transform which depend solely on the additive structure of the vector spaces we
work in. The vector space Fg over a finite field IF, where ¢ = p%,p a prime, will be additively

isomorphic to the vector space ng over the prime field Z,,.

2. BASIC PROPERTIES

Let us begin with a very simple case when f(m) is supported at the origin (0,...,0), which
shall henceforth be denoted by 0. Recall that with f defined as in ,

fl@) =" x(@-m)f(m) = f(0),

meZd

which shows that if fis supported at a single point, then f is constant. Remarkably we can
recover the same conclusion with a much weaker hypothesis on f provided that the image of f
is contained in @, the field of rational numbers. Before stating our first result, we need a bit of
notation. Here and throughout, if ¢ : Zg — C, then

Z(g) = {zx € ZJ : g(x) = 0}.

We also need the following notion.
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Definition 2.1. We say that A C ZZ is a compass set if given any = € Zg, there exists y € A
such that x = ty for some t € Z,,.

Theorem 2.2. Let f: Zg — Q and suppose that Z(f) is a compass set. Then f is constant.

This result is a consequence of the following general theorem discussed in [4]. Let p be a
prime, £ a primitive pth root of unity in C. The cyclotomic extension Q(§) has degree p — 1
over Q where an element of Q(£) can be written uniquely as

ag+aré+ -+ ap_2§p—2 with a; € Q.
Further powers of £ can always be reduced using the minimal polynomial relationship 1 + & 4
R )
It is well-known that the Galois group of this extension, Gal(Q(§)/Q) is isomorphic to the

multiplicative group F), where g,, the Galois automorphism corresponding to 7 € F), is the field
automorphism given by ¢,(1) =1, ¢,(§) = £". Thus for example

gr(€)=€71<j<p-1.
Theorem 2.3 (Characterization of Fourier transform of rational-valued functions). Fiz p a

prime and let {g, }rer; denote Gal(Q(£)/Q). Let f : F? — Q be a rational-valued function. Let
m € Fg\{O} be a nonzero vector. Then for all r € F), we have:

frm) = g.(f(m)).
In particular f(m) = 0 implies f(rm) = 0 for all r € . Furthermore if we choose a set
M C ]Fg such that M contains exactly one nonzero element from each line through the origin

(so |M| = Ij:%ll) and set

1 .
Ave(f) = 25> f@) € @=f(0)
to be the average of f then the map

¢ : QIFy] — @ x Q&)™
given by

15 a Q-vector space isomorphism.

Indeed, in view of Theorem and the assumption that Z (f) is a compass set, fvanishes
on all of Zg except for the origin. It follows that
fa)= 3 x(a-m)f(m)=FO)=p~" ) f(v)

mEZg YEL

for all x € ZZ. This completes the proof of Theorem

There are two major principles contained in one is the vanishing principle for rational
valued functions which says that if f (m) = 0 for some nonzero vector m, then f vanishes on
the whole punctured line (line with origin taken out) through m. The vanishing principle does
not in general hold for complex-valued functions. On the other hand, we will soon see that
[2.3] also contains the principle that the function can be recovered purely from knowledge of its
masses on affine hyperplanes. This latter principle, the tomography principle, holds for all
complex-valued functions and is the basis for a wavelet decomposition that we will discuss soon.



WAVELET DECOMPOSITION AND BANDWIDTH OVER FINITE FIELDS 83

Theorem allows us to introduce the notion of bandwidth in the context of Zg in analogy
with the Nyquist-Shannon theorem.

Definition 2.4. Suppose that f : Zg — C. We define the coarse bandwidth of f, denoted by

cbw(f), to be the number of lines [ through the origin such that fdoes not vanish identically on
the punctured line l\6 Equivalently, cbw(f) is the minimum number of lines in a cone such that
the support of f is contained in the cone. (Here a cone is a set with the property that a non-zero
multiple of any element of the set is contained in the set. We also make the convention that the

. . . . .. pd—1
cone determined by an empty set of lines consists of just the origin.) Thus 0 < cbw(f) < T

The bandwidth of f, denoted by bw(f) is defined by bw(f) = cbw(f) ;f_l and hence is a

1
number in [0, 1]. Note, the smaller the bandwidth, the smaller the support set of fis.
We define the bandwidth dimension of f in a slightly tricky way motivated by a later result
in Theorem We define the bandwidth dimension of f, denoted by bwd(f), to be the unique

real number bwd(f) € [0,d] such that cbw(f) = %. As the function f : [0,d] — [0, p:%ll]
given by f(b) = % is strictly monotonic, bwd(f) exists in [0,d] and is unique. Intuitively,

bwd(f) would be the dimension of the vector space over Z, (if such existed) that had cbw(f)
many lines in it.

We also have the following, related observation.

Corollary 2.5. Suppose that f : Zg — C. Then the (coarse) bandwidth (dimension) of f is 0
if and only if f is a constant.

This follows from the definition of bandwidth and the fact that fis equal to the delta function
if and only if f is a constant.

3. WAVELETS AND THE TOMOGRAPHY PRINCIPLE
In this section, we study functions whose Fourier transform is supported on a line.

Definition 3.1 (Wavelets). Let s be a nonzero vector and let Hy; = {z € Zg cx-s =t} for
0 <t < p—1 be the corresponding family of affine hyperplanes perpendicular to s. A linear
combination of the characteristic functions of these parallel hyperplanes:

p—1

= thle,t, where ¢; € C

t=0
will be called a wavelet in the direction of s. This wavelet will be called reduced if ¢y = 0.
The mass of a wavelet is

p—1
m(f) =p*! Z Ct-
t=0

A wavelet f will be called massless if m(f) = 0. It will be called a rational wavelet if the
¢t € Q. Finally it will be called a wavelet density if ¢; € R,¢; > 0 and it has mass 1.

Note the picture of a wavelet is of a function that consists of a superposition of a sequence
of parallel “wavefronts” (which are the parallel affine hyperplanes) where it has constant value
(signifying a general amplitude) on each of the individual waves. Thus a wavelet density is a
probability density which has uniform density on each individual wave in a set of parallel waves.
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Notice that

p—1
z :]‘Hs,t = l’
t=0

the constant function with value 1. Therefore we may always write any wavelet in the form

p—1 p—1
f= ZCtle,t = Z(Ct - Co)le,t + co,
t=0 t=1
a reduced wavelet plus a constant, or in the form
p—1
[= Z(Ct - A)lﬂs,t + A,
t=0

a massless wavelet plus a constant, where A = 2 and m = m(f) is the mass of f.
P

Theorem 3.2 (Wavelet Theorem). Let f : ZZ — C be a non constant function. Then the
following are equivalent:

a) cbw(f) =1

b) support(f) = {m e VA% f(m) # 0} is contained in a line.

c) f is a wavelet.

Proof. The first equivalence is immediate by definitions so it remains to show that Z(f) is
contained in a line if and only if f is a wavelet.

An easy computation shows that 1g, ,(m) = %1 L. where L is the line through s and the
origin. 1g,, is a translation of 1y, , and a quick computation reveals that ﬁ{:(m) = 0 when
m ¢ Lg and
X(=kt)

p

Ta., (ks) =

for0<k<p-1.

Thus all the 1, ,s have their Fourier transform supported in the line Ls and hence by linearity
so does any wavelet in the direction of s.

We now prove the converse. Take any function f whose Fourier transform f is supported on
the line Ly though the origin and s. Since the functions

{0¢(ks) = x(—kt): 0<t<p-—1}
are a complex basis for the complex valued functions on L, we may write

Fks) = 3 e XKD

t=0 p

for unique ¢; € C. By the computations in the previous paragraph, it follows that
p—1
f = Z Ct]‘Hs,t
t=0

and so we see that f is a wavelet upon using Fourier inversion. O
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Lemma 3.3. ( Wavelet Lemma ) Let f : Zg — C and let s be a nonzero vector in Zg. Then
for all 0 < k <p—1 we have

-1

S L

=0
where ms(f) = > e, , f(x) is the mass of f on the affine hyperplane Hs .

le p k:s)

Proof. By definition f(ks) = # erZg f(z)x(—kx - s). Partitioning space into the p parallel
hyperplanes H,; then yields:

p—1 _
dz Z flo ms,t_({) X(—Fkt)

t= OxEHSt t=0

which yields the lemma immediately when used together with the computation E{:(k‘s) =
@ done in the proof of the last theorem. O
Definition 3.4. Given f : Zg — C and nonzero vector s, we denote by fs, the wavelet associated
to f in the direction s, to be

Z

]‘Hs it

Note that the mass of this wavelet is

p—1
mst
X = L

ccEZ’i

The wavelet f, just defined is the unique wavelet such that f; = f on L.

Theorem 3.5. ( Wavelet Decomposition Theorem ) Let f : Zg — C be a complez-valued

function. Let Py denote the set of cbw(f) lines through the origin that contain support(f). We
have the following explicit decomposition of f into cbw(f) many wavelets fs, associated to f:

QT)ZC‘FZfs( _C+Z<stdt1 1Hst( ))

ZePf ZEPf t=0

where we choose a unique s on each line € in Py and ¢ = (1 — cbw(f))";g) is just a constant.

This sum can be rearranged into a sum of cbw(f) reduced wavelets:

n=d+ Y <Z e >1Hs,t<x>>

EGPf t=1 p

where d = ¢ + ZE»ePf mpsﬁ(lf)

cbw(f) massless wavelets:

f@)=m(f)+ > (Z praslf) = mlf) 1H5,t<x>> .

ZGPf p

is a new constant. Finally it can also be rearranged into a sum of
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Proof. Let P be the set of (punctured) lines where f does not vanish identically. We can write
f= doLe Py f |, +cd where f |1 is the restriction of f to the line L which is zero off the line L and
J is the Kronecker delta function (which is needed to take care of the overlapping contributions
of the f|1, at the origin).

By the wavelet lemma we have that f L = fs where f; is the wavelet associated to f in
the direction s for any nonzero s € L.

The theorem then follows by taking inverse Fourier transform. The values of the constants ¢
and d can be obtained by taking masses of both sides of the equation. O

Furthermore, it is not difficult to see from the results above that the decomposition into
reduced /massless wavelets is unique.
The following corollaries are immediate consequences of Theorem

Corollary 3.6. Let f : Zg — C and K be a subfield of C. Then f is K-valued if and only if
all its masses {ms(f) : s € ZL — {0},0 <t < p—1} are.

Corollary 3.7. A rational valued function f is the sum of cbw(f) many rational wavelets and
a constant. A probability density f is the sum of cbw(f) wavelet densities and a constant.

Corollary 3.8. (Tomography Principle) A function f : ZZ — C is uniquely determined by its
masses
{msa(f) s €Zl—{0},0<t<p—1}

on affine hyperplanes.

Corollary 3.9. (Wavelet Basis) Fiz p a prime, s € Zg — {0}. Let Vi be the set of wavelets
supported in the s-direction then dim(Vy) = p. Let Vi be the set of reduced wavelets supported
in the s-direction then dim(Vy) = p—1. If W is the C-vector space of C-valued functions on Zg
then W = C @ (@sepVs) where P is a compass set containing one nonzero s for every direction
and the extra factor C corresponds to the constant functions.

4. BANDWIDTH AND EQUIDISTRIBUTION THEOREMS

In general, the wavelet decompositions give us a reasonable way to explicitly classify and
construct all rational-valued functions that have a given support. A few simple consequences
of Theorem [3.5] follow.

Definition 4.1. Given a k-dimensional subspace V' of Zg we say that V' is a parallel affine

subspace if it is of the form x + V for some x € Zg. Note that there are p?~* affine subspaces
parallel to a given k-dimensional subspace and they are all disjoint.

Corollary 4.2. Let f : Zg - C. If f s supported on a subspace V', then f is constant along
each affine subspace parallel to V.

Proof. Use the wavelet decomposition of f given by Theorem As each line ¢ € Py lies in
V', the hyperplanes in the wavelets in this decomposition all contain V- and thus each can be
decomposed as a disjoint union of parallel subspaces to V. Thus f is decomposed as a constant
plus a linear combination of parallel spaces to V+ and the corollary clearly follows. ([

We next use wavelets to give a lower bound on the bandwidth of the indicator function of a
set unless the set is of a very special form.
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Theorem 4.3. Let £ C Zg. Then either E is a union of parallel lines or cbw(E) > d.

Proof. Assume for the sake of contradiction that chbw(E) < d. If the lines in the support of E are
not a basis of Zg then Supp(E) C V for some proper subspace V of Z¢. Thus the characteristic
function of E is constant on subspaces parallel to V+ by Corollary Thus E is a disjoint
union of subspaces parallel to V. As dim(V1) > 1, E is then a disjoint union of parallel lines.

Otherwise, the lines in the support of E are determined by a basis p1,ps,...,pq of Zg and
hence cbw(E) = d. Thus for every 1 <i < d,0 < j < p— 1 there exists a unique point qf € Zg
such that p; - G = and py - ;=0 for k # i. Now, using the reduced wavelet decomposition

given by Theorem
d p-1

lp(x) =d+> (O cln,, (2).
i=1 t=1
Plugging in x = q;- for any 1 < i < d and j # 0 yields lE(q;») =d+c¢;; € {0,1}. While plugging
in z = ¢ yields 1g(¢)) = d € {0,1}. Thus ¢;; € {-1,0,1} forall 1 <i <d,1 < j <p-—1.
Using the formula for

Ci:j =

Mp;,j (E) — Mp;,0 (E)
pd—l

from Theoremand the fact that 0 < m,,, ; < p%~1 we see that this forces either the equality of
all the {my, ;(E) ?;1 or that {my, ; (E)}?;é = {0,p%"!}. In the former case, E equidistributes
on the hyperplanes {H,, +} which would mean that E vanishes on the line through p; contrary
to our assumptions. Thus we have the latter case which implies that E' is a disjoint union of
parallel hyperplanes and hence also a disjoint union of parallel lines. U

Note, the bound in Theorem is actually sharp in dimension d = 2 for all values of a prime
p. For example, consider the set E of points

{(z,y) €{0,1,...,p = 1}* & +y > p} mod p.
Then 1g can be expressed as the sum of three reduced wavelets

/i i i

Z (Lpi + *1yzi - 1x+yi> .

—~\p p p

Thus cbw(E) = 3 since E is supported on the three lines through (0,1), (1,0) and (1,1).
The following general equidistribution theorem will be useful later in the paper.

Theorem 4.4. (General Equidistribution) Let f : Zg — C. Then f vanishes on a punctured
(origin taken out) k-dimensional subspace V' if and only if f equidistributes-distributes on affine
subspaces parallel to V. More precisely, my:(f) is a constant when V' ranges over affine
subspaces parallel to V*.

In particular, if E is subset such that E wvanishes on a k-dimensional subspace then |E| is a
multiple of p*. Thus if E is nonempty, |E| > p".

Proof. Set W = V- and note that support(W) = V. Then fW is supported at the origin by
assumption and so fW = ¢d where § is the Kronecker delta function and ¢ is some constant.
Using Fourier inversion we find that f x W = ¢ where x is discrete convolution. Thus for any z,

d flaty)=c

yeW
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or in other words mgw(f) is constant as 2 + W ranges over subspaces parallel to W = V.
When E is the indicator function of a set, this means E has ¢ > 1 elements in each of the p*
parallel subspaces of V+ and so |E| = ¢p* is a multiple of p* as desired. O

Now we prove a theorem about possible vanishing cones.

Theorem 4.5. Suppose that we are working in Zg and we have a set S of punctured lines
pdfk_l
p—1
a (k + 1)-dimensional subspace of Zg that does not intersect S.

through the origin with |S| < (where k is an integer with 0 < k < d). Then there exists

Proof: We will use induction on k.

For the base case, k£ = 0, it suffices to note that there are a total of ’Zl%ll lines through the
origin and thus we can choose a line that is not part of S.

For the induction step, assume that we have proved the claim for k = kg—1. When k = kg > 1,
we first find a ko-dimensional subspace, V', that does not intersect S (using the induction

hypothesis). Now there are

pt— pho _ plko _ 1
protl — pho p—1
different kg4 1-dimensional subspaces that contain V. These kg+ 1-dimensional subspaces must
d—k,
all be disjoint outside of V' since V' has dimension kq. Using the fact that |S| < £ p_ofl, we see

that there must be some k¢ + 1-dimensional subspace that does not intersect S.

4.1. Finite field Heisenberg uncertainty principle. Combining Theorem[4.4with Theorem
[4.5] we obtain the following result.

Theorem 4.6. (Finite field Heisenberg Uncertainty Principle) Let E be a nonempty set with
coarse bandwidth cbw(E) then

((p = 1)ebw(E) +1)|E| = p.

Let dim(E) = log,(|E|) be the formal dimension of E. Let ¢(E) = d — dim(E) be the formal
co-dimension of E. Then

pe—1

p—1

where the right hand quantity is the formal number of lines in a fictional vector space of dimen-
sion c. Thus

cbw(E) >

bwd(E) > ¢(F),
or, equivalently,
bwd(E) + dim(E) > d,

which means that the bandwidth dimension is bounded below by the formal co-dimension.

Proof. We find the unique integer k > 1 such that 2 kz:l_ L < cbw(E) < 1%. Now, applying

Theorem |4.5| there exists a d — k + 1-dimensional (punctured) subspace on which E vanishes.
Combining this with Theorem shows that |E| > p®**1 and therefore ((p — 1)cbw(E) +
D|B| = phpT it = pt. O

The last theorem, shows that a set E of small (spatial) dimension must have large bandwidth
dimension and vice versa. This is a direct analogue of the classical Heisenberg uncertainty
principle.
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5. FOURIER TRANSFORM ON CERTAIN ALGEBRAIC CURVES
We now explore situations where f vanishes on various algebraic varieties.

Definition 5.1. Say a function f is good if ]?is supported on the set of points (z1,z2...,2q)
satisfying 23 + 23 + ... + 22 = 0.

Theorem 5.2. Suppose that f : Zg — Q and
Z(f) ) {wEZZ:md:x%+w%+~--+a¢3_1},

the paraboloid. Then if we let f, be the function f restricted to the plane x4 = a (so f, is a
function from Zg_l to Q) then for any a,b, fo — fp is good as a function in d — 1 dimensions.

Proof. First, we claim that the set of directions determined by the paraboloid consists of all

directions except those of the form (z1,x3...,24) where x4 # 0 and 23 + 23 + -+ + xfl_l =0

(call this type 1) or x4 = 0 and z% + 23 + - -- + 22 | # 0 (call this type 2). Indeed, first if both

zq and 2% + 23 + -+ - + 22| are nonzero, the point
Tq

r1,T2 ... xd)
2 2 2 ( ? Y
i +as+--t+xy

is on the paraboloid and if both x4 and z% + 23 + - - + 22 | are zero, the point (z1,22...,%4)
itself is on the paraboloid.

Now, we apply Theorem to complete the proof. A given wavelet perpendicular to a
direction of type 2 intersects all planes x4 = a in the same way and hence contributes nothing to
any of the differences f, — fp. A given wavelet perpendicular to a direction of type 1 intersects
the planes x4 = a along d — 1-dimensional wavelets perpendicular to directions of the form
(a1,az,---aq_q) for a? + a2 +--- + a?l—l = 0. Each of these d — 1-dimensional wavelets is good
(viewed as a function over Zg_l) by Theorem Hence, any difference f, — f, is a linear
combination of good functions and hence is also good. O

The situation becomes a bit more elaborate if the paraboloid is replaced by a sphere.
In the following section, we present some properties of good functions.

Theorem 5.3. Let f: Zz — Q. Suppose that ]? vanishes on S, U Sy, where
Sa:{xGZZ:x%—i-x%:a}.

where a is a quadratic residue modulo p and b is not.
i) Suppose that p =3 mod 4. Then f is constant.
ii) Suppose that p=1 mod 4 and f(x) = E(x) where E C Zg. Let

Lt = {(t,it) : t € Zp} and L™ = {(t,—it) : t € Z},

where i = \/—1, i.e an element of Z, such that i = —1.
Then E is either a union of lines parallel to L or a union of lines parallel to L.

Prvof. This Theorem is a relatively direct consequence of Theorem [3.5] We see that thAe support
of f must be contained in the set of points such that 22 + 22 = 0. This is because if f vanishes
at x, it must vanish at any non-zero multiple of 2 by Theorem [2.3] and the zero circle is the
only set that does not intersect the multiples of elements S, U .S, with a,b as above. For part
(i), this set is empty so f must be constant. For part (ii) this set consists of Lt and L~ so we
again obtain the desired statement. O
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Theorem 5.4. Let f : ZZ — Q where d is even and p > 2. Suppose that f vanishes on Sg U Sy,
where S, is defined as above (in higher dimensions), a is a residue modulo p and b is not. Then

f is equidistributed-distributed on spheres of non-zero radius centered at an arbitrary point in
/S
P

Proof. Again we will use Theorem We see that the condition is equivalent to saying that f
is good so we can write f as the sum of a constant and a linear combination of indicator functions
of d — 1-dimensional planes of the form v-x = k with k # 0 and v-v = 0. Now for such a plane
and a point x on it,  + v is also on the plane and (x4 v) - (x +v) = z -z + 2k. This means that
each such plane is uniformly distributed across all spheres centered around the origin since we
can partition each plane into lines with one point on each sphere. Now, each sphere of nonzero
radius has the same number of points (counting with Jacobi sums shows that each sphere of

nonzero radius has p? — p%_l points) so the constant function is also equidistributed-distributed
across all spheres of nonzero radius. To complete the proof, it suffices to note that the choice
of the origin was arbitrary so we can translate it to an arbitrary point. O

6. BASIS OF EIGENFUNCTIONS OF THE FOURIER TRANSFORM

The unnormalized prime field Fourier transform can be viewed as a linear transformation
from W — W where W is the C-vector space of complex valued functions on Zg. Since

fm)=p=" Y fl@)x(=z-m)

z€Zg

with respect to the basis of delta-functions, it is given by a p? x p? Hadamard matrix H of
Butson type whose “(x,m)-entry” is x(—x - m) (see for example [I] for details).

The distinct rows (and columns) of H are orthogonal under the usual Hermitian inner product
on CP. In fact H = p%2T where T is a unitary matrix. Thus the eigenvalues of the unnor-
malized Fourier transform are complex numbers of norm p%?2 and H is unitarily diagonalizable,
i.e. there is a basis of W consisting of eigenfunctions of the (unnormalized) Fourier transform.

From this it follows that there is a basis of W using eigenfunctions of the regular (normalized)

_1_
a3+

This basis of eigenfunctions of the Fourier transform forms yet another basis for the space of
complex valued functions on Zg that is useful on occasions just as the wavelet basis is.

Our next result characterizes which indicator functions of sets are eigenfunctions of the Fourier
transform. In other words, it studies sets £ C Zg such that E(m) = AE(m) for some constant
A € C. We shall refer to such sets as self Fourier dual.

Fourier transform whose eigenvalues are complex numbers of norm ppT =

Definition 6.1. We say that a subspace L of Zg is Lagrangian if L = L*.

Note that Lagrangian subspaces only exist when d is even and have dimension %.

Theorem 6.2. Let E C Zg be a self Fourier dual set with E = \E. Then either E is the empty

set or d is even, E is a Lagrangian subspace and X = /.

p

Proof. Let E C Zg and E = AE for some A € C. If A\ = 0 then £ = 0 and so E = (). Thus we
are done in this case so assume A # 0 and E # (). In this case the support of Eis exactly the
setEandsoOEEasE(O):L%';éO.
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Since E/A = E and E? = E we have (E/)\) - (E/)\) = E/)\. Taking the inverse Fourier
transform of both sides and using that product becomes convolution we have E x EE = yAFE for
some nonzero normalization u. Given z,y € E, x + y is in the support of Fx E and hence is in
E as Ex E = puAE. Thus F is a subspace of Zg.

Finaﬁlly when FE is a subspace, the support of F is exactly E+, the perpendicular subspace.
Thus £ = AE forces E = E* in this case, i.e., F is a Lagrangian subspace of Zg. As dim(F) +
dim(E+) = d in general, Lagrangian subspaces only exist when d is even. E = \E evaluated at

0 yields % = A. The Theorem follows. U

More generally we can find eigenfunctions consisting of linear combinations of subspaces and
their perpendicular subspace:

Proposition 6.3. Let V C Zg be vector subspace of dimension k and let fi = p%_klv + 1yt

and f_ = p%_klv —1y1. Then as long as V' is not a Lagrangian subspace, fy, f— are (linearly
independent) real-valued eigenfunctions of the Fourier transform corresponding to eigenvalues
+-15.

2

Proof. Note that if V is a Lagrangian subspace then f_ = 0. Otherwise f; and f_ are nonzero
functions. .
A direct calculation shows that 1y = le‘].vj_ = pdl,k 1y,1 for any subspace V' of dimension k.

Thus we also have 1/1; = #1‘/. Then we compute:

— d 1 1 1
fr=pzF (1 L> + 1y = —f4.
+ pik VY P pd/2 +

A similar computation works for f_. O

To handle affine subspaces that do not go through the origin, we define the phase function
¢r(m) = x(—x -m) for all x,;m € Zg. Note that ¢, = ¢_,.
Proposition 6.4. Let V C ZZ be a vector subspace of dimension k and let x € Zg. Define

fr = p%_klwrx +¢_z2ly1 and f- = p%_klvﬂc — ¢_glyi. Then as long as V + x is not a
Lagrangian subspace through the origin, fi, f— are (linearly independent) eigenfunctions of the
conjugate Fourier transform (Fourier transform followed by complex conjugation) corresponding
to real eigenvalues :I:ﬁ.

Proof. Note that if V + x is a Lagrangian subspace through the origin then V + 2 = V and
f— =0. Otherwise f; and f_ are nonzero functions.

A direct calculation shows that h//:x = L)Ldl(ﬁx].vL = Iﬁ(f)xlvl for any vector subspace V' of

—_—
dimension k. By inverse Fourier transform, ¢_,11 = #lvﬂc. Then we compute:

—~ a1 1 1 2
fr=p2 <pd—k¢:clvl) + ﬁlvw = Wﬂt-
A similar computation works for f_. O

Note using the last proposition, it follows that the indicator function of any affine subspace
1y 4, can be written as a linear combination of eigenfunctions of the conjugate Fourier transform
as described in that proposition. Applying this to the wavelet decomposition of any function,



92 ALEX IOSEVICH, ALLEN LIU, AZITA MAYELI, AND JONATHAN PAKIANATHAN

we see that any function is a linear combination of eigenfunctions of the conjugate Fourier
transform of the form described in Proposition applied to hyperplanes.

7. WAVELETS OVER sz: MULTI-SCALE ANALYSIS

In order to set up wavelets in ZZ“ we need to take a brief aside to discuss the basic geometry
in this setting. Scalars in Z,; have a p-adic valuation given as follows. Let n € Z,;, a non-zero
element. Then we can write n = p/u, where v is relatively prime to p and hence is an invertible
element (unit) in Zy.. Recall that there are pt — p!~1 such units. The p-adic valuation of n,
denoted by v,(n) is the integer j in the decomposition of n. In particular, the p-adic valuation
of units is 0 and the range of v, is {0,1,2,...,1 — 1}. The p-adic norm (size) of n, denoted by
|Inl], is I%. Note that the higher the valuation, the smaller the norm and hence both identify
the "scale” at which the element resides.

We work in Zzl, the d-dimensional free module over Z,,. In this setting, the p-adic norm of

a vector v € Zzl, is denoted by
vy(v) = min v,(v;) and ||v||, = max ||v;
p(0) = min () and [Jo]l, = max [Ju,,
where v; is the ith coordinate of v.
We now define a line generated by a non-zero vector v € Zzl. These lines will have different
sizes depending on |[v]|, and will be viewed as lines at different scales.

Definition 7.1 (LINES). Given a non-zero v € ZZ“ define
ly ={av:a€Z,},

the line generated by v. If v,(v) = k, then [, is isomorphic as an additive group to Ly« and

in particular has p'~* points. We call such a line a level [ — k line. More generally we use affine
lines, which are just translates of the lines defined above.

Note that as the valuation of a vector gets larger, the number of points on the line it generates
becomes smaller. In other words, the lines at higher levels are bigger. Also observe that a general
affine line at level s is a union of p disjoint affine lines of level s — 1.

Definition 7.2 (HYPERPLANES). Given a non-zero v € ZZ“ define

d
H@:{ZCGZPZ cx-v =0},
the hyperplane through the origin perpendicular to v.

Observe that
‘Hv‘ _ pl(d—l)—&-up(fu)‘

Hence as the valuation of v, increases, the size of the hyperplanes increases. Equivalently, as
the level v increases, the size of the hyperplane decreases. One way to think about the difference
with the case of the line above is that lines and hyperplanes are dual. So if v determines a small
line, it determines a large hyperplane.

We now define wavelets in this context. We give a definition at level [ (corresponding to the
least degenerate lines) with the other levels defined analogously.

Definition 7.3. A wavelet at level [ is a function from Zzl — C whose Fourier transform is
supported at an affine line at level [.
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One can establish the following equivalence using the arguments similar to those used in the
field case.

Theorem 7.4. The function f : Zgl — C is wavelet of level | if

f(dj) = ZcilH«L(l‘)v

where {H;} is a family of parallel hyperplanes at level I. Here the level of the hyperplane is
determined by the level of the vector it is perpendicular to.

We also have the following decomposition theorem. Using the principle of inclusion-exclusion
and the arguments used in the field case, we have the following decomposition of functions into
wavelets in this context.

Theorem 7.5. Let f : Zzl — C. Then there exists a finite family of wavelets f; such that

Once again the number of wavelets depends on the support Aof ]?, or more precisely, the
minimal number of lines of level [ needed to cover the support of f. This naturally leads one to
define the level [ bandwidth of f in this way. We shall develop this theory further in the sequel.
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