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TEMPERED DISTRIBUTIONS WITH DISCRETE SUPPORT AND
SPECTRUM

S. YU. FAVOROV

ABSTRACT. We investigate properties of tempered distributions with discrete or countable
support such that their Fourier transforms are distributions with discrete or countable support
as well. We find sufficient conditions for the support of the distribution to be a finite union
of translations of a full-rank lattice. We also find conditions for a distribution to be almost
periodic.

1. INTRODUCTION
Denote by S(R?) the Schwartz space of test functions ¢ € C°°(R%) with finite norms

Ny (@) = sup{max{1, |z|"} max |Dk<p(:):)]}, n,m=0,1,2,...,
Rd Ik <m

where
d k k k.
k= (ki,...,kq) € (NU{O}D)?, ||k||=k1+- -+ kg, D :811...8303.

These norms generate the topology on S(R?). Elements of the space S*(R?) of continuous linear
functionals on S(R?) are called tempered distributions. For each tempered distribution f there
are ¢ < oo and n, m € NU {0} such that for all ¢ € S(R%)

(1) [f ()] < eNom(p)-

Moreover, this estimate is sufficient for a distribution f to belong to S*(R?) (see [23, Ch. 3]).
The Fourier transform of a tempered distribution f is defined by the equality

f(p)=f(¢) forall ¢e SRY,
where

5w) = [ ola) exp{-2ri(z ) do
Rd
is the Fourier transform of the function ¢. Note that the Fourier transform of every tempered
distribution is also a tempered distribution.

An element f € S*(R?) is called a Fourier quasicrystal if f and f are measures on R? with
closed discrete supports. In this case the support of f is called spectrum of f. These notions were
inspired by the experimental discovery made in the middle of the 80’s of non-periodic atomic
structures with diffraction patterns consisting of spots. There are a lot of papers devoted to

the investigation of properties of Fourier quasicrystals (see, for example, collections of works
[, [20], papers [3]-[18], and so on).
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We will say that a set A C R is strongly discrete if it has no finite limit points (in other
words, A is closed and discrete), and A is uniformly discrete if it has a strictly positive separating
constant

n(A) :=inf{lz — 2| : z, 2’ € A, x £ 2'}.

A complex Radon measure or tempered distribution is strongly discrete (uniformly discrete) if
its support is strongly discrete (uniformly discrete). We will call the support of the Fourier
transform of a tempered distribution f the spectrum of f as well. Following [16], we will say
that a discrete set A C R% is a set of finite type, if the set

A—A={z—2": 2,2 € A}

is strongly discrete. A set L C R% is called a full-rank lattice if L = TZ% for some nondegenerate
linear operator T on RY. The lattice L* = (T*)71Z% is called the conjugate lattice for L. A set
A is a pure crystal with respect to a full-rank lattice L if it is a finite union of cosets of L.

We begin with the following result of N. Lev and A. Olevskii [§] on quasicrystals.

Theorem 1.1. Let u be a uniformly discrete positive Fourier quasicrystal on R with uniformly
discrete spectrum. Then the support of i is a subset of a pure crystal with respect to a full-rank
lattice L, and the spectrum of p is a subset of a pure crystal with respect to the conjugate lattice
L*. In the dimension d = 1 the assertion is valid without the positivity assumption.

Several results stronger than Theorem [1.1] were obtained in [9].

Note that for all d there are Fourier quasicrystals with strongly discrete support and spectrum
such that the above assertion is not valid [11]. Also, for dimension d > 1 there are non-positive
Fourier quasicrystal with uniformly discrete support and spectrum such that their support is
not a pure crystal [4].

There is another type of result.

Theorem 1.2 (Favorov, [B]). Let u be a complex measure on R? with strongly discrete support
A of finite type such that inficp |u(x)| > 0. Let the Fourier transform be a measure i =
>_yer b(y)dy with the countable I' C R? such that

> )l =00"), r— o,
lyl<r

with some T' < 0co. Then A is a pure crystal.

Let us now go over from measures to distributions. V. Palamodov [19] obtained the following
theorem, close in spirit to Theorem[I.1]but under considerably stronger discreteness assumptions
on the support and the spectrum.

Theorem 1.3. Let f € S*(RY) be such that its support A and spectrum T' are strongly discrete
sets of finite type and, moreover, one of the differences A — A and I' — T" is uniformly discrete.
Then A is a pure crystal with respect to a lattice L and I' is a pure crystal with respect to the
conjugate lattice L*.

In the present paper we obtain two analogs of Theorem for tempered distributions.
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2. THE MAIN RESULTS

By [22], every distribution f with strongly discrete support A has the form
f= Z P\(D)dy, Pi(z)= Z paga”, x€RY pyy€C, Ky < co.
A€A Ikl <K
Here 0, means, as usual, the unit mass at the point y € R? and zF = :clfl oo gha,
Moreover, ord f = sup, deg Py < oo (see Proposition below). Therefore we will consider
distributions

(2) F=>Y" paxD", ke (Nu{op™

XEA [[K]|<m

If the Fourier transform f has a strongly discrete support I', we also have

(3) F=>"> ¢, D%, je®uU{oh®

VEL |7l <m’

We will suppose that m = ord f and m’ = ord f . Also, we will consider the case of distributions
f and f of forms and with arbitrary countable A and I'. If this is the case, we will also
say that A is the support and I" is the spectrum of f.

Denote by B(z,7) the ball in R? of radius » with the center in x, B(r) = B(0,7). By #A
denote a number of elements of the finite set A, and put na(r) = #(A N B(r)). We say that
the discrete set A is of bounded density if

sup #(AN B(x,1)) < oo.
z€R4

Clearly, every uniformly discrete set A is of bounded density, and every set A of bounded density
satisfies the condition

na(r) = 0@, r— oo,

A set A C R? is relatively dense if there is R < oo such that every ball of radius R intersects
with A.
Also, for any f of the form set

Kp(A) = sup |pakl, ps(r) = Z Kr(A).
[kl <m \=r

Clearly, if f is a measure p, then p¢(r) equals the variation |u|(B(r)) of the measure on the ball
B(r).
In our article we prove the following theorems

Theorem 2.1. Let f1, fo be tempered distributions on R¢ with strongly discrete supports Ay, Ao,
respectively, such that Ay — Ao is a strongly discrete set and

(4) /\ien/{j ki (A) >0, j=1,2.

If fl, fg are both measures with discrete supports I't, 'y, respectively, such that
(5) 3h<oo, ¢>0 suchthat |y—~'|>cmin{l,|y|™"} Vy,9 € Ly, j=1,2, v#+/,

then Ay, Ao are pure crystals with respect to a single full-rank lattice.
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The same is true if fl, fg are both purely atomic measures such that
3T <oo |AI(B() +|fl(B(r) =0(T), r— o

Corollary 2.2. Let f be a tempered distribution on R% with a discrete support A of finite type
such that infycp k(X)) > 0. If f is a measure with discrete support I' such that

(6) Jh <00, ¢>0 such that |y—+'| >cmin{l,|y|™"} Vy,9' €D, v#+/,

then A is a pure crystal.
The same is valid if f is a purely atomic measure such that

IT <o |fl(B(r) =067, r— .

Theorem 2.3. Let f1, fo be tempered distributions on R% with strongly discrete relatively dense
supports A1, Ao and strongly discrete spectrums I't, I's, let A1 — Ao be a strongly discrete set,
and let
3T <00 np,(r)+nr,(r)=00T), r— .
If conditions and
(7) sup kg (A) < oo, j=1,2,
AEA,;

are satisfied, then A1, Ao are pure crystals with respect to a single full-rank lattice.

Corollary 2.4. Let f be a tempered distribution on R% with a strongly discrete support A of
finite type and a strongly discrete spectrum I' such that

3T <00 np(r)=0(@T), r— oo

then A is a pure crystal.

We leave proofs of Theorems and until Section[6} These proofs are based on properties
of almost periodic distributions, i.e., distributions f € S*(R) such that the functions (% f)(t) =
f((- —t)) are almost periodic in t € R? for each 1) € S(R?). In Section [5| we investigate the
notion of almost periodicity and prove the following theorems.

Theorem 2.5. Let one of the following conditions for f € S*(R?) be satisfied:

i) f is a measure, 1" is strongly discrete and satisfies (@,

i) f is a measure > ver @y0y, I' is countable, and IF1(B(r)) = O(T) as r — oo,

iii) f is a measure > ver @y0y, T is strongly discrete, np(r) = O(r™) as r — oo, and g, =
O(17|™) as |7 — oo,

i) T is strongly discrete, nr(r) = O(r") as r — oo, and f satisfies with n = d,

v) f has the form @) with countable A, T is strongly discrete, np(r) = O(rT) and ps(r) =
O(r?) as r — oo,

vi) f has the form (@ with countable A, T is strongly discrete, nr(r) = O(r?) as r — oo,
kf(A) is bounded and A is of bounded density,

where T, Ty, Ty are some constants.
Then f is an almost periodic distribution.

Also, there are some converse results.
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Theorem 2.6. i) If f € S*(RY) is an almost periodic distribution with strongly discrete spectrum
T, then f 1S @ measure,

it) if f € S*(RY) is an almost periodic distribution and f is a measure such that | f|(B(r)) =
O(r™) as r — oo, then f is a purely atomic measure,

i) if A is a strongly discrete subset of R% and every f € S*(RY) with spectrum contained in
A is almost periodic, then A satisfies (@

Note that for d = 1, I' = Z + aZ part i) of Theorem and part i) of Theorem is
contained in [I8]. Also, Theorem gives another proof of almost periodicity of Guinand’s
measure from [18].

3. PRELIMINARY PROPERTIES OF DISTRIBUTIONS WITH STRONGLY DISCRETE SUPPORT

Proposition 3.1. Suppose f € S*(RY) has a strongly discrete support A. Then for some

m < o
F=>3 pwDM, ke ®Nu{op™

AEA [[k[|<m
If, in addition, the support satisfies the condition
(8) 3h <00, ¢>0 such that |A—N|>cmin{l,|X\"} VAN €A, X#N,
then
(9) dneN,C <oo such that |pyg| < Cmax{l,|A]"} Vk,VAeA.

Proof of Proposition Let A € A and € € (0,1) be such that
inf{(A=XN[: N eA N#\} >e.
Let ¢ be a function on R such that
(10) p(jzl) € C=RY),  @(|al) = 0 for [a] > 1/2,  (|z]) =1 for |2 < 1/3.
Then .
T —A
ore() = T o(ia - a2 € (R,
where, as usual, k! = ky!--- kg!. It is easily shown that
Prke) =~ Dxk-
f(@rne) = (=1)1Flp,,
Let f satisfy with some m, n. We get
T —A x— AP
Fonaall < s max( e} 3 et () 07 (0],
lz—A|<e lla+Bl|<m € :
where o, 3 € (NU {0})? and ¢(a, 3) < co. Note that
ID%(lz = A/e)] < e I*le(a)

and
0 if k; < B; for at least one j
B(r _ Nk — J J )
Dz =) { c(k, B)(x = NFP if k; > B; for all j.
Since |z — A| < 1, we get
max{1, [z|"} < 2" max{1,|A|"}.
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Taking into account that
supp ¢(|z — Al/e) C B(A, ),
we get
(11) [pAk] < > c(k, a, B) max{1, |A[*}e ¥l -lla+s1,
lla+Bll<m, 8;<k; Vi

For || k|| > m we take e — 0 and obtain py , = 0.
Next, let be true and (9) not be satisfied. Then there are k,||k|| < m, and a sequence
As — oo such that |As| > 2 for all s and

(12) log |pa, k|/log|As| = 00, 5 — o0.
Put B, = c|\s] ™" and
_ (m_/\5>k T — Ag wsk
) = T Z: ms,
By (12),

1/prgk = 0(1/|)\S|N), |[As| = 00,  for every N < oo.

Since

DY (s k() = O(1A["1)), j € (NU{0})?,  and  supp sk Nsupp by s =0, s # &,
we see that
DI(Wy(x)) = o(1/]a[N W), & — oo,
and \Ifk E S(RY).
By (8), A & B(As, c|As|™) for all A € A\ {/\ }, therefore, f(¥y) is equal to

Z Z Z ”9Hp/\7]p)\s’ Dj (s )( Z Z ”]HPAMJP Sk;DJ(@Z}sk)( 5)-

ACA [ljll<m s s |lill<m
Since D7 (1) ) (As) = 0 for j # k and D¥(1psx)(\s) = 1, we obtain the contradiction. [ ]

Remark. It follows immediately from that for all k£ such that |k|| = m we have
Ipak] < Cmax{1,|A["}. If A is uniformly discrete, then we take ¢ = const and obtain the above
inequality for all k. The last assertion was earlier proved by V. Palamodov [19].

Proposition is sharp, in a sense.
Example of a “bad” distribution. Let A C R? be an arbitrary strongly discrete set, for
which () is not satisfied. Therefore there exist sequences {\s}, {\.} C A with the properties

log [As — \L|
! D61As T Asl
As # Ag, |As| > s, Tog [\ — —00, §—» Q.

Define the measure

(13) H="paOy —0x), s =IAs— XL

For each ¢ € S(R?) we have
Pl < D Ipslle(Ne) = Al < D Ipslsup{| (2)] : @ € B(As, [N = AL = Adl-
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Since ¢'(x) = o|z| ™) for every N as |x| — oo, we see that the latter series converges. Therefore
p € S*(R?). On the other hand,

log |ps|/log|As| — o0, s — o0,

hence {ps} does not satisfy @ Also, for each T < oo the condition p,(r) = O(rT) is not
satisfied.

Next, let A € R% be a strongly discrete set such that AN A = and for each T the condition
ni(r) = O(rT) is not satisfied. Let v be a finite positive measure such that suppv = A.
Clearly, v € S*(R?). Therefore the measure p + v is a tempered distribution, and for each T
the conditions nj , (r) = O(r") and py1y(r) = O(r") are not satisfied.

4. PRELIMINARY PROPERTIES OF DISTRIBUTIONS WITH STRONGLY DISCRETE SPECTRUM

Proposition 4.1. Suppose f is a linear functional on the space S(RY) that satisfies with
some n, m, and has a strongly discrete spectrum I'. Then ord f < max{0,n — d}, and the
coefficients gy j in representation (@) satisfy the estimate

|¢,5] < C"max{1, 7|} for ||| = n —d.
For the case of a uniformly discrete I' we get
|¢y,5] < Cmax{1, |4} Vi, [lj]| <n—d.

Corollary 4.2. Suppose f is a linear functional on the space S(RY) that satisfies withn < d
and some m, and has a strongly discrete spectrum I'. Then f is a measure,

f: Z‘h(sﬂ/a |q7‘ < c’ max{l, ’7‘}m

~vel

Proof of Proposition First note that f € S$*(R%), therefore, f € 5*(R?%) as well. Let
v € I' and pick € € (0, 1) such that

inf{ly =+]: 7y €T, #9} >«
Let ¢ be the same as in the proof of Proposition Put

Y
erae) = Y oty —11/2) € SR

We have

(14) (_1)HZHQ%Z = Z Q%ij(S'y((P'y,l,s(y)) = (f’ Orie) = (fs Prie)
il <m/

Note that

Brie(@) = e 2 ()7 (—2mi) WD (- /2)) = e()e2mite (D) (ex).
Therefore,
DE () = W37 cfa, B)D 72700 | DI(DI ) (ex)
a+p=k
— Z (o, B)(=2mi)llelyee=2milem A+ UHIBN DA+ g) (ex).
a+B=k
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Since ¢ € S(RY), we get for every k, ||k| < m, and every M < oo
(15) [D¥(@y1(2))] < C(M)e™ M max(1, [} (max{1, |ex*})~".
Pick M =n. By , we have

[(f @)l < e(f) suplmax{L, |z["} max [D*(y.(2))]].
R4 [kll<m

Hence,

gyl = (£, $rae)l < C'(@)e™ M max{1, [y[™} sup [max{1, [["}(max{1, lex"}) 1.
zeR

n

Since the sup in the right-hand side of the inequality equals e, we obtain

‘Q'y,l| < max{1, "y‘m}5||l||+dfn'

If ||I]| > n — d, we take ¢ = 0 and get ¢,; = 0, hence ord f <n —d.
For ||l|| = n —d we get |¢,,;| < C"max{1, |y|™}.
If I' is uniformly discrete, we take ¢ = g9 < n(I')/2 for all v € I and obtain the bound

|40 < € "C max{1, 7|} VL U <0 —d. u

M. Kolountzakis and J. Lagarias proved in [14] that the Fourier transform of every measure
w on the line R with support of bounded density, bounded masses p({x}), and strongly dis-
crete spectrum is also a measure i = Z«/er @0, with uniformly bounded ¢,. The following

proposition generalizes this result for distributions from S*(R?).

Proposition 4.3. Suppose f € S*(R?) has the form (@ with some m and countable A, and a
strongly discrete spectrum I'. If

p(r) = O(rd+H), r—oo, H>O0,

then ord f < H. If, in addition, H is integer, then for ||j|| = H we get ¢, ;| < C' max{1,|y|"™}.
For the case of uniformly discrete I' we get

|¢v.5] < Cmax{L, [y["} vy, [ljll < H.

Corollary 4.4. If f € S*(R%) has the form (@ with some m and countable A, strongly discrete
spectrum I', and

then f is a measure, and

f: Z‘h(s'ya |Q’y| < C’max{l, ‘7|m}-
vyel

Corollary 4.5. If f € S*(R%) has the form (@ with some m, bounded k¢(\), strongly discrete
support A of bounded density, and strongly discrete spectrum I, then f is a measure, and

f: ZqW(S"/’ ’q7| < Cl max{l, ‘V‘m}
yerl’
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Proof of Proposition Let ¢4 be the same as in the proof of Proposition By
and ,
(D)Mgy s = (f, 000) =D Y par(=DIMIDF(g, (V).

ACA [[k[|<m
Using , we get

|gy] < € (m, M)e™ M maxc{1, [v]™} Y ki p(A) (max{1, [eA|M}) !
AEA
We have

S ) (max{1, A ) = pp(1/e) 46 / M dpy (1)

AEA

Pick M > d + H. Integrating by parts and using the estimate for p¢(r), we see that the
right-hand side is equal to

O(e 4=y y =My / prt)t M7t = O(e™4H)  ase — o0
1/e

Finally,
lgv4] < C"max{1, |y }elll=H.

If |I]| > H, we take ¢ — 0 and get g,; = 0, hence, m’ = ord f < H.
If H is integer, we get |g, | < C"max{l, |y|"} for ||I]| = H
If I' is uniformly discrete, we take ¢ = ¢9 < n(I')/2 for all v € I' and obtain the bound

|gy.] < g C max {1, [y|™} VIl <. u

5. ALMOST PERIODIC DISTRIBUTIONS

Recall that a continuous function g on R? is almost periodic if for any ¢ > 0 the set of
e-almost periods of g
{reR¥: sup |g(z+7) - g(z)| < &}
rER
is a relatively dense set in R%.

Almost periodic functions are uniformly bounded on R?. The class of almost periodic func-
tions is closed with respect to taking absolute values, linear combinations, and maximum, and
minimum of a finite family of almost periodic functions. A limit of a uniformly (in R?) con-
vergent sequence of almost periodic functions is also almost periodic. A typical example of
an almost periodic function is an absolutely convergent exponential sum | ¢, exp{2mi({z,wy,)}
with w, € RY (see, for example, [2]).

A measure p on R? is called almost periodic if the function

(5 )t /wx—tmt)

is almost periodic in ¢ € R? for each continuous function 1 on R% with compact support. A
distribution f € S*(R) is almost periodic if the function (¢ x f)(t) = f(¢(- — t)) is almost
periodic in ¢ € R? for each ¢ € S(RY) (see [7], [17], [18], [21]). Clearly, every almost periodic
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distribution has a relatively dense support. But there are measures that are almost periodic
tempered distributions, but are not almost periodic as measures (see [17]).

Proof of Theorem ii) Pick v € S(RY). The inverse Fourier transform of the function
Y(x —t) is (—y)e2™ W) Therefore,

(16) F( = 1)) = F@ (=) 00) = 37 g, (=9)emic,

vyel

Since P(—y) € S(RY), we get [h(—7)| < C (1, T) max{1, |y|}~7~1, therefore, the sum in (16} is
majorized by the following expression

cw. )| Y et Y el =CWJUpAD+/fJ*®AM
veT,lvI<1 vET,|v|>1 1

Integrating by parts, we obtain that the integral converges. Then the sum in ((16) converges
absolutely, and v x f is almost periodic.
Next, iii) implies ii). Indeed, since |g,| < C|y|™2 for |y| > 1, we get, after integrating by

parts,
r

pi(1) <" o0+ [ Tdne(®)| = 0T, 1 o,
1
Then i), Proposition and the Lemma below implies iii).

Lemma 5.1. If a set I' satisfies (@, then nr(r) = O(r?+D) as r — oo,

Proof of the Lemma. Consider the annuli

As={yeRy: s—1<|yl <s}, seN.

By (6)),
B(v,(c/2)s ™M) N B, (¢c/2)s") =0 for v,y € A,NT, v#+.

Hence for s such that (¢/2)s™ < 1 the sum of the volumes of the balls B(v, (¢/2)s™"), v €
AsN T, does not exceed the volume of the annulus As_1 U Ag U Ag11. Therefore we have

#(T N A,) < (s +[(26)/‘12)—8i]; 1)4 < o5t -1 O < oo,

and

< > #TnA) =00 =

s<r+1

Next, iv) and Corollary or v) and Corollary or vi) and Corollary implies iii). W
Proof of Theorem i) Let f be an almost periodic tempered distribution with a strongly

discrete spectrum I'. By Proposition the Fourier transform of f has the form . Suppose
that m’ # 0 and ¢ j # 0 for some 7' € T and j' = (ji,...,75), ||| = m/. Without loss of
generality suppose that jj # 0. Let j” = (j1 — 1,745,...,7}). Pick

11

: y—
e <y =] 7 € T and oy gre(v) = Lo )0,
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where ¢ is defined in ([10). We have

(17) f(€2m<y7t>90w’,j”,a(y)) = Z Z (_1)”qu7,ij(62ﬂi<y7t>§0'y’,j”,6(y))('7)'
yel |jlI<m/

Since

~ 0 if "or j # 45",
Dty ={ 3120 a7,

we see that expression is equal to

‘//”

(_1)”]

Here the first summand is bounded and the second one is unbounded in ¢ € R%. Hence the
function

q’y/7j//627ri<’7/7t> + (_1)”j/”q'y/,j/ji2ﬂ'it1€2m<’y,7t>-

f(@’y’,j”,e(x - t)) = f(62m<y’t>§0w’,j”,e(y))

is unbounded and not almost periodic. We obtained a contradiction, therefore, m’ = 0 and f is
a measure.

ii) Let p1 be an atomic part of the measure f Then p; has a countable support and
lu|(B(r)) = O(rT) as r — oco. By Theorem part ii), fi1(x) and, of course, the inverse
Fourier transform ji;(2) = fi1(—x) are almost periodic distributions. Hence for each ¢ € S(R%)
the function g = (f — fu1) * ¢ is almost periodic and its Fourier transform is the measure
v:=@(f — p1) such that v({y}) = 0 for all y € R%. By Lemma 2 from [5],

1 .
fm o | s <o
B(R)

where wy is the volume of the unitAball in R%. Therefore, by the Uniqueness Theorem for almost
periodic functions, g(x) =0 and f = uy.

To prove part iii) suppose that A does not satisfy @ Consider two sequences {\s}5°, {\,}3° C
A such that

As = 00, log |\, — Xs|/log|Xs| = —00, s— 00, vsi=A —Xs#0.
We can dilute the sequences such that || < 1/3,
lvs| < min{|ve_1|3/73, [vs_1]/(25 — 2)}, | As| > [Asi1| +1, s>2.

We show that the inverse Fourier transform ji of the measure p from is not an almost
periodic distribution.
Put ts = vs/(2|vs]?). Clearly, we have for j > s

2mrlts| < [vsg|TVE < fuy| T, (2Rt — 1] < 2wl )| < |3, G >,
(18)
|€27ri<)\g,t> _ 627ri<)\s,t>‘ — ’62Tl'i<l/s,ts> _ 1‘ =92,

Let
P(a) = [l ol — \),



TEMPERED DISTRIBUTIONS WITH DISCRETE SUPPORT AND SPECTRUM 77

where ¢ is defined in (10)). Since |vs| = o(1/|As|V) as s — oo for every N > 0 and supp () C
B(1/2), we see that ¥ € S*(R?). We have

(19) [y — 1)) = p(e(z)e?™ @) Z v 72 )2t o(0) 2T 0]

Taking into account the equalities () = (0) = 1 and (18], we get that for t = t, is
bounded from below by the expression

s—1 %)
- —-1/2 1
(20) 2u| 2 =2 T = Y fylVC
j=1 j=s+1
It is easy to check that
s—1
sl V2> 23 T Yl < oo
j=1 s
Therefore, tends to co as s — oo, and is unbounded on the sequence t;. Hence the
function fi(1(y — t)) is not almost periodic, and f is not an almost periodic distribution. W

6. PROOFS OF THEOREMS [2.1] AND 2.3

If Ay = A2 = A, then the condition “A — A is strongly discrete” implies that A is uniformly
discrete and n(A) > 0. In the general case, we need some additional conditions for uniform
discreteness of A1, Ay (you can see that if A; = {0} then Ay — Ag is strongly discrete for every
strongly discrete As).

Let A1, As be relatively dense sets, and let Ay # A, be points from Ay such that As — A\, — 0
as § — 00. There are R < oo and x5 € Ay such that s, \, € B(xs, R). Therefore there exist
infinitely many points of the set A; — Ag in the ball B(R), which is impossible. Hence n(As) > 0
and, similarly, n(Ay) > 0.

If f1, fo satisfy the conditions of Theorem then the almost periodicity of the distribu-
tions f1, fo follows from Theorem part i) or ii). In particular, A; and As are relatively
dense. If fi, fo satisfy the conditions of Theorem then, by Corollary we get that

o ()
fi =2 yer, & 9y are measures and

¢ = O(™), |l = oo,

for some m < co. Using part iii) of Theorem [2.5 . we obtain that both f; are almost periodic
distributions as well. Hence the sets A1, Ay are uniformly discrete both under the conditions of
Theorem [2.1 and under those of Theorem 2.3} By Proposition ord f; < 00, j =1,2.

We apply Proposition 4.3 to the measure ji(y) = fi(—y) Wlth m=0and H=T —d (we can
assume that 7' > d). Slnce the Fourier transform of fi(y) is just the tempered distribution fi,
with uniformly discrete support, we get the representation for f; with

sup  sup |pag| < oc.
MeA k] <ord f1

Put M = infyca, £y, (), and pick a number € € (0,7(A1)/5) such that

ST bkl < M/(22) VA€ AL
k][ <ord fy
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Let p(z) be a nonnegative C*°-function such that
supp - C B(e +¢%), e(x) =1 for |z <e.
Put
ore(r) = po(x)2" /K, ke (NU{0})?
Since f; is almost periodic, we see that the function g . = f1 * ¢ is almost periodic.
Fix A € A;. By (), there exists &’ such that [py | > M. Put
A={ke(NU{O: k; <kjVj=1,....d}.

For z € B(\,¢) we have

)\ — X K ’_
g () = > paxD"oy (k,) =Y par(=DWI = )M F /(8 — K.
[Ik]|<ord f1 ) keA

Therefore,
gk e()] = [paw| —& > Ipasl > M2,
kEA k£k!
Now set

he(z) = min{1,2M ' sup |gr-(2)|}.
[[El|<ord f1

Clearly, ho(z) is an almost periodic function and

he(r)=1forze | J B(\e), suwpph.C | BA\e+e?), 0<he(x)<L
AEA AEA,

Let ¢ be an arbitrary continuous function on R? with support in the ball B(n(A;)/5). Tt is
readily seen that the function ¢ % h. is almost periodic as well. Since ¢ < n(A1)/5, we see
that for each fixed ¢t € R? the support of the function (- — t) intersects with at most one ball
B(\, ¢ + £2). Therefore we get

Yxhe(t) 1 / 1 /
_ _ < _
= e B A N v he(w)ib(ar — 1)
B(Ae) B(A\e+e2)\B(\e)
wa(e +2)? — wye?
<
(21) < = sup [1(z),
and
1

(22) d / he(x)(x — t)doe — (A —t)| < sup |Y(z —t) — (X —1t)].

Wae Bine) z€B(\e)

£

It follows from and that the almost periodic functions (wge?)~'(1) % he) converge
uniformly as € — 0 to the function ¢ x da,, where 6o, = >\, dx. Hence the function ¢ x d,,
is almost periodic. It is readily seen that the same is true for every continuous function 1 on
R¢ with a compact support. A similar construction works for dp, = > AeA, OX-

Thus da,, dp, are almost periodic measures with a strongly discrete set of differences A; — As.
To finish the proof we apply the following theorem.
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Theorem 6.1 (see [4], Theorem 6). Let ju1, po be almost periodic measures on R? with countable
supports, and inf,cpa |p1(x)| > 0, infyepe |p2(x)| > 0. If the set of differences of points of
supp p1 and supp po is strongly discrete, then the supports of both measures are finite unions of
translates of a single full-rank lattice L. |
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