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ON SPACES OF HOLOMORPHIC FUNCTIONS WITH BOUNDED OR
CONTINUOUS UP TO THE BOUNDARY DERIVATIVES

D. MOSCHONAS AND V. NESTORIDIS

ABSTRACT. We consider the spaces Hg(Q2) and Ap () containing all holomorphic functions
f on an open set Q C C, such that all derivatives f), [ € F C Ny = {0,1,...}, are bounded
on §, or continuously extendable on Q, respectively. We endow these spaces with their natural
topologies and they become Fréchet spaces. We prove that the set .S of non-extendable functions
in each of these spaces is either void, or dense and Gs. We give examples where S = & or not.
Furthermore, we examine cases where F' can be replaced by F= {l €Ng:minF <l <supF},
or Fo = {l € Ng:0<1<supF} and the corresponding spaces stay unchanged.

1. INTRODUCTION

Suppose that f is a function defined on an interval I and that its derivatives f(*) and f(® are
bounded, where a and b are natural numbers, 0 < a < b. Let [ be a natural number such that
a < 1 < b and consider the derivative f). A natural question is if f) is also bounded, or more
generally what can be said about the growth of f() on I. This question has been investigated
by several mathematicians, such as Landau, Kolmogorov, Hardy, Littlewood and others; see
[14], [9], [12], [I1]. In particular, if I = R or I = (0, +00), then the boundedness of f(*) and f(®)
implies the boundedness of f), a < 1 < b ([6], [14]). It follows that if Q is an open subset of
the complex plane C which is the union of a family of open half-lines and if f is a holomorphic
function on Q such that f(® and f(® are bounded on Q, then all the intermediate derivatives
fW. @ <1< b, are also bounded on Q. For instance,  could be an open angle, or a strip, or
the union of two meeting angles, or of two meeting strips, etc.

The above consideration led us to consider the space:

HFE Q) ={f e HS) : fU is bounded on Q, for all [ € F},

where F' is an arbitrary, non-empty subset of Ng = {0,1,...} and examine whether H3*(Q2) =
H%O(Q) or not, where F = {l € Ny : min F < [ < sup F}. Indeed, if Q is a union of open half-
lines we will prove that HZ(Q) = HZ (©2). We believe that this does not hold for the general
open set, but we do not have a counter-example. Furthermore, we believe that a complete
metric can be defined on the set of all open sets {2 (contained in a disc), so that for the generic
open set Q one has Hp(Q2) # H%O(Q) The space Hp®(€2) endowed with its natural topology
is a Fréchet space and thus Baire’s Category theorem is at our disposal in order to prove some
generic results.
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In analogy to the space Hz®(§2), we consider the space:

Ap(Q) = {f € H) : f® has a continuous extension on €, for all [ € F},

where the closure is taken in C. This space endowed with its natural topology is also a Fréchet
space and Baire’s theorem can be applied again in order to prove some generic results. Moreover,
we use the completeness of these spaces and a result from [18] to prove that either every function
is extendable, or generically every function is non-extendable. We give examples where each
horn of the above dichotomy occurs.

We note that if p € Ng = {0,1,...} and F' = {0,1,...,p}, the spaces H*(Q2) and Ap(Q2) are
denoted by Hp°(2) and A,(€), respectively; these spaces have been studied extensively in [5]
and elsewhere.

Afterwards, we present another dichotomy result regarding the space H(2), proven using
a result from [21]. It states that if F' is a non-empty subset of Ng = {0,1,...}, © is an open
subset of C and I ¢ F, then either for every function f in H3* () the derivative f() is bounded,
or generically for every function f in H3°(€2) the derivative f ) is unbounded. In other words,
either H;OU{Z}(Q) = HX(Q), or HI%OU{Z}(Q) is meager in Hz°(€2). It remains open to find an
example of an open set 2 C C for which the equality Hp"(Q2) = H%O(Q) fails to hold, though
we believe that such examples exist and that this phenomenon is valid for the generic open set
Q). We also prove that for any unbounded open set {2 and any non-empty F' C Ny, generically
for every function f in Ap(Q) all derivatives f), I € Ny, are unbounded.

Finally, in the last section we provide a stronger result about the space Hp°(€2); we broaden
the class of all open sets 2 C C for which the equality H(Q2) = H%O(Q) holds, where F' C

Ny ={0,1,...} is non-empty and F = {l € Ng: min F' < I < sup F'}. More precisely, the above
holds for all open sets {2 which are equal to the union of a family of segments whose length is
uniformly far away from zero. Additionally, we present a candidate for an open set {2 which
may render the previous equality invalid.

A preliminary version of the present article can be found in [15].

2. THE SPACES Hp°(2) AND Ap(£2)

If  C Cis a domain then H*(Q) is the space of bounded holomorphic functions on 2. This
space endowed with the supremum norm becomes a Banach space. Let FF C Ny = {0,1,...} be
a non-empty set. We wish to consider the space Hg°(2) containing all holomorphic functions
f on Q whose derivatives f() belong to H>(Q) for all I € F. Namely:

HE(Q) ={f e HQ): fU e H®(Q), for all | € F}.
We define a natural topology on this space via the seminorms:
sup }f(l)(z)‘ , forl € F and ’f(l)(zo)‘ , for 0 <1 < min F,
z€Q)

where zy is an arbitrary, yet fixed point in Q. We will show that Hp"(€2) is a complete metric
space, hence a Fréchet space. In fact, if F' is finite it is a Banach space. In any case, Baire’s
theorem is at our disposal.

For the proof we need the following propositions:

Proposition 2.1. Let 2 C C be a domain and zy be a fized point in Q. Also, let fp,, f, n € N,
be holomorphic functions on Q such that f) — f' uniformly on compact subsets of Q and
fn(z0) = f(20). Then, f, — f uniformly on compact subsets of Q2.



46 D. MOSCHONAS AND V. NESTORIDIS

Proof. Let D(z,r) be a disc such that D(z,r) C Q. If f,(z) — f(2), then by writing:

ﬂmzf@wi/fwmc
[

z,w)

for all w € D(z,r), one can easily show that f, — f uniformly on D(z,r). Therefore, the set
G ={z€Q: fu(z) = f(2)} can easily seen to be open and closed in . In addition, it is
non-empty because zp € G by the hypothesis. Since 2 is connected, it follows that G = Q
and thus the convergence f,, — f is uniform on every closed disc contained in 2. Since every
compact subset of 2 can be covered by a finite union of such discs, we conclude that f, — f
uniformly on compact subsets of 2. =

One can also easily see that the following corollary holds using the fact that:

mazguw+u/¢@m<
[20,2]

for all holomorphic functions g on 2 on any bounded convex domain €2 and any zg, z € €.

Corollary 2.2. Let Q C C be a bounded convex domain and zg be a fized point in . Also, let
fn, [ n €N, be holomorphic functions on Q such that f), — f' uniformly on Q and fn(z0) —
f(z0). Then, fn, — f uniformly on Q.

Proposition 2.3. Let Q C C be a domain and zy be a fized point in . Also, let (fn)n be a
sequence of holomorphic functions on € such that the sequence (f) ), is uniformly Cauchy on
compact subsets of Q0 and the sequence (fn(ZO))n is Cauchy. Then, there exists a holomorphic
function f on Q such that f,, — f uniformly on compact subsets of 2.

Proof. Let g(z) = lim f](z), where the convergence is uniform on every compact subset of
Q. If we show that g has a primitive f on €2, then by adding a constant we can obtain
f(z0) = lim f,,(20). Then, Proposition yields the result. Therefore, it remains to prove that
g has a primitive on €2, even though €2 is not assumed to be simply connected. It suffices to
show that:

[ sic=o.
Y

for all closed polygonal curves v in Q (see [I]). Let v be such a curve. Since f], — g uniformly
on the compact set v and v is a closed curve, it follows that:

[ o©ic=1m [ 1icpic 0. m
v v
A combination of Propositions and easily implies the following:
Theorem 2.4. Let 2 C C be a domain and F C Ny be a non-empty set. Then, the space

H(Q) endowed with its natural topology is a Fréchet space.
Proof. Let (f,)n be a Cauchy sequence in Hz°(€2). Then, ( fg))n is uniformly Cauchy on €2 for
all [ € F and ( f7(ll) (zo))n is a Cauchy sequence for all [ satisfying 0 < [ < min F. Therefore,

every ( fr(f))n converges uniformly on 2 towards some function g; holomorphic on €2, where
l € F. Firstly, we cover the case of all indices [ satisfying 0 < I < min F', assuming that
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min F' > 0. Pick ¢ = min F', then f,(la) — ¢ uniformly on £ and ( ,S“ )(zo))n is a Cauchy

sequence. By Proposition we have that ( ,S“‘”)n converges uniformly on compact subsets

of Q towards some function h which is holomorphic on . By Weierstrass’s theorem, we have
that fr(la) — h/ uniformly on compact subsets of Q, therefore h’ = g,. Also, féa_l)(z(]) — h(zp).
By a finite induction argument we obtain the existence of a function f holomorphic on 2 such
that f(@ = g,. Thus, ff(fz) — f(@ uniformly on Q and fT(LZ)(zo) — f(z) for 0 <1 < min F. By
applying Weierstrass’s theorem again, we have that f,gl) — £ uniformly on compact subsets of
Q for all [ > min F. But if [ € F', this convergence is uniform on all of {2, because by assumption
the sequence ( f,gl))n is uniformly Cauchy on 2. Hence, f,,(ll) — £ uniformly on Q for all | € F.
In the simpler case where min F' = 0, the result follows by using the same arguments, without
the use of Proposition The fact that f € Hp(f2) is easily obtained since each derivative
fW. 1 e F, is the uniform limit of bounded functions. This shows that f, — f in the topology
of H*(2). m

We now turn our attention to the second space at hand. If Q C Cis a domain then A(£2) is the
space of holomorphic functions on {2 possessing a continuous extension on €2, where the closure
is taken in C. If © is bounded, then this space endowed with the supremum norm becomes a
Banach space. If Q is unbounded, then the topology of A(€2) is defined by the seminorms:

sup |f(z)], for n € N,
z€Q

|z|<n
and then it is a Fréchet space. Let FF C Ny = {0, 1, ...} be a non-empty set. We wish to consider
the space Ap(€2) containing all holomorphic functions f on §2 whose derivatives f () belong to
A(Q) for all [ € F. Namely:
Ap(Q) ={f e HR): fU e AQ), forall | € F}.
The natural topology of Ar(£2) is the one defined by the seminorms:

sup ’f(l)(z)‘ ,forle F, neN and ‘f(l)(zo)
2€Q

lz|<n

, for 0 <! < min F,

where zg is an arbitrary, yet fixed point in . We will show that Ar(Q) is a complete metric
space, hence a Fréchet space. In fact, if Q0 is bounded and F' is finite it is a Banach space. Thus,
Baire’s Theorem can be applied once again.

Theorem 2.5. Let 2 C C be a domain and F C Ny be a non-empty set. Then, the space
Ar(Q) endowed with its natural topology is a Fréchet space.

The proof of the above theorem is omitted, it is essentially identical to that of Theorem
The reasoning exhibited in that proof works here as well.

We proceed to the setting of general open sets. Let € C C be a (possibly non-connected)
open set. Then, € has countably many connected components €2;, ¢ € I, that is I is either
finite, or I = N. For every i € I we fix a point z; in ;. Let F* C Ny = {0, 1,...} be a non-empty
set. We consider the spaces:

HEQ) ={fe HQ): fO e H®(Q), for all l € F}
and
Ap(Q)={f e HQ): fO e AQ), for all | € F}.
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The topology of Hp®(£2) is induced by the seminorms:

sug ‘f(l)(z) , forle ' and ‘f(l)(zi)
ze

, for0<I<minF, i €l

The topology of Ar(£2) is induced by the seminorms:
sup ‘f(l) (2) FO(z)

zeQ)

|z|<n

, forle F, ne N and ,for0<I<minF, i €I

By applying the previous results of this section regarding domains to each connected component
of the open set €, we deduce that Hp°(€2) and Ap(Q2) are Fréchet spaces; the proofs of these
assertions are similar to the ones in the case where {2 was a domain, only with some minor
modifications. Therefore, Theorems [2.4] and [2.5] extend to the case of non-connected open sets
Q. Also, Baire’s theorem can be applied.

Theorem 2.6. Let €2 C C be an open set and F' C Ny be a non-empty set. Then, the space
H () endowed with its natural topology is a Fréchet space.

Theorem 2.7. Let 2 C C be an open set and F C Ny be a non-empty set. Then, the space
Apr(Q) endowed with its natural topology is a Fréchet space.

3. ON Hp°(§2) FOR Q2 OPEN AND CONVEX

In this section, we are interested in open, convex sets {2 C C and we prove some results
regarding the space Hg®(€2), where ' C Ny = {0, 1, ...} is a non-empty set. In particular, we will
show that if © is unbounded then Hp®(Q2) = H%O(Q), where = {l € Ny : min F < I < sup F}
and if 2 is bounded then H(Q) = HZ(Q) = H%Z(Q), where Fy = {l € Ng: 0 < <sup F}. In
this section we will also give similar results about two other types of open sets, unions of open
half-lines and simply connected domains with finite interior diameter.

We start by presenting the following lemma of geometric nature. Results of similar type, as
well as their inverses, are investigated in [16], [2], [3], [10] and [4]. The proof we provide is quite
elementary:

Lemma 3.1. Let Q C C be an open set. If Q is unbounded and convex, then it is the union of
open half-lines.

Proof. Fix a point p in €. Since € is unbounded, there exists a sequence (z, )y, of points in
such that 0 < |z, — p| = +o0. Let hy, = |Z:§\’ then |hy| = 1 for all n € N. That is, every
h,, belongs to the compact set St = {z € C : |z| = 1}, therefore we can extract a convergent
subsequence (A, )n of (hy)n. Let h =lim hy, € S'. We will show that p +th € Q for all t > 0.
Indeed, let ¢ > 0. Since |z, — p| — +oo, for large enough n we have that |z, — p| > 2t and

therefore 0 < —2t— < 1. Since p € Q, 2z, € Q for all n € N and Q is convex, we deduce that:

|21y, =D
2 2
v, = (1_>p+zkn co
|2k, — Pl B

for large enough n. Observe that:

Rk, — D
|2k, — Dl
Therefore, w, — 2th — p and thus 2p + 2th — w, — p, as n — 4oc0. Since p € ) and () is an
open set, we deduce that 2p + 2th — w, € € for large enough n. So far we have showed that

wp =p+ 2t = p+ 2thg, — p+ 2th, as n — +o0.
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wy, € ) and that 2p + 2th — w, € () for large enough n. For these points, the convexity of {2
implies the following:

1 1
§wn+§(2p+2th—wn):p+theﬁ.

Thus, the closed half-line {p + th : t > 0} is contained in €. In order to find an open half-line
contained in €2, we pick r > 0 sufficiently small so that the disc D(p,r) is contained in 2. Then,
by extending the closed half-line {p + th : ¢t > 0} towards the point p by an open line segment
of length r, we conclude that the open half-line {p + th : t > —r}, which is parallel to h, is
contained in €. This completes the proof. m

Next, we present an interpolation inequality involving derivatives of functions of one real
variable, which gave us the motivation for Lemma we refer to [14]:

Theorem 3.2 (Landau-Kolmogorov inequality). Let f be a function defined on I, where I = R
or I = (0,+00), taking real or complex values. Assume that f is n-times differentiable on I and
let:

)

My, = sup | ®(z)
xel

for k=0,1,...,n. If both My and M, are finite, then the following bounds are valid:
My < C(n, k,I) - My ™. pk/m,
fork=1,...,n—1, where 0 < C(n,k,I) < 400 are constants dependent only on n,k and I.

It follows that if f and f(™ are bounded, then all the intermediate derivatives f*), k =
1,...,n—1, are bounded as well. Clearly, such an inequality holds for functions defined on any
open unbounded interval, when comparing derivatives of any order. The constants mentioned
above are sharp and depend on I only in the following sense: C(n,k,R) and C(n,k, (0, +00))
are different, but in each case they depend only on n and k. So from now on we will denote
them simply by C(n, k), since their dependency on [ is of no true significance. We also note
that we shall make use of this inequality in the simpler form

My < C(n, k) - max{Mo, M, },

for k=1,...,n — 1, which we easily derive from the previous one.

We make some additional remarks for the interested reader. Each C(n, k) lies between 1 and
5 and can be expressed in terms of some series of numbers; these results, among others, are due
to Kolmogorov, see [14] for details as well as bounds, estimates and results on the asymptotic
behaviour of C(n, k). Most of the literature surrounding this inequality is concerned with the
study of C'(n, k), finding an explicit formula for them and describing the extremizing functions
of the inequality; see [20] for an example of such a work. Also, similar inequalities are valid for
other norms. None of these facts are relevant as far as our purposes are concerned.

Inspired by Theorem [3.2] we are now ready to prove the following:

Theorem 3.3. Let Q2 C C be an open set, which is the union of open half-lines and F C Ny be
a non-empty set. Then, HF(Q) = H%O(Q) as sets and as topological spaces, where F = {l €
Np:min F < [ < sup F'}.

Proof. Clearly, H%O(Q) C H(Q). For the inverse inclusion, let f € Hz°(Q2). Fix any point w

in €2, then there exists an open half-line L contained entirely in €2 on which the point w lies.
We can identify L with the interval [ := (—&,400) for any fixed £ > 0; that is, I will serve
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as a parametrization of L. Choose h € C parallel to L with |h| = 1. Consider the function
g : I — C defined by ¢(t) = f(w + th). Since f is holomorphic on 2, g is of class C* on [
and g®)(t) = f®)(w +th) - h* for all t € I and k € Ny. Therefore, |¢g*)(0)| = |f*) (w)| for all
k € Ny, since |h| = 1. Observe that:

M, := sup )g(k) (x)| = sup ’f(k)
zel zeL

for all k € Ng. We will show that f € H%O(Q) To this end, we pick [ € F and we will show

that f) € H>®(Q). If | € F we have nothing to prove, so assume that | ¢ F. Next, pick
any aj,as € F such that a; < | < ag; for instance, choose a; = max{n € F : n < [} and
as = min{n € F : n > [}. We have that f(¢) and f(%2) are bounded on Q, thus they are also
bounded on L C Q. Consequently, ¢®) and ¢(?2) are bounded on I, that is M,, < +oo0 and
M,, < +o00. By invoking Theorem we obtain the existence of some constants C(az — a1, k)
satisfying:

Mk < C(a2 —a, k‘) . max{Mal,Ma2},

for all £k € N such that a; < k < ag. Since a1 < I < ao, it follows that M; < 400 which means
that ¢ is also bounded on I. Hence:

[FOw)| = g0 (O)] < Mi < Claz = ar, 1) - max{Ma,, My}
and for j = a1, ao we have that:

M,,; = sup ‘f %)(z)| < sup ‘f(“f)(z)‘ < +00.
z€L z€Q
The last two inequalities combined imply that:

FO )| < Claz = a1, 1) - max {sup £ (z)

z€Q

a0}

zeQ

from which we obtain the following:

sup [F0(2)| < Claz = a, 1) - max {sup e z)
2€Q z€Q

,Sup ‘f(““’) ‘} < +00.
z€Q)
Hence, f% is bounded on Q and [ € F was arbitrary. This implies that f € H%O(Q), thus
H¥ () C H%O(Q) and the set equality H(2) = H%O(Q) is thereby established.

It remains to show that the corresponding topologies coincide as well. Since ) is an open
set, it has a countable number of connected components €2;, ¢ € I, that is I is countable. After
fixing points z; in each ; the space H%O(Q) is topologized via the seminorms:

2)|, forl € F and ’f(l)(zi) ,for0<I<minF, iel.

sup ’ FO
2€Q

Since F C F and min F = min F, the topology of H%O(Q) is induced by the same seminorms,
in addition to the following ones:

,forlEﬁ\F,

sup |10 (z)
z2€Q
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for which we gave the following bounds:

sup’f ‘ C(az — a1,l) - max {sup‘f(al)
z€Q z€E€SQ

, Sup ‘f “2)(z ‘}
z€Q

where a1,as € F such that a; <l < as. Thus, every seminorm from one topology is bounded
by some seminorm from the other topology, meaning that each topology is finer than the other.
It follows that these topologies are indeed the same, completing the proof. m

Remark 3.4. Another proof of the equivalence of these topologies can be given by using the
Open Mapping theorem for Fréchet spaces, since the identity map I : H%O(Q) — H¥(Q) is a
continuous bijection, hence an isomorphism.

Remark 3.5. The result obtained in Theorem [3.3]is best possible in the sense that we cannot

obtain the same result for larger F. For example, consider the function f: Q ={z€ C:0 <
Imz < 1} — C defined by f(z) = z. Then, f € H{l}( ) but f ¢ Hg 1}(Q)

If Q C C is an unbounded convex domain, then by Lemma it is the union of open half-
lines. As a consequence, Theorem is valid for such a domain €. Therefore, we combine
Lemma [3.1] and Theorem [3.3] and obtaln the following:

Theorem 3.6. Let Q C C be an unbounded convex domain and F~§ No be a non-empty set.
Then, H(Q) = HZ(Q) as sets and as topological spaces, where I = {leNg:minF <1<
sup F'}.

We proceed to the setting of bounded convex domains and begin with an elementary obser-
vation. Let €2 C C be a bounded convex domain and f be a bounded holomorphic function on
Q. Using the convexity and boundedness of €}, it is easy to see that the primitive:

9= [ 10
(a,7]

of f is Lipschitz continuous on 2, where a is an arbitrary, yet fixed point in ) determining the
path of integration. Thus, F' is uniformly continuous on €2 which implies that F' is continuously
extendable on the compact set Q. This in turn implies that F is bounded on . Since every
other primitive of f differs from F' only by a constant, we deduce that every primitive of f is
bounded and uniformly continuous on 2.

By making use of these statements, we prove the following;:

Theorem 3.7. Let 2 C C be a bounded convex domain and F' C No be a non-empty set. Then,
Hp(Q) = H%O(Q) as sets and as topological spaces, where Fy ={l € Ng:0 <1 <supF}.
0

Proof. Clearly, H%O(Q) C H(Q). For the inverse inclusion, let f € Hp(£2). We will show that
0

f € HX(Q). To this end, we pick an [ € Fy and we will show that fO) € H®(Q). If | € F
we have nothing to prove, so assume that [ ¢ F. Next, pick any a € F such that a > [; for
instance, choose a = min{n € F': n > [}. We have that 1@ is bounded on Q and by integrating
the bounded function f(® repeatedly we deduce that f® is also bounded on €; this follows
from the earlier discussion. Hence f) is bounded on  and [ € F, was arbitrary. This implies
that f € H%Z’(Q), thus Hp(Q2) C H%E(Q) and the set equality Hp®(2) = H%‘;(Q) is thereby
established.



52 D. MOSCHONAS AND V. NESTORIDIS

It remains to show that the corresponding topologies coincide as well. Since €2 is a domain,
for a fixed point zp in Q the space Hp°(Q2) is topologized via the seminorms:

sup |10(2)

z€Q

, for 0 <! < minF,

, forl e F and ‘f(l)(zo)

while the topology of H%O(Q) is induced by the seminorms:
0

sup ‘f(l)(z) , for | € Fy.

z€Q

Clearly, every seminorm from the first topology is bounded by some seminorm from the second
topology. Hence, the topology of H%O(Q) is finer than the topology of H(€2). For the inverse
0

inclusion, pick a sequence (fy,), in Hp(2) and an f € Hp°(Q2) such that f, — f in the topology
of H*(€2). In order to show that f, — f in the topology of H%O(Q), it suffices to prove that
0

fT(Ll) — f uniformly on € for all [ € FVO. This is already true for [ € F', which leaves the case
where | ¢ F. If [ < min F', then use Corollary for (féb))n and f® where b = min F, to
obtain the result. If / > min F', then choose b = min{n € F': n > [} and use the same reasoning,
after using Weierstrass’s theorem to guarantee that fT(Lbfl) (z0) = O (z). It follows that these
topologies are indeed the same, completing the proof. =

Remark 3.8. Another proof of the equivalence of these topologies can be given by using the
Open Mapping theorem for Fréchet spaces.

Remark 3.9. In [19], see also [13], a Jordan domain © C C has been constructed, supporting

a bounded holomorphic function g, so that its primitive G is unbounded. Thus, for this domain

(2, the spaces Hz°(€2) and H%O(Q) are different for some non-empty set F' C Ny such that 0 ¢ F
0

and 1 € F. This is certainly true for F = {1} and F = {0,1}.

Suppose that 2 C C is a simply connected domain for which a constant 0 < M < 400 exists
with the property that any two points p,q € €2 can be joined by a rectifiable curve 7, , in
with length bounded by M (then, 2 is bounded with diam(§2) < M). Equivalently, © has finite
interior diameter:

diam;(Q) = sup  inf length(y) < 400,
p,aeQ YEl(p9)
where I'(p, q) is the set of all rectifiable curves in € joining the points p and ¢q. Examples of
such sets () are given by convex or star-like bounded domains and many others. Then, Theorem
is still valid for such a domain 2, because if f is a bounded holomorphic function on (2,
its primitive F' is bounded by M - sup|f(z)| + |F(z0)|, where zp is a fixed point in 2. This
z€Q

condition has been used in [19]. More recently, it has been proven in [22] that this condition
is necessary and sufficient for a simply connected domain €2, in order for the primitive of any
bounded holomorphic function on €2 to be also bounded; this condition is equivalent to the
boundedness of the integration operator.

This discussion furnishes the proof for the following:

Theorem 3.10. Let Q2 C C be a simply connected domain with finite interior diameter and
F C Ny be a non-empty set. Then, Hp*(Q?) = H%O(Q) as sets and as topological spaces, where
0

Fo={leNy:0<I<supF}.
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We close this section with some remarks about Lemma [3.1}

Remark 3.11. The result obtained in Lemma [3.1| can be strengthened in the following sense:
if 2 C C is an open, unbounded, convex set, then it is the union of open half-lines which are
parallel to each other. Indeed, pick p, (zn)n, (hn)n as in the proof of Lemma let h = lim hy,,
for some subsequence (hy,, )n of (hy), and construct the open half-line L, = {p+th :t > —ri}
for some r; > 0 such that L, ; C €. This half-line is contained in €2, passes through the point

p and is parallel to h. Now, pick any point ¢ in 2. Since z,, — oo, we have that z, # ¢ for all
Zkn—4
N

but finitely many n € N. Considering the sequence d,, = for large enough n, we have

that d,, — h, since a short calculation shows that:

2l — 2l —
kn, — D k”q—>0

By — dy = - .
T e —pl ok, —

Hence, the open half-line L, = {qg+th : t > —ry} for a sufficiently small ro > 0 is contained
in ), passes through point ¢ and is parallel to h.

This means that h can be thought of as a direction of the set 2. Also, if we consider the set
of all open half-lines contained in €} emanating from a fixed point p, then this set defines, in
general, an open cone contained in ) with a certain angle 6. The only exception is the case of an
open strip, where the above set contains only two opposite half-lines. Clearly, 6 is independent
of the choice of the starting point p. If 6 is greater than 180°, then 2 = C and if § = 180°, then
) is a open half-plane. If 4 is less than 180°, not much can be said about the geometry of €2; it
could be an open strip, the interior of an angle, the interior of a parabola or the interior of the
branch of a hyperbola etc.

Remark 3.12. The inverse of Lemma [3.1] does not hold, an open set @ C C which is the union
of open half-lines is certainly unbounded, but not necessarily convex (not even star-like), even
if Q is assumed to be connected; this fact is illustrated by picking Q@ = {z € C: |z| > 1}.

Furthermore, Lemma 3.1 and Remark [3.11] are also valid for any open, unbounded, convex set
Q CR? or C%, d € N, since the unit sphere is compact in each case. However, the compactness
of the unit sphere, which is equivalent to the finiteness of the dimension of the ambient space,
is essential for Lemma [3.1] and Remark to hold, since neither of these statements is true
in general if such an §2 is a subset of an infinite-dimensional normed vector space. In fact, a
convex subset of a normed vector space X contains a half-line (ray) if and only if the dimension
of X is finite; see [16], [2], [3], [10] and [4]. We will neither concern ourselves with these type of
results in this paper, nor will we provide counter-examples.

Remark 3.13. If Q C C is a closed, unbounded, convex set, then it is the union of closed
half-lines, since by repeating the proof of Lemma and replacing 2t with ¢, we have that
wy € ) for large enough n and that w, — p + th, thus p + th € Q by the closedness of 2.
Clearly, the last step of that proof cannot be repeated when dealing with boundary points of
Q, though it can be repeated for its interior points. Thus, for any point p € €2 we can find a
closed half-line entirely contained in 2, containing the point p, and if p is an interior point of
), then the half-line can be chosen to be open. However, if € is assumed neither open, nor
closed, then Lemma does not hold in general; for instance, let Q be the strip {z € C: 0 <
Imz < 1} U {0} which has 0 as a boundary point, but no half-line entirely contained in € exists
containing 0. In light of this remark, one can easily formulate results analogous to Lemma (3.1
and Remarks and for closed, unbounded, convex sets.
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4. ON Ap(Q2) FOR 2 OPEN AND CONVEX

In this section, we prove that analogues of Theorems [3.6] and [3.7] are valid for the space
Ap(Q), where FF C Ny = {0,1,...} is a non-empty set and Q is a convex domain. One would
expect that Ap(Q) = Az(Q) when 2 is unbounded and F={leNy:mnF <l <supF}
and that Ap(Q2) = A (©2) when € is bounded and Fo={leNy:0<1<supF}. We will
will actually show that Ap(Q2) = Ax(Q2) = Ap (©2) for any convex domain © C C, regardless of
whether (2 is bounded or unbounded.

Theorem 4.1. Let Q C C be a conver domain (bounded or unbounded) and F C Ny be a
non-empty set. Then, Ap(Q) = Ap, () as sets and as topological spaces, where Fo = {l € Ny :
0<I<supF}.

Proof. Clearly Ag (©2) € Ap(Q2). For the inverse inclusion, let f € Ap(Q2). We will show

that f € Az (€2). To this end, we pick | € Fy and we will show that f@ € A(Q). Ifl € F
we have nothing to prove, so assume that [ ¢ F. Next, ple any a € F such that a > [; for
instance, choose @ = min{n € F : n > [}. We have that £(@ is continuously extendable on
Q. If Q is bounded, then Q is compact and thus f(® is bounded on Q. The result follows
from the discussion preceding Theorem W is continuously extendable on Q. If Q is
unbounded, we work in a similar way but only locally. Fix any point ¢ € 92 and consider the
set Q, = QN D((,r), for any fixed r > 0. Since f (@) is continuously extendable on €, it is also
continuously extendable on the compact set €, and thus f(®) is bounded on the bounded convex
domain €,. The result follows from the previous case, that is f(!) is continuously extendable on
Q, and thus extends continuously at point ¢ which was arbitrary and belongs to €, , where the
interior is relative to Q. Hence, f®) is continuously extendable on © and [ € Fy was arbitrary.
This implies that f € Ag (22), thus Ap(Q2) € Ag (€2) and the set equality Ap(Q2) = Ap (Q) is
thereby established.

It remains to show that the corresponding topologies coincide as well. This can be done by
hand by showing that they have the same convergent sequences, after comparing the seminorms
in both topologies. However, it is shorter to consider the identity map I : Axz(Q) — Ap(Q),
which is a continuous bijection among two Fréchet spaces, hence an isomorphism. The proof is
complete. =

Remark 4.2. For the Jordan domain 2 C C mentioned in Remark we have that the
function g constructed in [19] is continuously extendable on 2, but its primitive G is not, since
G is unbounded on Q and § is compact. Thus, for this domain €, the spaces Ap(2) and A 7 ()
are different for some non-empty set F' C Ny such that 0 ¢ F' and 1 € F. This is certainly true
for F = {1} and Fy = {0,1}.

5. NON-EXTENDABILITY IN Hp®(§2) AND Ap(£2)

In this section, we deal with the notion of non-extendability of holomorphic functions in the
spaces Hp° () and Ap(Q2), where Q C C is an open set and F' C Ny = {0, 1,...} is a non-empty
set.

We give the following preliminary definition:

Definition 5.1. Let Q C C be an open set and f : 2 — C be a holomorphic function. We say
that f is extendable (in the sense of Riemann surfaces) if there exist two open discs D; and
Dy, such that Do NQ # @, DoNQ° # @ and D1 € D1 € Dy NQ and a (bounded) holomorphic
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function F' : Dy — C, such that F|p, = f|p,. Otherwise, we say that f is non-extendable, or
that it is holomorphic exactly on 2.

Remark 5.2. The reason for which F' can be chosen to be bounded is that, if needed, we can
replace the disc Dy by another disc D!, compactly contained in Dy, that is D, C Dy, such that
Dy C DyN Q. Also, in Definition one can replace Dy with any non-empty domain U C C
satisfying U NQ # @ and U NQ° # & and replace D1 with a connected component V of U N,
resulting in an equivalent definition of extendability; see [I8] for a proof of this fact.

The next theorem can be found in [18], proven using Baire’s and Montel’s theorems:

Theorem 5.3. Let Q C C be an open set and H(Q)) be the set of holomorphic functions on
Q. Also, let X(Q2) C H(Q) be a topological vector space endowed with the usual operations
+, -, whose topology is induced by a complete metric. Suppose that the convergence fr, — f in
X (Q) implies the pointwise convergence fn(z) — f(z), for all z € Q. Then, there exists an
F € X () which is non-extendable, if and only if, for any two discs D1 and Dy as in Definition
there exists a function Fp, p, € X () so that the restriction Fp, p,|p, on D does not
possess a (bounded) holomorphic extension on Dso. If the previous assumptions hold, then the
set S =S(X(Q)) ={f € X(Q): f is non-extendable} is a dense and G5 subset of X ().

Corollary 5.4. The set S(X()) from Theorem [5.5 is always a Gs subset of X(Q), because
either S(X(2)) = @, or S(X(2)) # @ and then it is dense and Gs from the previous theorem.

An immediate corollary of Proposition [2.1] is the following:

Proposition 5.5. Let  C C be an open set and F C Ny be a non-empty set. Also, let f,, f,
n € N, be holomorphic functions on . If either:

(i) fn, f € HPX(Q) for n € N and f, — f in the topology of HX(S2), or

(ii) fn, f € Ap(Q) forn € N and f,, — f in the topology of Arp(Q2),

then f, — f uniformly on compact subsets of 2, hence f, — f pointwise on €.

This enables us to prove these two generic results:

Theorem 5.6. Let 2 C C be an open set and F C Ny be a non-empty set. Then, the set
S(HP(Q)) of functions in Hy () which are non-extendable is either void, or a dense and G5
subset of HX ().

Proof. Assume that S(H(€2)) # @. By combining the completeness of the metric space Hp®(2)
with condition (i) of Proposition we easily deduce that the assumptions of Theorem for
X(Q2) = Hp(Q) C H(Q2) are verified. Thus, S(Hz(Q2)) is dense and G5 in HP(Q2). =

Theorem 5.7. Let 2 C C be an open set and F C Ny be a non-empty set. Then, the set
S(AFr(Q)) of functions in Ap(2) which are non-extendable is either void, or a dense and Gs
subset of Ap(Q2).

Proof. Similar to the proof of Theorem Use the completeness of the metric space Ap(€2)
along with condition (ii) of Proposition The result follows from Theorem for X(Q2) =
Ap(Q) CH(Q). =

Next, we give examples and examine in each one of them whether S(H°(€2)) and S(Ar(92))
are empty or not:

Example 5.8. Let U C C be a domain and K C U be a compact set which is removable for
bounded holomorphic functions; that is, its analytic capacity v(K) is zero. For instance, K
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could be a singleton or a planar Cantor-type set, obtained by removing corner quarters; see [8].
Let © = U \ K. Then, it is easy to see that every f € Hz°(Q) is extendable for any choice of
F, provided that 0 € F'. Thus, S(HZ¥(Q?)) = @.

Example 5.9. Let U C C be a domain and K C U be a compact set with continuous analytic
capacity a(K) equal to zero. Let Q = U \ K. Then, it is easy to see that every f € Ap(Q) is
extendable for any choice of F', provided that 0 € F. Thus, S(Ar(Q2)) = @.

If we use a result from [7], [5], we see that the same holds if K is any closed subset of C with
a(K) = 0; for instance, K could be a straight line, a line segment, a circular arc, a circle, an
analytic curve or the boundary of a convex set.

Example 5.10. Let U C C be a domain and K C U be a singleton, or more generally, a
compact set containing an isolated point. Let Q = U \ K. Then, every holomorphic function
f which belongs to H(2) or Ap(Q) is extendable for any choice of F. Thus, S(H(2)) =
S(Ar(Q)) = @.

Indeed, let @ = min F' and ¢ be an isolated point of K. If f € Hp(f2), then by Riemann’s
theorem on removable singularities, f(*) is holomorphic on a sufficiently small disc D(¢,r)
contained in Q, for some r > 0. If f € Ap(Q), then £(® is again holomorphic on D(¢,7). In any
case, since this disc is a bounded convex domain, by integrating f(® repeatedly we conclude
that f is extendable on D(¢,r). Hence S(H(Q2)) = S(Ar(Q)) = @.

Example 5.11. Let Q C C be a domain, such that every point ( € 912 is the limit of a sequence
(2n)n of points contained in (Q)°. Then, for any choice of F, the sets S(H(Q2)) and S(Ap(Q))
are dense and G5 in Hp®(§2) and Ap(Q2), respectively.

We will use a result from [I8] regarding non-extendability which was stated in Theorem
Pick any two discs Dy and Dy as in Definition and a point ¢ € 92N Da. By our
assumption, there exists a point w € Dy \ Q. Consider the function f(z) = wa which belongs

to Hy°(€2) N Ap(€). Since this function restricted to Dy is equal to f|p,(z) = L, by analytic
continuation we have that its only holomorphic extension on D\ {w} is the function g(z) = Z_lw
which has a pole at w € Dsy. Thus, f does not possess a holomorphic extension on Dy. According
to Theorem [5.3| we have that S(H®(Q2)) # @ and S(Ar(Q)) # @, therefore the sets S(H(Q2))
and S(Ap(2)) are dense and G5 in Hp®(2) and Ap (), respectively, as Theorems and

indicate.

Example 5.12. Let 2 C C be a domain bounded by a finite set of disjoint Jordan curves.
Then, for any choice of F', the sets S(H’(€2)) and S(Ar(€2)) are dense and G in Hp"(2) and
Ar(Q), respectively. Clearly, this is a particular case of Example

6. TWO MORE DICHOTOMY RESULTS

In this section, we prove two more dichotomy results regarding boundedness or unbounded-
ness of derivatives of functions in the spaces H®(€2) and Ap(€2), where 2 C C is an open set
and FF C Ny ={0,1,...} is a non-empty set.

We will use the following result from [21]:

Proposition 6.1. Let V' be a topological vector space over the field R or C and let X be a
non-empty set. We denote by CX the set of all complex valued functions on X and consider a
linear operator T : V — CX with the property that the mapping V 3 a + Tp(a) = T(a)(z) € C
is continuous, for all x € X; observe that this assumption is weaker than T being continuous.
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Let S = S(T,V,X)={a €V :T(a) is unbounded on X}. Then, either S = &, or S is a dense
and G subset of V.

Note that in Proposition V' is not assumed to be a complete metric space.

Let 2 C C be an open set and let V' be one of the topological vector spaces H3®(€2) or Ap(Q)
endowed with its natural topology, where F’ is a non-empty subset of Ng. Let X be any subset of
Q and fix an element [ of Ng. Then, the function V 3 f +— Tj(f)(z) = f¥(z) € C is continuous
for all z € X; this follows from Weierstrass’s theorem if [ > min F' and from Proposition if
0 <! < min F. By Proposition the corresponding set S = S; is either empty, or dense and
G5 in the space V. In particular, the above holds true for V' = H°(2) and X = Q. Therefore,
the set S; = {f € H(Q) : f® is unbounded on 0} is either void, or dense and G in H3® ().

This constitutes the proof of the first dichotomy result of this section:

Theorem 6.2. Let (2 C C be an open set, FF C Ny be a non-empty set and l € Ng. Then, either
for every f € Hp(Q) the derivative W is bounded on Q, or generically for every f € Hx ()
the derivative fU is unbounded on Q. That is, either HE iy () = Hp(Q), or Hig () is
meager in HP ().

If [ € F, then obviously for every f € H°(€) the derivative @ is bounded on Q. If O
is a bounded convex domain and ! < sup F, then for every f € H(Q2) the derivative f @) ig
bounded on €, according to Theorem

Next, we give an example where the other horn of the previous dichotomy holds. In [19], see
also [13], a Jordan domain ) was constructed such that a function g : @ — C continuous on

Q and holomorphic on € has an unbounded primitive on . Let us call this primitive G; then

G e Hf{’f}(Q), but for [ = 0 the function G(®) = G is unbounded on €. Thus, in this domain €,

generically every function f € Hff}(Q) has the property that f(®) = f is unbounded on Q. It
follows that H{Oal}(Q) is meager in H{Of}(Q) for this particular domain 2.

Let O = D be the open unit disc and let w(z) = (z — 1) - expZt}. Then w € A(D) C
H>(D) = Hfg}(]]])) and w’ is unbounded on D, thus generically every function f € HG, (D)
has the property that f) = f’ is unbounded on D. It follows that H{OS’I}(]D)) is meager in
Hfg} (D). More generally, if F' is finite and [ > max F', then generically for every f € H(D)

the derivative f() is unbounded on I and H, {l}(ID)) is meager in H3* (D).

It remains open to give an example of a domain 2 C C supporting a holomorphic function
f such that f(® = f and f® = f” are bounded on Q, but f&) = f’ is unbounded. We believe
that such a domain €2 exists. Moreover, we think that a complete metric topology can be defined
on the set of all domains (contained in the open unit disc), so that for the generic domain
there exists a holomorphic function f on € such that f and f” are bounded, but f’ is not. More
generally, we think that for every non-empty set F' C Ny and [ ¢ F, min F' < [ < sup F, for the

generic domain Q C C there exists an f € H3*(Q) such that ) is unbounded and H;,OU{I}(Q)

is meager in Hg°(£2). But we do not have a proof and these assertions remain open.

Next, consider the space Ap(2), where 2 C C is an open set and F is a non-empty subset
of No. If Q is bounded, then for every f € Ap(Q) all derivatives f), [ € F, are also bounded
on 2. Assume that € is unbounded, then we apply the result obtained during the discussion
coming after Proposition this time for V = Ap(Q) and X = Q. Therefore, the set S; =
{f € Ap(Q) : fU is unbounded on 2}, where [ is a fixed element of Ny, is either void, or dense
and Gs in Ap(Q). But the function f(z) = 2/*! belongs to Ar(2). Therefore, the set S; is
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dense and G5 in Ap(Q2). Baire’s theorem implies that the set S = [,y Si is also dense and
Gs in Ap(Q).

This discussion serves as the proof of the second dichotomy result of this section:

Proposition 6.3. Let 2 C C be an unbounded open set and F' C Ny be a non-empty set. Then,
the set S of functions f € Ap(Q) such that all derivatives fW 1 €Ny, are unbounded on Q, is
dense and G in Ap(Q).

More generally, if 2 is an unbounded open set and (z, ), is a sequence of points in 2 converging
to oo, then for X = {z, : n € N} generically every function f € Ap(€2) has the property
that f® is unbounded on X for all I € Ny. To give an explicit example of such a function
f € Ap(C) = H(C), it suffices to set f(z) = exp(e™*2) for some well-chosen # € R. Indeed, let
cn = 72 and let ¢, —c for a subsequence. Then, |c| = 1 and pick a 6 € R such that ¢ = e .

2n]

Notice that [f)(2)| = |f(2)] for all z € C and I € Ny and that |f(zx,)| — +o0.

7. A STRONGER RESULT

One of the referees of this paper suggested that instead of Landau-Kolmogorov’s inequality
we can use a weaker inequality and obtain stronger results than those of Section 3. For the
sake of completeness, we include a short existential proof of this weak inequality. Furthermore,
the main theorem of this section guides us towards a possible counter-example of an open set
2 C C for which Hp®(2) # HZ(€2), where F' C Ny = {0,1,...} is a non-empty set.

Let n > 1 be a fixed natural number. We consider the set C™ ([0, 1]) of all functions f : [0,1] —
C which are n-times continuously differentiable on [0,1]. The usual topology on C"([0,1]) is
defined by the norm:

)
[e.e]

= o+ o] ]
where ||g||, = sup [g(x)|. We denote by X the space (C™([0,1]), N1) which is well-known to

z€[0,1]
be a Banach space. Next, we consider a different norm:

)= 0]+ |
The space (C”([O, 1]), Ng) is denoted by Y.

o0

Proposition 7.1. The space Y is complete, therefore a Banach space.

Proof. Consider a Cauchy sequence (fp,)m in Y. It follows easily that there are two functions

u,v : [0,1] — C such that f,,, — u and f;,? ) uniformly on [0, 1]. Obviously, v is continuous.
It suffices to prove that u is n-times (continuously) differentiable on [0, 1] and that u(™ = v.
We consider the integration operator 1" : C([0,1]) — C([0, 1]) given by:

Clearly, T is bounded. Since fr(r?) — v uniformly on [0, 1], it follows that T™ ( 7(,;1)) — T™(v)
uniformly on [0, 1], where T™ is the composition of T with itself n-times. Also, T™(v) is n-times

differentiable on [0, 1] and (T"(v))(n) = v. We have that T”( 5?)) = fm + Pn, where P,
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is a polynomial of degree at most n — 1. Since f,, — u and T" ( 7(,?)> — T"(v), it follows

that P,, — T"(v) — u uniformly on [0,1]. But the space of polynomials of degree at most
n — 1 is finite-dimensional and hence complete. It follows that 7" (v) — u = P, where P is a
polynomial of degree at most n — 1. Therefore, u = T™(v) — P which is n-times differentiable

and v(®) = (T”(v))(n) — P™ =y because P(™ = 0. This completes the proof. m

Corollary 7.2. The norms N1 and No are equivalent and there is a constant C' < 400 such
ol <ol + s

that:
for all f € C™([0,1]) and I satisfying 0 <1 < n.

Proof. We consider the identity map I : X — Y. Since Na(f) < Ni(f) for all f € C™([0,1]),
the Open Mapping theorem for the Banach spaces X, Y yields that I is an isomorphism. The
result easily follows. m

By the change of variable ¢t — ¢, § > 0, we easily obtain the following:

Corollary 7.3. Let § > 0. Then, there exists a constant Cs < +oo such that if f is n-times
continuously differentiable on a closed segment I C C of length |I| =6, then

Il < s (sl 1)

for alll satisfying 0 < 1 < n, where ||g||, = sup|g(z)|. Moreover, if 0 < 6 < ég, then Cs, < Cs.
zel

Proof. Only the last statement needs an explanation. If |I| = §y > §, then for every z € I there
exists w € I such that |z — w| = . We consider the closed line segment J = [z,w] C I with
length |J| = §. Then, for any [ such that 0 <! < n and any f € C" (I) - C”(J) we have that:

£0¢)

¢edJ ced

<G (sup FO)] +sup \f<”><c>\> .

Taking supremum over all z € I, we obtain that Cs, < Cs. =

The following is proven using the methods of Section 3 and Corollary [7.3}

Theorem 7.4. Let Q C C be a domain and FF C Ny = {0,1,...} be a non-empty set. Suppose
that there exists & > 0 with the property that every z € Q is contained in a closed segment
I, C Q with length |I,| > ¢, that is with length uniformly bounded away from zero. Then,
Hp(Q) = H%O(Q) as sets and as topological spaces, where F = {l € Ny : min F' < | < sup F}.

Remark 7.5. Any star-like open subset ) of C and many other sets satisfy the assumptions of
Theorem and therefore Hp°(Q2) = H%O(Q), in particular, this holds for all convex domains

2 C C. Of course if Q is a bounded convex domain, then Hp®(2) = H%O(Q) = H%O(Q) Finally,
0
a candidate for an example of a domain €2 such that H(Q2) # H%O(Q) for some non-empty

F C Ny is a Jordan domain spiraling to a point, as the Jordan domain €2 constructed in [19]
which supports a function f € A() whose primitive is unbounded.
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