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THE CLASS OF (1, 3)-GROUPS WITH A HOMOCYCLIC REGULATOR

QUOTIENT OF EXPONENT p5 IS OF FINITE REPRESENTATION TYPE.

DAVID M. ARNOLD, ADOLF MADER, OTTO MUTZBAUER, AND EBRU SOLAK

Abstract. The class of almost completely decomposable groups with a critical typeset of
type (1, 3) and a homocyclic regulator quotient of exponent p5 is shown to be of bounded
representation type, i.e., in particular, a Remak-Krull-Schmidt class of torsion-free abelian
groups. There are precisely 36 near-isomorphism classes of indecomposables all of rank ≤ 9.

1. Introduction

Kaplansky once observed, in essence, that anything can happen in torsion-free abelian groups
even if the groups have finite rank. Thus to obtain results one has to consider subclasses and, in
addition, a weakening of the isomorphism concept proved to be essential. A suitable, non-trivial,
yet amenable class is the class of almost completely decomposable groups first introduced by E.L.
Lady, [10]. Every torsion-free abelian group of finite rank is the direct sum of indecomposable
groups, but even in the case of almost completely decomposable groups such decompositions
can be notoriously “pathological”. This problem is avoided by restricting the “regulator index”
to be a power of a single prime and by employing a modest weakening of isomorphism, also due
to E.L. Lady, called “near-isomorphism”, [11]. In this way one obtains a Remak-Krull-Schmidt
category and achieves a classification up to near-isomorphism as soon as the indecomposable
groups in the class are found. As was shown in [3] most of these classes contain indecomposable
groups of arbitrarily large rank in which case it is hopeless to try to describe all near-isomorphism
classes of indecomposable groups. This leaves some special subclasses that may have a finite
number of near-isomorphism classes of indecomposable groups. The class considered in this
paper is shown to be such a class and the indecomposables are determined.
Any torsion-free abelian group G is an additive subgroup of a Q-vector space V . The Q-subspace
of V generated by G is denoted QG and dim(QG) is the rank of G. A torsion-free abelian
group R of finite rank is completely decomposable if R is the direct sum of rank-1 groups. A
type is an isomorphism class [X] of a rank-one group X and τ = [X] is the type of X. Given
a completely decomposable group R, we get a decomposition R =

⊕
ρ∈Tcr(R)Rρ where Rρ is

obtained by combining the rank-1 summands of type ρ of R into a summand Rρ(6= 0). The
set Tcr(R) is the critical typeset of R.
A group G is almost completely decomposable if G contains a completely decomposable subgroup
of finite index. An almost completely decomposable group G contains a well-understood fully
invariant completely decomposable subgroup of finite index, the regulator R(G), [8]. The critical
typeset of G is the critical typeset of R, Tcr(G) = Tcr(R).
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A type τ is p-locally free if pX 6= X for any rank-1 group X with [X] = τ . Given a finite
poset S of p-locally free types, an almost completely decomposable group G is an (S, pk)-group
if S = Tcr(G) and the exponent of the regulator quotient G/R(G) is pk, i.e., exp(G/R(G)) = pk.
In the article [6] we used a more general definition of (S, pk)-groups, namely Tcr(G) ⊂ S and
pkG ⊂ R(G), so that the class (S, pk) is closed under direct summands. Our approach here
is motivated by obtaining a complete list of indecomposables. Two (S, pk)-groups G and H
are nearly isomorphic if there is an integer n relatively prime to p and homomorphisms f :
G → H and g : H → G with fg = n and gf = n. The group G is indecomposable if
and only if G is nearly isomorphic to an indecomposable group, [1]. Moreover, an almost
completely decomposable G with G/R(G) p-primary is, up to near-isomorphism, uniquely a
direct sum of indecomposable groups, [9], [12, Corollary 10.4.6]. Consequently, a classification
of all indecomposable (S, pk)-groups up to near isomorphism results in a classification of all
(S, pk)-groups up to near isomorphism. Hence, for almost completely decomposable groups G
with G/R(G) p-primary, the main question is to determine the near-isomorphism classes of
indecomposable (S, pk)-groups.

There is an interesting connection between almost completely decomposable groups and rep-
resentations of finite partially ordered sets. (For a definition see below.) This is where the
terms “bounded representation type” and “unbounded representation type” originate. Details
are in [6] that also contains a complete survey of the known and open problems in the subject.
The present paper settles one of these open problems.
We denote by (1, n) the poset {τ0, τ1 < · · · < τn} where τ0 is incomparable to any one of the
other elements. In this paper we study homocyclic ((1, 3), p5)-groups, where G ∈ ((1, 3), p5) is
homocyclic if G/R(G) is a direct sum of cyclic groups all of the same order p5 = exp(G/R(G)).
We present a complete collection of near-isomorphism types of indecomposable homocyclic
groups in ((1, 3), p5). There are precisely 36 near-isomorphism classes, and all have rank ≤ 9.
The proof includes finding a normal form for coordinate matrices of ((1, 3), p5)-groups, see
Section 3.
We remark that there are infinitely many indecomposable ((1, 3), p5)-groups when the regu-
lator quotient is not required to be homocyclic ([6]). It is therefore to be expected that the
boundedness proof in the homocyclic case will be delicate.

2. Matrices

We deal with integer matrices. A line of a matrix is a row or a column. Transformations of
matrices are successive applications of elementary transformations. Matrices are simplified by
making entries equal to 0. While annihilating an entry, other entries that were originally zero
may become nonzero; such entries are called fill-ins and must be removed, i.e., the original 0
must be restored. There is a fixed exponent pk and entries may be changed modulo pk, in
particular ph = 0 if h ≥ k. A unit in our context is an integer that is relatively prime to p. An
integer matrix A = [ai,j ] is called p-reduced (modulo pk) if

(1) there is at most one 1 in a line and all other entries are in pZ,
(2) if an entry 1 of A is at the position (is, js), then ais,j = 0 for all j > js and ai,js = 0 for

all i < is, and ais,j , ai,js ∈ pZ for all j < js and all i > is.

Thus in a p-reduced matrix, the entries left of and below an entry 1 are in pZ.

Lemma 1. (cf. [5, Lemma 1]) Let A be an integer matrix.
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(1) The matrix A can be transformed into a p-reduced matrix by multiplying lines by units,
by elementary row transformations upward and by elementary column transformations
to the right.

(2) If in addition row transformations down are allowed, then the matrix A can be trans-
formed into a p-reduced matrix where all entries are 0 below a 1.

3. Homocyclic ((1, n), pk)-Groups and Coordinate Matrices

The following terminology is used in this paper. Details, equivalent formulations, and con-
firmation of assertions can be found in [1] or [12]. For a general treatment of (S, pk)-groups
see [6].
Let G be an almost completely decomposable group. The isomorphism types of the regula-
tor R(G) and the regulator quotient G/R(G) are near-isomorphism invariants of G. In particu-
lar, the rank r of the regulator quotient is an invariant of G. Given a prime p, G is p-reduced if
the localization G(p) of G at p is a free Z(p)-module, or, equivalently, if each type τ ∈ Tcr(G) is
p-locally free. An almost completely decomposable group without summands of rank 1 is called
clipped.
Let R be a completely decomposable subgroup of G with G/R a finite p-group. A coordinate
matrix of G is obtained by means of bases of R and G/R. Write R = S1x1 ⊕ · · · ⊕ Smxm with
xi ∈ R, Si = {s ∈ Q : sxi ∈ R}, and p−1 /∈ Si. In this case, {x1, ..., xm} is called a p-basis of R.
Since we focus on homocyclic ((1, n), pk)-groups, the general notation (see [6]) is not used here
and we simply define a coordinate matrix of the almost completely decomposable group G rel-
ative to a completely decomposable subgroup R with homocyclic quotient G/R of exponent pk.
A matrix M = [mi,j ] is a coordinate matrix of G modulo R if M is integral, there is a basis
(γ1, . . . , γr) of G/R, there are representatives gi ∈ G of γi, and there is a p-basis {x1, . . . , xm}
of R such that

gi = p−k(
∑m

j=1mi,jxj) where 〈γi〉 ∼= Zpk , k = exp(G/R).

A coordinate matrix M of G is of size r ×m and coordinate matrices are determined only up
to congruence modulo pk. This means that coordinate matrices that are congruent modulo pk

are considered equal.
Since (γ1, . . . , γr) is a basis of G/R, a coordinate matrix M of size r ×m has (p-)rank r, i.e.,
the r rows of M are linearly independent modulo pk. Each column of a coordinate matrix
corresponds to a type. So we speak of the type of a column and of τ -columns of M . The
number rτ (G) of τ -columns of M equals rank(Rτ ) and is called the τ -rank of G. These type
ranks are near-isomorphism invariants of G.
A matrix M is said to be decomposable if there are permutation matrices X,Y , such that
XMY = M1 ⊕ M2. The following lemma is a well-known fact and we include the simple
argument for the convenience of the reader.

Lemma 2. (cf. [6, Lemma 3.1]) The almost completely decomposable group G is decomposable
if and only if there exists a decomposable coordinate matrix of G.
In particular, if G has a decomposable coordinate matrix M , i.e., XMY = M1 ⊕ M2 with
permutation matrices X,Y , then G = G1 ⊕G2 where Gi has the coordinate matrix Mi.
Clearly, a 0-column of M displays a summand of rank 1, i.e., G is not clipped if M contains a
0-column.

Proof. Assume for the coordinate matrix M of G relative to the regulator R(G) that XMY =
M1⊕M2. The coordinate matrix is obtained by means of a p-basis B of R(G). Each column of M
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corresponds to a basis element and the columns of the Mi determine a partition B = B1 ∪ B2

of the p-basis and there is a corresponding direct decomposition R(G) = R1 ⊕R2. It is easy to
see that G = G1 ⊕G2 where Gi = 〈Ri〉∗, the purification of Ri in G.
Conversely, if G = G1⊕G2, then the coordinate matrix of G is the direct sum of the coordinate
matrices of G1 and of G2. �

Henceforth let G be a homocyclic ((1, n), pk)-group of rank m with regulator R = R(G) and criti-
cal typeset Tcr(G) = {τ0, τ1 < · · · < τn}, where Tcr(G) is a poset of p-locally free types, and G/R
is a homocyclic group of rank r and of exponent pk, and we write M =

[
Mτ0

∣∣∣∣Mτ1

∣∣ · · ·∣∣Mτn

]
where Mτi contains all τi-columns.
We call transformations of rows and of columns of a coordinate matrix of G allowed if the trans-
formed coordinate matrix is the coordinate matrix of a near-isomorphic group. In particular,
transformations are allowed if they are due to changes of the two bases involved. The following
transformations are allowed in our case (see [6, page 471], [2, Theorem 12])

(a),(b) Add an integer multiple of a row of M to any other row of M (this is because our groups
are homocyclic);

(c) multiply a row of M by a unit modulo pk;
(d) interchange any two rows of M ;
(e) for j ≥ i, add an integer multiple of a column of Mτi to a column of Mτj ;

(f) multiply a column of M by a unit modulo pk;
(g) interchange any two columns of Mτi .

If the coordinate matrix M is formed with respect to the regulator R, the submatrices of M
formed by all τ0-columns and the rest matrix both have rank equal to the rank r of the regu-
lator quotient. Conversely, if the coordinate matrix M is formed with respect to a completely
decomposable subgroup R of finite index and M satisfies the stated rank conditions, then R
is the regulator ([12, Theorem 8.1.10], [2, Lemma 13]). These rank conditions are called the
Regulator Criterion.
For clipped groups the τ0-columns of a coordinate matrix always can be transformed to the iden-
tity matrix without any change of the rest, because of the Regulator Criterion. By Lemma 1 the
part

[
Mτ1

∣∣ · · ·∣∣Mτn

]
of a coordinate matrix M can be changed into p-reduced form, cf. Propo-

sition 3.

4. Standard Coordinate Matrices

We establish a standard form for coordinate matrices of homocyclic ((1, n), pk)-groups. If A =
[Ai,j ] is a block matrix, then we denote by A∗,j and by Ai,∗ the jth block column and the
ith-block row of A, respectively. Integer entries that are prime to p are called units.
Our main technique is forming Smith Normal Forms and variations thereof. Two matrices
A,B are said to be equivalent if there are invertible matrices X,Y such that B = XAY . It
is well known that every integral matrix is equivalent to a matrix in Smith Normal Form,
diag(a1,1, . . . , ak,k, 0, . . . , 0) where ai,i divides ai+1,i+1. Here we consider integer (coordinate)

matrices and deal with them modulo pk, because in our setting matrices that are congruent
modulo pk describe the same group. So we have the (modified) Smith Normal Form

I
pI

. . .
pk−1I

0





(1,3)-GROUPS 59

where the empty space indicates 0-blocks and I stands for identity matrices of various sizes.

We call

[
phI 0
0 ph+1X

]
the (partial) Smith Normal Form. In our case p5 = 0, and the possible

(partial) Smith Normal Forms are
[
I 0
0pX

]
,
[
pI 0
0 p2X

]
,

[
p2I 0
0 p3X

]
,

[
p3I 0
0 p4X

]
,
[
p4I 0
0 0

]
, where lines

may be absent.
There is a basic problem for block matrices when forming Smith Normal Forms of sub-blocks,
namely if some sub-block is replaced by its (partial) Smith Normal Form, then the whole matrix
gets bigger in the sense that there are more block lines.
A block matrix A = [Ai,j ] with blocks Ai,j is said to be completely reduced if all blocks are

either 0 or of the form plI, l some nonnegative integer. A block Ai,j is either reduced or it is a
placeholder with changing values.
Let [A1

∣∣A2

∣∣ . . . ∣∣Ar] be a sequence of blocks in a block row of a block matrix M . Assume that ar-
bitrary row transformations in the block rows can be applied, arbitrary column transformations
can be applied in each Ai-column and all column transformations to the right can be done. Then
we form the partial Smith Normal Form of A1 and annihilate, assuming that this is possible,

with I ⊂ A1 to the right in all A2, A3, . . . and downward in A1. This splits A2 =
[

0
X2

]
. Actually

Ai =
[

0
Xi

]
for all i ≥ 2. Then form the Smith Normal Form of X2 =

[
I 0
0pX

]
and annihilate with

I ⊂ X2 in A3, A4, . . . and downward in A2. Continuing through the sequence of the Ai’s, we
obtain the so-called iterated (partial) Smith Normal Form of the sequence [A1

∣∣A2

∣∣ . . .] starting
with A1. The iterated Smith Normal Form looks like:

[A1

∣∣A2

∣∣A3

∣∣ · · · ] =


I 0

∣∣0 0
∣∣0 0

∣∣ · · ·
0pX

∣∣I 0
∣∣0 0

∣∣ · · ·
0pX

∣∣0pX ∣∣I 0
∣∣ · · ·

0pX
∣∣0pX ∣∣0pX ∣∣ · · ·

 .
If a block I ⊂ Ai does not exist, then the corresponding block row and block column are absent.
There is an obvious variant for columns instead of rows and the start is from below. In general,
if we form the iterated Smith Normal Form we tacitly assure that the already obtained “reduced
blocks” of the whole coordinate matrix can be reestablished.

Proposition 3. ([7, Proposition 3]) Let n be a natural number and let p be a prime and
(1, n) = (τ0, τ1 < · · · < τn). A homocyclic ((1, n), pk)-group without summands of rank ≤ 3 has
a coordinate matrix of the form

(1) [I
∣∣∣∣pA∣∣∣∣I] =



∣∣∣∣∣∣ pA2,1 0 0 · · · 0
∣∣∣∣∣∣I(τ2) 0 · · · · · · 0∣∣∣∣∣∣ pA3,1 pA3,2 0 · · · 0
∣∣∣∣∣∣ 0 I(τ3) 0 · · · 0

I
∣∣∣∣∣∣ .

.

.
.
.
.

. . .
.
.
.

∣∣∣∣∣∣ .
.
.

.

.

.
. . .

.

.

.∣∣∣∣∣∣ .
.
.

.

.

.
. . .

.

.

.
∣∣∣∣∣∣ .

.

.
.
.
.

. . .∣∣∣∣∣∣pAn,1 pAn,2 · · · · · · pAn,n−1

∣∣∣∣∣∣ 0 0 · · · · · · I(τn)

τ0

∣∣∣∣∣∣ τ1 τ2 τ3 · · · τn−1

∣∣∣∣∣∣ τ2 τ3 · · · · · · τn


≡



∣∣∣∣∣∣ pA2,1 I 0 0 · · · · · · 0 0∣∣∣∣∣∣ pA3,1 0 pA3,2 I · · · · · · 0 0

I
∣∣∣∣∣∣ .

.

.
.
.
.

.

.

.
.
.
.
. . .

.

.

.
.
.
.∣∣∣∣∣∣ .

.

.
.
.
.

.

.

.
.
.
.

. . .
.
.
.

.

.

.∣∣∣∣∣∣pAn,1 0 pAn,2 0 · · · · · · pAn,n−1 I

τ0

∣∣∣∣∣∣ τ1 τ2 τ2 τ3 · · · · · · τn−1 τn



The block matrix A = [Ai,j ] is lower triangular as a block matrix and A is p-reduced. For the
block pAn,1 there is a matrix D such that pAn,1 = p2D. The blocks pAi,j are of the form
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pAi,j =


0
∣∣∣ 0 0

0
∣∣∣pI 0

0
∣∣∣ 0 p2A′i,j

 , where lines may be absent.
If G is a homocyclic ((1, 3), p5)-group, then its coordinate matrix has the general form

(2)



I 000
∣∣∣∣∣∣ pI 0

∣∣∣ 0 0 I 0
∣∣∣00

0I 00
∣∣∣∣∣∣ 0 p2A

∣∣∣ 0 0 0I
∣∣∣00

00I 0
∣∣∣∣∣∣p2Bp2C ∣∣∣pI 0 00

∣∣∣I 0

000I
∣∣∣∣∣∣p2Dp2E ∣∣∣ 0 p2F 00

∣∣∣0I
τ0

∣∣∣∣∣∣ τ1

∣∣∣ τ2

∣∣∣ τ3


.

We omit the identity matrix in front formed by the τ0-columns, and τi in the last column
indicates the location of the I(τi)-matrix in the back. A coordinate matrix as in (2) is called
standard for homocyclic ((1, 3), p5)-groups.
Note that we use all blocks pI in the coordinate matrix to annihilate, so there remain only
blocks of the form p2X. Moreover, we use partitioning lines to separate types.

A coordinate matrix of G as in Proposition 3 displays near-isomorphism invariants of G.

Proposition 4. (cf. [5, Proposition 5]) Let G be a homocyclic ((1, n), pk)-group with a coordinate
matrix as in Proposition 3. Then the size of the I(τi)’s, the size of the blocks Ai,j and the
numbers of entries p in a block pAi,j are near-isomorphism invariants of G for all i, j.

5. Indecomposable Groups in the Class of Homocyclic ((1, 3), p5)-Groups

(1, 3)-groups are of rank ≥ 4 because the critical typeset consists of 4 types.
Below we present a list of homocyclic ((1, 3), p5)-groupsG of ranks between 4 and 9 given by their
coordinate matrices. They are ordered by their ranks, by their type ranks and lexicographically.
Later we show that this list contains all indecomposable homocyclic ((1, 3), p5)-groups up to
near-isomorphism and that any two groups in this list are not near-isomorphic.

List of indecomposable homocyclic ((1, 3), p5)-groups

Groups of rank 4[
1
∣∣∣∣p4 ∣∣p3 ∣∣1] = [4.1],

[
1
∣∣∣∣p4 ∣∣p2 ∣∣1] = [4.2],

[
1
∣∣∣∣p4 ∣∣p∣∣1] = [4.3],

[
1
∣∣∣∣p3 ∣∣p2 ∣∣1] = [4.4],[

1
∣∣∣∣p3 ∣∣p∣∣1] = [4.5],

[
1
∣∣∣∣p2 ∣∣p∣∣1] = [4.6].

Groups of rank 5[
10
∣∣∣∣p3 ∣∣1∣∣0

01
∣∣∣∣p4 ∣∣0∣∣1

]
= [5.1],

[
10
∣∣∣∣p2 ∣∣1∣∣0

01
∣∣∣∣p4 ∣∣0∣∣1

]
= [5.2],

[
10
∣∣∣∣ p ∣∣1∣∣0

01
∣∣∣∣p4 ∣∣0∣∣1

]
= [5.3],

[
10
∣∣∣∣p2 ∣∣1∣∣0

01
∣∣∣∣p3 ∣∣0∣∣1

]
= [5.4],[

10
∣∣∣∣ p ∣∣1∣∣0

01
∣∣∣∣p3 ∣∣0∣∣1

]
= [5.5],

[
10
∣∣∣∣ p ∣∣1∣∣0

01
∣∣∣∣p2 ∣∣0∣∣1

]
= [5.6].

Groups of rank 6
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10
∣∣∣∣p2 0

∣∣1 ∣∣0
01
∣∣∣∣p3p4 ∣∣0 ∣∣1

]
= [6.1],

[
10
∣∣∣∣ p 0

∣∣1 ∣∣0
01
∣∣∣∣p3p4 ∣∣0 ∣∣1

]
= [6.2],

[
10
∣∣∣∣ p 0

∣∣1 ∣∣0
01
∣∣∣∣p2p4 ∣∣0 ∣∣1

]
= [6.3],

[
10
∣∣∣∣ p 0

∣∣1∣∣0
01
∣∣∣∣p2p3 ∣∣0∣∣1

]
= [6.4];

[
10
∣∣∣∣p3 ∣∣ 0 1

∣∣0
01
∣∣∣∣p4 ∣∣p30

∣∣1
]

= [6.5],

[
10
∣∣∣∣p3 ∣∣ 0 1

∣∣0
01
∣∣∣∣p4 ∣∣p20

∣∣1
]

= [6.6],

[
10
∣∣∣∣p2 ∣∣ 0 1

∣∣0
01
∣∣∣∣p4 ∣∣p30

∣∣1
]

= [6.7],

[
10
∣∣∣∣p2 ∣∣ 0 1

∣∣0
01
∣∣∣∣p3 ∣∣p2 0

∣∣1
]

= [6.8];

[
10
∣∣∣∣p3 ∣∣p2 ∣∣10

01
∣∣∣∣p4 ∣∣ 0

∣∣01

]
= [6.9],

[
10
∣∣∣∣p3 ∣∣p ∣∣10

01
∣∣∣∣p4 ∣∣0 ∣∣01

]
= [6.10],

[
10
∣∣∣∣p2 ∣∣p ∣∣10

01
∣∣∣∣p4 ∣∣0 ∣∣01

]
= [6.11],

[
10
∣∣∣∣p2 ∣∣p ∣∣10

01
∣∣∣∣p3 ∣∣0 ∣∣01

]
= [6.12].

Groups of rank 7[
10
∣∣∣∣p3 ∣∣p 0

∣∣10
01
∣∣∣∣p4 ∣∣0p3 ∣∣01

]
= [7.1],

[
10
∣∣∣∣p2 0

∣∣p∣∣10
01
∣∣∣∣p3p4 ∣∣0∣∣01

]
= [7.2],

[
10
∣∣∣∣p2 0

∣∣ 0 1
∣∣0

01
∣∣∣∣p3p4 ∣∣p20

∣∣1
]

= [7.3].

Groups of rank 8100
∣∣∣∣p2 ∣∣ 0 1

∣∣00
010

∣∣∣∣p3 ∣∣p20
∣∣10

001
∣∣∣∣p4 ∣∣ 0 0

∣∣01

 = [8.1],

100
∣∣∣∣ p p2 ∣∣1∣∣00

010
∣∣∣∣p2 0

∣∣0∣∣10
001

∣∣∣∣ 0 p4
∣∣0∣∣01

 = [8.2],

100
∣∣∣∣ p 0

∣∣10
∣∣0

010
∣∣∣∣ 0 p3

∣∣01
∣∣0

001
∣∣∣∣p3p4 ∣∣00

∣∣1
 = [8.3].

Groups of rank 9100
∣∣∣∣p3 0

∣∣01
∣∣00

010
∣∣∣∣ 0 p2

∣∣p0
∣∣10

001
∣∣∣∣p4p3 ∣∣00

∣∣01

 = [9.1],

100
∣∣∣∣ p 0

∣∣01
∣∣00

010
∣∣∣∣ 0 p3

∣∣p0
∣∣10

001
∣∣∣∣p3p4 ∣∣00

∣∣01

 = [9.2],

100
∣∣∣∣p2 0

∣∣ 0 1
∣∣00

010
∣∣∣∣ 0 p3

∣∣p20
∣∣10

001
∣∣∣∣p4p4 ∣∣ 0 0

∣∣01

 = [9.3],

100
∣∣∣∣ p 0

∣∣ 0 1
∣∣00

010
∣∣∣∣ 0 p4

∣∣p30
∣∣10

001
∣∣∣∣p2p3 ∣∣ 0 0

∣∣01

 = [9.4],

100
∣∣∣∣p2 0

∣∣ 0 1
∣∣00

010
∣∣∣∣ 0 p4

∣∣p20
∣∣10

001
∣∣∣∣p3p4 ∣∣ 0 0

∣∣01

 = [9.5],

100
∣∣∣∣p2 0

∣∣ 0 1
∣∣00

010
∣∣∣∣p3p4 ∣∣p20

∣∣10
001

∣∣∣∣p4 0
∣∣ 0 0

∣∣01

 = [9.6].

Proposition 5. The groups in the list all are indecomposable and pairwise not near-isomorphic.

Proof. The groups in the list are pairwise not near-isomorphic. By [5, Proposition 5], if G
and H are near-isomorphic, then also plG+R and plH +R are near-isomorphic. Let pk be the
exponent of the regulator quotient of G. By [5, Proposition 4] the regulator of G is also the
regulator of plG+R. So the coordinate matrix of plG+R simply is the coordinate matrix of G
considered modulo pk−l. The type ranks are near-isomorphism invariants. So it is enough to
compare groups that have the same type ranks. The groups plG+ R decompose as a rule and
by Faticoni-Schultz [9] these decompositions are unique up to near–isomorphism. Moreover, we
know all indecomposables in the classes ((1, 3), pl) where l ≤ 4, cf. [5]. Hence an easy check
clarifies that all groups in the list are not near-isomorphic.
We exemplify this in the most difficult case, namely for the groups of rank 9. We consider
for those groups Gi of type [9.i] the decomposition of the respective subgroups pGi + R. The
decompositions of the groups pGi +R are as follows:

pG1 +R decomposes in indecomposable summands of rank 3 and 6,
pG2 +R decomposes in indecomposable summands of rank 4 and 5,
pG3 +R decomposes in indecomposable summands of rank 2, 3 and 4,
pG4 +R decomposes in indecomposable summands of rank 3 and 6,
pG5 +R decomposes in indecomposable summands of rank 1, 3 and 5,
pG6 +R decomposes in indecomposable summands of rank 1, 2 and 6.
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The summands of rank 3 in the decompositions of pG1+R and pG4+R are not near-isomorphic.
In fact, the coordinate matrix of pG1 +R is100

∣∣∣∣p3 0
∣∣01

∣∣00
010

∣∣∣∣ 0 p2
∣∣p0

∣∣10
001

∣∣∣∣ 0 p3
∣∣00

∣∣01

 =
[
1
∣∣∣∣p30

∣∣1∣∣0]⊕ [10
∣∣∣∣p2 ∣∣p∣∣10

01
∣∣∣∣p3 ∣∣0∣∣01

]
and the coordinate matrix of pG4 +R is100

∣∣∣∣ p 0
∣∣ 0 1

∣∣00
010

∣∣∣∣ 0 0
∣∣p30

∣∣10
001

∣∣∣∣p2p3 ∣∣ 0 0
∣∣01

 =
[
1
∣∣∣∣0∣∣p3 ∣∣1]⊕ [10

∣∣∣∣ p 0
∣∣1∣∣0

01
∣∣∣∣p2p3 ∣∣0∣∣1

]
.

Thus groups of rank 9 in the list are pairwise not near-isomorphic.

To show that the groups in the list are indecomposable we utilize the connection with repre-
sentations. We cover the situation at hand by letting S := (τ0, τ1 < · · · < τn) where the τi are
p-free types.
Let G be an almost completely decomposable group with Tcr(G) = S and pk = exp(G/R(G))
with regulator R := R(G) =

⊕
ρ∈S Rρ. Define : R → R/pkR : x = x+ pkR, so R = R/pkR.

The (anti)-representation UG of G is given by UG = (R,R(σ), pkG : σ ∈ S). Let G′ be
another group with Tcr(G

′) = S, pk = exp(g/R(G)), regulator R′ and representation UG′ . A
homomorphism f : UG → U ′G is a Zpk = Z /pk Z-module homomorphism f : R → R′ such that

∀σ ∈ S : f(R(σ)) ⊂ R′(σ) and f(pkG) ⊂ pkG′. The following facts are well-known and can be
found in [1], [12] and [4].

• R is a finite free Zpk -module.

• In general, pkG is a finite Zpk -module, and in the homocyclic case it is free.

• pkG ∼= G/R.
• G is nearly isomorphic with G′ if and only if R(G) ∼= R(G′) and UG, UG′ are isomorphic.

In practice, we always have R(G) = R(G′).
• G is indecomposable if and only if EndUG contains no idempotents other than 0 and 1.

For simplicity, we assume in the following that our groups are homocyclic. We associate with a

representation UG a Zpk -matrix that encodes pkG. Let {x1, . . . , xm} be a p-basis of R and let

{g1, . . . , gr} be a basis of pkG. Then {x1, . . . , xm} is a basis of the free module R. Expressing
the generators gi in terms of the basis {x1, . . . , xm} we obtain the representing matrix of G.
This matrix (in the homocyclic case) is identical with the earlier (integral) coordinate matrix
except that instead of “working modulo pk”, the entries are considered elements of Zpk .
Exemplarily we show that one of the group G of rank 8 is indecomposable. Its representing
matrix is

M =


100

∣∣∣∣∣∣ p 0
∣∣∣1∣∣∣00

010
∣∣∣∣∣∣p2p3 ∣∣∣0∣∣∣10

001
∣∣∣∣∣∣ 0 p4

∣∣∣0∣∣∣01

 .
The representing matrix comes with basis of R and we view the elements of R as coordi-
nate vectors with respect to this basis. In particular, p5G is simply the row space of M .
To show that G is indecomposable we show that any idempotent endomorphism of UG =
(R,R(σ), p3G : σ ∈ {τ0, τ1, τ2, τ3}) is either the zero map 0 or the identity 1. In terms of coordi-
nates an endomorphism of R is a Zp5-matrix that acts by right multiplication on the elements
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(x01, x02, x03, x11, x12, x21, x22, x3) of R. The requirement that f(R(σ)) ⊂ R(σ) implies that f ,
as a matrix, is of the form

f =



a11a12a13 0 0 0 0 0
a21a22a23 0 0 0 0 0
a31a32a33 0 0 0 0 0
0 0 0 b11 b12 b13 b14 b15
0 0 0 b21 b22 b23 b24 b25
0 0 0 0 0 c11 c12 c13
0 0 0 0 0 0 d11d12
0 0 0 0 0 0 d21d22


.

The additional requirement that f(p5G) ⊂ p5G, i.e., that the row space of M is invariant under
right multiplication by f , has a very handy description due to the fact that M has the right

inverse M∗ =


100
010
001
000
000
000
000
000

. In fact, [4, Theorem 4.3], f(p3G) ⊂ p3G if and only if Mf = MfM∗M .

Using a computer algebra program we find that (in our example) Mf = MfM∗M if and only if

pb11=pa11 + p2a12 ⇒ b11 ≡ a11 mod p(3)

pb12=p4a13 + p3a12 ⇒ p3b12 = 0(4)

p2b11 + p3b21=p2a22 + pa21 ⇒ p4b11 = p4a22 + p3a21(5)

p2b12 + p3b22=p3a22 + p4a23 ⇒ p3b12 + p4b22 = p4a22(6)

p4b21=p2a32 + pa31(7)

p4b22=p4a33 + p3a32(8)

c11 + pb13=a11 ⇒ c11 ≡ a11 mod p(9)

b23p
3 + b13p

2=a21 ⇒ p3a21 = 0(10)

b24p
3 + b14p

2 + d11=a22 ⇒ d11 ≡ a22 mod p(11)

p4b23=a31 ⇒ pa31 = 0(12)

b24p
4 + d21=a32 ⇒ p3d21 = p3a32(13)

b25p
4 + d22=a33 ⇒ d22 ≡ a33 mod p.(14)

In this listing some equations are omitted because they are of no consequence and some imme-
diate consequences are listed. The immediate goal is to show that f mod p is trivial, i.e. f ≡ 0
mod p or f ≡ 1 mod p. As f is idempotent it then follows that f = 0 or f = 1. We now use
the previous conclusions to draw further conclusions.
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(3)⇒p4b11 = p4a22 + p3a21
(8)⇒ b11 ≡ a22 mod p(15)

(4)⇒p3b12 + p4b22 = p4a22
(2)⇒ b22 ≡ a22 mod p(16)

(5)⇒p4b21 = p2a32 + pa31
(10)⇒ p4b21 = p2a32 ⇒ p3a32 = 0(17)

(6)⇒p4b22 = p4a33 + p3a32
(15)⇒ b22 ≡ a33 mod p(18)

(11)⇒p3d21 = p3a32
(15)⇒ p3d21 = 0(19)

We now have, with α ≡ a11 mod p, that

f ≡



αa12a13 0 0 0 0 0
0 α a23 0 0 0 0 0
0 0 α 0 0 0 0 0
0 0 0 α 0 b13 b14 b15
0 0 0 b21αb23 b24 b25
0 0 0 0 0 α c12 c13
0 0 0 0 0 0 α d12
0 0 0 0 0 0 0 α


mod p.

As f2 = f it follows that f ≡ 0, 1 mod p and hence f = 0, 1.
All other indecomposability proofs are similar and straightforward. �

6. The Class of Homocyclic ((1, 3), p5)-Groups is Bounded

Theorem 6. There are precisely 36 near-isomorphism classes of indecomposable homocyclic
((1, 3), p5)-groups as in the list.

Proof. We assume that the group G is an indecomposable homocyclic ((1, 3), p5)-group with
coordinate matrix in standard form, cf. (2), i.e., we deal with block matrices. If a summand
is displayed, it is either contradictory or we check its class in the list and assume furthermore
that G is not in this class. So we will find all indecomposable homocyclic ((1, 3), p5)-groups.
In particular, the occurrence of a summand of rank ≤ 3 or a summand that is no (1, 3)-group
is contradictory.
We start successively forming (partial) Smith Normal Form’s of sub-blocks to split off the
parts p2I and annihilate with those p2I’s. Then the remaining placeholder blocks are of the
form p3X. Continuing this way we get an overview of the p-powers that divide the entries.
Recall that forming Smith Normal Forms of blocks refines the block structure and hence in-
creases the number of block lines. For example if the partial Smith Normal Form of a block X
is
[
I 0
00

]
, then the number of block rows and the number of block columns increase each by 1. If

we know ahead, that the block X cannot have a 0-row, then the Smith Normal Form is [I
∣∣0]

and only the number of block columns increases by 1. Whenever possible, we argue ahead that
a certain block has no 0-row, or no 0-column or both, to restrict the upcoming Smith Normal
Form. This technique is of extreme importance to keep the size of the created block matrices
manageable. Our argument is as follows:

If an assumed 0-row (or 0-column) in some block X leads to a summand, then
this is caused by the exclusive connection of this row (or column) to already
obtained reduced blocks. Such a summand is either contradictory or we may find
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it in the list and assume that G is not in this class. So this 0-row (or 0-column)
does not occur. Forming the Smith Normal Form of X very well can destroy
the reduced form of connected blocks. But we only form the Smith Normal Form
of such a block X, if all involved (formerly reduced) blocks can be reestablished,
preserving the Smith Normal Form of X. Thus, if X has no 0-row (or 0-column)
also the Smith Normal Form of X has no 0-row (or 0-column).

We annihilate p2B with pI above, i.e., p2B = 0. A p2 ∈ p2E allows to annihilate in its row and
its column and leads to a summand of rank 3. So we write p3E.
We form the Smith Normal Forms of p2C, p2D and annihilate with p2I ⊂ p2C in p2A and with
p2I ⊂ p2D in p2F . Thereafter we form the Smith Normal Form of the respective rest of p2F
and of p2A. With p2I ⊂ p2A we annihilate in p3C, with p2I ⊂ p2D we annihilate in p3E (below
p2I ⊂ p2A and below p2I ⊂ p2C). The resulting coordinate matrix is

(20)



pI 0
∣∣∣ 0 0 0

∣∣∣∣∣∣ ∣∣∣
0 pI

∣∣∣ 0 0 0
∣∣∣∣∣∣ ∣∣∣

τ2
0 0

∣∣∣ 0 p2I 0
∣∣∣∣∣∣ ∣∣∣

0 0
∣∣∣ 0 0 p3A

∣∣∣∣∣∣ ∣∣∣
0 0

∣∣∣ p2I 0 0
∣∣∣∣∣∣pI 0

∣∣∣ 0 0
∣∣∣

0 0
∣∣∣ 0 0 p3C

∣∣∣∣∣∣ 0 pI
∣∣∣ 0 0

∣∣∣
p2I 0

∣∣∣ 0 0 p3E1

∣∣∣∣∣∣ 0 0
∣∣∣ 0 0

∣∣∣τ3
0 p3D1

∣∣∣p3E2p
3E3p

3E4

∣∣∣∣∣∣ 0 0
∣∣∣p2I 0

∣∣∣
0 p3D2

∣∣∣p3E5p
3E6p

3E7

∣∣∣∣∣∣ 0 0
∣∣∣ 0 p3F

∣∣∣
τ1

∣∣∣∣∣∣ τ2

∣∣∣



The block p3D1 can be annihilated by pI above and p3E2 can be annihilated by p2I above. An
entry p3 ∈ p3E7 leads to a summand of rank 3, so we write p4E7. We form the iterated Smith

Normal Form of

 p
3A
p3C
p3E1
p3E4

 starting with p3E4, and annihilate with p3I ⊂ p3E4 in p3E3. We obtain
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the new coordinate matrix

(21)



pI 0 0
∣∣∣ 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 pI 0
∣∣∣ 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 0 pI
∣∣∣ 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣

τ2
0 0 0

∣∣∣ 0 p2I
∣∣∣ 0 0 0 0 0

∣∣∣∣∣∣ ∣∣∣
0 0 0

∣∣∣ 0 0
∣∣∣ 0 0 0 p3I 0

∣∣∣∣∣∣ ∣∣∣
0 0 0

∣∣∣ 0 0
∣∣∣ 0 0 0 0 p4A

∣∣∣∣∣∣ ∣∣∣
0 0 0

∣∣∣ p2I 0
∣∣∣ 0 0 0 0 0

∣∣∣∣∣∣pI 0 0
∣∣∣ 0 0 0

∣∣∣
0 0 0

∣∣∣ 0 0
∣∣∣ 0 0 p3I 0 0

∣∣∣∣∣∣ 0 pI 0
∣∣∣ 0 0 0

∣∣∣
0 0 0

∣∣∣ 0 0
∣∣∣ 0 0 0 p4C1 p

4C2

∣∣∣∣∣∣ 0 0 pI
∣∣∣ 0 0 0

∣∣∣
p2I 0 0

∣∣∣ 0 0
∣∣∣ 0 p3I 0 0 0

∣∣∣∣∣∣ 0 0 0
∣∣∣ 0 0 0

∣∣∣τ3
0 p2I 0

∣∣∣ 0 0
∣∣∣ 0 0 p4E1

1 p
4E2

1 p
4E3

1

∣∣∣∣∣∣ 0 0 0
∣∣∣ 0 0 0

∣∣∣
0 0 0

∣∣∣ 0 0
∣∣∣ p3I 0 0 0 0

∣∣∣∣∣∣ 0 0 0
∣∣∣p2I 0 0

∣∣∣
0 0 0

∣∣∣ 0 p3E3

∣∣∣ 0 p4E1
4 p

4E2
4 p

4E3
4 p

4E4
4

∣∣∣∣∣∣ 0 0 0
∣∣∣ 0 p2I 0

∣∣∣
0 0 p3D2

∣∣∣p3E5p
3E6

∣∣∣p4E1
7 p

4E2
7 p

4E3
7 p

4E4
7 p

4E5
7

∣∣∣∣∣∣ 0 0 0
∣∣∣ 0 0 p3F

∣∣∣
τ1

∣∣∣∣∣∣ τ2

∣∣∣



The blocks p4E1
1 , p

4E2
1 can be annihilated by p2I on the left. The blocks p4C1, p

4E1
4 , p

4E2
4 can

be annihilated by the respective p3I above.
Then we form the iterated Smith Normal Form of [p3D2

∣∣p3E5

∣∣p3E6] starting with p3E6. With

p3I ⊂ p3E6 we annihilate in [p4E1
7

∣∣p4E2
7

∣∣p4E3
7

∣∣p4E4
7

∣∣p3F ] and in p3E3. With p3I ⊂ p3E5 we

annihilate in [p4E6

∣∣p4E1
7

∣∣p4E2
7

∣∣p4E3
7

∣∣p3F ]. With p3I ⊂ p3D2 we annihilate in [p4E5

∣∣p4E6

∣∣p3F ].

Then we form the Smith Normal Form of the rest of p3F .
Note that all non-zero entries in p3E3 are in (p3 Z \p4 Z) by p2I above. So we obtain the (partial)
Smith Normal Form

[
p3I 0
0 0

]
of the rest of p3E3. With p3I ⊂ p3E3 we annihilate in p4E3

4 . After

all of these transformations the coordinate matrix contains only placeholders of type p4X.



(1,3)-GROUPS 67



pI 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 pI 0 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 0 pI 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 0 0 pI
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 0 0 0
∣∣∣ 0 0 p2I 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣τ2

0 0 0 0
∣∣∣ 0 0 0 p2I 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 0 0 0
∣∣∣ 0 0 0 0 p2I

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 p3I 0
∣∣∣∣∣∣ ∣∣∣

0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 0 p4A
∣∣∣∣∣∣ ∣∣∣

0 0 0 0
∣∣∣p2I 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣pI 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣

0 0 0 0
∣∣∣ 0 p2I 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ 0 pI 0 0

∣∣∣ 0 0 0 0 0
∣∣∣

0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 p3I 0 0
∣∣∣∣∣∣ 0 0 pI 0

∣∣∣ 0 0 0 0 0
∣∣∣

0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 0 p4C2

∣∣∣∣∣∣ 0 0 0 pI
∣∣∣ 0 0 0 0 0

∣∣∣
p2I 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣ 0 p3I 0 0 0

∣∣∣∣∣∣ 0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣
0 p2I 0 0

∣∣∣ 0 0 0 0 0
∣∣∣ 0 0 0 0 p4E3

1

∣∣∣∣∣∣ 0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣
0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣ p3I 0 0 0 0

∣∣∣∣∣∣ 0 0 0 0
∣∣∣p2I 0 0 0 0

∣∣∣τ3
0 0 0 0

∣∣∣ 0 0 0 p3I 0
∣∣∣ 0 0 0 0 p4E4

4(1)
∣∣∣∣∣∣ 0 0 0 0

∣∣∣ 0 p2I 0 0 0
∣∣∣

0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 p4E3
4 p4E4

4(2)
∣∣∣∣∣∣ 0 0 0 0

∣∣∣ 0 0 p2I 0 0
∣∣∣

0 0 0 0
∣∣∣ 0 0 p3I 0 0

∣∣∣ 0 0 0 0 p4E5
7(1)

∣∣∣∣∣∣ 0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣
0 0 0 0

∣∣∣p3I 0 0 0 0
∣∣∣ 0 0 0 p4E4

7(1)p
4E5

7(2)
∣∣∣∣∣∣ 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣

0 0 p3I 0
∣∣∣ 0 0 0 0 0

∣∣∣ p4E1
7(1)p

4E2
7(1)p

4E3
7(1)p

4E4
7(2)p

4E5
7(3)

∣∣∣∣∣∣ 0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣
0 0 0 p4D1

2

∣∣∣ 0 p4E1
5 0 p4E1

6 p
4E2

6

∣∣∣ p4E1
7(2)p

4E2
7(2)p

4E3
7(2)p

4E4
7(3)p

4E5
7(4)

∣∣∣∣∣∣ 0 0 0 0
∣∣∣ 0 0 0 p3I 0

∣∣∣
0 0 0 p4D2

2

∣∣∣ 0 p4E2
5 0 p4E3

6 p
4E4

6

∣∣∣ p4E1
7(3)p

4E2
7(3)p

4E3
7(3)p

4E4
7(4)p

4E5
7(5)

∣∣∣∣∣∣ 0 0 0 0
∣∣∣ 0 0 0 0 p4F

∣∣∣
τ1

∣∣∣∣∣∣ τ2

∣∣∣



All blocks p4Ej7(i) are 0, except of p4E1
7(3), p4E5

7(1)

The blocks p4E1
7(1), p4E2

7(1), p4E1
7(2), p4E1

6 , p
4E1

5 can be annihilated by the respective p3I’s
above, and p4D1

2 can be annihilated by pI above.

A p4 ∈ p4E5
7(5) allows to annihilate in its whole row and in its whole column, displaying a

summand of rank 3. Thus p4E5
7(5) = 0. A p4 ∈ p4E5

7(4) allows to annihilate in its whole
row, except of p3I to the right, and in its whole column, displaying a summand [4.1]. Thus
p4E5

7(4) = 0. A p4 ∈ p4E5
7(3) allows to annihilate in its whole row, except of p3I to the left,

and in its whole column, displaying a summand [6.2]. Thus p4E5
7(3) = 0. With a p4 ∈ p4E5

7(2)
we annihilate in p4E4

7(1) and in its whole column. This displays a summand of [7.2]. Thus
p4E5

7(2) = 0.
A p4 ∈ p4E4

7(4) allows to annihilate in its whole column, except of p3I above, and in its whole
row, displaying a summand [5.1]. Thus p4E4

7(4) = 0. A p4 ∈ p4E4
7(3) allows to annihilate in its

whole column, except of p3I above, and in its whole row, except of p3I to the right, displaying
a summand [6.5]. Thus p4E4

7(3) = 0. With a p4 ∈ p4E4
7(2) we annihilate in p4E3

7(1), p4E4
7(1).

This displays a summand [8.3]. Thus p4E4
7(2) = 0. A p4 ∈ p4E4

7(1) allows to annihilate in p4E3
4 ,

displaying a summand [9.1]. Thus p4E4
7(1) = 0.

A p4 ∈ p4E3
7(3) allows to annihilate in its whole column, except of p3I above, and in its whole

row, displaying a summand [6.10]. Thus p4E3
7(3) = 0. A p4 ∈ p4E3

7(2) allows to annihilate
in p4E3

7(1), p4E2
7(2), p4E2

6 , displaying a summand [7.1]. Thus p4E3
7(2) = 0. A p4 ∈ p4E3

7(1)
displays a summand [9.2]. Thus p4E3

7(1) = 0.



68 DAVID M. ARNOLD, ADOLF MADER, OTTO MUTZBAUER, AND EBRU SOLAK

A p4 ∈ p4E2
7(3) allows to annihilate in p4E2

7(2) and in its whole row, displaying a summand [8.2].
Thus p4E2

7(3) = 0. A p4 ∈ p4E2
7(2) allows to annihilate in p4E2

6 , displaying a summand [9.4].
Thus p4E2

7(2) = 0.
A p4 ∈ p4E4

6 allows to annihilate in p4E2
6 , so there is a 0-column below a p4 ∈ p4E2

6 . Then a
p4 ∈ p4E2

6 allows to annihilate to the left, and to the right only p3I remains. This displays a
summand [6.7]. Thus p4E2

6 = 0. We obtained lots of 0-blocks.



pI 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 pI 0 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 0 pI 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 0 0 pI
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 0 0 0
∣∣∣ 0 0 p2I 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣τ2

0 0 0 0
∣∣∣ 0 0 0 p2I 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 0 0 0
∣∣∣ 0 0 0 0 p2I

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 p3I 0
∣∣∣∣∣∣ ∣∣∣

0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 0 p4A
∣∣∣∣∣∣ ∣∣∣

0 0 0 0
∣∣∣p2I 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣pI 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣

0 0 0 0
∣∣∣ 0 p2I 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ 0 pI 0 0

∣∣∣ 0 0 0 0 0
∣∣∣

0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 p3I 0 0
∣∣∣∣∣∣ 0 0 pI 0

∣∣∣ 0 0 0 0 0
∣∣∣

0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 0 p4C2

∣∣∣∣∣∣ 0 0 0 pI
∣∣∣ 0 0 0 0 0

∣∣∣
p2I 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣ 0 p3I 0 0 0

∣∣∣∣∣∣ 0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣
0 p2I 0 0

∣∣∣ 0 0 0 0 0
∣∣∣ 0 0 0 0 p4E3

1

∣∣∣∣∣∣ 0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣
0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣ p3I 0 0 0 0

∣∣∣∣∣∣ 0 0 0 0
∣∣∣p2I 0 0 0 0

∣∣∣τ3
0 0 0 0

∣∣∣ 0 0 0 p3I 0
∣∣∣ 0 0 0 0 p4E4

4(1)
∣∣∣∣∣∣ 0 0 0 0

∣∣∣ 0 p2I 0 0 0
∣∣∣

0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 p4E3
4 p

4E4
4(2)

∣∣∣∣∣∣ 0 0 0 0
∣∣∣ 0 0 p2I 0 0

∣∣∣
0 0 0 0

∣∣∣ 0 0 p3I 0 0
∣∣∣ 0 0 0 0 p4E5

7(1)
∣∣∣∣∣∣ 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣

0 0 0 0
∣∣∣p3I 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣

0 0 p3I 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣

0 0 0 0
∣∣∣ 0 0 0 0 0

∣∣∣ 0 0 0 0 0
∣∣∣∣∣∣ 0 0 0 0

∣∣∣ 0 0 0 p3I 0
∣∣∣

0 0 0 p4D2
2

∣∣∣ 0 p4E2
5 0 p4E3

6 p
4E4

6

∣∣∣ p4E1
7(3) 0 0 0 0

∣∣∣∣∣∣ 0 0 0 0
∣∣∣ 0 0 0 0 p4F

∣∣∣
τ1

∣∣∣∣∣∣ τ2

∣∣∣



The rows 1, 14 and the columns 1, 11 display a summand [6.4], and are omitted. The rows 3, 21
and the column 3 display a summand [5.5], and are omitted. The rows 10, 20 and the
columns 5, 15 display a summand [6.12], and are omitted. The row 12 and the columns 12, 17
display a summand [4.5], and are omitted. The row 22 and the column 22 display a summand
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of rank 3, and are not present. So we obtain a new coordinate matrix.

(22)



pI 0
∣∣∣ 0 0 0 0

∣∣∣ 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 pI
∣∣∣ 0 0 0 0

∣∣∣ 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 0
∣∣∣ 0 p2I 0 0

∣∣∣ 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 0
∣∣∣ 0 0 p2I 0

∣∣∣ 0 0 0
∣∣∣∣∣∣ ∣∣∣τ2

0 0
∣∣∣ 0 0 0 p2I

∣∣∣ 0 0 0
∣∣∣∣∣∣ ∣∣∣

0 0
∣∣∣ 0 0 0 0

∣∣∣ 0 p3I 0
∣∣∣∣∣∣ ∣∣∣

0 0
∣∣∣ 0 0 0 0

∣∣∣ 0 0 p4A
∣∣∣∣∣∣ ∣∣∣

0 0
∣∣∣ p2I 0 0 0

∣∣∣ 0 0 0
∣∣∣∣∣∣pI 0

∣∣∣ 0 0 0 0
∣∣∣

0 0
∣∣∣ 0 0 0 0

∣∣∣ 0 0 p4C2

∣∣∣∣∣∣ 0 pI
∣∣∣ 0 0 0 0

∣∣∣
p2I 0

∣∣∣ 0 0 0 0
∣∣∣ 0 0 p4E3

1

∣∣∣∣∣∣ 0 0
∣∣∣ 0 0 0 0

∣∣∣
0 0

∣∣∣ 0 0 0 0
∣∣∣ p3I 0 0

∣∣∣∣∣∣ 0 0
∣∣∣p2I 0 0 0

∣∣∣
0 0

∣∣∣ 0 0 p3I 0
∣∣∣ 0 0 p4E4

4(1)
∣∣∣∣∣∣ 0 0

∣∣∣ 0 p2I 0 0
∣∣∣τ3

0 0
∣∣∣ 0 0 0 0

∣∣∣ 0 p4E3
4 p

4E4
4(2)

∣∣∣∣∣∣ 0 0
∣∣∣ 0 0 p2I 0

∣∣∣
0 0

∣∣∣ 0 p3I 0 0
∣∣∣ 0 0 p4E5

7(1)
∣∣∣∣∣∣ 0 0

∣∣∣ 0 0 0 0
∣∣∣

0 p4D2
2

∣∣∣p4E2
5 0 p4E3

6 p
4E4

6

∣∣∣p4E1
7(3) 0 0

∣∣∣∣∣∣ 0 0
∣∣∣ 0 0 0 p4F

∣∣∣
τ1

∣∣∣∣∣∣ τ2

∣∣∣


Complete Reduction of [p4D2

2

∣∣p4E2
5

∣∣p4E3
6

∣∣p4E4
6

∣∣p4E1
7(3)

∣∣p4F ], non-existence of blocks

A 0-column of p4E1
7(3) displays a summand [4.4]. So we may assume that p4E1

7(3) has no
0-column and its Smith Normal Form is

[
p4I
0

]
.

We deal with the submatrix [p4D2
2

∣∣p4E2
5

∣∣p4E3
6

∣∣p4E4
6

∣∣p4E1
7(3)

∣∣p4F ]. The Smith Normal Form

of p4E1
7(3) splits this submatrix horizontally in

[
Y
X

]
, where Y contains p4I ⊂ p4E1

7(3) and X

contains the 0-rows of p4E1
7(3). A 0-column of p4D2

2 displays a summand of rank 3. A 0-column
of p4E2

5 displays a summand [4.6]. Hence we may assume that [p4D2
2

∣∣p4E2
5 ] has no 0-column.

Note that a 0-row of X ∩ [p4D2
2

∣∣p4E2
5

∣∣p4E3
6

∣∣p4E4
6 ] leads to a summand of rank ≤ 3. With these

informations we form the iterated Smith Normal Form of X ∩ [p4D2
2

∣∣p4E2
5

∣∣p4E3
6

∣∣p4E4
6 ], starting

with X ∩ p4E4
6 . Then we annihilate with p4I ⊂ p4E1

7(3) in [p4D2
2

∣∣p4E2
5

∣∣p4E3
6

∣∣p4F ]. We cannot

annihilate in p4E4
6 . Thus we obtain

[
p4D2

2(1)
∣∣p4E2

5(1)
∣∣p4E3

6(1)
∣∣p4E4

6

∣∣p4E1
7(3)

∣∣p4F ] =
[
Y
X

]
=



0
∣∣∣ 0

∣∣∣ 0 0
∣∣∣p4E4

6(1)p4E4
6(2)

∣∣∣p4I ∣∣∣ 0

0
∣∣∣ 0

∣∣∣ 0 0
∣∣∣ p4I 0

∣∣∣ 0
∣∣∣p4F1

0
∣∣∣ 0

∣∣∣p4I 0
∣∣∣ 0 0

∣∣∣ 0
∣∣∣p4F2

0
∣∣∣p4I ∣∣∣ 0 0

∣∣∣ 0 0
∣∣∣ 0

∣∣∣p4F3

p4I
∣∣∣ 0

∣∣∣ 0 0
∣∣∣ 0 0

∣∣∣ 0
∣∣∣p4F4


.
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With the p4I’s in X ∩ [p4D2
2

∣∣p4E2
5

∣∣p4E3
6

∣∣p4E4
6 ] we annihilate all p4Fi’s and with p4I ⊂ X ∩p4E4

6

we annihilate p4E4
6(1). So we get the contradiction p4F = 0, and the F -column is not present. A

0-row of E4
6(2) displays a summand [6.9]. Moreover, p4E4

6 has no 0-column, to avoid a summand
of rank 3. So the Smith Normal Form of E4

6(2) is p4I. Hence, in particular, Y has no 0-row.
Thus we obtained the claimed complete reduced form:

[
p4D2

2(1)
∣∣p4E2

5(1)
∣∣p4E3

6(1)
∣∣p4E4

6

∣∣p4E1
7(3)

∣∣p4F ] =
[
Y
X

]
=



0
∣∣∣ 0

∣∣∣ 0 0
∣∣∣ 0 p4I

∣∣∣p4I ∣∣∣0
0
∣∣∣ 0

∣∣∣ 0 0
∣∣∣p4I 0

∣∣∣ 0
∣∣∣0

0
∣∣∣ 0

∣∣∣p4I 0
∣∣∣ 0 0

∣∣∣ 0
∣∣∣0

0
∣∣∣p4I ∣∣∣ 0 0

∣∣∣ 0 0
∣∣∣ 0

∣∣∣0
p4I
∣∣∣ 0

∣∣∣ 0 0
∣∣∣ 0 0

∣∣∣ 0
∣∣∣0


.

A (non-zero) row of Y displays a summand [9.3]. Thus the block row Y is not present and this
creates the contradiction p4E1

7(3) = 0, because we know already that E1
7(3) has no 0-column.

So row 11 and the columns 7, 12 are not present.
A p4 ∈ X ∩ E4

6 displays a summand [5.2]. Thus we get the contradiction p4E4
6 = 0, because

we know already that E4
6 has no 0-column. So row 5 and column 6 are not present. Moreover,

a p4 ∈ p4D2
2 displays a summand [5.3]. Thus we get the contradiction p4D2

2 = 0, because we
know already that D2

2 has no 0-column. So row 2 and column 2 are not present. A p4 ∈ p4E2
5

displays a summand [6.11]. Thus we get the contradiction p4E2
5 = 0, because we know already

that E2
5 has no 0-column. So row 8 and the columns 3, 10 are not present. The new coordinate

matrix is

(23)



pI
∣∣∣ 0 0 0

∣∣∣ 0 0
∣∣∣∣∣∣ ∣∣∣

0
∣∣∣p2I 0 0

∣∣∣ 0 0
∣∣∣∣∣∣ ∣∣∣

0
∣∣∣ 0 p2I 0

∣∣∣ 0 0
∣∣∣∣∣∣ ∣∣∣τ2

0
∣∣∣ 0 0 p2I

∣∣∣ 0 0
∣∣∣∣∣∣ ∣∣∣

0
∣∣∣ 0 0 0

∣∣∣ p3I 0
∣∣∣∣∣∣ ∣∣∣

0
∣∣∣ 0 0 0

∣∣∣ 0 p4A
∣∣∣∣∣∣ ∣∣∣

0
∣∣∣ 0 0 0

∣∣∣ 0 p4C2

∣∣∣∣∣∣pI ∣∣∣ 0 0 0
∣∣∣

p2I
∣∣∣ 0 0 0

∣∣∣ 0 p4E3
1

∣∣∣∣∣∣ 0
∣∣∣ 0 0 0

∣∣∣
0
∣∣∣ 0 p3I 0

∣∣∣ 0 p4E4
4(1, 1)

∣∣∣∣∣∣ 0
∣∣∣p2I 0 0

∣∣∣
0
∣∣∣ 0 0 p3I

∣∣∣ 0 p4E4
4(1, 2)

∣∣∣∣∣∣ 0
∣∣∣ 0 p2I 0

∣∣∣τ3
0
∣∣∣ 0 0 0

∣∣∣ p4E3
4 p4E4

4(2)
∣∣∣∣∣∣ 0

∣∣∣ 0 0 p2I
∣∣∣

0
∣∣∣p3I 0 0

∣∣∣ 0 p4E5
7(1)

∣∣∣∣∣∣ 0
∣∣∣ 0 0 0

∣∣∣
0
∣∣∣ 0 p4I 0

∣∣∣ 0 0
∣∣∣∣∣∣ 0

∣∣∣ 0 0 0
∣∣∣

τ1

∣∣∣∣∣∣ τ2

∣∣∣


Complete Reduction of p4E3

4 and of the p4E5
7(1)-column

We deal with p4E3
4 and the p4E5

7(1)-column. A 0-row of p4A displays a summand of rank 2. A
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0-row of p4C2 displays a summand of rank 3. A 0-row of p4E3
1 displays a summand [5.6]. A

0-row of p4E4
4(1, 1) displays a summand [8.1]. A 0-row of p4E4

4(1, 2) displays a summand [6.8].
A 0-row of p4E5

7(1) displays a summand [5.4].
The p4E5

7(1)-block column has no 0-column. The Smith Normal Form of p4E5
7(1) is [p4I

∣∣0].

This splits the p4E5
7(1)-column vertically [Y

∣∣X], where Y continues the nonzero columns and X

continues the 0-columns of p4E5
7(1). With X∩p4E4

4(2) we start the iterated Smith Normal Form
upward till X ∩ p4A. Then we annihilate with p4I ⊂ p4E5

7(1) upward, except of p4E4
4(2).

This iterated Smith Normal Form has the five blocks p4A, p4C2, p
4E3

1 , p4E4
4(1, 1), p4E4

4(1, 2).
We discuss these blocks to 0. Consequently those block rows are not present, because we already
know that these blocks have no 0-rows.
A p4 ∈ p4A causes a summand of rank 3. So the p4A-row is not present. A p4 ∈ p4C2 causes
a summand [4.3]. So the p4C2-row and column 7 are not present. A p4 ∈ p4E3

1 causes a
summand [6.3]. So the p4E3

1 -row, row 1 and column 1 are not present. A p4 ∈ p4E4
4(1, 1)

causes a summand [9.6]. So the p4E4
4(1, 1)-row, the rows 3, 13 and column 8 are not present. A

p4 ∈ p4E4
4(1, 2) causes a summand [7.3]. So the p4E4

4(1, 2)-row, row 4 and the columns 4, 9 are
not present. We obtain the new coordinate matrix

p2I
∣∣∣ 0 0 0

∣∣∣∣∣∣ ∣∣∣τ2
0
∣∣∣ p3I 0 0

∣∣∣∣∣∣ ∣∣∣
0
∣∣∣p4E3

4(1) Y ∩ p4E4
4(2, 1) p4I

∣∣∣∣∣∣p2I 0
∣∣∣

0
∣∣∣p4E3

4(2) Y ∩ p4E4
4(2, 2) 0

∣∣∣∣∣∣ 0 p2I
∣∣∣τ3

p3I
∣∣∣ 0 p4I 0

∣∣∣∣∣∣ 0 0
∣∣∣

τ1

∣∣∣∣∣∣ τ2 ∣∣∣


With p4I in row 3 we annihilate p4E3

4(1), Y ∩ p4E4
4(2, 1). This displays a summand [4.2]. Thus

the p4E3
4(1)-row and the columns 4, 5 are not present. The matrix [p4E3

4(2)
∣∣Y ∩ p4E4

4(2, 2)]

has no 0-row to avoid a summand of rank 3. The block p4E3
4(2) has no 0-column to avoid a

summand of rank 3 and a 0-column in the block Y ∩ p4E4
4(2, 2) leads to a summand [6.1]. We

form the iterated Smith Normal Form of [p4E3
4(2)

∣∣Y ∩ p4E4
4(2, 2)] starting with Y ∩ p4E4

4(2, 2),

i.e., [p4E3
4(2)

∣∣Y ∩ p4E4
4(2, 2)] =

[
0 p4I
p4I 0

]
and get the new coordinate matrix



p2I
∣∣∣ 0 0

∣∣∣∣∣∣ ∣∣∣τ2
0
∣∣∣p3I 0

∣∣∣∣∣∣ ∣∣∣
0
∣∣∣ 0 p4I

∣∣∣∣∣∣p2I 0
∣∣∣

0
∣∣∣p4I 0

∣∣∣∣∣∣ 0 p2I
∣∣∣τ3

p3I
∣∣∣ 0 p4I

∣∣∣∣∣∣ 0 0
∣∣∣

τ1

∣∣∣∣∣∣ τ2

∣∣∣


This coordinate matrix displays summands [6.6] and [9.5], respectively.
We obtained all indecomposable homocyclic ((1, 3), p5)-groups, and it is shown that the list is
complete. �
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