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ON THE EIGENVALUES OF THE INFINITESIMAL GENERATOR OF A
SEMIGROUP OF COMPOSITION OPERATORS ON BERGMAN SPACES

DIMITRIOS BETSAKOS

ABSTRACT. Suppose that (¢:) is a one-parameter semigroup of holomorphic self-maps of the
unit disk with associated planar domain . Let (T%) be the corresponding semigroup of compo-
sition operators on the Bergman space A%. When the semigroup (¢:) is elliptic or hyperbolic,
we describe the point spectrum of the infinitesimal generator of (7%) in terms of the geometry
of Q.

1. Introduction

A semigroup of holomorphic self-maps ¢, ¢ > 0, of the unit disk D induces a strongly
continuous semigroup of composition operators 7; on the Hardy space HP,1 < p < oo, or on
the Bergman space A5, 1 < p < 0o, —1 < a < co. The study of composition semigroups began
by Berkson and Porta [4] on H? and by Siskakis [I9] on AL. The main results of the theory are
reviewed in [2I]. The infinitesimal generator of the semigroup (¢;) is a holomorphic function
G : D — C such that (see [4], [1])

(1.1) 8‘%2) =G(d(2)), t>0, zeD.

The infinitesimal generator of the operator semigroup (7;) on HP (respectively, on AL) is the
operator I' given by

(1.2) L(f)=Gf'

and defined for all f € HP (respectively, all f € A}) for which Gf' € HP (respectively, Gf’ €
AL); see [19, 20].

In the article [6] we study the eigenvalues of the infinitesimal generator I' on Hardy spaces.
That paper contains an introduction including the definitions and main results of the theory
of holomorphic semigroups and the associated composition operator theory. Now we will deal
with the point spectrum A of the operator I' on Bergman spaces. Suppose that h is the Koenigs
function of the semigroup (¢;) and 2 = h(D) is the associated planar domain. Let 7 € DUOD be
the Denjoy-Wolff point of the (¢¢); (for the definitions, see [I], [21], [6] and references therein).
Siskakis [19) 20] proved that
(i) If 7 € D, then A C {kG'(0) : k =0,1,2,...} and kG'(0) € A if and only if h* € A5.

(ii) If 7 € D, then A = {AG(0) : M € AR},

In the present work we will provide an exact description of the eigenvalues of I on AL in
the cases of elliptic and hyperbolic semigroups. Recall that a semigroup (¢;) is elliptic if its
Denjoy-Wolff point 7 belongs to D and no ¢; is an elliptic automorphism of D; in this case
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we assume (without essential loss of generality) that 7 = 0. Therefore [4], the infinitesimal
generator G of (¢;) has the form G(z) = —zF(z), where F' is a function with positive real part.

To describe the point spectrum A of I' on A%, we need to review some definitions and facts
from geometric function theory. If o € (—7/2,7/2), we say that a domain Q & C is o-spiral-like
(with respect to 0) if for every w € € the open spiral segment

(1.3) {we ™" 1t >0}

joining w to 0 is contained in ). Note that the point 0 may or may not belong to €. In
the former case we obtain the classical notion of spiral-like domains; see e.g. [12], [15] and
references therein. In the latter case, 0 € 92 and we obtain the class of spiral-like domains with
respect to a boundary point; see e.g. [18], [10]. If  is a o-spiral-like domain for some o, we
say that € is spiral-like. If f is a conformal mapping of I onto a o-spiral-like domain, we say
that f is a o-spiral-like function. The set of all functions in ID that are o-spiral-like for some
o € (—n/2,7/2) is denoted by S.

Given o € (—m/2,7/2), 0, € [0,27), and n € [0,27], the o-spiral sector of opening n with
center angle 6, is the set

_ i0 _—tel® _ Q
(1.4) Sy (B0, 1) _.{e et R, |0 — 6] < 2}.

0

The spiral curve {eoe=* . ¢ € R} is the spiral bisector of S,(0,,m). It is easy to see that
the spiral bisector is a hyperbolic geodesic for the domain S,(6,,7). If Q is a o-spiral-like
domain and contains a o-spiral sector, then it contains a maximal o-spiral sector of the form
S (05,1(€2)), in the sense that there is no §; € [0,27) and no n > 7n(Q2) such that S,(61,n) C Q.
The number n(§2) € [0, 27] is called the mazimal angular opening of Q2. When there is no danger
of confusion we will use the simpler notation 1 for 7(£2).

If (¢¢) is a semigroup of holomorphic self-maps of the unit disk, then its Koenigs function h
is spiral-like and the associated planar domain 2 = h(D) is o-spiral-like, where
(1.5) o = arg(—G'(0)) = arg(F(0)) € (—m/2,7/2);
see [19], [21].

By the result of Siskakis mentioned above, the problem of the determination of the point
spectrum of I' is reduced to a well known problem in geometric function theory. In its gen-
eral form the problem can be stated as follows: Find conditions on a (univalent) holomorphic
function f in D so that f belongs to some space of holomorphic functions (Hardy, Bergman,
Dirichlet, etc.); see [3], [L6] for recent contributions. The membership of a spiral-like function
to the Hardy space has been studied in [12]; see also [15].

Theorem 1. Let —7w/2 < 0 < 7/2. Suppose that f is a o-spiral-like function and let n € [0, 27]
be the mazximal angular opening of f(DD).
(i) Assume n =0. Then f € AL for every p € (0,+00) and every a € (—1,+00).
(ii) Assume that n > 0. Then f € AL if and only if
2

(1.6) < M

ncos? o

Baernstein, Girela, and Peldez [3] proved that for p > 1/2, there exists a univalent function
in Agp \ HP. Theorem |l| implies that such a function cannot be spiral-like:

Corollary 1. For every p € (0,+00),
SNHP =S8N AY.
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With the aid of Theorem [l we can easily obtain a transparent description of the point
spectrum of the operator I' on A% in the case of interior Denjoy-Wolff point.

Theorem 2. Let (¢¢)i>0 be an elliptic semigroup of holomorphic self maps of D. Suppose
that the Denjoy- Wolff point of the semigroup is 0. Let h be the Koenigs function of (¢¢) and
Q = h(D) be the associated spiral-like domain. Let G be the infinitesimal generator of (¢;)
and I' be the infinitesimal generator of the induced semigroup of composition operators on the
Bergman space Ah,, 1 < p < oo, =1 < a < oco. Let A be the point spectrum of I'. Let
o =arg(—G'(0)) € (—7/2,7/2) and let n(Q) be the mazimal angular opening of Q).

(a) If Q does not contain any o-spiral sector then

(1.7) A={kG'(0): k=0,1,2,...}.
(b) If Q contains a o-spiral sector then
(1.8) A={kG(0): k=0,1,2,... kb
where

(o +2)
1. 0 = : —_— 7.
(1.9) k max{kEN k<p77(Q)COSQO'}

The proofs of Theorems and Corollary [I] are in section

We now turn to hyperbolic semigroups. Recall that a semigroup (¢;) is hyperbolic if 7 € 9D
and for the angular derivative of every function ¢;, we have 0 < ¢,(7) < 1; see [19, [§]. For
hyperbolic semigroups, we assume (without essential loss of generality) that 7 = 1, h(0) = 0 and
G(0) = 1. The associated planar domain is convex in the positive direction (see [19]). A domain
is called convex in the positive direction if it has the following property: Whenever w € €2, the
horizontal half-line {w 4t : t > 0} is contained in 2. Suppose that such a domain is contained
in a horizontal strip. Let v = v(2) be the width of the smallest horizontal strip containing €.
If © contains a horizontal strip, then it contains one of maximal width. Let 5 = 5(£2) be this
maximal width. We also set 5(€2) = 0 if Q does not contain any horizontal strip.

Contreras and Diaz-Madrigal [8] have proved that the associated planar domain € of a hyper-
bolic semigroup is contained in a horizontal strip. So we can consider the quantities v(€2) and
B(€2). We will need one more geometric quantity that quantifies the proximity of the boundary
of © to the boundary lines of the smallest strip S containing 2. For = > 0, let £(z) be the
vertical line through x. Let J(x) be the component of /(x) N2 that intersects the midline of S
and set 0(z) = |J(x)| (the length of J(z)). Note that §(z) is an increasing function of z, that
0 <f8(x) <wvfor x € (0,400), and that lim,_,~ 0(x) = v. Consider the quantity

[e%¢) t

(1.10) WQ(Q)—/exp —w(a+2)0/<01)—i> da | dt.

(x
1
Observe that W, (Q) < +oo if §(z) converges to v (as © — +00) slowly enough.

Theorem 3. Let (¢;) be a hyperbolic semigroup of holomorphic self-maps of D. Let T be the
infinitesimal generator of the induced composition semigroup on Ab, 1 < p < 400, -1 < a <
+o0. Let A be the point spectrum of T'.
(a) If () =0 and Wo(2) < o0 then

(1.11) A:{Ae@:—oo<ReAg7W}.
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(b) If B(Q2) =0 and W,(Q) = +oo then

B e . (o +2)

(1.12) A—{)\EC. <R )\<7PV(Q) }
(c) If B(2) > 0 and W, () < +0o0 then

e, mo+2) _ | _wa+2)
(1.13) A_{AG(C. VB <ReA < () }
(d) If B(2) > 0 and W,(2) = +o0 then

e, mo+2) _ | _ma+2)
(1.14) A—{)\G(C. VB <Re) < () }

2. Preliminaries

2.1. Bergman spaces. For 0 < p < 4+00 and —1 < a < 400, the (weighted) Bergman space
AP, is the space of all holomorphic functions f in the unit disk for which

(2.1) 1 = [ 1F@PQ 1) Ald2) < +oc,
D

where A is the Lebesgue area measure on D. It follows from the Hardy-Stein formula (see [16]
and references therein) that

a+2
(2.2) 11 = [5G 2rGE (l) At + 11O,
D

E

Here and below, the notation a = b means that there exist constants c¢,C' > 0 such that
¢ < a/b< C. Similarly, the notation a < b means that there exists a constant C' > 0 such that
a < Chb.

If f is holomorphic in D and 0 < r < 1, we set

(2.3) M(r) = M(r, f) = max{|f(re®)| : 6 € [0, 27]}.

By a theorem of Baernstein, Girela, and Peldez [3], modified by Pérez-Gonzédlez and Réttya
[16], a univalent holomorphic function f in D belongs to A%, if and only if

1
(2.4) /M(r, P —r?)*Tldr < 4o0.
0
Lemma 1. If f is a holomorphic mapping of D into the upper half-plane H = {w € C : Imw >
0}, then for everyp < a+2, f € Ab.
Proof. By subordination, we may assume that f is a conformal mapping of D onto H. Then
M(r, f) = (1 —r)~. Hence, if p < o + 2, then

1 1
(2.5) /M(r, P =)ot ldr < /(1 — )Py < 4o0.
0 0

So f € AR, 0
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2.2. Harmonic measure and extremal length. Let 2 be a planar domain with non-polar
boundary; (for example, if ; C is simply connected then 0f2 is non-polar). Let E be a Borel
subset of 0f). The harmonic measure of E relative to € is the generalized (Perron) solution u
of the Dirichlet problem for the Laplacian in 2 with boundary function equal to 1 on F and to
0 on 002\ E. We will use the standard notation

(2.6) u(z) =w(z, E,Q), ze€.

For fixed z € Q, w(z, -, Q) is a probability measure on 0f2. The harmonic measure is conformally
invariant and satisfies the Harnack and the maximum principles. We refer to [2], [11], [13], and
[17] for presentations of the theory of harmonic measure.

If Q is a planar domain and A, E are closed sets in the closure of €2, we denote by A(A, E, Q)
the extremal length of the family of the rectifiable curves in  joining A with E. We refer to
[11] for the properties of extremal length and Beurling’s estimates of harmonic measure in terms
of extremal length.

2.3. Green function. Suppose that @ G C is a domain. We denote by ga(z,w) the Green
function of 2. We refer to [2], [13], [17] for the definition and main properties of the Green
function.

Lemma 2. Consider the strip
S={z€C:0<Imz <7}
For every x > 0,

(2.7) gs(im/2,x +im/2) > 2e 7.
Proof. By the explicit expression of the Green function of the strip
. . e’ +1
(2.8) gs(im/2,x +in/2) = log — T
e —
The function (1,400) 2 r +— 7log % is decreasing. Therefore
r+1 . r+1
. > = 2.
(2.9) rlogr_l_rginoorlogr_l 2

O

2.4. Growth of spiral-like functions. We will prove two lemmas that give precise bounds
for the growth of spiral-like functions.

Lemma 3. Let 0 € (—n/2,7/2) and let Q2 be a o-spiral-like domain. Suppose that the mazimal
angular opening of  is n(Q) > 0. Let f be a conformal mapping of D onto 2. Then there
exists a constant C' > 0 such that for 0 <r <1,

C

(210) M(T, f) 2 (1 _ r)'r](ﬂ)(COSQ O')/7T ’

Proof. Since n = n(€2) > 0, there exists a o-spiral sector of the form
S = 5, (60,1) = {ewe—te“’ tER, |00, < g}
contained in ; see [I12]. The spiral curve (the bisector of X)

Yo = ~{ei0"67t6i(I :te R}
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is a hyperbolic geodesic for ¥.. Consider the point w, = €% € v,NdID and set z, = f~(w,) € D.
Let f, be the conformal mapping of D onto ¥ such that f,(z,) = w, and the radial segment
(%0, %0/|%0|) is mapped onto the hyperbolic geodesic segment {e2e~*¢"" : t < 0} in ¥. For
0<r<1,set z, =7120/|2| and w, = fo(zr).

The exponential function maps conformally the strip

2

onto Y. Denote by L the inverse function (a branch of the logarithm) that maps 3 onto S. By
the conformal invariance of the Green function, for every r close enough to 1,

(2.11) 1—rﬁlog% = gp(0, 2) = g=(fo(0), wy).

By the Harnack chain principle (see e.g. [2, Corollary 1.4.4]), there exists a constant C; > 0,
independent of 7, such that

S—{:):—l—iyE(C: \y—(ﬁo—xtana)\<n(ﬂ)}

(2'12) gE(fo(O)a wr) > ClgE(wm wr)'
By the conformal invariance of the Green function
(2.13) gZ(wmwr) = gS(L(wO)aL(wT)'

The points L(w,) and L(w,) lie on the midline of the strip S which has width 1 coso. Moreover,
|L(wo) — L(w,)| = log|w,|/ coso. Therefore, by Lemma
2
. > .
(2.14) gs(Lluw), L) 2 1o

Since w, = fo(zy) and |z,| = r, we have |w,| < M(r, f,). Also, ¥ C Q and f(2,) = fo(20) = wo.
Hence [13, Theorem 2.20], f, is subordinate to f. Therefore [13, Theorem 2.21] M(r, f,) <
M(r, f). So (2.14]) implies that

2
. > .
(2 15) gS(L(wO>7L(wT> - M(’I”, f)ﬂ/(?]COS2 0_)
It follows from (2.11))-(2.13)) and ([2.15|) that there exists a constant C' > 0 such that for 0 < r < 1,
C
(2.16) M(r, f) =

(1 — p)nlcos®a)/m”
O
Lemma 4. Let f be a o-spiral-like function with mazimal angular opening n € [0,2x]. Let
e > 0. There exists a constant C. > 0 such that for every r € (0,1),
C:
(1 — r)(rto)cos?o)/m°

(2.17) M(r, f) <

Proof. 1t suffices to prove the inequality for all sufficiently small £ > 0 and all r € (0,1)
that are sufficiently close to 1. Assume that 0 < n < 27. (If n = 2, the proof is similar; just
put € = 0 in the proof below). Let Q = f(D). Take € > 0 small enough so that n+ ¢ < 27. Let
r € (0,1). There exists a point z, on the circle {|z| = r|} such that |f(z)| = M(r) = M (r, f);
note that the function r» — M(r) is a strictly increasing continuous function. For the given
e > 0, there exists M. > 0 such that the component of 2 N {|w| > M.} containing f(z,)
is contained in a spiral sector of the form ¥, = S,(6,,17 + €) (by the definition of n). Set
re = M~Y(M,).
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For every p > 0, let I(p) be the component of QN {|w| = p} intersecting the spiral bisector
of ¥.. Note that f~1(I(M(r)) is a Jordan arc in D passing through z, and that the circular
projection of f~1(I(M(r)) on the positive radius of I contains the interval (r,1). Therefore, the
Beurling-Nevanlinna projection theorem (see e.g. [11] or [I7]) and an elementary calculation of
harmonic measure give

1, 6r—1-—72

(2.18) 1-r < —cos W:w(O,[T,lLD\[T,lD
< w(0, fTHI(M (), D\ FTHI(M (7).

By the conformal invariance of harmonic measure,
(2.19) w(0, FTHI(M(r))), D\ FTHI(M(r))) = w(F(0), I(M(r)), 2\ I(M(r))).

By the Harnack chain principle (see e.g. [2, Corollary 1.4.4]), there exists a constant C. > 0
such that for r > r.,

(2.20) w(f(0), I(M(r)), 2\ I(M(r))) < Cow(Mee™, I(M(r)), 2\ I(M(r))).
By Beurling’s estimates connecting harmonic measure and extremal length and monotonicity
properties of extremal length (see [11]),

(2.21) w(Mze I(M(r)),Q\ I(M(r))) ¢~ TAI(Me),1(M(r)).2)

S
< e_WA(J(ME)ﬂ](M(T))aEE)’

where J(p) = X N {|w| = p},p > 0.
The exponential function maps conformally the strip

5 5
Sg:{x+iy€C:77—2|_<|yxtana|<n—2i_ }

which has width equal to (n + €) coso onto ¥.. Let L be the inverse function (a branch of the
logarithm). By the conformal invariance of extremal length,

(2.22) A (M), J(M(r)), Xe) = ML(J(Mc)), L(J (M (r))), S¢)-
Note that A\(L(J(M.)) and L(J(M/(r))) are rectilinear orthogonal crosscuts of S; having distance
to each other equal to (log M (r) — log M. )/ coso. Therefore,
_ log M(r) — log M.
(n+e¢e)cos?o
It follows from — that there exists a constant C. > 0 such that for every r € (0, 1),
—mlog M (r) >
(n+¢)cos? o

(2.23) AL(J (Me)), L(J(M(r))), Se)

(2.24) 1—7r<C; exp <
which is equivalent to ((2.17)). U

3. Proof of Theorems and Corollary

3.1. Proof of Theorem [I} Suppose first that n = 0. Let ¢ > 0. By Lemma [4 there exists a
constant Ce > 0 such that for every r € (0,1),

C:
(1 _ T)s(cos2 o)/n’

(3.1) M(r) = M(r, f) <
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Therefore, for every p € (0, +00) and every « € (—1 +00)
(3.2) /M(T’)p )t har < C. / pyeti—pe( (cos* o)/

The last integral is finite when ¢ is sufficiently small. Hence (see subsection f e AL,
Suppose that n > 0. If p < (ot

ncos? o’

then we can find € > 0 small enough so that

(a+2)m
(3:3) (n+¢)cos? o

It follows as above (using Lemma [4]) that

(3.4) /M(T)P oz+1 dr < C. / a+1 —p(nte)(cos? o) /m < 400.

Hence f € AL,
Conversely, assume that f € A5. Then by Lemma
1

(3.5) oo / MEP =tz [ gttty
0
(a+2)m ) 0

ncos? o

Hence p <

3.2. Proof of Corollary Let f be a o-spiral-like function with maximal angular opening
n. If n = 0 then f belongs to HP and to Af for all p € (0,400). Suppose that n > 0. By a
theorem of Hansen [12], f € HP if and only if p < 7/(ncos? o). By Theorem [1| (with o = 0)
this condition is equivalent to f € Agp . (]

3.3. Proof of Theorem If 2 does not contain any spiral sector then n = n(Q2) = 0.
Therefore h € A, for every p € (0,+00) and every a € (—1,+00). The same is true for the
function h*, k =0,1,2,.... Hence
(3.6) A={kG'(0): k=0,1,2,...}.

Assume that ) contains a spiral sector. Then n > 0. If k € {0,1,2,...} and kG'(0) € A,
then h* € AL and therefore h € AP By Theorem

2
(3.7) k< ”(0‘7:)
pncos? o

Conversely, if k is a nonnegative integer satisfying |' then by Theorem |1}, h € AP and
therefore, kG'(0) € A.

4. Proof of Theorem [3]

We first prove two lemmas. Let  be a domain which is convex in the positive direction.
Assume that €2 is contained in a horizontal strip and let
v v
S:{wEC:yo—§<Imw<yo+§}, Yo €E R, v >0,
be the smallest horizontal strip containing 2. There exists an x, > 0 such that z, + iy, € Q.
For x > x,, let {(x) be the vertical line through z. Let J(x) be the component of ¢(z) N Q2 that
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intersects the midline of S and set #(z) = |J(z)| (the length of J(z)). Since S is the smallest
strip containing Q, lim,_, . 0(x) = v.

Lemma 5. Let Q and S be as above. Let
00 ={C€d:InC > y,}

Then
1
(4.1) lim w(z + iy,, 004, Q) = 7

r—+00
Proof. The set J(z) is a vertical interval of the form
J(x) = (z +iyo — iy (2), =+ iyo + iy4(x)).

Since () is convex in the positive direction, the functions y_(x) and y4 (z) are increasing. More-
over, since S is the smallest strip containing €2,

(4.2) y—(z) > v/2 and yi(x) > v/2, as = — +oo.
Let £ > 0. Because of (4.2), there exists z. > x, such that for x > x.,
(4.3) 0<v/2—y_ (z)<e and 0<v/2—yi(z)<e.

Consider the half-strip

ng{we(c: Rew > z, yo—z—5<Imw<ya+z}

2 2
and let A. be its upper boundary half-line. By the maximum principle
(44) w(w+iy0,0ﬂ+,9) 2 W($+iyo,A€,H5).

It is easy to see that
(v—e)/2 v—e¢

(4.5) gcli)g_loow(x +iy,, A, 1) = V =
Therefore,
. . v—e¢
(4.6) léguugf w(x + 1Yo, 004, Q) > 5
Since this holds for every € > 0, we infer that
1
: im | ' > 2.
(4.7) lim inf (o + iy, 094, 2) > -
Similarly, we prove that
1
(4.8) lim sup w(x + iy, 04, Q) < —.
r—r+00 2

So (4.1)) is proved. O

Let © and S be as above. By Lemma [b} there exists an z* > x, such that for every = > z*,
O(z) > 9r/10 and w(z + iyo, 004, Q) > 2/5.

Lemma 6. There exists a constant C' > 0 such that for every

(4.9) we{weﬂ:yo—%<lmw<yo+g, Rew>x*},
Rewd
(4.10) go(x™ +iyo,w) > C exp | —7 / Wi)

Zo
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Proof. The horizontal line {w : Imw = y,} determines two prime ends P;, P, on the boundary
of Q. One of them, say P», is supported at co and is determined by the crosscuts J(x), x > z*.
Let ¥ map €2 conformally onto the strip

Y={(eC: —n/2<In( <7/2}

so that P; corresponds to the prime end of ¥ at —oo and P, corresponds to the prime end of X
at +o00. By the conformal invariance of the Green function

(4.11) go(z™ + iyo, w) = gs(V(z™ + iy,), Y(w)).

Also, by the conformal invariance of harmonic measure, both ¥ (z* + iy,) and ¥ (w) lie in a
horizontal strip with midline {¢ : Imn{ = 0} and width equal to a positive constant, smaller than
m. It follows from the Harnack chain principle that there exists a constant (independent of w)
such that

(4.12) gu (" +iyo), b(w)) = C gs(Re tp(z" + iy, ), Re th(w)).
Let
o(2*) =(J(2") and o(w) = (I (Rew)).
These are crosscuts of ¥ joining the boundary lines. Set

(4.13) &1(z*) =inf{Re(: ( € o(z")}

and

(4.14) &(w) =sup{Re( : ( € o(w)}.

Since &3 (w) — &1 (2*) > Rep(w) — Re (™ + iy, ), we infer that

(4.15) go(Re Y(a” + i), Re (w)) > g5 (€1 ("), &x(w)).
By Lemma

(4.16) gn(&1(z%), La(w)) > 2e~@WI=GET),

By Ahlfors’ second fundamental inequality (see e.g. [14, Theorem 3]), there exists a constant
C > 0 (independent of w) such that

Rew Rew

(4.17) gQ(w)—gl(x*)gw/e‘éi)+ogw/G(Z)HJ.

x* Zo
The inequality follows from —. O
Proof of Theorem [3]
Step 1
Let (T;) be the induced semigroup of composition operators on A%. By [20, Lemma 1],

+2

1+ \@(0)1) N
1— |6:(0)]
< glol/p gla+2)/p

(4.18) 1Tl g ay < 40P (
1
(1~ (G027

By [8, Theorem 2.8], the orbit ¢ — ¢:(0) tends to 1 as t — +oo with a fixed slope and not
tangentially. Therefore, there exists a positive constant C' > 0 such that for every ¢ > 0,

(4.19) 1= [¢t(0)] = C1 = ¢4(0)].
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Also, by [5], for every e > 0, there exists a constant C. > 0 such that for every ¢t > 0

(4.20) 11— ¢4(0)] > Cee™ Tt/ (v=2),

It follows from (|4.18])-(4.20|) that there exists a constant C'(g, o, p) such that for every ¢ > 0,
mt(a + 2)

4.21 T <C — .

(1.21) Tl < Clerapyenp (D)

Thus we can estimate the growth bound (or type) of the semigroup (73):

log ||IT; 1 5
(4.22) log (|7l a2 a7, < lim OgC(e,a,p)+(a+ s
t=Foc [ t=+o00 t p(v —¢)
_ 7ma+2)
(v—ep

Since this holds for every € > 0, we conclude that

lo T, 2
(4.23) fim 081 el Az az _mla+2)
t——+o0 t vp

By the general semigroup theory, the spectrum of I' lies in the closed half-plane

2
{/\E(C:Re/\§7r(a+)}.
vp
Step 2
Let h be the Koenigs function of the semigroup (¢;). If A = 0, then e* = 1 € AL. Hence
A € A. Suppose that A € R and

2
(4.24) 0<r< et
vp
It is clear that e* € A% if and only if e™/* Aﬁ”” /™ The function ™/ maps D conformally

into a half-plane. Therefore (see Lemma , 1} implies that e™/¥ ¢ AQ”F /™ We conclude
that the interval [0, (o + 2)/(vp)) is contained in A.

Step 3
Suppose that A < 0 and 8 = 3(Q) > 0. Then e € A% if and only if e=™/* € ARNP/™. The
function e~™/" is 0-spiral-like (namely, star-like) with maximal angular opening equal to g /v.
So Theorem [1| implies that e=™/¥ ¢ Aloj\ P/™ it and only if
A 2
Nop _ (ot 2)r

4.2
(4.25) v B /v
which is equivalent to

— 2
(4.26) ”(gpﬂ <A<0.
We conclude that

(a4 2) )

4.27 AN (=00,0)= [ -2 o).
(1.27) (~o0.0) = (-T2

If B(©2) = 0, the above argument shows that (—oo,0) C A.
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Step 4
Since 2 = h(D) is contained in a horizontal strip, the Koenigs function has bounded imaginary
part, say |[Imh| < c. Suppose that A € A which means that e** € A%L. For every y € R,

(4.28) ’e(”iy)h‘ = e ¥Imh AN < elvlejeAn),

Therefore, eA W ¢ AP So A + iy € A.
Step 5
It remains to study the case

(4.29) G
. o
By , e e AP if and only if
1 a+2
(4.30) / |2 [P=2 | (AN2)))2 <10g \z\) A(dz) < +oc.
D

By the change of variable w = h(z) and the conformal invariance of Green function, the above
integral is finite if and only if

(4.31) / 1] g0y (0, w)* 2 A(dw) < +oo.
Q

Therefore, the A given by (4.29) belongs to A if and only if
(4.32) /e“Rew(o‘H)/V 9a(0,w)*"% A(dw) < +oo0.
Q

Assume that W, (2) < +oo. Consider the vertical crosscuts J(0) and J(Rew) of Q. By
Beurling’s estimates (see [7, p.371] and [11]),

(4.33) go(0,w) < e NI, (Rew) Q)

Rew
dx
< exp —7r/
~ 0(x
/ ()

Combining this estimate with the assumption W, () < +oo, we see that (4.32)) holds and hence
A €A
Conversely, assume that (4.32) is true. Let

U =0N{weC:y,—v/5 <Imw < y,+v/5}.
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By Lemma [6] and Harnack’s principle,

o
(4'34) WQ(Q) _ /ew(a+2)t/u €—7r(Oz+2) fot % dt
1
< /efr(a+2)Rew/V e—”(a+2) f;ew % A(dw)
951
5 /efr(oz+2)Rew/u gQ(w* +iy0,w)°‘+2 A(dw)
2
S.; /eﬂ(a+2)Rew/u QQ(O,"LU)OHFQ A(dw)
Q1
S / e TR g0 (0,w) "2 A(dw) < +o0.
Q
We conclude that A\ € A if and only if W, (Q) < +o0. O
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