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GUINAND’S MEASURES ARE ALMOST PERIODIC DISTRIBUTIONS

YVES MEYER

ABSTRACT. A.P.Guinand discovered new Poisson’s summation formulae which are not given
by lattice Dirac combs. These formulae are provided by atomic measures p whose support and
spectrum are locally finite sets. Guinand’s measures are almost periodic distributions in a sense
which is discussed in this note.

1. DEFINITIONS AND NOTATIONS

A weighted Dirac comb is a locally finite sum ), c(A\)dy where c¢()\) are real or complex
coefficients ) is the Dirac measure located at A. A lattice Dirac comb is a sum p = ZWEF 0y
of Dirac measures 0, on a lattice I' C R". The Fourier transform of the lattice Dirac comb on
a lattice I' is, up to a constant factor, the lattice Dirac comb on the dual lattice I'*. This is
the standard Poisson summation formula which plays a seminal role in X-ray crystallography
and molecular biology. Nir Lev and Alexander Olevskii proved the existence of exotic Poisson
summation formulae. Soon after this discovery some surprisingly simple examples were found
[7]. These examples are rooted in an old and almost forgotten paper by A.P.Guinand [2].
This explains why the corresponding measures will be named Guinand’s measures. Guinand
measures are almost periodic distributions as it will be proved below. They are not almost
periodic measures. Some weak limits of translated Guinand’s measures are computed in this
note and the surprising results show how much Guinand’s differ from almost periodic measures.

The Fourier transform F(f) = f of a function f € L (R™) is defined by f(y) = Jrn exp(—2m iz
y)f(x) dz. This extends to tempered distributions. The space of tempered distributions is de-
noted §'(R™) and the corresponding space of test functions is S(R™).

Definition 1.1. A set of points A C R™ is locally finite if AN B is finite for every compact set
B.

Definition 1.2. A generalized lattice Dirac comb is a sum = p1 + --- + puny where
(@) pj=gjoj, 1<j<N,
(b) oj is a lattice Dirac comb supported by a coset xj +1T'; of a lattice I'; C R™
(¢) gj(z) = ZkeFj c(j, k) exp(2miwj x) is a finite trigonometric sum.

The Fourier transform of a generalized lattice Dirac comb is a generalized lattice Dirac comb.

Definition 1.3. A purely atomic signed measure p on R™ is a crystalline measure if

(a) the support A of u is a locally finite set
(b) w is a tempered distribution
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(c) the distributional Fourier transform [ of p is also a purely atomic measure which is
supported by a locally finite set S (the spectrum of ).

This definition was proposed by the author in [7]. Crystalline measures generalize lattice
Dirac combs (true crystals) which explains the word “crystalline”. We are interested in exotic
crystalline measures (crystalline measures which are not generalized lattice Dirac combs).

Let u be a crystalline measure. We then have

(1) p=">_a\dr, A= by,

AEA yes

It implies the following generalized Poisson summation formula

(2) > aNFN) =D b)) f(y)

AEA yes
which holds for every f € S(R").

The measure [ is not the diffraction pattern of the measure u. The diffraction pattern of u
i) es |b(y)|28,. The vector space consisting of all crystalline measures is strictly contained in
the set of weighted Dirac combs whose diffraction pattern is also a weighted Dirac comb (pure
point diffraction spectrum).

If A is a “model set” in the sense of [8] and if A is not a lattice, then the Fourier transform of
1= \en O is a tempered distribution which is not a measure. In full contrast the diffraction
pattern of p is an atomic measure with a dense support [9]. Using the cut and projection
construction of model sets one can find some weights ¢(A) € [0, 1] such that the Fourier transform
fi of the measure 1 = ), ¢(A)dy is also an atomic measure. However in this construction the
support of the atomic measure fi is necessarily dense in R"™. Therefore ;. cannot be a crystalline
measure. This was explained by N.Lev and A. Olevskii. They proved that the support of an
exotic crystalline measure cannot be contained in a model set [6] (see also [10]). That explains
why N. Lev and A. Olevskii did not use a single model set but a ladder of model sets to construct
exotic crystalline measures in [3].

On the other hand N.Lev and A.Olevskii conjectured that a crystalline measure p with
uniformly discrete support and spectrum is a generalized lattice Dirac comb. They proved
this property in one dimension. They also proved it in any dimension if x is non negative.
The general case is still open [5] since P.D. Palamodov withdrew his paper entitled “Uniformly
discrete quasi-crystals are crystals” from the arXiv.

A set of points A C R" is uniformly discrete if

3). inf N=\N=5>0
(3) {A,XGH/%,X;A)\}| =5

2. ALMOST PERIODIC DISTRIBUTIONS

A tempered distribution f € S'(R™) is almost periodic if for every test function ¢ € S(R™) the
convolution product f * ¢ is an almost periodic function in the sense of H. Bohr. The definition
of an almost periodic measure is more demanding.

Definition 2.1. A Borel measure p on R™ is an almost periodic measure if for every compactly
supported continuous function ¢ the convolution product px ¢ is an almost periodic function in
the sense of Bohr.
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Lemma 2.1. An almost periodic measure u is translation bounded: if B C R™ denotes the unit
ball there exists a finite constant C such that

(4) sup [u[(B+z) <C
rER™
Conversely a translation bounded measure which is an almost periodic distribution is an al-
most periodic measure.

Let Co([—T,T]™) be the Banach space consisting of continuous functions supported by the
cube [T, T]|™ and AP be the Banach space of almost periodic functions in the sense of Bohr.
If 1 is an almost periodic measure for every T' > 1 the map G : f — p* f is continuous from
Co([-T,T]™) to AP. This obviously implies (4). The converse implication is easy. It suffices to
observe that the space of test functions C5°([—T",T]") is dense in Co([—T,T]").0

Guinand’s measure is not translation bounded as will be proved below. But Guinand’s
measure is an almost periodic distribution. We conjecture that this is a general fact.

Conjecture 2.1. Fvery crystalline measure is an almost periodic distribution.
This was stated as a theorem in [7]. However the proof which was given there is incorrect.

Definition 2.2. If S is a locally finite set of real numbers we denote by Sg the translation
tnvariant space consisting of all tempered distributions S whose Fourier transform is a sum of
Dirac measures on S. The orbit of f € Sg is the collection of translated f(- —y), y € R, of f.

Theorem 2.1. Let S = {++/n, n € N}. Then every f € S is an almost periodic distribution.

Let s, = £+/|k|, k € Z, where =+ is the sign of k. We have
(5) F=3 wd,,

kEZ
Then

(6) jax] < C(1+ (k)N

for some exponent N and a constant C. For proving this estimate one computes <]/C\, ¢r) where
¢r is a smooth bump function supported by the interval [s;_1, sx+1] and such that ¢x(si) = 1.
The m—th derivative of ¢y, satisfies

(7) 16 |0 = O(|K|™/2)

Then (6) follows from (7) and from the definition of a distribution. Finally for every test
function ¢ € S(R) the Fourier transform of the convolution product f % ¢ is the product
]?QAS = D rez akg/g(sk)&sk. This an atomic measure with a finite total mass. Therefore f * ¢ is
almost periodic in the sense of Bohr. However Theorem 2.1 is no longer valid if S is replaced
by an arbitrary locally finite set (see Theorem 2.2 below). This is the mistake we made in [7].
As was stressed by the Referee Theorem 2.1 does not depend on the arithmetic structure of S
but only on the two following properties: spy1 — sp > C(|k| + 1)~V for some constant C' and
some exponent N and |ay| < C(|k| + 1)V,

Definition 2.3. A distribution f € Sg is translation bounded if its orbit is a bounded subset
B c S'(R).
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Here is another result.

Theorem 2.2. Let o > 0 be an irrational number and S = Z U (aZ). Then the four following
properties are equivalent:

(a) There exists an exponent ¢ > 1 and a constant C' > 0 such that | exp(2mima) — 1| >

Cm~4, meN.
b) Every tempered distribution f € S is an almost periodic distribution.

Y p S p
c) Every tempered distribution f € Sg is a sum f = u+v where u is a periodic distribution
S

of period 1 and v is periodic of period 1/c.

d) The orbit of every tempered distribution f € St is bounded in S'(R).
S

Before beginning the proof of Theorem 2.2 let us treat the case of almost periodic functions
in the sense of Bohr.

Lemma 2.2. If F is an almost periodic function in the sense of Bohr and if the spectrum of
F is contained in S = Z U (aZ) then F = U 4+ V where U is a continuous function which is
periodic of period 1 and V is a continuous function which is periodic of period 1/a. Moreover
1Ullso < 1 -

This is trivial if the spectrum of F' is a finite subset of Z U (aZ). The general case follows
from the following observation. Let ¢ be a non negative function in the Schwartz class such that
ffooo f(x)dx =1 and whose Fourier transform is compactly supported. Let ¢n(z) = Nop(Nz).
Since F' is uniformly continuous the convolution product F ¢ uniformly converges to F' as N
tends to infinity. We are reduced to the first case. Moreover U(z) = imy_,o0 3 Zévzfol F(z+k)
and the limit is uniform on the line.

The implication (a) = (b) can be proved by the argument which was used in Theorem

2.1. We give a simpler proof of the stronger assertion (a) = (c). If f= Y scg bss then
g(x) = f(x + 1/a) — f(z) is a tempered distribution which is periodic of period 1. Indeed the
Fourier transform of g is §(&) = (exp(—2mi¢/a) — 1) f(€) which is supported by Z. Moreover
g(0) = 0. Since « is not a Liouville number there exists a 1—periodic tempered distribution
u such that g(z) = u(x + 1/a) — u(x). Finally f — u = v is a tempered distribution which is
periodic of period 1/« by construction.

The implication (¢) = (b) is obvious and we now prove (b) = (a) by contradiction. If z is
an irrational number we denote by [z] the nearest integer. Let us assume that « is a Liouville
number and let us construct a tempered distribution w which is not an almost periodic distri-
bution but whose Fourier transform is a sum of Dirac measures on S. Here is the construction.
There exists a sequence of integers n; — oo such that nj; 1 > 4n; and |nja — [njal| < n;J. Let

(8) w(z) = Zj_2n§ <exp(2m'njozx) - exp(QWi[nja]x)>

jeN

Since | exp(2minjox) —exp(2mi[n;jajx)| < 27Tnj_j|x] the series (8) converges to a continuous func-
tion which is O(|z|) at infinity. We then argue by contradiction and assume that w is an almost
periodic distribution. Then for every ¢ € S(R) the convolution product w * ¢ is an almost pe-

riodic function. But w  ¢(x) = ZjeNj_zng (;AS(nja) exp(2minjox) — quﬁ([nja]) exp(2mi[n;alx)
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Lemma 2.2 implies that

9) wi(z) = Zj*Qnggg(nja) exp(2minjax)
jeN

satisfies ||wi|loo < ||f * ¢/co. But

(10) Z] nj (nja)

JEN

Therefore ¢ — 3.y _Qn;:(g(nja) is a continuous linear form on S(R). It follows that

Z j*Qng exp(2minjox)

jEN
is a tempered distribution. We reach the expected contradiction since the growth of the Fourier
coefficients is too fast.

Property (d) is trivial for an periodic distribution f. Indeed for every tempered distribution f
the mapping from R to &’ defined by y — f(- — ) is continuous. In the periodic case y belongs
to a compact interval. Therefore the collection of translated f(- —y), y € R, of f is compact in
S'.

Property (d) seems to be the weakest one. For proving (d) = (a) it suffices to return to the
function w defined by the series (8) and to prove the following lemma:

Lemma 2.3. If « is a Liouville number the collection {w(- —y), y € R} is not bounded in S'.

We argue by contradiction and assume that the collection {w(- —y), y € R} is a bounded set
B C 8'. We first replace B by its closed convex hull B’ which is still a bounded subset of S’. For
every 0 € [0,1) let k;, I € N, be a sequence of integers such that exp(2mik;a) = exp(2mif;) —
exp(2mif) as | — oo. We want to prove the following

Lemma 2.4. If « is a Liouville number the w(- + k;) is not bounded in S'.

In the first version of this manuscript it was claimed that the following lemma was obviously
true.

Claim 2.1. The limit of w(x + k;) as | — oo is given by

(11) Z] n’ (exp 2min;(ax 4 0) — exp(2miln o ]x))
JjeN
The Referee observed that this claim was nonsense. Let us proceed however and reach the
expected contradiction. The correct proof will easily follow from the wrong one. These functions
w(+,0) are assumed to belong to a bounded set B C S’(R). It implies that
1
/w(:n, 0)dh = — Zj_Qng exp(2mi[n;alx))
0 JjeN
belongs to B’ which is absurd since this periodic object is not a distribution.

The correct proof is quite similar. We observe that w * ¢ belongs to B’. Indeed this convolu-
tion product is an average of translates of w. Then Claim 2.1 becomes obvious if w is replaced by
wn = wx¢n. We then proceed as above and conclude that }°; j 2n] exp(2mi[n;alx)p([nja] /N)

belongs to B'. It suffices to let N tend to infinity to obtain the requlred contradiction.
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Guinand’s measures are constructed in the next sections. Guinand’s measures are crystalline
measures. They are almost periodic distributions (Theorem 2.1) but cannot be almost periodic
measures (Theorem 4.3).

Conjecture 2.2. A crystalline measure which is an almost periodic measure is a generalized
lattice Dirac comb.

3. GUINAND’S DISTRIBUTION

In the late fifties A.P. Guinand constructed a remarkable tempered distribution ¢ enjoying
the following two properties: (a) the support of o is locally finite and (b) 6 = —io [2]. As
it is proved in the next section an exotic crystalline measure can be easily built on Guinand’s
distribution. We return to Guinand’s distribution. Following Guinand let r3(n) be the number
of decompositions of n as a sum of three squares (with r3(n) = 0 if n is not a sum of three
squares). More precisely r3(n) is the number of points k € Z3 such that |k|> = n. By Legendre’s
theorem, an integer n > 0 can be written as a sum of three squares (0? being admitted) if and
only if n is not of the form 47(8k + 7). For instance 0, 1, 2, 3, 4, 5, 6 are sums of three squares
but 7 is not. We have r3(4n) = r3(n), ¥n € N, r3(0) = 1, r3(1) = 6,r3(2) = 12,.... Then
r3(27) = 6 if j is even and 12 if j is odd. The behavior of 73(n) as n — oo is erratic. The mean
behavior is more regular since [3]

(12) > ra(n) = gmi”ﬂ +O(23%).
0<n<zx
It implies
(13) > man)/Va = 2mz+ O(V/a).
0<n<lz

Guinand’s distribution is the one dimensional tempered distribution defined by

- _ d
(14) o= rsn)n V(6 5 —0_ ) — 20y
1
Guinand proved the following result in [2]

Lemma 3.1. The distributional Fourier transform of o is —io.

4. GUINAND’S MEASURE

Guinand’s distribution is not a measure, but a simple modification of ¢ yields a crystalline
measure. If o € (0,1) we consider

(15) To = (@® + 1/a)o — ao(ax) — o(x/a)

and Lemma 3.1 implies 7, = —i7,. On the other hand %50 has been wiped out from the RHS
of (14). Therefore 7, is a crystalline measure. Let us fix &« = 1/2 and write 7 instead of 7. Let
X :Zw— {—1/2,0,4} be defined by x =00n 16Z, x =4 on4Z\16Z and x = —1/2 on Z\ 4 Z.
Then we have [7]

Theorem 4.1. The Fourier transform of the one dimensional measure

(16) =Y x()rs(m)n V28 s — 6 o)
1
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The measure 7 will be named Guinand’s measure.

Guinand’s measure appears naturally in another context as the following theorem is showing
[1]
Theorem 4.2. Let v be a real, finitely supported measure on T3 such that
(a) 0 does not belong to the support of v
(b) ng dv =0.
Let u: T? x R+— R be the solution of the Cauchy problem
(i) Zyule,t) = Au(z,t)
(7) u(z,0) =0, %u(m,@) =v.

Then t — u(0,t) is a crystalline measure.

Guinand’s measure can be built using this theorem. It suffices to define v by the following
four conditions: v is supported by Z3/4, v does not charge Z3, the mass of v on each element
of (Z3/2) \ Z3 is 1/2, and the charge of v on each element of (Z3/4) \ (Z3/2) is —1/16.

Observe that 7 is odd. More generally if p is an odd distribution and if 7 = Ay, A € C, then
A= 4.

Theorem 4.3. Guinand’s measure 7 is not an almost periodic measure. It is an almost periodic
distribution.

It suffices to observe that 7 is not translation bounded. Let us define & on Z3 by &(k) = 0
on 473, (k) = 4 on 273\ 473 and £(k) = —1/2 on Z3 \ 27Z3. Then x(n) = £(k) if n = |k|2. Let

us estimate y(z) = f;ﬂod\ﬂ when z — co. We have y(z) = >, < mciic Ix(n)|r3(n)n=1/2,
This sum is calculated on Z3 and we obtain Do a<|k|<atC |€(K)||k|~t. Comparing this sum with

the corresponding integral gives y(x) ~ x. Theorem 2.1 implies that Guinand’s measure is an
almost periodic distribution.

Theorem 4.4. Let 7 be Guinand’s measure as above. There exists a sequence u; of real numbers
tending to infinity such that the translated measures T,; converge in the distributional sense to

—4%50 + p where p is an atomic measure carried by a locally finite set.

The proof of Theorem 4.4 is given in paragraph 6 below. It is amusing to observe that the
derivative of the Dirac mass at 0 which was erased in (16) shows up again at infinity. This would
be impossible if 7 was an almost periodic measure. Then every weak limit of a sequence 7, of
translated of p would be a measure. The measure 7 is an almost periodic distribution which
is not an almost periodic measure. Theorem 4.4 should be completed with a full description of
the closed orbit of 7. The proof of Theorem 4.4 implies that there exists another sequence u;
of real numbers tending to infinity such that 7,, tends to 7 as j tends to oo. No derivatives of

J
Dirac measures appear. Therefore the closed orbit of 7 in §’(R) has a complicated structure.
5. DIOPHANTINE APPROXIMATIONS
Theorem 4.4 relies on the following remark.

Theorem 5.1. There exists a sequence u; of real numbers tending to infinity such that
(a) limj o exp(miujy/n) =1, Vn € 2N
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(b) limj_yo0 exp(miuj\/n) = —1, Vn € 2N + 1.
The proof of Theorem 5.1 is based on the following lemma:

Lemma 5.1. Let SF C N be the set of square free integers. Then the set {\/n,n € SF} is
linearly independent over Q.

This is well known [11] and we return to the proof of Theorem 5.1. Dirichlet’s theorem implies

the existence of a sequence u; tending to infinity such that
(i) exp(miujy/n) =1, n€ 2NN SF

(i1) exp(miuj/n) - —1, ne€ 2N+ 1) N SF.
If n is an odd integer, we have n = m?q where both m and ¢ are odd integers, and ¢ is square
free. Then exp(miuj\/n) = (exp(miu;j/q))™ — —1. If n is an even integer, n = m?q where
either m or ¢ is even and ¢ is square free. In both cases exp(miuj\/n) = (exp(miu;/q))™ — 1.
This ends the proof of Theorem 5.1.

6. PROOF OF THEOREM 4.4
We begin with a simple lemma describing the measure 7 of Theorem 4.1.

Lemma 6.1. We have
1

1
(17) T=-5M 5T + 213+ 27y

(i) 71 = meont1 TS(m)m_1/2(5\/m/2 - 57\/5/2)
(i) T2 =3 eant1 7’3(27”)(27”)_1/2(5\/%/2 —0_ /3my2)
) 3= meang1 T3(mInV2(8 sm — 0 m)

) T4 = neansr m3(2m)(2m)TV2(6 g — 0 o)

To prove this lemma it suffices to write n = 4/m, j,m € N, in (16) and to observe that
x(n) =0 if n =4/m, j > 2. The four terms in (17) correspond to j = 0, m odd, j = 0, m even
(but not a multiple of 4), j = 1, m odd, and j = 1, m even (but not a multiple of 4). The
measure 71 is not crystalline (Lemma 6.3).

Lemma 6.2. If the sequence u; is defined by Theorem 5.1 we have
(a) exp(—2miujz)T () = —71(2)
(b) exp(—2miu;z)ms(x) = T2(2)
(¢) exp(=2miu;z)m3(x) = T3(2)
(= )

(d) exp(—2miujx)T4(z) — Ta(2

Theorem 5.1 implies Lemma 6.2. We now conclude the proof of Theorem 4.4. The sequence
u; is defined by Theorem 5.1 and we consider the sequence 7,;. Instead of computing 7, we
compute its Fourier transform. The Fourier transform of 7 is —i7. Therefore we obtain

—~

%[exp( 2miujx) ) + exp(—2miu;z) T2 ()]

iz
—2i[exp(—2miujz)13(x) + exp(—2miujx)14(x)]

which tends to —i[%ﬁ — %7'2 + 273 + 274] = —i[r + 71]. Theorem 4.4 will be proved if the
following lemma is accepted.

Tu; =
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Lemma 6.3. The measure 71 is the Fourier transform of —4Z’%50 + p where p is an atomic
measure carried by a locally finite set.

For proving Lemma 6.3 we return to the Guinand distribution

d
(18) o= ng P26 = 0-ym) =200
and consider its companion deﬁned by
. e n _ d
(19) G=> (=1)"ra(n)n 26 5 — 0_ ) - 209

1

Let us compute the Fourier transform of o. We mimic Guinand’s approach in [2] and con-
sider the family 1y (z) = xexp(—ntz?) indexed by ¢t > 0. The Fourier transform of /;(z) is

—it(=3/24p,_1 (). Then I(t) = (7,9;) =
24 23°5°(=1)"r3(n) exp(—mtn) = 23, cps(—1)F1HF2tRs exp(—nt|k|?) since m and m? have the
same parity. Therefore
(20) 1) = 203" (~1)™ exp(—mtm?))?

MmEZL
We now apply the one dimensional Poisson formula to
(21) J(t) =) (~1)™exp(—mtm?)

meZ
and obtain J(t) = /23" exp(—mt~!(m+1/2)2). Therefore J(t)* = t=3/2 3", _ps exp(—mt L (k3 +
k3 + k3 + k1 + ko + ks + 3/4). Let s3(n) denote the number of decompositions of n as a sum
n=k? + k3 + k3 + k1 + ko + ks, k; € Z. Finally this calculation yields (5, ;) = i(w, ¢:) where

(22) w—ZS?, (5\/4_73/4 —\/7T3/4)

Moreover w and ¢ are odd measures and the collection of functions ¢, is total in the space of
odd functions of the Schwartz class. We conclude

Lemma 6.4. The Fourier transform of o is —iw.

We now consider w = %O‘ - %5. Its Fourier transform is —%O’ + %w. Let us observe that
W= conyi T3(n)N _1/2(5\/;1 —0_ ) and 71(z) = 2w(2x). Therefore the Fourier transform of
m is —L[o(z/2) — w(z/2)] = 4@'% — p where p is an atomic measure carried by a locally finite
set. Lemma 6.3 is proved now and it implies Theorem 4.4.

The anonymous referee improved this manuscript by detecting many mistakes and typos. We
are most grateful for her/his remarkable work.
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