BULLETIN OF THE
HELLENIC MATHEMATICAL SOCIETY
Volume 60, 2016 (41-90)

SOME OPEN PROBLEMS ON MULTIPLE ERGODIC AVERAGES

NIKOS FRANTZIKINAKIS

ABSTRACT. We survey some recent developments and give a list of open problems regarding
multiple recurrence and convergence phenomena of Z¢ actions in ergodic theory and related
applications in combinatorics and number theory.

1. INTRODUCTION

1.1. Objective. Ergodic theory has a long history of interaction with other mathematical fields
and in particular with combinatorics and number theory. The seminal work of H. Furstenberg
[151], where an ergodic proof of the theorem of Szemerédi [276] on arithmetic progressions
was given, linked problems in ergodic theory, combinatorics, and number theory, and provided
an ideal ground for cross-fertilization. In combinatorics, it has produced several far reaching
extensions of the theorem of Szemerédi some of which still have no proof that avoids ergodic
theory. In number theory, it provided some key ideas and tools in the proof of Green and Tao
[167] that the primes contain arbitrarily long arithmetic progressions and subsequent extensions
of this result. On the other direction, the field of ergodic theory has tremendously benefited
as well, since the problems of combinatorial and number-theoretic nature gave a boost to the
in depth study of several interesting recurrence and convergence phenomena that would have
otherwise been ignored.

The connecting link between combinatorics and ergodic theory is that regularity properties
of sets of integers with positive density correspond to multiple recurrence properties of measure
preserving systems. One establishes these recurrence properties by analyzing the limiting be-
havior of some closely related multiple ergodic averages. The study of these ergodic averages
has developed into a central part of ergodic theory and has generated tools and ideas that have
found applications in areas outside ergodic theory. The purpose of these notes is to survey some
of these developments and give a list of open problems on three closely related topics:

(1) The limiting behavior of multiple ergodic averages.
(2) Multiple recurrence properties of measure preserving systems.

(3) Problems of arithmetic nature regarding, for example, the existence of patterns on sets
of integers with positive upper densityﬂ

The list of problems is greatly influenced by my personal interests and is by no means meant
to be a comprehensive list of open problems in the area widely known as ergodic Ramsey theory.
Almost exclusively, problems related to Z¢ actions are considered and even within this confined
class there are a few important topics not touched upon. For material and a list of problems that
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goes beyond the scope of this set of notes we refer the reader to the survey articles [37, 40, 4T]
and the references therein.

A first version of these notes was posted in 2011. Since then, several of the recorded problems
have been partially or completely solved and new techniques and problems have surfaced. This
updated version is meant to address these developments.

1.2. The general framework. We are given a measure space (X, X, u) with pu(X) = 1, and
invertible measure preserving transformations 77, ...,7Ty: X — X that commute, that is, satisfy
TiT; = T3T; for all i, j € {1,...,£}. In all applications we are interested in we can further assume
that the measure space is Lebesgue, that is, X can be given the structure of a Polish space (i.e.
metrizable, separable, complete) such that X is its Borel o-algebra. We call (X, X, u, Ty, ...,Ty)
a measure preserving system, or simply, a system. We are also given bounded measurable
functions fi,..., fr: X — C, and sequences aq,...,ar: N — Z.

The first family of problems we are interested in concerns the study of the limiting behavior
of the so called multiple ergodic averages

N
1 al(n a
(1) NZTIl( )fl"'T/(n)fg
n=1

where Tf := foT and TF := T o--- o T. One would like to know whether these averages
converge as N — oo (in L?(u) or pointwise), find some structured factors that control their
limiting behavior (called characteristic factors), and if possible, find a formula, or a usable way
to extract information, for the limiting function. When ¢ = 1, such problems have been studied
extensively and in several cases solved even for pointwise convergence (see the survey paper
[265] for a variety of related results). Our main concern here is to study the averages when
¢ > 2. To get manageable problems, one typically restricts the class of eligible sequences and
usually assumes that they are polynomial sequences, sequences arising from smooth functions,
sequences related to the prime numbers, or random sequences of integers. We typically also
assume that the transformations commute, or, to get started, that they are all equal. On the
other hand, because of the nature of the implications in combinatorics that we are interested in,
it is not desirable to impose assumptions on the structure of each individual measure preserving
transformation. In several cases, the steps taken in order to attack such problems include (7)
elementary uniformity estimates, (ii) ergodic structural results, and (iii) analysis of systems
with special structure (often algebraic). We discuss these steps in more detail in subsequent
sections.
The second family of problems concerns the study of expressions of the form

(2) pANT ™M A AT A)

where A € X has positive measure. One wants to know whether such expressions are positive
for some n € N, or even better, for lots of n € N (for instance on the average), and if possible,
get some explicit lower bound that depends only on the measure of the set A and on ¢ (in
some cases this is going to be of the form (u(A))**!). Such multiple recurrence results are
often obtained by carrying out an in depth analysis of the limiting behavior of the averages .
Usually they are not hard if an explicit formula of the limiting function is known, but they can
be very tricky in the absence of such a formula, even when we work with very special systems
of algebraic nature.

Concerning the third family of problems, and restricting ourselves to subsets of Z, one is
interested to know, for example, whether every set of integers with positive upper density
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contains patterns of the form
m, m+ai(n),..., m+ag(n)

for some (or lots of) m € Z and n € N. Using a correspondence principle of H. Furstenberg (see
Section , one can translate such statements to multiple recurrence statements in ergodic
theory; an equivalent problem is then to show that the expressions are positive for some
n € N when all the measure preserving transformations 71, ..., Ty are equal. Similar questions
can be asked on higher dimensions and concern patterns that can be found on subsets of
7% with positive upper density. Such questions correspond to multiple recurrence statements
when the transformations 77, ...,7Ty commute. This approach was initiated forty years ago by
H. Furstenberg who gave an alternative proof of Szemerédi’s theorem using ergodic theory in
his foundational article [I5I]. Subsequently, H. Furstenberg and Y. Katznelson gave the first
proof of the multidimensional Szemerédi theorem [I58] and the density Hales-Jewett theorem
[160], and V. Bergelson and A. Leibman proved a polynomial extension of Szemerédi’s theorem
[52] (currently no proof that avoids ergodic theory is known for this result). And the story
does not end there, in the last two decades new powerful tools in ergodic theory were developed
and used, and are currently being used, in order to prove several other deep results in density
Ramsey theory. The reader will find a variety of such applications in subsequent sections and
the extended bibliography section. Several additional applications can be found in the survey
articles [37), 40, [41] and the references therein.

An additional motivation for studying such problems has to do with potential implications
in number theory, in particular, there is a connection to problems of finding patterns in the set
of the prime numbers. Knowing that every set of integers with positive upper density contains
patterns of a certain sort could be an important first step towards proving an analogous result
for the set of primes. This idea originates from work of B. Green and T. Tao [167], where it
was used to show that the primes contain arbitrarily long arithmetic progressions. It was also
subsequently used by T. Tao and T. Ziegler [284] to show that the primes contain arbitrarily
long polynomial progressions.

Acknowledgments. I would like to thank B. Kra and E. Lesigne for helpful comments on a
previous version of this article and the referees for valuable comments.

2. SOME USEFUL TOOLS AND OBSERVATIONS

2.1. Furstenberg correspondence principle. In order to reformulate statements in combi-
natorics as multiple recurrence statements in ergodic theory, we use the following correspondence
principle of Furstenberg [I51), 152] (the formulation given is from [36]):

Furstenberg Correspondence Principle. Let d,¢ € N, E C Z% be a set of integers, and
Vi, Vi € Ze. Then there exist a system (X, X, p,Ty,...,Ty) and a set A € X, with p(A) =
d(E), and such that

(3) AdEN(E—mvi)N---N(E—nevy)) > p(ANTMMAN---NTMA),
for everyny,...,ng € Z. Furthermore, if vi = --- = vy, one can take Ty = --- ="Ty.
Let a1,...,ar: N — Z be a collection of sequences. Using the previous principle, we deduce

that in order to show that every set of integers with positive upper density contains patterns
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of the form m,m + a1(n),...,m + ag(n) for some m,n € N, it suffices to show that for every
system (X, X, u,T) and set A € X with u(A) > 0 one has

pANTM AN AT A) >0

for some n € N. It is often more convenient to verify that a functional variant of this multiple
recurrence property holds on average, namely, that for every f € L°°(u) that is non-negative
and not identically zero one has

(4) lim inf — Z/f T oo™ > 0.

N—o0

Thus, one is reduced to study the limiting behavior (in L?(u)) of the averages

N
1
~ Z T f. o) f
n=1
in a depth that is sufficient to verify the positiveness property .

2.2. Characteristic factors. A notion that underlies the study of the limiting behavior of
several multiple ergodic averages is that of the characteristic factors. Implicit use of this notion
was already made by H. Furstenberg in [I51], but the term “characteristic factor” was coined
in a paper of H. Furstenberg and B. Weiss [163].

Given a system (X, X, u,T1,...,Ty), we say that the sub-o-algebras Xj,..., Xy of X are
characteristic factors for the averages

N
1 ai(n ag(n
(5) An(f1s--, fo) ::NZTll( T g
n=1
if the following two conditions hold:
e X, is T;-invariant for ¢ = 1,~...,€
e wehave An(f1,..., fO)—AN(f1,..., fo) =W 0, where f; :=E(f;|&;) for i =1,...,¢,

for all fi,..., fr € L>®(u).

Equivalently, the second condition states that if E( fl|Xi) = 0 for some i € {1,...,¢}, then
AN(fiyoo oy fo) = ) 0. If in addition one has X1 = A}, then we call this common sub-
a—algebra a chamctemstzc factor for the averages . When analyzing the limiting behavior of
multiple ergodic averages, an important intermediate goal is to produce characteristic factors
that are as simple as possible, and typically simple for our purposes means that the correspond-
ing factor systems have very special (often algebraic) structure. For instance, it can be shown
(see [I51]) that for ergodic systems (X, X, u,T'), the Kronecker factor Kr, which is induced by
the eigenfunctions of T, is a characteristic factor for the averages

N
1
N T T
n=1

whenever a, b are distinct integers. It is also well known that the system (X, Krp, u, T') is measure
theoretically isomorphic to an ergodic rotation on a compact Abelian group with the Haar
measure.



SOME OPEN PROBLEMS ON MULTIPLE ERGODIC AVERAGES 45

2.3. Uniformity seminorms. One way to find simple characteristic factors for the averages
is to show that their L?(y)-norm is controlled by the so called Gowers-Host-Kra uniformity
seminorms. Similar seminorms were first introduced in combinatorics by T. Gowers [165] and
their ergodic counterpart (which is more relevant for our study) was introduced by B. Host and
B. Kra [I85]. For a given ergodic system (X, X, u, T') and function f € L% (u), they are defined

as follows:
I =] [ 1 du
N
2k+1

. . 1 - 2k
IR = Jim Zle T fIIE
n=

It is shown in [I85] that for every k& € N the above limit exists, and || - |x, thus defined, is a
seminorm on L*°(u). For non-ergodic systems the seminorms can be similarly defined, the only
difference is that |- |1 is defined by || f[l1 :== ||/ f d,uxHLz(“), where = [ p, du(z) is the ergodic
decomposition of the measure p with respect to T'. If further clarification is needed, we write
Il k> or || - llx,7- We remark that if a measure preserving system is weak mizing (meaning,
the product system (X x X, pu x p, T x T) is ergodic), then || f|lx = | [ f dul for every k € N.

2.4. Nilsystems and nilsequences. The analytic part of the modern theory of characteristic
factors requires familiarity with variants of the several classical Fourier analysis results that
apply to functions defined on general nilmanifolds. In this non-Abelian setup the role of rota-
tions on the circle play the nilsystems and the role of complex exponential sequences play the
nilsequences.

2.4.1. Nilsystems. A k-step nilmanifold is a homogeneous space X = G/T", where G is a k-step
nilpotent Lie group and I is a discrete cocompact subgroup of G. A k-step nilsystem is a system
of the form (X,G/T',mx,T,), where X = G/T" is a k-step nilmanifold, a € G, T,: X — X is
defined by T, (¢T") := (ag)T', g € G, mx is the normalized Haar measure on X, and G/T" is the
completion of the Borel o-algebra of G/T'.

Examples of nilsystems include all rotations on compact Abelian Lie groups, and more gen-
erally, every nilpotent affine transformation on a compact Abelian Lie group is measure theo-
retically isomorphic to a nilsystem (see Example 1). But these examples do not cover all the
possible nilsystems (see Example 2).

Example 1. On the space G = Z x R?, define multiplication as follows:
if g1 = (m1,21,91) and gz = (M2, T2, y2), let
g1+ g2 = (m1 +ma, 1 + 22, Y1 + Y2 + M172).

Then G is a 2-step nilpotent group and the discrete subgroup I' = Z3 is cocompact. If a =
(m, a, ). It turns out that the nilrotation x — ax defined on X = G//T" is measure theoretically
isomorphic to the unipotent affine transformation S: T? — T? (with the Haar measure mqs2)

defined by
S(z,y) = (x+a,y+mx+p5), z,yeT.

Example 2. On the space G = R3?, define multiplication as follows:
if g1 = (21,91, 21) and g2 = (22, Y2, 22), let

9192 = (v1 + 22,51 + Y2, 21 + 22 + T1Y2).
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Then G is a 2-step nilpotent group and the discrete subgroup I' = Z3 is cocompact. Let a =
(a, 38,0), where a, 8 € [0,1) are linearly independent. It turns out that the nilrotation z +— ax
defined on X = G/T" is measure theoretically isomorphic to the skew product transformation
S: T3 — T3 that has the form

S(z,y)=(z+ay+82+ f(z,y), zyeT,
where f: T2 — T is defined by

flz,y) =(z+a)ly+ Bl —zly]| —ay, z,yeT.

It can be shown that the system induced by S is not measure theoretically isomorphic to a
unipotent affine transformation on some finite dimensional torus.

2.4.2. Nilsequences. Following [47] we define a basic k-step nilsequence to be a sequence of the
form (F'(b"x)) where X = G/I' is a k-step nilmanifold, b € G, x € X, and F € C(X). If in the
previous definition we allow F' to be Riemann-integrable we call (F'(b"x)) a basic generalized
k-step nilsequence. A k-step nilsequence is a uniform limit of basic k-step nilsequences and
similarly we define generalized k-step nilsequences. We remark that in [47] and subsequent
work, the notion of a generalized nilsequence is not used, but for the purpose of formulating
some problems later in this article it seems safer to extend the class of eligible sequences.

More generally, if by,...,by € G commute, x € X, and F' € C(X) (or F is Riemann inte-
grable on X)), we call the sequence (F(b}" ---b,*x)) a basic (generalized) k-step nilsequence in
C-variables. A k-step (generalized) nilsequence in £-variables, is a uniform limit of basic k-step
(generalized) nilsequences in f-variables.

As is easily verified, the collection of k-step (generalized) nilsequences in ¢-variables, with the
topology of uniform convergence, forms a closed algebra.

One can verify that for o, 8 € R, the sequence (ei("2a+”5)) is a basic 2-step nilsequence
defined on the nilmanifold given in Example 1 above. Also, for o, 8 € R, the sequence (ei[m]”ﬁ )
is a basic generalized 2-step nilsequence defined on the nilmanifold given by the direct product
of the nilmanifolds in Examples 1 and 2 above. It can be shown (see [55]) that if o and 3 are
rationally independent, then the sequence (ei[m]”ﬂ) is asymptotically orthogonal to all sequences
of the form (¢!("*1+79) meaning, it satisfies

N
: 1 ilnanB  _i(n?y+nd) _
i,y 2 et et =0

for every «,0 € R.

2.5. The Host-Kra factors and their structure. It is shown in [I85] that the seminorms
Il - lx induce T-invariant sub-o-algebras Zj_; that satisfy

(6) for feL>¥(n), E(f|Zk-1) =0 if and only if ||fllx = 0.

As a consequence, if for some k1,...,k; € N we have an estimate of the form
(7) limsup [[AN(f1, -5 fo)ll 2y < € min || fillk,,z,
N—oo i=1,...,0

for some constant C' = Cy, . ¢, then the factors Zy _17,..., 2,11, are characteristic for
mean convergence of the averages . Under such circumstances, one gets characteristic factors
with the sought-after algebraic structure. This is a consequence of an important result of
B. Host and B. Kra [I85] which states that for ergodic systems the factor system (X, Zy, 1, T')
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is an inverse limit of k-step nilsystems. Note that for ergodic systems the factor Z; coincides
with the Kronecker factor.

Depending on the problem, it may be more useful to reinterpret the structure theorem of
Host and Kra as a decomposition result: For every ergodic system (X, X, u,T) and function
f € L*®(u), for every k € N and € > 0, there exist measurable functions fs (the structured com-
ponent), f, (the uniform component), fe (the error term), with L>°(u) norm at most 2 || f[| 0y,
such that

o f=fs+ futfe
o Ifulliss = 0 [fellgy < e and
o (fs(T"x))nen is a basic k-step nilsequence for p-almost every x € X.

Such a decomposition also holds for non-ergodic systems (see Proposition 3.1 in [97]).

Combining the hypothetical seminorm estimates with the aforementioned structure the-
orem (or the decomposition result), the problem of analyzing the limiting behavior of the
averages is reduced to a new problem which typically amounts to proving certain equidis-
tribution properties of sequences on nilmanifolds. A lot of tools for handling such equidistri-
bution problems have been developed in recent years, thus making such a reduction very much
worthwhile. Some examples of useful equidistribution results on nilmanifolds can be found in
[17, 130} 131, 1411 169} 170], 171 185l 227, 228, 230} 231, 233, 241, 242}, 299].

2.6. A general strategy. When one is aiming to prove a multiple recurrence or mean con-
vergence property in ergodic theory by analyzing the limiting behavior of the multiple ergodic
averages (]), very often one goes through the following three steps:

e Produce seminorm estimates like those in (7).

e Use a structure theorem or a decomposition result to reduce matters to the analysis of
the averages for nilsystems.

e Use qualitative or quantitative equidistribution results on nilmanifolds to complete the
analysis.

This approach is also implicit in the foundational paper of Furstenberg [151] and subsequent
works [52], 158, 161]. An important difference is that in these works, in place of nilsystems, one
uses the much larger class of distal systems, but for several recent applications (for example for
the precise evaluation of limits) the class of distal systems is too complicated to be able to deal
with directly.

The reader can find several examples demonstrating how this general strategy is used in
order to prove multiple recurrence and convergence results, as well as related applications in
combinatorics, in the following articles: [9], 47, 59| 60, 92], 06, 97, 100, 129} 130, 132}, 133, 140,
147, 142, 143, [145], 149, 163, 173, 184] 185, [186, [189], 190, 200), 229], 243, 2611, 268, 296], 300, B301].
Depending on the problem, the difficulty of each step varies; typically the first step is elementary
and is carried out by successive uses of the Cauchy-Schwarz inequality and an estimate of van
der Corput (or Hilbert space variants of it), the second step involves the use of (a modification
of) the structure theorem of B. Host and B. Kra, and the third step is a combination of algebraic
and analytic techniques. In the next subsections we explain some techniques that help us execute
the first and the third steps.

2.7. The polynomial exhaustion technique. We briefly explain a technique that is often
used in order to produce seminorm estimates of the type . It is based on an induction scheme
(often called PET induction) introduced by V. Bergelson in [35]. Let F := {ai,...,as} be a
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family of real valued sequences, and suppose that one wishes to establish seminorm estimates
of the form

(®) timsup [ Ax(fr, - fo) 2y < C min il

N—oo
for some constant C' = C, . ¢, where

1 N

R [ar(n)] £ .. plae(n)]
AN(froo fo) = 5 DTy el fy
n=1
Variants of this technique could also be used to get similar estimates for some multiple ergodic
averages involving commuting transformations, but this is usually a much more difficult task.

The main idea is to use the following Hilbert space variant of van der Corput’s fundamental

estimate

Theorem. Let vy,...,vn be elements of an inner product space of norm less than 1. Then
1Y ? 1 B 1 XN
-1 . .
N;Un < 4<§ ;(1 —rR )?R(N ;@nw,vn)) +R V4 RN )

for every integer R between 1 and N where R(z) denotes the real part of z.

Using this estimate, in various cases we can bound the left hand side in by an expression
that involves families of sequences of smaller “complexity”. The goal is after a finite number
of iterations to get families of sequences that are simple enough to handle directly. The details
depend on the family of sequences at hand, but typically, after the first iteration, we get an
upper bound by an average over r € N of the L?(u)-norm of multiple ergodic averages with
iterates taken from the family of sequences (upon taking integer parts)

9) Far = {sequences of the form a;(n) —a(n), aij(n+r) —a(n),i=1,...,¢}

where a € F is fixed (so in particular independent of r € N) and chosen appropriately. If a
choice of a € F can be made so that the family F,, has smaller “complexity” than F except
possibly for a finite number of € N, then, practically, this means that after applying van der
Corput’s estimate a finite number of times, we will be able to bound the left hand side in
by a much simpler expression for which we can prove the desired seminorm estimates directly.

This strategy has been employed successfully in several instances and produced seminorm es-
timates of the form for linear sequences [I85], polynomial sequences [186, 212), [229], variable
polynomials of fixed degree [149], and some sequences arising from smooth functions of polyno-
mial growth [45, [132], 133]. A common desirable feature that these sequences share is that after
taking successive differences (meaning iterating the operation a(n) — a(n + r) — a(n)) a finite
number of times, we arrive to sequences that are either constant or asymptotically constant.
This feature is not shared by several other sequences worth studying, for example, random
sequences of integers, the sequence of primes, and the sequences ([n!°6™]) or ([nsinn]). In
these cases different approaches are needed in order to produce seminorm estimates for ergodic
averages with iterates given by such sequences.

2.8. Equidistribution of polynomial sequences on nilmanifolds. Let X = G/I' be a
nilmanifold. We say that a sequence g: N — X is equidistributed in X if for every F' € C(X)
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one has
N

lim %ZF(g(n)) :/F dmx

where mx denotes the Haar measure on X. A similar definition applies if X is a union of
finitely many nilmanifolds.

Let by,...,bp € G, x € X, and a1,...,ar: N — Z be sequences. In several of the applications
we have in mind, one is at some point called to deal with equidistribution properties of sequences

of the form (g(n)xz), defined by g(n) := b?l(n) . b?dn), n € N. Such examples cover as special

cases sequences of the form ((c‘fl(n)xl, ey CZZ(n)xg)), defined on the product of the nilmanifolds
X1,...,Xp. To see this, let X := X3 x -+ x Xy, © := (21,...,2¢), by := (c1,€2,...,€), ...,
by := (e1,...,es_1,ce) where e; denotes the identity element of the group G; for i =1,...,¢.

Such problems are typically much easier to handle when X = T¢, since in this case one can
utilize the following equidistribution result of Weyl: If Y is a sub-torus of T¢, then a sequence
g: N — Y is equidistributed on Y if and only if for every non-trivial character x: ¥ — C one
has

N—ooo N

1 N
lim " x(g(n) = 0.
n=1

This criterion allows us to verify equidistribution properties of arbitrary sequences on Y by
estimating certain exponential sums. Unfortunately, such a convenient reduction is not available
for non-Abelian nilmanifolds, and checking equidistribution in this broader setup can be very
challenging even for simple sequences. The situation is much better understood when all the
sequences ai,...,as: N — Z are given by integer polynomials; in this case we call (g(n)x)
a polynomial sequence on X. Next we state some key results used to prove equidistribution
properties of such polynomial sequences on nilmanifolds.

Let X = G/T be a connected nilmanifold. By Gy we denote the connected component of the
identity element in G, and for technical reasons we assume that Gy is simply connected and
that G = GgI'. When X is connected, for the problems we are interested in, we can always
arrange matters so that Go has these additional properties. We let Z := G/(|Go, Go]I") and
m: X — Z be the natural projection. It is very desirable to work with the nilmanifold Z instead
of X because Z has much simpler structure. Indeed, if GG is connected, then Z is a connected
compact Abelian Lie group, hence, a torus (meaning T¢ for some d € N), and as a consequence
every nilrotation in Z is (isomorphic to) a rotation on some torus. In general, the nilmanifold
Z may be more complicated, but it is the case that every nilrotation in Z is (isomorphic to) a
unipotent affine transformation on some torus (see Proposition 3.1 in [141]), meaning, it has the
form T'(x) = S(z) + b, where S: T¢ — T is a homomorphism which is unipotent (that is, there
exists k € N so that (S—1Id)* = 0) and b € T?. Tterates of such transformations can be computed
explicitly and so one is much more comfortable to be dealing with equidistribution problems
that involve unipotent affine transformations on some torus than with general nilsystems.

2.8.1. Qualitative equidistribution. The following qualitative equidistribution results were es-
tablished by A. Leibman in [227]:
e A polynomial sequence (g(n)x) is always equidistributed in a finite union of sub-nil-
manifolds of X.

e A polynomial sequence (g(n)z) is equidistributed in X if and only if the sequence
(g(n)m(x)) is equidistributed in Z.
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The second statement gives an efficient way for checking equidistribution of polynomial se-
quences on nilmanifolds. We illustrate this with a simple example. Suppose that b € G is an
ergodic nilrotation (meaning the transformation x — bz is ergodic) and we want to show that
the polynomial sequence (b”zm) is equidistributed in X for every x € X. In the case where
G is connected, the nilmanifold Z is a torus, therefore, according to the previous criterion, it
suffices to show that if 3 is an ergodic element of T¢ (this is the case if the coordinates of
are rationally independent), then for every # € X the sequence (z + n?3) is equidistributed in
T¢. This is a well known fact, and can be easily verified using Weyl’s equidistribution theorem
and van der Corput’s estimate. If G is not necessarily connected, one needs to show that if
S:T% — T is an ergodic unipotent affine transformation, then the sequence Sz is equidis-
tributed for every & € T¢. Although this is somewhat harder to establish, it follows again by
Weyl’s equidistribution theorem modulo some straightforward computations.

2.8.2. Quantitative equidistribution. Suppose that one seeks to study equidistribution properties
of the sequence (b["g/z]w), or tries to prove uniform convergence of the sequence % Zivzl F (anZL')
to the integral of F', where b € G is an ergodic element and F' € C(X). In such cases (and
several others) one needs to use quantitative variants of the previous qualitative equidistribution
results. Such results were proved by B. Green and T. Tao [169, 170]. In order to state them we
have to introduce some notation.

For simplicity we assume that we work on a nilmanifold X = G/T" with G connected. As
before, we let Z = G/([G,G]T') = T! and 7: X — Z be the natural projection map. A horizontal
character is a character x: Z — C. We have that x(t) = e*™ t ¢ T, for some s € Z', where
- denotes the inner product operation. We let ||x|| = ||. Suppose that p: Z — R has the form
p(t) = Z;l:o n‘a;j where aj € R for j =0,...,d. We define

= max (N7 ||ay]])

(10) He27rip(n)
C=[N] 1<j<d

where ||z|| = d(z,Z).
Given N € N, a finite sequence (g(n)I')1<n<n is said to be d-equidistributed on X, if

N
1
3 S Fg) = [ F dm] < 81F
n=1 X
for every Lipschitz function F': X — C, where

|F(x) — F(y)l
Fllnn = 1l + s s
and dx is the Riemannian metric on X.

The quantitative equidistribution result in [I69, Theorem 2.9] states that for every nilmanifold
X, d e N, and 6 > 0, there exist a real number M = Mx 45 with the following property: For
every N € N, if g: Z — G is a polynomial sequence of degree at most d such that the finite
sequence (g(n)I')1<p<n is not d-equidistributed, then for some non-trivial horizontal character
x with ||x|]| < M we have

(11) Ix(g(m)ll ooy < M,

where y is thought of as a character of the horizontal torus Z = T! and (g(n)) as a polynomial
sequence on T
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In the special case where X = T (with the standard metric) and the polynomial sequence on
T is given by p(n) = na +q(n) (mod 1) where d € N, a € R, and ¢ € Z[x] with deg(q) < d —1,
the previous result implies that: There exists M = M (d, d) > 0 such that for every N € N and
§ small enough, if the finite sequence (na + g(n))i<n<n is not d-equidistributed in T, then
|ka|| < M/N9 for some non-zero k € Z with |k| < M.

2.9. Exploiting randomness. In some cases we understand the limiting behavior of certain
multiple ergodic averages and we would like to exploit weighted variants of those averages, or
averages along subsequences of the iterates involved. If the weight (or the subsequence) enjoys
some randomness features, it is often preferable to study the weighted averages indirectly, by
comparing them with the unweighted ones and showing that the difference converges to 0. To
give an example, suppose that R is the set of positive integers that have an even number of
prime factors counted with multiplicity; this set is known to have density 1/2 and is expected
to be distributed randomly. We are interested in proving mean convergence for the averages

1 N
n=1

where w,, := 1r(n), n € N. Since mean convergence of the unweighted averages is known, it
suffices to show that the difference

1 N
(12) 2 (wn = 1/2)T"f - 8"
n=1

converges to 0 in L?(u). This can be done using structural decomposition results for multiple
correlation sequences (see [137]), but the most economical way (given existing knowledge) is to
use the van der Corput Lemma twice in order to bound the L?(z) norm of the averages by
the U3(Zy) Gowers uniformity norm of the sequence (w, — 1/2) (note that w, —1/2 = A(n)/2
where )\ is the Liouville function). Since these norms are known to converge to 0 as N — oo
(see [166, I71]), the averages converge to 0 in L?(y), and we are done. In a similar way,
we can treat weights of the form (1z(n)) where R = {n € N: anaH < 1/2} for k > 3 and «
irrational (see [144]), or R = {n € N: ¢(n) = 1} where ¢ is an aperiodic multiplicative function
with values in {£1} (see [I37]). Moreover, we can cover weights of the form (A(n)) where A is
the von Mangoldt function (see [I3§]), or (unbounded) weights supported on random subsets
of the integers of zero-density (see [146]).

2.10. The approaches of Tao and Walsh. Mean convergence for averages of the form

N
1 n n
NZT{H( )fl _“Téw( )féa
n=1

was established for linear polynomials py,...,py by T. Tao [280] and for general polynomials by
M. Walsh [290]. Although the technical details in these two arguments are different, the general
strategy is rather similar. Both approaches proceed by reformulating the mean convergence re-
sult as a finitary quantitative convergence problem for averages of products of general bounded
sequences. After decomposing one of these sequences into a sum of a structured component and
a component that contributes negligibly in the averaging, one is left with analyzing the contri-
bution of the structured component. This component is defined using an averaging operation
and its precise structure is not further analyzed; this contrasts previous ergodic convergence
arguments where the bulk of the proof involves a detailed analysis of the structured component.
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What is important, is that when the original sequence is replaced by its structured component,
the corresponding averages reduce to “lower complexity” ones. The proof then concludes with
an induction on the complexity of the averages involved (which is similar but not identical to
the PET induction of Section, and eventually reduces matters to the trivial case where one
deals with constant polynomials.

To give an example, suppose that one seeks to prove convergence for averages of the form
% Zflvzl T f gn? g, where the transformation 7' and S commute. After a few applications of

the previous method, one is reduced to studying averages of the form % Zgzl " fi--- 1T fr,
for some r € N, where the transformations 11, ...,7T, commute. After each subsequent appli-
cation of the previous method, the number of transformations is reduced by one, hence, after
r additional steps one is reduced to a trivial convergence result. Let us remark though, that
the induction hypothesis demands certain uniformity conditions on the various parameters in-
volved, and these parameters unfortunately live strictly on the finitary universe. This makes
it impossible to carry out this argument entirely on the infinite world of ergodic theory. On
the other hand, see [25] for an ergodic proof of mean convergence inspired by the argument of
Walsh.

A key advantage of the methods of Tao and Walsh is that they use “weak” decomposition
results that do not require detailed information on the structured component of the sequences
involved. This is the main reason for the effectiveness and brevity of their arguments and lead
to significantly simpler proofs even for previously known mean convergence results that relied
on complicated structure theorems. The price to pay is that these methods do not give explicit
information for the limit function and it is also not clear if they can be adjusted in order to
prove mean convergence results even in the simplest cases where the iterates involved are not
given by polynomial sequences. For such problems, it seems that in several cases one still has
to rely on the more elaborate theory of characteristic factors described in Sections [2.2

2.11. Pleasant and magic extensions. Motivated by work of T. Tao [280)], several people,
including H. Towsner [288], T. Austin [18], and B. Host [I81], introduced new tools that help us
handle multiple ergodic averages with commuting transformations. In particular, a key concep-
tual breakthrough that first appeared in [I8], is that in some instances by working with suitable
extensions of a family of systems (called “pleasant extensions” in [I§] and “magic extensions”
in [I8]1]), characteristic factors of the corresponding multiple ergodic averages may be chosen to
have particularly simple structure, a structure that is not visible when one works with the orig-
inal system (the idea of passing to an extension in order to simplify some convergence problems
already appears implicitly in [163]). This is a rather counterintuitive statement since charac-
teristic factors of extensions are extensions of characteristic factors of the original systems. So
in order to clarify matters, we explain a simple instance where such an approach works.
Suppose that one wants to prove mean convergence for the averages

1
ﬁ Z TmflsanTmSnfg

1<mn<N

AN(T, S, fz) =

where (X, X, pu,T,S) is a system and f1, fa, f3 € L>°(p). Although an estimate that relates the
L?(p)-norm of these averages with the Gowers-Host-Kra seminorms of the individual functions
with respect to either T" or .S is not feasible, the following estimate is valid

tim sup | AT S, i)l 2y < € min 1ill,s,

N—oo
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for some constant C' = CY, ¢, f,, where

M N
1 1 _ _
4 . . m n m Qn
= lim — lim — TSt TS f d
75, = Jim_ 5y S tim S [ 717 F 80 s a

m=1 n=1
(it is shown in [I81] that || f|l7.s,. = [|flls,7,.). Now, although factors of the original systems
that control the seminorms || - 7,5, may not admit particularly neat structure, it is shown in
[181] that there exists a new system (X*, p*, 7%, S*) that extends the system (X, u,T,S) and
in addition enjoys the following key property (the term “magic extension” from [I81] alludes to
this property):

If* 7,55 =0 f*L Ips VIgs

where f* € L°(u*) and Zp+ denotes the o-algebra of T*-invariant sets and similarly for Zg-.
In fact, one can take X* := X4 T* := (id, T,id, T), S* := (id,id, S, S), and define the measure
w* by
* : 1 il : 1 al m n m Qn
[henenefia = tm 5> tm > [ f TS TS
m=1 n=1

Note that mean convergence for the averages Ay (7T, S, f;) follows if we prove mean convergence
for the averages An (7™, S*, f). Combining all these observations, we can easily reduce matters
to proving mean convergence for the averages Ay (7%, S, f) when all functions f; are Zp«VZg«-
measurable. This is a significant simplification of our original problem, and in fact it is now
straightforward to deduce the required convergence property from the mean ergodic theorem.
Indeed, this is immediate if f5 is a product of a T™-invariant and a S*-invariant function, and
the general case follows by linearity and approximation.

This approach has proved particularly useful for handling mean convergence problems of
multiple ergodic averages of commuting transformations with linear iterates (and in some cases
for handling multiple recurrence problems) that previously seemed intractable [18, [19] [93] 05,
I8T] (see also [21], 26] for more general group actions). A drawback to this approach is that it
does not give information about the precise form of the limiting function, and also, up to now,
it has not proved to be very useful when some of the iterates are non-linear (for polynomial
iterates though there is some progress in this direction [23], 24]).

2.12. Using structural results for multiple correlation sequences. Suppose we want to
give sufficient conditions on a bounded sequence of complex numbers (wy,) so that the weighted
averages

N
1
(13) ~ 2w I T
n=1

converge for all choices of systems and functions. In the absence of a useful description for
the characteristic factors of these averages, an alternate way to proceed is to use structural
results for the corresponding multiple correlation sequences. Using the fact that the multiple
correlation sequence

/nglnfnglfgdﬂ, n €N,

is equal to a basic ¢-step nilsequence modulo a sequence that is small in uniform density (see
the theorem in Section [5.2.6)), we deduce that the averages converge weakly for all choices
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of systems and functions if and only if the averages

1 N
n=1

converge for all basic f-step nilsequences (¢(n)) (this condition is also necessary). Similar
criterions also apply for weighted averages of multiple correlation sequences with polynomial
iterates (see [47,[95] for powers of the same transformation and [134}, [137] for general commuting
transformations).

Somewhat stronger conditions imply mean convergence; it suffices to assume that either the
averages

=
Nl > watp(n)
n=M

converge as N — M — oo for every basic (-step nilsequence 1 (see [137]), or that the averages

| M N
m=1n=1
converge as M, N — oo for every basic (2¢ — 1)-step nilsequence (¢(m,n)) (see [137]).
Although this approach is rather effective for bounded weights (see [134), 137, [189] for appli-
cations involving weights of dynamical and arithmetic origin), it is inadequate for unbounded
weights (wy, ), or if one is interested in ergodic theorems along zero density subsequences of the
iterates involved. For such purposes, and in order to fully exploit the potential of this approach,
it seems that one needs to prove stronger structural decomposition results like those conjectured
in Section (411

2.13. Equivalent problems for sequences. It is sometimes useful to be aware of the fact
that mean convergence and multiple recurrence problems in ergodic theory are intimately related
to similar problems involving bounded sequences of complex numbers. We give some explicit
examples below.

Given a collection of sequences of integers {ai,...,as}, it turns out that the following two
properties are equivalent:

e For every system (X, X, u,T) and set A € X with u(A) > 0, there exists n € N, such
that
p(ANTMAN...AT%M 4) > 0.
e For every bounded sequence (z(n)) of non-negative real numbers that satisfies
M

1
lim sup — z(m) >0,
there exists n € N, such that
M
i 1
lim sup — Z z(m) - z(m+ a1(n)) - - - z(m + ag(n)) > 0.
M—oc0 Mm:l

Using the correspondence principle of Furstenberg it is not hard to see that the first statement
implies the second. To see that the second statement implies the first it suffices to set z(m) :=
14(T™x), m € N, for a suitable point z € X (u-almost every x € X works) and use the
pointwise ergodic theorem.
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We say that a sequence of complex numbers (z(n)) admits correlations along the sequence

of intervals ([1, My]), where My — oo, if for every £ € N and nq,...,ny € Z, the averages
1 &
— zi(m+mny) - zg(m + ny)
My,
m=1
converge as k — oo for all sequences z1,...,2¢ € {2z,Z}. Using a diagonal argument it is

easy to show that if M} — oo, then any bounded sequence of complex numbers (z(n)) admits
correlations along some subsequence of ([1, My]). Given a collection of sequences of integers
{ai,...,ap}, it turns out that the following two properties are equivalent:

e For every system (X, X, u,T) and f € L*(u), the averages

N

1

NZ/f.Tal(”)f...Taé(”)f d
n=1

converge as N — o0.
e For every bounded sequence (z(n)) of complex numbers, which admits correlations along
the sequence of intervals ([1, Mj]), the averages

My,

N
L3 (Jim == 3 2(m) - 2m+ ax(m) - 2(m + au(n)
n=1 m

converge as [N — 00.
The proof of the previous equivalence is based on a variation of the correspondence principle
of Furstenberg that applies to bounded sequences and can be found, for example, in [137,
Proposition 6.4].

One can get similar statements for mean convergence, as well as for convergence and re-
currence properties involving several commuting transformations (in this case one has to use
sequences in several variables).

3. SOME USEFUL NOTIONS
To ease our exposition we collect some notions that are frequently used in subsequent sections.

3.1. Recurrence. The next notions are used to describe multiple recurrence properties of a
collection of possibly different sequences:

Definition 3.1. The collection of sequences of integers {(ai(n)),..., (ag(n))} is

e good for C-recurrence of a single transformation if for every system (X, X, u,T') and set
A € X with u(A) > 0, we have

WANTMAN .. NT%MA) > 0

for some n € N with a;(n) #0 fori=1,...,¢.
e good for {-recurrence of commuting transformations if for every system

(XaxaﬂaTla"'vTﬁ)
and set A € X with u(A) > 0, we have
pANT AN AT ™ 4) >0
for some n € N with a;(n) #0 fori=1,...,¢.
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We remark that in the previous statements the existence of a single n € N for which the
multiple intersection has positive measure, forces the existence of infinitely many n € N with
the same property.

Examples of collections of sequences that are known to be good for ¢-recurrence of commuting
transformations include collections of: integer polynomials with zero constant term [52] and
integer polynomials with zero constant term evaluated at the shifted primes [139]. For arbitrary
collections of integer polynomials necessary and sufficient conditions for ¢-recurrence of a single
transformation are given in [59]. For every ¢ € N, the collection {([n]),..., ([n%])}, where
1y .. ¢ € R\ Z, is known to be good for f-recurrence of a single transformation [132], and for
(-recurrence of commuting transformations if the non-integers cy, ..., ¢, are distinct [133].

Next we define notions related to multiple recurrence properties of collections defined by a
single sequence:

Definition 3.2. The sequence of integers (a(n)) is

e good for £-recurrence of powers if for all non-zero ki,...,ks; € Z the collection of se-
quences {(kia(n)),..., (kea(n))} is good for f-recurrence of a single transformation.
e good for multiple recurrence of powers if it is good for ¢-recurrence of powers for every

¢ eN.
e good for £-recurrence of commuting transformations if the collection of sequences

is good for f-recurrence of commuting transformations.
e good for multiple recurrence of commuting transformations if it is good for f-recurrence
of commuting transformations for every ¢ € N.

The fact that the sequence (n) is good for multiple recurrence of powers corresponds to the
multiple recurrence result of H. Furstenberg [I51], and the fact that it is good for multiple
recurrence of commuting transformations corresponds to the multidimensional extension of this
result of H. Furstenberg and Y. Katznelson [I58]. Further examples of sequences that are
good for multiple recurrence of commuting transformations include: integer polynomials with
zero constant term [52], the shifted primes (see [296] for powers and [62] in general), integer
polynomials with zero constant term evaluated at the shifted primes (see [296] for powers and
[139] in general), arbitrary shifts of integers with an even (or odd) number of prime factors
[136], several generalized polynomial sequences [65], and some random sequences of integers
of zero density [146]. The sequence ([n°]), where ¢ € R is positive, is known to be good for
multiple recurrence of powers [149] (see also [132]), but if ¢ € R\ Q is greater than 1, it is not
known whether it is good for multiple recurrence of commuting transformations. Examples of
sequences that are good for ¢-recurrence of powers but are not good for (¢ 4 1)-recurrence of
powers can be found in [144] 147, 194].

It is also useful to know some obstructions to recurrence. One can check that if the sequence
(a(n)) is good for l-recurrence, then the equation a(n) = 0 mod r has a solution for every
r € N; as a consequence, the sequences (p,), where p,, is the n-th prime, (n? + 1), (27), are
not good for 1-recurrence. More generally, if the sequence (a(n)) is good for 1-recurrence, then
for every a € R and € > 0 the inequality ||a(n)a| < e has a solution (letting o« = 1/r gives
the previous congruence condition); as a consequence, the sequence ([v/5n + 2]) is not good for
I-recurrence (take a = 1/4/5 and ¢ = 1/10). This obstruction also implies that if a sequence
(a(n)) is lacunary, meaning, liminf,, ;o a(n 4+ 1)/a(n) > 1, then it is not good for 1-recurrence,
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since it is well known that in this case there exist an irrational o and a positive €y such that
lla(n)al| > eg for every n € N.

Furthermore, if a sequence (a(n)) is good for 2-recurrence of powers, then for every o € R
and ¢ > 0 the inequality ||a(n)?a|| < e has a solution (this is implicit in [152] Section 9.1,
and is proved in detail in [I44] [194]). It follows that if one forms a sequence by putting the
elements of the set {n € N: HnQ\@H € [1/4,1/2]} in increasing order, then this sequence is
not going to be good for 2-recurrence of powers (one can show that it is going to be good
for 1-recurrence [144] 194]). And there are also additional more restrictive obstructions, if the
sequence (a(n)) is good for 2-recurrence of powers, then for every a,3 € R and ¢ > 0 the
inequality ||[a(n)a]a(n)f|| < € has a solution [145]. More generally, for ¢-recurrence of powers,
one can state further obstructions by using higher degree polynomials with zero constant term,
or other generalized polynomials [196].

The correspondence principle of Furstenberg enables to deduce statements in density Ramsey
theory from multiple recurrence statements in ergodic theory. Using this and some elementary
arguments, we can reformulate the previous ergodic notions in purely combinatorial terms:

Theorem. The collection of sequences of integers {ai(n),...,as(n)} is

e good for L-recurrence of a single transformation if and only if every set E C Z with
d(E) > 0 contains patterns of the form

{m,m+ai(n),...,m+ap(n)}

for some m € Z and n € N with a;(n) #0 fori=1,...,¢.
e good for L-recurrence of commuting transformations if and only if for every vi,...,vy €
7%, every set E C Z with d(E) > 0 contains patterns of the form

{m,m—l—al(n)vl,...,m—l—ag(n)v@}
for some m € Z¢ and n € N with a;(n) #0 fori=1,...,0.

For instance, the fact that the sequence (n) is good for multiple recurrence of powers corre-
sponds to the theorem of Szemerédi on arithmetic progressions, and the fact that for polyno-
mials pi,...,p¢ € Z[t] with zero constant term the collection {pi,...,ps} is good for multiple
recurrence of powers corresponds to the polynomial Szemerédi theorem.

Let us also remark that the previous notions admit equivalent uniform versions that are often
useful for applications. For instance, one can prove the following (see [48] for an argument that
works for polynomials and [145] for an argument that works for general sequences):

Theorem. Let (ai(n)),...,(ag(n)) be sequences of integers. Then the following statements are
equivalent:
e The collection {a1(n),...,a¢(n)} is good for £-recurrence of a single transformation.

o For every € > 0 there exist § > 0 and Ny, such that for every N > Ny and integer set
E C [-N, N] with |E| > eN, we have

IEN(E—ai(n))N---N(E—ap(n))| >IN

for some n € [1, Ny].
e For every € > 0 there exist v > 0 and Ny, such that for every system (X, X,u,T) and
A € X with u(A) > e, we have that

p(ANTM AN .. AT%MA) > 5
for some n € [1, Ny].
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We remark that the constants v, §, and Ny in the previous theorem depend only on € and the
choice of the sequences ay, ..., ap.

3.2. Convergence. The next notion is used to describe multiple convergence properties of a
collection of sequences:

Definition 3.3. The collection of sequences of integers {(ai(n)),..., (ag(n))} is

e good for (-convergence of a single transformation if for every system (X, X, u,T) and
functions f1,..., fo € L*(u), the averages

N

1

v E :T“l(”)fl ) g,
n=1

converge in the mean.
e good for £-convergence of commuting transformations if for every system

(X7X7M7T1a"-7T€)

and functions f1,..., fr € L*(u), the averages

N
1 a1 (n ap(n
LS g, g
n=1

converge in the mean.

Examples of collections of sequences (not coming from multiples of the same sequence) that
are known to be good for /-convergence of commuting transformations include those defined
by: integer polynomials [290], the integer part of polynomials with real coefficients [212], any
such sequence evaluated at the prime numbers [139, 213], and pairs of sequences of the form
{(n), (an(w))} where (a,(w)) is a certain random sequence of integers of zero density [146].
Additional examples of collections of sequences that are good for f-convergence of a single

transformation include the collection {([n]),..., ([n%])}, where ¢1,...,c, € R\ Z are positive
and several other Hardy field sequences of polynomial growth [132], these sequences are also
known to be good for ¢-convergence of commuting transformations if the non-integers cy, ..., ¢y

are distinct [133].
Next we define notions related to multiple convergence properties of collections defined by a
single sequence:

Definition 3.4. The sequence of integers (a(n)) is

e good for £-convergence of powers if for every ki,...,k; € 7Z the collection of sequences
{(k1a(n)),..., (kea(n))} is good for ¢-convergence of a single transformation.

e good for multiple convergence of powers if it is good for ¢-convergence of powers for
every £ € N.

e good for f-convergence of commuting transformations if the collection of sequences
{(a(n)),...,(a(n))} is good for ¢-convergence of commuting transformations.

e good for multiple convergence of commuting transformations if it is good for ¢-convergence
of commuting transformations for every ¢ € N.

Examples of sequences that are good for multiple convergence of commuting transformations
include sequences given by integer polynomials [290], the integer part of polynomials with real
coefficients [212], any such sequence evaluated at the prime numbers [139, 213], and some
random sequences of integers of zero density [146, [147]. Additional examples of sequences that
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are known to be good for multiple convergence of powers include sequences of the form ([n?])
where a > 0 and several other Hardy field sequences of polynomial growth [132]. Examples of
sequences that are good for ¢-convergence of powers but are not good for (¢ 4 1)-convergence
of powers can be found in [144].

4. PROBLEMS RELATED TO GENERAL SEQUENCES

In this section we give a list of problems related to the study of multiple ergodic averages
and multiple recurrence problems involving iterates given by general sequences of integers.

4.1. The structure of multiple correlation sequences. Let (X, X, pu,T1,...,7y) be a sys-
tem and fo, f1,..., fr € L°(u) be functions. We are interested in determining the structure of
the multiple correlation sequences C: Z¢ — C defined by the formula

(14) C(nl,...,ng) ::/fo-Tlnlfl'...'T;ngdu, nl,...,WEZ.

The next result gives a very satisfactory solution to this problem for £ = 1 and serves as
our model for possible generalizations. It can be deduced from Herglotz’s theorem on positive
definite sequences (the sequence n +— [ f-T™f du is positive definite) and a polarization identity.

Theorem. Let (X, X, u,T) be a system and f,g € L (). Then there exists a complex Borel
measure o on [0,1), with bounded variation, such that for every n € Z we have

1
(15) /f -T"g dp = /e%mt do(t).
0

Finding a formula analogous to , with the multiple correlation sequences in place
of the single correlation sequences, is a problem of fundamental importance which has been in
the mind of experts for several years. A satisfactory solution is going to give us new insights
and significantly improve our ability to deal with difficult questions involving multiple ergodic
averages which at the moment seem out of reach. There are indications that sequences of poly-
nomial nature should replace the “linear” sequences (e?™"*). The most reasonable candidates
at this point seem to be some collection of generalized multivariable nilsequences (defined in
Section [2.4). For instance, examples of generalized 2-step nilsequences in 1-variable are the
sequences (ei([na]w*m)) ([x] denotes the integer part of x), where «, 3,7 € R, and examples
of generalized 2-step nilsequences in 2 variables are the sequences (ei([ma}"ﬁerV*”‘;)), where
a,B3,7,0 € R.

Let S be a subset of £*°(N). We say that a bounded sequence a: Z* — C is

e an integral combination of elements of S, if there exist a complex Borel measure o of
bounded variation on a compact metric space X and sequences a, € S, x € X, such
that for each n € Z¢ the map x — a,(n) is in L> (o) and for every n € Z* we have

o) = [ ax(u) doa).
X

e an approximate integral combination of elements of S, if for every € > 0 we have a = b+c
where b is an integral combination of elements of S and |||, <e.
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Problem 1. Determine the structure of the multiple correlation sequences (C(ni,...,ng)) de-
fined by . Is it true that any such sequence is an (approzimate) integral combination of
generalized £-step nilsequences in {-variables?

A similar result may hold even if the transformations 77,...,7Ty generate a nilpotent group.
But some commutativity assumption on the transformations is needed, otherwise simple ex-
amples show that generalized nilsequences cannot be the only building blocks. For instance,
let T,5: T — T be given by Tx = 2z, Sz = 2z + «a, and f(z) = e @ g(x) = €. Then
[T"f - S"g de = e"(2"=1e and one can show that the sequence (e"2"%) is not a generalized
nilsequence for « € R\ Q .

Even resolving special cases of this problem would be extremely interesting. One particular
instance is the following;:

Special Case of Problem (1, Let (X, X, u,T) be a system and f,g,h € L*(un). Is it true that
the sequence (C(n)) defined by

C(n) :—/f-T"g~T2"h dp, néeN,

is an (approximate) integral combination of generalized 2-step nilsequences?

In [47) it is shown that for ergodic systems one has the decomposition
C(n) =4 (n) +e(n)

where 1)(n) is a (single variable) 2-step nilsequence and limy_,o0 + SN le(n)] = 0. A variant
of this result regarding correlation sequences defined by commuting transformations was estab-
lished in [I33] and an extension regarding correlation sequences in several variables in [137].
Unfortunately, these results do not provide information on the error term e(n) for zero density
subsets of the integers, and as a consequence they are of little use when one studies sparse
subsequences of the sequence C(n). Lastly, we remark that an essentially equivalent problem is
to characterize the structure of sequences (C(n)) defined by

M

C(n) := A}gnoo % Z a(m)-a(m+mn)-a(m+2n), neN,
m=1

where a € (*°(Z) is any bounded sequence that admits correlations along the sequence of

intervals ([1, M]).

It is natural to inquire whether correlation sequences defined using commuting transforma-
tions provide new examples of sequences that cannot be constructed using correlation sequences
that use only powers of the same transformation. To formulate precise statements let us define
as Cr s to be the set of all sequences of the form

(/f-T"g-S”hd,u)

where (X, X, u,T,S) ranges over all systems and f, g, h over all functions in L*>(u). Let also
Cr be the set of sequences of the previous form where we impose the restriction that 7" and S
are powers of the same transformation. It was shown in [I33], that modulo sequences that are
small in uniform density, the set Cr g coincides with the set of basic 2-step nilsequences, and
also that modulo terms that are small in |||, every basic 2-step nilsequence belongs to the set
Cr. Hence, letting [lall, := imsupy_ /o0 757 27]:/;]\14 a(n)|? for a € £°°(N), one deduces the
following:
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Theorem. Let a € Cr,s. Then for every e > 0 there exists b € Cr such that ||a — bl|, < e.
In fact, we believe that the sets Cr s and Cr coincide:
Problem 2. Show that Cr,s = Cr.
It can be shown that a positive answer to Problem [1| will give a positive answer to Problem

4.2. Necessary and sufficient conditions for /-convergence. The next result can be de-
duced from formula and serves as our model for giving usable necessary and sufficient
conditions for ¢-convergence:

Theorem. If (a(n)) is a sequence of integers, then the following statements are equivalent:

e The sequence (a(n)) is good for 1-convergence.
e The sequence (a(n)) is good for 1-convergence for rotations on the circle.

e The sequence (% 27]:[:1 ei“(”)t) converges for every t € R.

Since a formula that generalizes to multiple correlation sequences is not available, we are
unable to prove analogous necessary and sufficient conditions for ¢-convergence. Nevertheless,
inspired by Problem [I| we make the following natural guess:

Problem 3. If (ai1(n)),..., (ag(n)) are sequences of integers, then show that the following state-
ments are equivalent:

e The sequences (a1(n)), ..., (ag(n)) are good for (-convergence of commuting transforma-
tions.

e The sequences (ai1(n)),...,(ag(n)) are good for (-convergence of (-step nilsystems.

e The sequence (+ ZnN:1 Y(ai(n),...,an(n))) converges for every basic generalized {-step

nilsequence 1 in £-variables.

A similar problem was formulated in [140]. We are mainly interested in knowing if the third
(or the second) condition implies the first. Even the following very special case is open:

Special Case of Problem Let (a(n)) be a sequence of integers such that the averages

% Zgil w(a(n)) converge for every basic generalized 2-step nilsequence ¥. Show that for every
system (X, X, u,T,S) and functions f,g € L*°(u), the averages

1 N
ST g s
n=1

converge weakly in L*(1).

The problem has been solved when (a(n)) is strictly increasing and its range has positive
density; this follows from [47, Theorem 1.9] for S = T2 and in the general case from [134]. For
general sequences the problem is open even when S = T72.

A similar problem that is probably of equivalent difficulty is the following one:

Variant of Special Case of Problem Let (wy,) be a sequence of complex numbers such

that the averages % 27]:[:1 wp, Y (n) converge for every generalized 2-step nilsequence . Show
that for every system (X, X, u,T,S) and functions f,g € L*(u), the averages

1 N
N 2w Tl 5"
n=1

converge weakly in L*(1).
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This problem is solved for bounded sequences (w,) (see [133]) and is open for general se-
quences even when S = T2.

4.3. Sufficient conditions for /-recurrence. Our model result is the next theorem of T. Ka-
mae and M. Mendes-France [204] that gives usable conditions for checking that a sequence is
good for 1-recurrence:

Theorem. Let (a(n)) be sequence of integers that satisfies:

o the sequence (a(n)a)nen is equidistributed in T for every irrational o, and
o the set {n € N: r|la(n)} has positive upper density for every r € N.

Then the sequence (a(n)) is good for 1-recurrence.

Once again, the proof of this result relies upon the identity . Since appropriate gener-
alizations of this identity are not known for multiple correlation sequences, we are unable to
give a similar criterion for ¢-recurrence when ¢ > 2. To state a conjectural criterion, we extend
the notion of an irrational rotation on the circle to general connected nilmanifolds: Given a
connected nilmanifold X = G/I', an irrational nilrotation in X is an element b € G such that
the sequence (b"I"),en is equidistributed on X.

Problem 4. Let (a(n)) be a sequence that satisfies:

e for every connected (-step nilmanifold X and every irrational nilrotation b in X the
sequence (b)), cn is equidistributed in X, and
o the set {n € N: r|la(n)} has positive upper density for every r € N.

Show that the sequence (a(n)) is good for €-recurrence of commuting transformations.

This problem was first formulated in [I45] and in the same article it was solved for ¢-recurrence
of powers for sequences that have range a set of integers with positive density. The stated
conditions are satisfied by any non-constant integer polynomial sequence with zero constant
term (follows from [227]), the sequence ([n€]) for every ¢ > 0 (follows from [131]), the sequence
of shifted primes (p, — 1) (follows from [I71]), and random non-lacunary sequences of integers
(follows from results in [131]).

4.4. Powers of sequences and recurrence. It is known that if a sequence is good for /-
convergence of powers, then its first £ powers are good for 1-convergence. More precisely, the
following holds (this is implicit in [I52] Section 9.1, and is proved in detail in [144]):

Theorem. If (a(n)) is good for {-convergence of powers, then (a(n)*) is good for 1-convergence
fork=1,...¢.

It is unclear whether a similar property holds for recurrence.

Problem 5. If (a(n)) is good for f-recurrence of powers, is then (a(n)*) good for 1-recurrence

fork=1,...,07

This problem was first stated in [144] and it is open even when ¢ = 2. It is known that if
(a(n)) is good for 2-recurrence of powers, then the sequence (a(n)?) is good for Bohr recurrence,
meaning it is good for 1-recurrence for all rotations on tori (see [152] Section 9.1, or [144]). A
well known question of Y. Katznelson asks whether a set of Bohr recurrence is necessarily a set
of topological recurrence (for background on this question see [77, 206], 293, 194]). Although
there exist examples of sets of topological recurrence that are not sets of 1-recurrence [219],
all known examples are rather complicated. As a consequence, an example showing that the
answer to Problem [5] is negative is probably going to be complicated.
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4.5. Commuting vs powers of a single transformation. If a sequence is good for 2-
convergence of commuting transformations, then, of course, it is also good for 2-convergence of
powers. Interestingly, no example that distinguishes the two notions is known and we believe
that there is none:

Problem 6. If a sequence is good for 2-convergence of powers, then show that it is good for
2-convergence of commuting transformations.

The corresponding question for recurrence is also open:

Problem 7. Is there a sequence that is good for 2-recurrence of powers but is not good for
2-recurrence of commuting transformations?

This question was first stated in [37] (Question 8) where V. Bergelson states that the answer
is very likely yes.

4.6. Fast growing sequences. Despite the successes in dealing with multiple recurrence and
convergence problems of sequences that do not grow faster than polynomials, when it comes
down to fast growing sequences our knowledge is very limited. Say that a sequence (a(n)) of
positive integers is fast growing if lim,_,~ log(a(n))/logn = oo (equivalently, if it is of the form
(nt™) with b(n) — o).

Problem 8. Give an explicit example of a fast growing sequence that is good for multiple
recurrence and convergence of powers and commuting transformations.

Even for 2-recurrence and convergence of powers, no such example is known. It is known
that if a sequence grows exponentially fast (for example (2") or (n!)), then it is not good for
1-recurrence and 1-convergence (even for irrational circle rotations). On the other hand, several
natural examples of fast growing sequences that do not grow exponentially fast should be good
for multiple recurrence and convergence, for instance, the sequences ([n(°8™)°]), (n[(log”)b]),
([e™]) for a,b > 0 and ¢ € (0,1). Unfortunately, it is very hard to work with these sequences,
even for issues related to 1-recurrence and 1-convergence. Probably a sequence like (n[log log ”])
is easier to work with. One could also try to construct (not so explicit) examples using random
sequences of integers (more on this in Section .

5. PROBLEMS RELATED TO POLYNOMIAL SEQUENCES

In this section we give a list of problems related to the study of multiple ergodic averages in-
volving iterates given by polynomial sequences, and related applications to multiple recurrence.

5.1. Powers of a single transformation. Let P := {p1,...,ps} be a family of integer poly-
nomials that are essentially distinct, meaning, all polynomials and their differences are non-
constant. First, we consider averages of the form

N
(16) LRy g,
n=1

where (X, X, u,T) is a system and f1,..., fr € L™(u).
We remark that all the mean convergence results stated in this section work equally well

for uniform Cesaro averages, that is, averages of the form @—1N| Znech in place of the averages

% Zf:[:l where (®n)nen is a Folner sequence of subsets of N, meaning, for every h € N it
satisfies [(®ny + h)APN|/|Pn| — 0 as N — oco. This property is no longer true if the iterates
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are given by Hardy field sequences or random sequences of integers (see Sections |§| and [7)), or if
we deal with pointwise convergence (not even when ¢ =1 and p;(n) = n).

5.1.1. Optimal characteristic factors. Before discussing some problems related to the character-
istic factors of the averages (L6]), we state a result of B. Host and B. Kra [I86] and A. Leibman
[229] that gives useful information about their structure.

Theorem. There exists d = d(P) such that the factor Z4r (defined in is characteristic
for mean convergence of the averages (16)).

We note that in the previous statement the value of d(P) can be chosen to depend only on
the number and the maximum degree of the polynomials in P. Given a family of polynomials
P, we denote by dyin(P) the minimal value of d(P) that works in the previous theorem. This
value is in general hard to pin down and depends on the algebraic relations that the polynomials
satisfy. For instance, we know that d;,({n,2n,...,¢n}) =¢—1 ([I85, B01]), and dynin(P) =1
when P consists of (at least two) rationally independent polynomials ([I41], 143]). But it is
not only linear relations between the polynomials that matter, for instance, we know that
dmin({n,2n,n%}) = 2 while dpin({n,2n,n3}) = 1 ([I30, 233]). More examples of families P
where dp,in(P) has been computed can be found in [I30] 233]. Furthermore, in [233] a (rather
complicated) algorithm is given for computing this value. Despite such progress, the following
is still open (the problem is implicit in [58] and was stated explicitly in [233]):

Problem 9. If |P| > 2, show that dpin(P) < |P| — 1.

The estimate is known when |[P| = 2,3 ([I30]) and it is open when |P| = 4. The problem
is open even when one is restricted to the class of Weyl systems, meaning, systems of the
form (T%, Xpa, mya, T) where T: T¢ — T¢ is a unipotent affine transformation. We denote with
dW..(P) the minimum value of d such that the factor Z,r is characteristic for mean convergence
of the averages for all Weyl systems (properties of d*', (P) were studied in [58]).

(P) <|P| - 1.

This problem was first stated in [58] (set W(P) := dV. (P) + 1 in the remark after [58]
Proposition 5.3]). The estimate is known when |P| = 2,3,4 ([130, 247]) and it is open when
|P| = 5. We also remark that no example is known where dp,(P) # dY, (P), so it is natural
to suspect that these two values coincide. This is known to be the case when |P| = 3 ([130])
and it is open when |P| = 4. Obviously one has d¥, (P) < dmin(P). Some bounds in the other

direction are given in [233].

Special Case of Problem @. If [P| > 2, show that dV,

man

5.1.2. Variable polynomials. Mean convergence of the averages was established after a long
series of intermediate results; the papers [99, [100], 10T, 151, 163 [182] [185] 268, [301] dealt with the
important case of linear polynomials, and using the machinery introduced in [185], convergence
for arbitrary polynomials was finally obtained by B. Host and B. Kra in [I86] except for a few
cases that were treated by A. Leibman in [229].

Theorem. Let (X,X,u,T) be a system, fi,...,f¢e € L™(u) be functions, and p1,...,p; be
integer polynomials. Then the averages converge in the mean as N — oo.

Furthermore, explicit formulas for the limit can be given for special families of polynomials
[130], 1411, 143), 233, 299], but no explicit formula is known for general families of polynomials.
We record here a related open problem involving variable polynomials. We say that
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e the sequence of polynomials (py) where py € R[t], N € N, is good if the polynomials
have bounded degree and for every non-zero o € R we have

LS~ i
: ipn(n)a _
i 2 e =
e the sequence of (-tuples of polynomials (p1 n,...,pr,n) where p; v € R[t], N € N, i €
{1,...,¢} is good if every non-trivial linear combination of the sequences of polynomials
(P1,N), - -+ (pe,n) s good.
It can be shown (see for example [169, Lemma 4.4]) that if py(t) = Ezzl centt, cpn € R,
N € N, then the sequence (py) is good if and only if for every non-zero o € R we have
limy 00 N7 ||l¢j nva|| = oo for at least one j € {1,...,d} where ||| denotes the distance from
the closest integer. Hence, for ¢ = 2, letting py n := n/N® and py Ny = n/N® n,N € N,
where 0 < a < b < 1, produces an example of a sequence of good pairs of polynomials of
degree 1. Another example is defined by the polynomials p; y := n/N%, po n = n?/N%, ...,
PeN = ne/N“7 n, N € N, where a € (0,1). The next problem is of interest even for these
collections of variable polynomials.

Problem 10. Suppose that the sequence of {-tuples of polynomials (pi.n,...,pe,N) i good.
Show that for every ergodic system (X, X, u,T) and functions fi,..., fr € L°(u) we have

N
lim 1ZTLm,Nm)]fl...T[pe,m)}ﬁ:/fl dy .../fﬁd#
=1

N—oo N
n

where convergence takes place in L*(p).
For ¢ =1 the problem can be solved using the spectral theorem, that is, the identity in .

5.1.3. Pointwise convergence. In most cases, it is still unknown whether mean convergence
of multiple ergodic averages can be strengthened to pointwise convergence. We mention two
particular cases that are open:

Problem 11. Let (X, X,u,T) be a system and f,g,h € L>®(u) be functions. Show that the
averages

N N
1 n 2n 3n 1 n n?
N ; f(T"x) - g(T*"x) - h(T°"x) and the averages N ; f(T"z) - g(T" x)

converge pointwise almost everywhere.

Pointwise convergence of the averages is known when ¢ = 1 [80] and is also known when
¢ = 2 and both polynomials are linear [84] (see also [105] for an alternative proof). In all other
cases the problem is open even for weak mixing systems. Partial results that deal with special
classes of transformations can be found in [5, [7, 28] 29] 108, 197, 227, 243, 244].

We record also some problems of arithmetic nature regarding pointwise convergence of double
averages. We say that a multiplicative function ¢: N — C (meaning, ¢(mn) = ¢(m)p(n) for
all m,n € N with (m,n) = 1) has convergent means if the averages + ZnN:1 ¢(an + b) converge
as N — oo for every a,b € N. It can be shown that every multiplicative function that takes
values in [—1,1] has convergent means, but there are multiplicative functions with values on
the complex unit disc that do not have a mean value (for example take ¢(n) = n' ,n € N, for
some non-zero t € R).
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Problem 12. Let (X, X, u,T) be a system and f,g € L>®(u) be functions. If A is the von
Mangoldt function and ¢ is a multiplicative function that takes values on the complex unit disc
and has convergent means, then show that the averages

N N
]i]nz::l A(n) f(Tnx) . g(TQngg) and the averages ]]\_[nzz:l ¢(n) f(TnSC) . g(Tan)

converge pointwise almost everywhere.

Pointwise convergence of the first averages would imply pointwise convergence of the averages
% 25:1 f(TPrx) - g(T?nx) where p, denotes the n-th prime. Pointwise convergence of the
second averages when ¢ is the Liouville function would imply pointwise convergence of the
averages 3 Zgzl f(Tsnx) - g(T?*"x), where s, is the n-th natural number that has an even
number of prime factors counted with multiplicity. Of course, one also expects similar properties
to hold for higher order variants of the previous statements. Mean convergence for both averages
is known ([I38] for the first, [I36] for the second). Also pointwise convergence is known when
g =1 (([294] for the first, [I36] for the second). The second problem is open even when ¢ is the
Mébius or the Liouville function (in which case the L2-limit is known to be 0 [136]).

5.1.4. Subsequences of multiple correlation sequences. Lastly, we record a problem about cor-
relation sequences involving powers of a single transformations. We start with the following
result of V. Bergelson, B. Host, and B. Kra [47]:

Theorem. Let (X,X,u,T) be an ergodic system and fo,...,fo € L>®(n). Then one has a
decomposition

[ o T Tyl = 0(0) )
where ((n)) is an (-step nilsequence and impy_ o0 SN le(n)| = 0.

This result was extended to non-ergodic systems in [236], 237] and to polynomial iterates
in [234]; in the latter case the level of nilpotency of ¢ depends on ¢ and the degree of the
polynomials. A key ingredient in the proofs is the fact that the factor Z, r is characteristic for
convergence of the averages % 25:1 | [fo-T"f1-...- T f, du|. The next problem seeks to
explore the extend to which the previous theorem continues to hold for subsequences of multiple
correlation sequences.

Problem 13. Let (a(n)) be the sequence of integers (p,), where py, is the n-th prime, or ([n¢])
where ¢ > 0, or (2"). Is it true that for every ergodic system (X, X,u,T) and all functions
fos-ooy fo € L®(u), one has a decomposition

/fo T fr- T fy dp = a(n) + e(n),

where (1(n)) is an ((-step) nilsequence and limy_,o0 25:1 le(n)] =07?

We believe that the answer is yes for the first two sequences and no for the third sequence.
One could also ask similar questions for correlation sequences of the form

C(n) = /f-Ta<”>g-T”<”>h dp, neN,
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where (a(n)), (b(n)) are particular sequences of integers. In this case, the expected decomposi-
tion has the form

C(n) = ¢P(a(n),b(n)) +e(n), neN,
where (1)(m,n)) is a (2-step) nilsequence in two variables and (e(n)) is as before.

5.2. Commuting transformations. Throughout this section, (X, X, u, T1,...,Ty) is a system
and f1,..., f¢ are functions in L>(u).

We start with problems related to mean convergence of multiple ergodic averages. After a
long series of partial results that dealt with commuting transformations [18] 23| 24, 97, 99, 141,
158, 181, 2001, 243, 280, 288 297], M. Walsh in [290] proved the following result:

Theorem. Let p1,...,pe be integer valued polynomials. Then the averages
| N
(17) DB Sy O
n=1

converge in the mean as N — oo.

A similar result also holds when we work with averages of the form

N l ¢

AT ) f - (T ) s
n=1 i=1 i=1

and the transformations 71, ..., T, generate a nilpotent group [290] and when one averages over

Fglner sequences in Z and uses polynomials in several variables [304]. Moreover, we have mean

convergence when the iterates are given by integer parts of real valued polynomials [212].

5.2.1. Generalized polynomials. A generalized polynomial is a real valued function that is ob-
tained from the identity function and real constants by using the operations of addition, mul-
tiplication, and taking integer parts. An example is the sequence ([[na]nS + n?y + nd]) where
a, B,7,0 € R. It remains a challenge to extend known mean convergence results with polynomial
iterates to the case where the iterates are given by generalized polynomials:

Problem 14. Let py,...,pe be integer valued generalized polynomials. Show that the averages

N

1 Z n

N Tfl( )fl"‘Tgpé(n)fﬁ
n=1

converge in the mean as N — oo.

This problem was first stated in [4I]. For ¢ = 1 convergence was proved in [55] and follows
from the spectral theorem and the fact (proved in [55]) that any sequence of the form (e(™),
where p is a generalized polynomial, can be represented as a generalized nilsequence. For ¢ = 2
the problem is open even when the transformations are equal and weak mixing.

5.2.2. Characteristic factors. As mentioned previously, if all transformations are equal, and
the polynomials are essentially distinct, then characteristic factors of the averages can be
chosen to have very special algebraic structure. For general commuting transformations this
is no longer the case; if one chooses p1 = py = n, T = T, and fo = fi, then the averages
do not converge to 0 unless f; = fo = 0. The same problem persists when two of the
polynomials are dependent, meaning, their quotient is some non-trivial linear combination of
the polynomials is constant. But in all other cases, there is no obvious obstruction to having
“simple” characteristic factors with algebraic structure:
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Problem 15. Suppose that the polynomials p1,...,pe € Z[t] are pairwise independent. Show
that there exists d € N such that the factors Zqr,,..., 241, are characteristic factors for the
averages (|L7)).

This is known to be the case when the polynomials have distinct degrees [97]. But it is not
known for some simple families of integer polynomials, for instance, for the family {n®,n3+n}
and the family {n,n? n? +n}. Even for weak mixing transformations the following problem is
open:

Special Case of Problem Suppose that all the transformations Ty,...,Ty;: X — X are

weak mixing and the polynomz'als D1, ..., pe € Z[t] are pairwise independent. Show that
1
I 7§ ijl(" Sy d d
m fr- o= fdp--- | fodp.

The problem is open even when ¢ = 2 and the family of polynomials is {n3,n3 + n}.

When all transformations are equal and the polynomials are in general position, characteristic
factors for the averages turn out to be extremely simple; they are given by the rational
Kronecker factor of the system which is defined as follows: Given a system (X, X, u,T') we let
Krat(T) = \ genZra where Z(T?9) := {f € L*(u): T?f = f}. The next result is proved in
141, 143]:

Theorem. Suppose that the polynomials p1,...,p; € Z[t] are rationally independent (meaning,
non-trivial linear combinations of them are non-constant). Then the rational Kronecker factor
Krat(T) is a characteristic factor for the averages (|16)).

We believe that this result generalizes to the case of several commuting transformations:

Problem 16. Suppose that the polynomials p1,...,ps € Z[t] are rationally independent. Show
that Kyat(T1), . . ., Krat(Ty) are characteristic factors for the averages (17)).

This was proved in [97] when ¢ = 2 for families of the form {n,p(n)} where deg(p) > 2. In the
same article a somewhat weaker property was proved for all monomials with distinct degrees.
Using techniques from [97] and [254] it is very likely that the problem can be solved for all
polynomial families with distinct degrees.

5.2.3. Optimal lower bounds for multiple recurrence. We mention also a closely related multiple
recurrence problem:

Problem 17. Suppose that the polynomials pi,...,p; € Z[t] are rationally independent and
have zero constant term. Show that for every A € X and every € > 0, there exists n € N such
that

(18) p(AN Tfl(”)A n---N Tfé(")A) > u(A) — e,

In fact, the set of integers n for which holds is expected to have bounded gaps. The
lower bounds are known when all transformations are equal [142] and they are also known for
general commuting transformations when the polynomials are monomials with distinct degrees
[97]. Combining techniques from [97] and [254] it is very likely that the problem can be solved
for arbitrary polynomials with distinct degrees. The result fails if two of the polynomials are
distinct and dependent; in this case no fixed power of 1(A) works as a lower bound in (L8]
for arbitrary systems and sets [47]. On the other hand, the assumption that the polynomials
are rationally independent is not necessary, for instance, the result is expected to work for the
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family of polynomials {n,n? n? 4+ n} (this is known to be the case when all transformations
are equal [130]). We remark that if Problem [16|is solved, then the conjectured lower bounds of
Problem [17| will follow rather easily. On the other hand, Problem [17]is open even when ¢ = 2.

5.2.4. Multiple recurrence for intersective polynomials. A family of integer valued polynomials
{p1,...,pe} is called intersective if for every r € N there exists n € N such that p;(n) = 0(mod r)
fori =1,...,f. When £ = 1 an example of an intersective polynomial with no linear factors
is p(n) = (n? — 13)(n? — 17)(n? — 221). Examples of periodic systems show that if a family of
polynomials is good for multiple recurrence of commuting transformations, then this family has
to be intersective. The next problem was first stated in [59] and seeks to show that the condition
of intersectivity is also sufficient for multiple recurrence of commuting transformations.

Problem 18. Let (X, X, pu,T1,...,Ty) be a system and {p1,...,pe} be a family of intersective
integer polynomials. Show that for every set A € X with pu(A) > 0 one has

pANT™MAn...nT™4) > 0
for some n € N.

The problem is open even when £ = 2 and p; = p2. The case where all the polynomials have
zero constant term is covered by the Polynomial Szemerédi Theorem [52]. The case where all
the transformations are equal was dealt in [59]. The argument used in [52] depends crucially
on the fact that the polynomials have zero constant term. The argument used in [59] depends
crucially on the fact that characteristic factors for the corresponding multiple ergodic averages
are (inverse limits) of nilsystems; a substitute for this result that is useful for the problem at
hand is not currently available.

Note that a solution to Problem would imply that for every collection of intersective
polynomials {p1,...,ps}, for every d, ¢ € N, set E C N with d(E) > 0, and vectors v1,...,v; €
N?, there exist m € N? and n € N such that

m,m+ p;(n)vy,...,m+ py(n)vy € E.

5.2.5. Pointwise convergence for commuting transformations. Regarding pointwise convergence
of multiple ergodic averages of commuting transformations, progress has been scarce, even in
some seemingly simple cases. The following is a well known open problem:

Problem 19. Let (X, X, u,T,S) be a system and f,g € L>®(u) be functions. Show that the
averages

1 N
D HT) - g(5™)
n=1

converge pointwise almost everywhere.

For a list of partial results that apply to special classes of transformations see the list after
Problem Moreover, pointwise convergence in the case where the system (X, X, u,T,S) is
distal was recently established in [IT3], and prior to this, in the case where S = T* for some
k € N in [I97]. See also [114] for more general statements involving an arbitrary number of
commuting transformations.
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5.2.6. Optimal error term for decomposition results. We end this subsection with a problem
related to the structure of multiple correlation sequences defined by commuting transformations.
The following result was proved in [134]:

Theorem. Let (X, X, u,T1,...,Ty) be a system. Then for every e > 0 one has a decomposition

where (y(n)) is a basic (-step nilsequence and imsupy_, ., % 25:1 le(n)| <e.

A similar result also holds when the iterates are given by integer polynomials [134], or integer
parts of real valued polynomials [212], and when one uses correlation sequences in several
variables [I37]. When T7i,...,T; are powers of the same transformation, the main results in
[47, 236l 237] give an analogous decomposition with e = 0 and 1 an {-step nilsequence. It is
thus natural to ask whether a similar result holds for commuting transformations.

Problem 20. Is it true that one always has a decomposition
[ o T TP = ) + )

where ((n)) is an C-step nilsequence and impy o0 % 25:1 le(n)] =0%

5.3. Transformations that do not commute. All problems in the previous sections were
stated for families of transformations that commute. When one works with arbitrary families
of invertible measure preserving transformations the next result shows that one cannot expect
to have similar convergence and recurrence results:

Theorem. Let a,b: N — Z\ {0} be 1 — 1 sequences. Then there exist invertible Bernoulli
measure preserving transformations T and S acting on the same probability space (X, X, u)
such that

e for some f,g € L>®(u) the averages % Egzl fT“(”)f - SYM g dy diverge;
o for some A € X with u(A) > 0 we have T*™ AN S*™MA = ( for every n € N.

To construct such examples it suffices to modify examples of D. Berend (see Ex 7.1 in [28])
and H. Furstenberg (page 40 in [I52]) that cover the case a(n) = b(n) = n (the details appear
in [146]). When a(n) = b(n), it is also known that given any finitely generated solvable group
G of exponential growth, there exist invertible measure preserving transformations 7',.S, with
(T,S) C G, and such that the conclusion of the previous theorem holds for those 7" and S. It
is interesting that despite such negative news, once one introduces an extra variable, several
convergence (and very likely recurrence) results can be extended to arbitrary families of measure
preserving transformations. We mention a positive result from [96]:

Theorem. Let (X, X, u) be a probability space, T1,...,Ty: X — X be invertible measure pre-

serving transformations, fi,...,fo € L>(n) be functions, p1,...,pe be essentially distinct poly-
nomials of degree at most k € N, and a € (0,1/k). Then the averages

1 + +
(19) i 2 h@ e gyt

1<m<N,1<n<N¢e

converge pointwise almost everywhere as N — ooE|

2For k = 1 one can take a = 1, this was established in [197] but also follows from the method of proof in [36].
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The assumption that the polynomials are essentially distinct is necessary. It was also shown in
[96] that there exists d € N such that the factors Z4 7y, ..., Z4 1, are characteristic for pointwise
convergence of the averages . Despite these facts, the corresponding multiple recurrence
result (that would generalize the polynomial Szemerédi theorem) remains open:

Problem 21. Let (X, X, u) be a probability space, Ty,...,Ty: X — X be invertible measure
preserving transformations, and p1, .. ., pe be distinct polynomials with zero constant term. Show
that for every A € X with u(A) > 0 we have

p(ANT P g 4y S
for some m,n € N.

A solution to this problem would imply that given a countable amenable group G and arbi-
trary elements g1,...,gs € G, for every E C G that has positive upper density with respect to
some Fglner sequence in G, there exist ¢ € G and m,n € N such that

+ +
g, g;n pl(n)g’_”’gzn pe(n)g cE.

The assumption in Problem [21| that the polynomials are distinct is necessary since, as men-
tioned before, there exist (non-commuting) transformations 7', S, acting on the same probability
space (X, X, ), and a set A € X with u(A) > 0 such that u(T"ANS™A) =0 for every n € N.
The multiple recurrence property is known when the polynomials are rationally independent
[150] and when all the transformations are weak mixing (because in this case the characteristic
factors are trivial [96]). For general measure preserving transformations and linear polynomials
some of the simplest cases are open:

Special Case of Problem Let (X,X,u) be a probability space and T, S, R: X — X be
invertible measure preserving transformations. Show that for every A € X with u(A) > 0 there
exist m,n € N such that

p(ANTmANS™ANR™21A) > 0.

6. PROBLEMS RELATED TO SEQUENCES ARISING FROM SMOOTH FUNCTIONS

In this section we give a list of problems related to the study of multiple ergodic averages
involving iterates given by sequences arising from smooth functions, and related applications to
multiple recurrence.

We are going to restrict ourselves, almost entirely, to a class of non-oscillatory functions that
is rich enough to contain several interesting examples. Its formal definition is the following:
Let B be the collection of equivalence classes of real valued functions defined on some half-line
(¢,0), where we identify two functions if they agree eventually. A Hardy field is a subfield of
the ring (B, +,-) that is closed under differentiation. With H we denote the union of all Hardy
fields. 1t is easy to check that if a function belongs in H, then it is eventually monotonic and the
same holds for its derivatives, so if a € H, all limits limy_,oo a(*) (t) exist (they may be infinite).
We call a Hardy sequence any sequence of the form ([a(n)]) where a € H.

An explicit example of a Hardy field to keep in mind is the set L£E that consists of all
logarithmic-exponential functions (introduced by Hardy in [179]), meaning all functions defined
on some half-line (¢, o) using a finite combination of the symbols +, —, X, :, log, exp, operating
on the real variable ¢ and on real constants. For example, all rational functions and the functions
t\/i, tlogt, tVIoelost /log(t2 + 1) belong to LE. Also all polynomials with fractional powers,
meaning, functions of the form 22:1 ag t°%, where ag,ci, € R, k=1,...,d, belong to LE.
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The main advantage we get by working with elements of H is that it is possible to relate
their growth rates with the growth rates of their derivatives. As a consequence, a single growth
condition encodes a lot of useful information and this enables us to give more transparent and
aesthetically pleasing statements. To give an example note that if a € H and b € LE, then there
exists a Hardy field that contains both a and b. As a consequence, the limit lim;_, o, a/(t) /0 (t)
exists (it may be infinite), and so assuming that a(t),b(t) — oo, we get (using L’Hospital’s
rule) that the quotients a(t)/b(t) and a(t)/b'(t) have the same limit as t — co. We deduce, for
instance, that if a € H satisfies a(t)/t?> — oo, then d’(t)/t — oo and a”(t) — oo.

Background material on Hardy fields can be found in [73], [74 [75] [179] 180} 266].

6.1. Powers of a single transformation. To avoid repetition, we remark that in this sub-
section we always work with a family F := {ai(t),...,ae(t)} of functions of polynomial growth
(meaning, for some k € N we have a;(t)/t* — 0 for i = 1,...,¢) that belong to the same Hardy
field. With span*(F) we denote the set of all non-trivial linear combinations of elements of F.

6.1.1. Necessary and sufficient conditions for £-convergence. We first state two problems from
[132] related to the mean convergence of multiple ergodic averages involving iterates given by
Hardy sequences. The next result was proved in [I32] (the case ¢ = 1 was first handled in [78]):

Theorem. Let a € H have polynomial growth. Then the sequence ([a(n)]) is good for multiple
convergence of powers if and only if one of the following conditions is satisfied:

e |a(t) — cp(t)|/logt — oo for every c € R and p € Z[t]; or

e a(t) —cp(t) — d for some c,d € R; or

e |a(t) —t/m| < Clogt for some m € Z and C > 0.

For instance, the sequences (n?), ([n*/?]), ([nlogn]), ([n*+ (logn)?]), ([n? +n+v/2 +loglogn))
are all good for multiple convergence of powers, but the sequences ([n? + logn]), ([n?v2 +
loglogn]) are not good for 1-convergence. Unlike the case of polynomial sequences, if a €
H satisfies a(t)/t*' — oo and a(t)/t* — 0 for some k € N, then it can be shown that
the sequence ([a(n)]) takes odd (respectively even) values in arbitrarily large intervals. As
a consequence, when 7 is the rotation by 1/2 on the circle and f = 1jg /9], the L?(p)-limit
limpy 00 @—1N| Znech Tla(n)] f does not exist for some appropriately chosen Fglner sequence (P )
of subsets of N.

The next problem seeks to give similar necessary and sufficient conditions for ¢-convergence
of arbitrary collections of sequences arising from functions of polynomial growth that belong to
the same Hardy field. We remind the reader that in such circumstances one is seeking to prove
mean convergence for averages of the form

N
(20) % S rlelf, el g,
n=1

for all systems (X, X, u, T') and functions fi,..., fr € L*(u).

Problem 22. Let F be as above. Show that the family of sequences {([a1(n)]),..., ([as(n)])}
is good for £-convergence of a single transformation if and only if every function a € span*(F)
satisfies one of the following conditions:

e |a(t) — cp(t)|/logt — oo for every c € R and p € Z[t]; or

o a(t) —cp(t) — d for some c,d € R; or

e |a(t) —t/m| < Clogt for some non-zero m € Z and C > 0.
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Mean convergence of the averages was proved in [I32] but under much more restrictive
conditions than those advertised here. The problem is open even when one assumes that the
functions a1, ...,ay are polynomials with fractional powers. Also the collection of sequences
{([nlogn]), ([n®logn)), ..., ([n*logn])} is another explicit example that is expected to be good
for ¢-convergence of a single transformation but this is not known yet (not even for all weak
mixing systems, or all nilsystems).

6.1.2. Convergence to the product of the integrals. When the multiple ergodic averages of a
collection of Hardy sequences of polynomial growth converge in the mean, one would like to
have an explicit formula for their limit. In general, such a limit formula can be extremely
complicated, but when the sequences are in “general position” the limit is expected to be very
simple:

Problem 23. Let F be as above and suppose that for every function a € span*(F) we have
la(t) — ep(t)|/logt — oo for every ¢ € R and p € Z[t]. Show that for every ergodic system
(X,B,u,T) and functions fi,..., fr € L*°(u) we have

N
(21) lim 1ZT[al(n)]fl...T[ae(n)}ff:/fl dp - /fedu
n=1

N—ooo N

where the convergence takes place in L?(i).

The limit formula is known when a;(t) = t%, i =1,...,¢, where ¢1,...,¢; € R\ Z are distinct
and positive [132] (this was established first in [45] when ¢; € (0,1), or when the system is weak
mixing). More generally, identity is established in [I32] when the functions a1, ...,a; and
their pairwise differences belong to the set £LEN{a: a(t)/tFTe — oo, a(t)/tF — 0, for some k >
0 and € > 0} and a;(t) /a;(t) — 0 or 0o as t — oo for all i # j. Problem[23]is open even when one
assumes that the functions ay, ..., as are polynomials with fractional powers. If some function
a € span(F) satisfies the estimate |a(t) — ep(t)| < C'logt for some ¢ € R, C > 0, and p € Z]t]
with deg(p) > 2, then one easily sees that fails for T" given by an appropriate rotation on
T

An intermediate step that would help solve the previous two problems is to find suitable
characteristic factors for the relevant multiple ergodic averages: If F is as above, a;(t)/logt —
0o, and (ai(t) —a;j(t))/logt — oo whenever i # j, then for large enough d € N the factor Zg
is expected to be characteristic for mean convergence of the averages . This is known when
for some ¢ > 0 we have a;(t)/t* — oo and (a;(t) — a;(t))/t* — oo whenever i # j [132], and the
methods of [132] (see the proof of Theorem 2.4 there) can be used to show that it also holds
when a;(t) =ia(t) for i =1,...,¢ and a(t)/logt — co.

6.1.3. Pointwise convergence. Regarding variants of the identity that deal with pointwise
convergence, progress has been very scarce. The case ¢ = 1 was treated in [78], but other than
this, even the simplest cases remain open.

Problem 24. Let a,b be distinct positive non-integers. Show that for every ergodic system
(X, X, 1, T) and functions f,g € L*°(u), we have

lim Jbz_:f(T[”a]év)-g(T[”b]w) = /f du-/g dp

for almost every x € X.
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As mentioned before, mean convergence is known [132]. For pointwise convergence all cases
where both a and b are greater than 1 are open.

6.1.4. Necessary conditions for {-recurrence. Next, we state some problems related to multiple
recurrence. The following result was proved in [132] (see also [149] for a special case):

Theorem. Let a € H have polynomial growth and suppose that |a(t) — cp(t)| — oo for every
c € R and p € Z[t]. Then the sequence ([a(n)]) is good for multiple recurrence of powers.

It follows that the sequences ([nV2]), ([nlogn]), ([n? + (logn)?]), ([n? + logn]), ([n*V2 +
loglogn]) ([n? 4 nv/2]) are all good for multiple recurrence of powers.

Next, we seek to give necessary conditions for ¢-recurrence of collections of sequences arising
from functions of polynomial growth that belong to the same Hardy field. We remind the reader
that in such circumstances we seek to prove that for every system (X, X, u,T) and A € X with
w(A) > 0, we have u(ANT-laMIAN... ATl A) > 0 for some n € N.

Problem 25. Let F be as above and suppose that for every function a € span®(F) we have
la(t) — ep(t)] — oo for every ¢ € R and p € Z[t]. Show that the collection of sequences
{([ax(n)]), - .-, ([ae(n)])} is good for L-recurrence of a single transformation.

This is known for ¢ = 1 [I49]. For ¢ = 2 the problem is open even when one assumes that
the sequences are polynomials with fractional powers.

6.1.5. Hardy sequences of super-polynomial growth. Despite the fact that multiple recurrence
and convergence properties of Hardy sequences of polynomial growth are relatively well under-
stood, when it comes down to sequences that grow faster than polynomials, even the most basic
problems are open.

Problem 26. Find an example of a function a € H that grows faster than polynomials, meaning,
a(t)/th — oo for every k € N, such that the sequence [a(n)] is good for multiple recurrence and
convergence of powers.

The sequences ([n1°6™)]), ([¢"']), where a > 0 and b € (0,1), seem to be natural candidates;
unfortunately they are extremely hard to work with. Even when £ = 1, the relevant exponential
sum estimates needed to prove convergence appear to be out of reach in most cases; for the
first sequence such estimates are available only when a € (0,1/2) [205], and no estimates are
available for the second sequence. On the other hand, a slower growing sequence, like the
sequence ([n'°8!°6"]) may be easier to handle. But even for this sequence, 2-recurrence and
2-convergence is not known for all weak mixing systems or all nilsystems.

6.1.6. Hardy sequences evaluated at the primes. With p, we denote the n-th prime.

Problem 27. Let ¢ be a positive non-integer. Show that the sequence ([pS]) is good for multiple
recurrence and convergence of powers.

Proving multiple recurrence is known when ¢ < 1 since in this case the range of the sequence
([p%]) misses at most finitely many positive integer values. It is known that if ¢ is a positive
non-integer, then the sequence of fractional parts ({pS,}) is equidistributed in [0, 1] (see [274] or
[295] for ¢ < 1 and [23§] for ¢ > 1). Probably the techniques used to prove these equidistribution
results also gives 1-recurrence and 1-convergence (it suffices to show that the sequence ({pSa})
is equidistributed in the unit interval for every non-zero a € R), but the problem is open for
f-recurrence and ¢-convergence when £ > 2.
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6.1.7. Oscillatory sequences. All the previous problems deal with sequences that do not oscillate.
Multiple recurrence and convergence properties of oscillatory sequences are not well studied and
even analyzing some simple looking sequences leads to very challenging problems:

Problem 28. Show that the sequence ([nsinn]) is good for multiple recurrence and convergence
of powers.

Quite likely one can say more; the averages % 25:1 7o) £ .20 f, . 7la() £, have the
same limit in L?() when a(n) = [nsinn] and when a(n) = n. This is known for £ = 1; and
follows from equidistribution results in [34] (see also related results in [32], [33]). The problem
has not been studied for £ > 2, even for particular classes of measure preserving systems, like
nilsystems or weakly mixing systems.

6.2. Commuting transformations. As mentioned before, if a Hardy sequence has polynomial
growth and stays away from constant multiples of integer polynomials, then it is going to be
good for multiple recurrence and convergence of powers. The next problem seeks to extend
these results to the case of commuting transformations.

Problem 29. Show that if ¢ > 1 is not an integer, then the sequence ([n€]) is good for
multiple recurrence and convergence of commuting transformations. Moreover, show that if
(X, X, 1, Ty,...,Ty) is a system and f1,..., fo € L°(u), then the L?(u)-limit

1

N
@ i LS iy,
n=1

is equal to the L?(p)-limit iy o0 & SN TP f1 - TP fo.

Both the recurrence and the convergence problem is open even when ¢ = 2 and all transfor-
mations are assumed to be weak mixing. The result is known when the 77, ..., T, are powers of
the same transformation [132], but the proof relies crucially on the precise algebraic structure
of suitable characteristic factors for the corresponding multiple ergodic averages; an advantage
that we do not have when we work with general commuting transformations. Moreover, the
methods used in [290] to prove mean convergence when the iterates are polynomial, seem hard
to adjust in order to deal with fractional powers; in any case, they give no information about
the limit and so do not seem suitable for proving multiple recurrence results or obtaining limit
formulas.

6.3. Configurations in the primes. The theorem of Szemerédi on arithmetic progressions
[276], and its polynomial extension [52], have been instrumental in proving that the primes
contain arbitrarily long arithmetic progressions [I167] and polynomial progressions [284]. Thus,
it is natural to expect that the various known Hardy field extensions of the theorem of Szemerédi
[132, 149] can be used to prove that the primes contain the corresponding Hardy field patterns.
We mention a relevant problem:

Problem 30. Let ¢ € N and c,cq, ..., cp be positive real numbers. Show that the prime numbers
contain patterns of the form
{m,m + [n°],m+2[n°,...,m+£[n} and {m,m+[n*],...,m+[n“]}

for infinitely many n € N.

When all exponents are rational the existence of such patterns follows immediately from
[284].
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7. PROBLEMS RELATED TO RANDOM SEQUENCES

In this section we give a list of problems related to the study of multiple ergodic averages
involving iterates given by random sequences of integers.

The random sequences that we work with are constructed by selecting a positive integer n
to be a member of our sequence with probability o,, € [0,1]. More precisely, let (2, F,P) be a
probability space, and let (X,,),en be a sequence of independent 0 — 1 valued random variables
with

P(X,=1):=0, and P(X,, =0):=1-0,

where oy, is a decreasing sequence of positive real numbers that satisfies > | 0, = oo (in which
case y -1 Xp(w) = +oo almost surely). The random sequence (a,(w))nen is constructed by
taking the positive integers n for which X, (w) = 1 in increasing order. Equivalently, a,(w)
is the smallest £ € N such that Xj(w) + -+ + Xg(w) = n. If 0, = n=* for some a € (0,1),
then one can show that almost surely a,(w)/n'/(1=% converges to a non-zero constant. On the
other hand, if o, = 1/n, then almost surely there exists a subsequence (ny) of the integers, of
density arbitrarily close to one, such that the sequence (ay, (w)) is lacunary [201] (this is no
longer the case if no, — o0). So it makes sense to call random non-lacunary sequences the
random sequences of integers one gets when o, satisfies no,, — oo.

We say that a property holds almost surely for the sequences (a,(w)), if there exists a universal
set g € F, such that P() = 1, and for every w € €y the sequence (a,(w)) satisfies the given
property.

The next result was proved by M. Boshernitzan [74] for mean convergence and by J. Bourgain
[80] for pointwise convergence (see also [265] for a nice exposition of these results).

Theorem. If no, — oo, then almost surely the following holds: For every system (X, X, u,T)
and function f € L>(u), the averages

1 N
an(w)
(23) NnE—lT f

converge in the mean and their limit equals the L?(u)-limit of the averages % 27]:[:1 T"f. Fur-
thermore, if no,/(loglogn)'*t0 — oo for some 6 > 0, then the conclusion also holds pointwise.

It is known that the mean convergence result fails if o, = 1/n and the pointwise convergence
result fails if o,, = (loglogn)/?/n (for both results see [201]). It is not known whether the
pointwise convergence result fails when say o, = loglogn/n.

One would naturally like to extend the previous convergence result to multiple ergodic aver-
ages:

Problem 31. Suppose that no,, — 0o. Show that almost surely the sequence (a,(w)) is good for
multiple recurrence and convergence of commuting transformations. Moreover, show that almost
surely the following holds: For every system (X, X,u,T1,...,Ty) and functions fi,...,fr €
L*>(u), the averages

N
1 an (W an (w
N T g1,
n=1

converge in L?(u) and their limit equals the limit of the averages % Zﬁle TV fo--- T fo.

This problem was first mentioned in 2004 by M. Wierdl in [207]. For ¢ > 2 the result is
known when o, = n~% where a € (0,1/2"!) [146] (the argument in [01] also gives this). When
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Ti,...,T; are powers of the same transformation, a different argument was given in [147] that
works for all @ € (0,1/(¢ + 1)) (this result is superior to the previous one for ¢ > 3). Under
the assumption that no,, — oo, pointwise convergence is known when the transformations are
nilrotations and the functions are continuous [I31]. On the other hand, when o,, = n~¢ for some
a>1/2,0=2 and Ty = T12, mean convergence is not known even when we restrict ourselves
to the class of weak mixing systems.

A solution to Problem would imply that almost surely the following holds: For every
d,l €N, every vq,...,ve € Z%, every set A C Z% with d(A) > 0 contains patterns of the form

{m,m+ a,(w)vy,...,m+ ay(w)vs}

for some m € Z% and n € N.
Next we mention a problem that combines deterministic and random iterates.

Problem 32. Suppose that no, — 0co. Show that almost surely the following holds: For every
system (X, X, u,T,S) and functions f,g € L*°(u), we have

N
1

3 n . a”(w) g .

]\};HéONnEZIT f-8 g =RE(f|Zr) - E(9|Zs)

where the limit is taken in L?(u). Furthermore, if o, = n~=% for some a € (0,1), show that the
convergence also holds pointwise almost everywhere.

The limit formula (in L?(x) and pointwise) is only known when a € (0,1/14) [146]. When
T = S, using a different method, the eligible range was improved to a € (0,1/2) in [147].

In the next problem we are going to work with two random sequences with different growth
rates that are chosen independently of each other. More precisely, let X1,Y7, Xs,Y5,... be a
sequence of independent 0-1 valued random variables with P(X,, = 1) :=n"% and P(Y,, = 1) :=
n~? for some a,b € (0,1). We construct the random sequence (a,(w)) by taking the positive
integers n for which X,,(w) = 1 in increasing order, and the random sequence (b, (w)) by taking
the positive integers n for which Y, (w) = 1 in increasing order.

Problem 33. Suppose that a,b € (0,1) and a # b. Show that almost surely the following holds:
For every system (X, X, u, T, S) and functions f,g € L*>(u) we have

N
. 1 an (W w
lim — YT f - 5™ g = E(f|Zr) - E(gZs)

N—oo
n=1

where the limit is taken in L?(u) or pointwise.

The problem seems non-trivial even when T' = S is a weak mixing transformation. Moreover,
no values of a,b € (0, 1) are known for which the conclusion holds.

8. PROBLEMS RELATED TO SYSTEMS WITH MULTIPLICATIVE STRUCTURE

Let T),,n € Z, be invertible measure preserving transformations acting on a probability space
(X, X, u) that satisfy Ty = 71 = id and T,, o T,, = T}, for every m,n € N. We say that the
quadruple (X, X, u, T},) is a measure preserving system with multiplicative structure. Motivated
by partition regularity problems of quadratic equations in three variables, in [I35] multiple
recurrence properties of systems with multiplicative structure were studied. A sample result is
the following:
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Theorem. Let (X, X, u,T,) be a measure preserving system with multiplicative structure and
A € X with u(A) > 0. Then there exist m,n € N such that

(24) M(Tm(m—i-n)A N T(m+2n)(m+3n)A) > 0.

Using variants of the previous result one can prove that for every partition of N into finitely
many cells, there exist distinct = and y belonging to the same cell such that 922 + 16y% = \?
for some A € N. In fact, our result proves density regularity, namely, that such solutions can
be found on every subset of N that has positive density with respect to any dilation invariant
density on the integers. In order to prove a similar statement for the equation z? + y? = \?
(i.e., prove partition regularity of Pythagorean pairs) it suffices to get a positive answer for the
following variant of the previous result:

Problem 34. Let (X,X,u,T,) be a measure preserving system with multiplicative structure
and A € X with u(A) > 0. Is it true that there exist m,n € N, m > n, such that

M(TanA N T(mfn)(ern)A) >07

In order to prove it turns out to be useful to analyse the limiting behavior of averages

of the form 1
w3 blmln ) Blm + 20 +0)

1<m,n<N
where ¢: N — C is an arbitrary completely multiplicative function (i.e. satisfies ¢(mn) =
p(m)p(n) for all m,n € N) with modulus 1. A key technical point in the proof is that the
expressions ¢(m(m+mn)) ¢((m+ 2n)(m+ 3n)) are real and non-negative when n = 0; this is an
advantage that we do not have when we deal with similar expressions related to Problem
It would also be interesting to prove higher order multiple recurrence results for systems of
multiplicative structure. The following problem is a typical one:

Problem 35. Let (X,X,u,T,) be a measure preserving system with multiplicative structure
and A € X with u(A) > 0. Is it true that there exist m,n € N such that

M(Tm(m—i-n)A N T(m+2n)(m+3n) N T(m+4n)(m+5n)A) >07

If the answer is positive, then this will imply partition regularity (in fact, density regularity
with respect to any dilation invariant density on the integers) for some non-trivial quadratic
equation in three variables with all three variables belonging to the same partition cell. A
fundamental new difficulty is that although the single correlation sequences u(7,A NTsA) can
be expressed as integral combinations of sequences of the form ¢(r) ¢(s) where ¢ is a completely
multiplicative function, this is no longer the case for the higher order correlation sequences
w(T,ANTsANT,A). So one has to take an alternate approach.

9. EXTENDED BIBLIOGRAPHY ORGANIZED BY TOPIC

We give a rather extensive bibliography with material that is directly related to the problems
discussed before, organized by topic. We caution the reader that this is not a comprehensive list
of articles in ergodic Ramsey theory, and in fact articles in several important topics in this area
are missing from this list. For instance, the reader will find very few articles related to actions
of measure preserving transformations for groups other than Z?, the richness of return times in
various multiple recurrence results, topological dynamics, and applications in partition Ramsey
theory. There are several excellent places to look for such topics, for instance, the survey articles
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of V. Bergelson [37, 40, [41] cover a substantial part of related material and contain an extensive
bibliography up to 2006.
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Other sequences (rational, smooth, random, prime numbers, generalized polynomials):

45), 150, BT} 55, 1611, 62, 166, 67, 74} [78, [79, 91, 116, 120} 123}, 132} 133, 138,
168, 201, 213} 2211, 222} 235], 250} 251}, 255], 275, 284], 294} 296, [307].
88,
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Equidistribution on nilmanifolds and other nil-stuff: [I7, [57, 189, 90,
169, 170, 171} 175, [176], 177, 187, (188, 190, 192, 195} [196], 210, 225, 227, 228, 230,
[234], [235], 2411, 242] 246], 256, 257, 258, 259), 2711, 272] 273, 285| 289, 299]

Books, survey articles, and thesis on related topics: [11, [6l, 17, 20} 36}, 37, [39] 40, (41, [94]
103, 1111, 115} 117, 148, 152, 153} 154} 155, 156, 157, 164} 179, 202, 203| 207, 214, 215| 216,
218, 220}, 223, 246, 249, 260}, 262, 265 267, 278, 279, 281, 2911, 292] 293, [303]
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