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ORDER OF ZETA FUNCTIONS FOR COMPACT
EVEN-DIMENSIONAL SYMMETRIC SPACES

M. AVDISPAHIC, D7. GUSIC AND D. KAMBER

ABSTRACT. Some zeta functions which are naturally attached to the
locally homogeneous vector bundles over compact locally symmetric
spaces of rank one are investigated. We prove that such functions can
be expressed in terms of entire functions whose order is not larger than
the dimension of the corresponding compact, even-dimensional, locally
symmetric space.

1. INTRODUCTION

Let YV be a compact n— dimensicnal (n even), locally symmetric Rie
mannian manifold with strictly negative gectional curvature,

In [5], authors derived the properties of certain zeta functions canonically
aggociated with the geodesic flow of ¥. Motivated by the fact that the
clagsical Selberg zeta function [17] is an entire function of order two and
following Park’s method [13] on hyperbolic manifolds with cusps, Avdispahic
and Gusié [2] derived an analogous result for the zeta functions described in
[5]. The main purpose of this paper is to give yet another proof of the result
[2] baged on Pavey’s approach [14] in the quartic fields setting (zee algo, [8]).

‘We found the second proof worth presenting because of the following facts.

Note that both approaches appear in literature. More importantly, their
ingredients as well as the results they yield, are usually used later on, either
to obtain appropriate estimates on the number of singularities or to derive
approximate formulas for the logarithmic derivative of zeta functions (see,
e.g., [16], [14]). These results are further exploited to achieve more refined
error terms in the prime geodesic theorem. Various authors treat the com-
pact hyperbolic Riemann surface case [15], [12], quartic fields case [14], [8],
higher dimensional manifolds case [1], [13].

The differences between the first and the second proof will be pointed out
in the sequel.

2. NOTATION AND NORMALIZATION

Let X be the universal covering of ¥. We have X = @ /Kf, where &’ is
the group of orientation pregerving isometries of X and K " i the stabilizer
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of some fixed base point zp € X. & is a connected semisimple Lie group of
real rank one and K is maximal compact in &

Let T" be a discrete, co-compact, torsion-free subgroup of @' such that
Y =T\G /K.

Following [5, p. 17], we consider a finite covering group & of &' such that
the embedding ' < G’ lifts to an embedding I <+ G. We have X = G/K,
Y = TN\G/K, where K is the preimage of K’ under the covering and K is
maximal compact in .

Agsume that & is a linear group.

We denote the Lie algebras of G, K by g, & respectively. et g=£8&p
be the Cartan decomposition with Cartan involution &.

A compact dual space Xy of X is given by Xy = G4/K, where (G5 is the
analytic subgroup of G'L (n,C) corresponding to gg = E D pg, pa = ip. Fol-
lowing [5, p- 18], we normalize the metric on X4 such that the multiplication
by i induces an isometry between p = T, X and pg = T, X4 We normalize
the Ad(G)-invariant inner product (.,.) on g to restrict to the metric on
TE o~

Let « be a maximal abelian subspace of p. Then, the dimension of ¢ is
one. Let M be the centralizer of A = exp (a) in K with Lie algebra m. We
have SX = & /M, 5Y = T\G /M, where SX and SY denote the unit sphere
bundles of X and Y, respectively.

Denote by g, ag, ete. the complexifications of g, a, ete.

We fix the set of positive roots &1 (g, a) of (g, a) and define

1
F=g Z dim (ne) o € ag,
ac® T (g,a)

where n, denotes the root space of «.

By Propositions 1.1 and 1.2 [5, pp. 20-23], for every o & M there exists
an element v € R{RK) such that i* (v) = o, where ¢* : R(K) — R (M) is
the restriction and R (K'), R (M) are the representation rings over Z of K,
M, respectively. Following [5, p. 27], we associate to v = > a;y;, (a; € Z,
vi € K), Zo-graded homogeneous vector bundles V (v) = V (v)T &V (v)~
and Vy(y) = Va ()" @ Vi (y)” on X and X, respectively, such that

V(7)* =G xg V3,

Va(y)* = Gaxx Vi,

| |

V’ri = GB GB Vi

sign{a;)==+1 m=1

where V., is the representation space of «;. Furthermore, for a finite-
dimensional unitary representation (x, V4, ) of T", we define Zg-graded vector
bundle V-, () =T\ (Vi @ V (y)) on Y.
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If t is a Cartan subalgebra of m, then py, = %Za€<1>+(m@,t) € it* and the
highest weight p, € it* of o are defined (see, [5, pp. 18-20]). Put

2 2 5
c(@) = |p|” + lpm|” — |pto + pul” -

Note that the norms are defined by the complex bilinear extension to g of
().

Let €2 be the Casimir element of the complex universal enveloping algebra
U {g) = 14 (gq) of g, which is also fixed by (.,.). © acts in a natural way
on sections of the bundles V (v) and V;(~v). Moreover, it acts as a G-
invariant differential operator on C°° (X, V (+)) and hence it descends to
(Y, Vi, (v)). Therefore, it makes sense to define the operators (see, [5,

p- 28])
Ag(y,0)? = Q+c(o) : CF (X, Va(y)) = C= (X, Va(y)),

Ay (7, 0')2 =—0—c(o) : C® (Y, Wy (7)) = O (Y, Wy (7)) -

1
5:5 Z a,

ac®T (go,he)

Put

where b = to @ ag, tis a maximal abelian subalgebra of m and &7 (g¢, be)
is the set of positive roots satisfying condition that Qg € &1 (g, a) implies
a € &1 (gg, be) for a € ® (ge, be). Define py = § — p and the root vector
H, caforac®t (g a) by

(A @)

o, ox)

A(Ha) =

, YA€ db.

—

We adopt the following two definitions from [5].

Definition 2.1. [5, p. 47, Def. 1.13| Let o € @7 (g, a) be the long root and
T =|a|. Foro € M we define e, € {O, %} by
€ *MJrs (c) mod Z
a o
T
and the lattice L{c) C R = a* by L (o) =T (65 + Z). Finally, for A € af =
C we set

A+ o+ pm, B
py= [ @Oreetemf)
(6,8)
pedt (9o be)
Note that g4 (¢) € {0,211} for & € & (g, a) is defined by exp (27 ic, (o)) =
o {exp (2miHy)) € {+1} (see, |5, p. 40]). Also, the fact that o € &1 (g, a)
is the long root means that T (g, a) = {a} or ©7 (g,0) = { %, a}.
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Definition 2.2. [5, p. 49, Def. 1.17] Let o € M. Then, v € R (K) is called
a-admissible if ¥ (v) = ¢ and my (s,v,¢) = P, (s) for all0 < s € L (o).

The multiplicity mgq(s,y, o) is the weighted dimension of eigenspace of
Ag(v, o), 1e, ma(s,v,0) = Tr By 0 ({5}), s € C, where E,4 (.) is the
family of gpectral projections of some normal operator A. Similarly, we
introduce my (8,7, @) = Tr B4y (y,0) ({8}), s € C (see, [5, p. 30]).

Through the rest of the paper we shall assume that the metric on ¥ is

normalized such that the sectional curvature varies between —1 and —4.
Then, T > 1 (see, [5, pp- 150f]).

3. ZETA FUNCTIONS OF SELBERG AND RUELLE

Denote by CT" the set of conjugacy classes of T".

G /T ig a compact space. Hence, I does not contain parabolic elements.
On the other hand, being torsion-free, [' containg no nontrivial eliptic ele-
ments. In other words, every v € T, «v # 1 is hyperbolic.

As usual, we may assume that a hyperbolic element g € G hag the form
g = am € ATM, where AT = exp (a™) and a7 is the positive Weyl chamber
in a (see e.g., [10], [11]).

Let (o, V) and (x, V,) be some finite-dimensional unitary representations
of M and T, respectively and V, (¢} = '\ {G xar V> ® V) corresponding
vector bundle. We introduce ¢, , by (see, [5, p. 95])

Orvo RxSY = (£, TgM) — Tgexp(—tH)M € Y

for some unit vector H < a™.

It is well known fact that free homotopy classes of closed paths on Y are
in a natural one-to-one correspondence with the set CT'. In our situation, if
[1] # [g] € CT, the corresponding closed orbit < is given by

o {rg’ exp (tH) M|t eR},

—1
where ¢ is chosen such that (g’) g9 = ma € MAY. The length I(c) of
c is given by I (¢) = [logal. The lift of ¢ to V, (o) induces the monodromy

tix.o (¢) on the fibre over T'g' M as follows
tixo (€) ({gf,v ) w}) = {g’,cr (m)v @ x(g) w} 5

Now, for s € C, Re(s) > 2p, the Ruelle zeta function for the flow ¢, , is
defined by the infinite product

Zry(s,0) = [ dim {1 —pyo(e) efsg(c))(fl)n—l |

& prime
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where a closed orbit ¢ through y € SY is called prime if I (¢} is the smallest
time such that o (I (c),y) = ».
Recall that the Anosov property of ¢» means the existence of a dyp-invariant
gplitting
TSY = T*SY & T°SY & T“SY,

where T°S8Y consists of vectors tangential to the orbits, while the vectors
in T25Y (T*SY) shrink (grow) exponentially with respect to the metric as
t — oo, when transported with dy. In our case, the splitting is given by
(see, [5, p. 97])

TSY 2T\G x (R adn),

where n = fn, n = zaeqﬁ(g)a) Ne. Now, the monodromy F, in T'SY of ¢
decomposes as follows
P, =P} pid BFY.

Finally, for s € ©, Re (s) > p, the Selberg zeta function for the flow ¢, - ig
defined by the infinite product

Zsx(s,0) = H ﬁ det (1 — iy (C) ® gk (P$) ef(erp)I(c)) ’

c prime k=0

where S% denotes the k-th symmetric power of an endomorphism.
It ig known [9], that the Ruelle zeta function can be expressed in terms
of Selberg zeta functions. We have

n—1
(3.1) Zax (o) =11 1] Zsx(Gstp—Ar® a)D”
=0 (r,\)elp

where
I ={(r,3) |re M, AeR|

are such sets that APne decomposes with respect to M A as

Ao = Z Ve @ Cy.
{r,\Nel,

Here, V., is the space of the representation 7 and Cy, A € C is the one-

dimensional representation of 4 given by A = a — a”.

Let dy = — (—1)%. Concerning the singularitieg of the Selberg zeta func-
tion, the following is known.
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Theorem A. [5, p. 113, Th. 3.15] The Selbery zeta function Zg, (s,0) has
a meromorphic continuation to all of C. If v is o-admissible, the singulari-
ties of Zg . (s,0) are the following:

(1) at £is of order my (s,v,0) if s £ 0 is an eigenvalue of Ay (v, o),

(2) at s =0 of order 2my (0, v,0) if 0 is an eigenvalue of Ay, (v, o),

(2) at —s, s € T(N—¢;) of order 2%2?7@ (s,v,0). Then
s > 0 is an eigenvalue of Ag (v, o).

If two such points corncide, then the orders add up.

4. MAIN RESULT
We prove the following theorem.

Theorem 4.1. If v is oc-admissible, then there erist entire funclions Zé (s},
ZZ (s) of order at most n such that

Z§ (s)
4.1 Z =5
( ) Sx (31 J) Zg (8)
Here, the zeros of Z}; (s) correspond to the zeros of Zg (s5,0) and the zeros
of ZZ(s) correspond to the poles of Zgy (s,0). The orders of the zeros of
Zé (s) resp. Zg. {(8) equal the orders of the corresponding zeros resp. poles of

Zgy (5,0).

Proof. Let Ny (r) = # {s € spec Ay (v,0)||s| < r}. By the Weyl asymp-
totic law (see, [5, p. 66]),

(42) Nl (’.‘") ~ Ol’.‘”n,

as r — +oo.

Now, we derive the Weyl asymptotic law for A, (v,o). In [2, p. 528], the
Weyl agymptotic law for A, (v, o) is derived quite quickly by relying on the
fact that A2 (vy,o) is elliptic and of the second order (see, [6, p. 21]). In
this paper, we follow a more traditional and more informative, step by step,
approach of Voros [18]. We shall satisfy the agsumptions (1.1), (1.2) and
(1.3) in [18, p. 440].

By [5, p. 109], s € T (N — ¢,) is an eigenvalue of A; (v, &) with multiplicity
mg (s,v,0). Az(vy,o) may have more eigenvalues, but the weighted multi-
plicities of these additional eigenvalues are zero. Moreover, g (0, v, o) = 0.
Since €, & {O,%} and T > 1, we have s > 0 for s € T (N — ¢,). Hence, it
makes gense to define Ny (r) = # {s € spec Ay (v, o)|s < r}.

Now, it is eagily seen that the eigenvalues of A, (v,o) may be arranged
in a manner that (1.1) in [18] holds true.
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By [5, p. 70, Def. 2.1], the theta function

Oqg(t,o) =Tr e tAalr.o) — Z mg (s, v, o) e ts =

s=C

Z g (87 ¥ O.) eits

seT(N—ey)

converges for Re (£) > 0. Hence, (1.2) in [18] is satisfied.
Finally, by [5, p. 120], 84 (£, ¢) admits a full asymptotic expansion

&4 (t,a) ~ Z dktk

k=—n

for ¢ — 0. In other words, (1.3) in [18] holds also true.
Now, by (1.4) in [18, p. 440], the eigenvalues of Ay (v, o) satisfy the Weyl
asymptotic law

d

(4.3) N2 (1)~ ey =

T
Car™,

asg r — +oo.

Denocte by S; resp. S3 the sets consisting of the singularities of Zg ,, (s, o)
appearing in (1) and (2) resp. (3) of Theorem A. Reasoning as in [2, p. 529],
and using (4.2), we obtain

(4.4) Yo s =0,
5€51\10}

for £ > 0. Similarly, by (4.3), we have
(4.5) Do lsT =0,

8& 55
for ¢ > 0. Consequently, for € > 0, by (4.4} and (4.5) we conclude
(4.6) S 870 < oo,

seS\{0}

where S denotes the set of singularities of Zg, (s,0).
Let Iy resp. Hg denote the sets of zeros resp. poles of Zg, (s,0). It
follows from (4.6) that

(4.7) STl < 37 s < ST 5709 < o,

seR\ {0} seR\{0 seS\{0}

fori=1,2and ¢ > 0.
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In [2], the authors followed Park [13, pp. 93-94]. The relation (4.7) and
Theorem 2.6.5 in [3, p. 19] were used to prove that the canonical products
Wi (s) over B\ {0}, ¢ = 1,2, are entire functions of order not larger than
n over €. Therefore, by using nothing else but the fact that the logarith-
mic derivative of Zg, (s,c) is a Dirichlet series absolutely convergent for
Re(s) > 0, the conclusion was derived that deg (g (s)) < n, where g (s) is
a polynomial such that Zs, (s,0) Wi (s) ! Wa (s) s~ 2017 — £9() This
completed the proof in [2].

As opposed to [2], in this paper we proceed following Pavey [14, pp. 38
40]. At the very beginning (not at the end of the proof), we conclude that
Zga (8,0) ig of the form (4.1). Thus, we reduce the problem to proving the
part related to the order of Z%(s), i = 1,2. We use (4.7) and the Weier-
strass Factorization Theorem [7, p. 170] to form products (4.8) (not only the
canonical products). Reasoning in a gimilar way as in [2], we prove that the
canonical products F; (s), ¢ = 1,2, which appear in (4.8}, are entire func-
tions of order at most n over C. In this way we further reduce the problem
to proving the fact that deg (g: (s)) < n, ¢ = 1,2, where g1 (s) and ga (s) are
entire functions which naturally arise from the factorization theorem. We
obtain two representations for the n-th derivative of the logarithmic deriva-
tive of Zg (s, ) and compare them. The first one, (4.9), follows from (4.1)
and (4.8), while the second one (4.15), stems from the representation (4.10)
of the Selberg zeta function Zg, (s,o) in terms of regularized determinants
of elliptic operators Ay (v,0) and Ay (v,o). We complete the proof by
concluding that deg (g1 (3) — g2 (8)) < n.

Now, we proceed with the proof.

By Theorem A, Zs, (s,o) iz meromorphic. Hence, (see, [14, p. 38]),
it may be represented in the form (4.1), where Z% (s), i = 1,2 are entire
functions satisfying assumptions of Theorem 4.1, except possibly the part
concerning the order of ng (8), # =1, 2. In other wordg, it remains to prove
that Z% (s), 4 = 1,2 are of order at most n.

Now, FR; is the set of zeros of Z% (s), i = 1, 2.

By (4.7) and [7, p. 282], ZL(s) is of finite rank p; < n for ¢ = 1,2.
According to the Weierstrags Factorization Theorem [7, p. 170] (see also
[14, p. 39]), there exist entire functions g; (s), + = 1,2 such that

2 Yo
: — gNigoi(s) e B T g < _
(4.8) ZL(s) = s™e 11 (1 p) exp (p tom bt )

pERA{0}

s egi(s)Pi (s),

where n; is the order of the zero of Z% (s) at s =0, i = 1,2.

F; (5) is a canonical product of rank p;, ¢ = 1, 2. Denote by g; the exponent
of convergence of E;\ {0}, 7 = 1,2 (gee, [7, p. 286]). By (4.7), ¢ < n,7=1,2.
Now, by [7, p. 287, (d)], the order of P;(s) is ¢s < n, 1 =1,2.
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Hence, in order to complete the proof of the theorem, it is enough to
prove that deg(y; (s)) <n fori=1,2.

By taking logarithms of both sides in (4.1) and having in mind (4.8), we
obtain

log Zgx (s, ) = (91(s) — g2 (s)) +

1 log s + Z log(p— s) — Z logp | —

pek {0} pek\ {0}

ng log s + Z log(p—s) — Z logp | +

pER21\{0} peR2\{0}
s 52 skt s 52 sPz
Y =tz tot ) > (+2+...+>.
pe R0} (p 2p p1p” ey NP 2p pgpPe

Differentiating = + 1 times and taking into account the fact that p; < =» for
i = 1,2 as well as the fact that n is even, we conclude that

dn Zg, (s,0)  dntt

(4.9) T ZSX (5.2) = gentt (g1(s) —g2(s))+

n! n!
fen Sn+1 o n+1 + Z (8 - p)n—i-l o Z (8 - p)n+1 ®

pERN{0} peR21{0}

On the other hand, by [5, p. 118, Th. 3.19],

(4.10) ZSX (s,0) =
m— 1 2m— 1
dim ( X) x (¥ g 2T
——2
LIGPILD SR el SR o
_ 2dim (i (Y)
det (AY,X (v, ) + 82) det (Ag (y,0) +s)  xFa) =
g _ 2dim{x)x(Y)
) det (Ayy (3,0 + 6%) det (Au(r,0) +5) 0w

where the coefficients ¢ are defined by the asymptotic expansion

>0
Tre tAsmral® 120 3™ ok,

o

By [5, p. 36, (1.13)],
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Hence,
dy dim (x) vol (Y) ® dim n x(Y)
vol (X4) —2 =D dim ) (=1 (X)
2dim () x (V)
x (Xa)
Now, (4.10) becomes
(4.11) Zsx (s,0) =

dy dim(y) vol(¥)

) det (Avy (1,0)7 + ) det (Aa (,0) +8)° 0
By [5, pp. 120-121], (see also [4])
det (Aq (v,0) + 5) = " AT (s),

where k1 (s) is a polynomial of order n and A~ (s) is the Weilerstrass product

(i) (5 5)

g (py,0)

Mg {7, )

A7 (s) = H

pespec Ag{vy,0)

1 Ml;) (z())

pespec Ag (v,0)

Hence, by the definition of the set 52,

dy dim () vol(Y ) zdy dimix) VOI(Y)hl(S)

(4.12) det {Ag (v, o) + s) vel{Xy) — e val{Xg)

M (=)o (Srr)

pespec Ag(y,0)
H1(s) H (1 . _) exp (Zn: 5:) .

T
peESy r=1 P

dy di Iy
* \1::1(&)75 Lma(p.r.0)

Similarly, one obtains

(4.13) det (AY,X (v, 0)® + 82) _

M ha(s) H (1 = 'Z> exp (Zn: s ) ,
=1

peSN{0}
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where hg (s) is a peolynomial of order n and M = 2m, (0,~,0) if 0 is an
eigenvalue of Ay, (y,o). Otherwise, M = 0.
Combining (4.11), {(4.12) and {4.13), we get

(4.14) Z5y (s,0) = M Hs),
s oosT s LI
1 ()
peSN{07} r=1 peSs r=1

where H (s) = h3 (s) + ha (3) + Hy (s). Obviously, deg (H (s)) = n.
Hence, reasoning as in the derivation of (4.9), we deduce

da* Zg, (s,0)
ds™ Zs, (s,0)

n!
n+1+ >, e 7p)n—|—1+2(877n+1'

pESH{0 pPESy P)

(4.15)

Combining (4.9) and (4.15), we obtain

dn+1
PFICEE] (g1(s) —gz2(s))+

n! n!
L g+l 2 n-l—l + Z (s )n+1 o Z ntl

peRri\o} VTP peienfor (57 P)
n! nl n!
D oy
gntl n+1 n+1
peS1\ {0} (s—p) peSs (s—p)

From the definitions of the sets K;, S;, ¢ = 1,2, it follows that the corre-
gponding sums cancel each other, i.e., we have

dretl n! ! n!
sl (91 (5) —g2(s)) +m antl Myl T M8n+1'

Recall the definitions of M, n;, i =1, 2.

If O is not an eigenvalue of Ay, (-, o) then s = 0 is not the singularity
of Zg,(s,0). Hence, M = n; = nz = 0. Otherwise, s = 0 is either
a zero or a pole of Zg, (s,0) and M = 2m, (0,v,0). In the first case,

= 2my (0,v,0), ng = 0. Elge, ny = 0, ng = —2m, (0, v,5). In other
words,

! n! n!

nl— — Ng— = M ———.
1 8n+1 28n+1 8n+1
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Hence,

dn+1
(4.16) dsntl (91 (s) —g2(s)) =0.

Therefore, g1 (s) — g2 (s) is a polynomial of degree at most . Note that thig
fact does not necessarily imply that deg (g; (s)) < n for ¢ = 1,2. Namely,
(4.16) only implies that g1 (s) and gz (s) are of the form

i3
g1(s) = ous' + > Bis,
iz =0
. n .
ga(s) = Zaisz + Z 0is’,
i1 =0

for some coeflicients «ay, £;, d;. This, in turn, together with (4.8) and (4.1)
allow us to assume that deg(g; (s)) < n for ¢ = 1,2. This completes the
proof. U

A trivial consequence of the Theorem 4.1 and the relation (3.1) is the
following corollary (see also, [2, p. 530])

Corollary 4.2. The Ruelle zeta function Zr, (s,0) can be expressed as

Z (s)
Zg (s)

Here, Z} (s), Z% (s) are entire functions of order at most n.

Zry(8,0)=

Acknowledgment. The authors thank the referee for valuable advices
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