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Abstract
We investigate some properties of unconditional convergence of series taking
values in lattice groups. We give some matrix and Schur-type theorems in
the filter convergence context for lattice group-valued measures, and deduce an
interchange theorem for series in the lattice group setting. Furthermore we pose
some open problems.

1. Introduction

In the literature there have been several studies about Schur-type and different. kinds
of matrix theorems and related topics, in connection with limit theorems for measures
with values in various types of structures, like for example normed spaces, topological
and lattice groups. A survey on these subjects can be found, for example, in [4, 10,
15, 22]. In [5] some basic matrix theorems were proved in the Riesz space context,
with respect fo the so-called (*)-convergence, whose nature is topological. However,
there are some Riesz spaces, in which order and (D)-convergence are not generated
by any topology, and so they do not coincide with (*)-convergence, for example the
space LO(X, M, 1) of all s-measurable real-valued functions with identification up to
p-null sets, where 1 is a ¢-additive and o-finite non-negative extended real-valued
meagure. In this space, order and (D)-convergence coincide with almost everywhere
convergence and (#)-convergence is equal to convergence in measure (see also [23]).
Some very important subjects which are associated with matrix theorems and
widely investigated in the literature are the Schur-type and limit theorems. Among
the studies on these topics in the setting of lattice groups and/or filter convergence,
we quote [13, 14, 16]. Moreover, there have been some recent investigations and de-
velopments about matrix and Schur-type theorems for series taking values in abstract
spaces, in connection with some interchange theorems, by requiring convergence of
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sequences of series on each element of a family of subsets of N, satisfying suitable prop-
erties. Among the related references, we quote [1, 2, 3, 6, 20, 21, 22] for the normed
space and topological group context with respect to usual or statistical convergence,
and [11] for the lattice group setting with respect to filter convergence.

In this paper, for technical reasons, we use filter (I))-convergence, since this toocl
allows us to replace a “series” of regulators with a single regulator by using the well-
known Fremlin theorem. Moreover, in connection with (/2)-convergence, we deal with
unconditional convergence of series, giving a characterization and relating it with o-
additivity of suitable lattice group-valued measures. We extend some earlier results
proved in [1, 2, 3, 11] and, under suitable conditions on the involved filters of N, we
prove some matrix and Schur-type theorems, by requiring only filter (I))-convergence
of suitable sequences of series rather than (D)-convergence in the usual sense (as
it was done in [11]). Furthermore, we deduce an interchange theorem of series in
this context. We use a sliding hump argument, the Fremlin lemma and the Maeda-
Ogasawara- Vulikh representation theorem, relating some properties of convergence of
lattice group-valued series with the corresponding ones of real-valued series. Finally,
we pose some open problems.

2. Preliminaries

In this paper we deal with the lattice group setting and together with the order
convergence we consider the {D)-convergence, which is a variant of the so-called &-
technique. Note that, if € > 0 and A4 is any subset of the real line having supremum
s € R, then there exists @ € A such that s—e < a. In general, this is not true in lattice
groups. For instance, let R be the space of all real functions defined on [0, 1] with the
pointwise ordering. Put A = {f,;: n € N}, where f, : [0,1] = B, n € N, 1z defined
by fu(z) :=1—2", n € N, z € [0,1]. Then the lattice supremum of 4 in £ iz the
function f defined by f(az) =0ifz =1and f(z) =1if0 < z < 1. If £ is considered as
a constant function, then there are no elements A € A with f(z)—& = g(z) < h(z) for
every z € [0,1]. So, we use the double sequence technique, taking into account that,
if (a+7)es 1s a bounded double sequence of real numbers such that (a4 ;); is an order
sequence for each ¢ € N, then for every ¢ € N and & > 0 there exists @(#) € N with
ag; < € for each [ > (1), Since the inequality @ity < € holds for every t € N, we
o0
get also \/ Osp(6) = €. So,in the lattice group context, it is natural to replace £ with
=1

<O

\/ g o). We will follow this idea in defining (D)-convergence, which was presented
t=1

by D. H. Fremlin. In [17, Theorem A], using this tool, he gave a direct proof of
the fact that, given two o-Dedekind complete vector lattices 1 and Rs, a sublattice
Ry € R and a positive linear order continuous function ¢ : By — Ra, and if R is the
least sublattice of R; containing Fy and closed with respect to countable suprema,
then ¢ admits an extension ¢7 : Bf — Rs if and only if R, is weakly o-distributive.
Moreover, in [17, Lemma. 1C], he presented a tool by means of which it is possible to
deal with a single (D)-sequence rather than a sequence of regulators. Here the role
of {D)-convergence is important because it allows us to do this procedure without
requiring further assumptions on Rz. The ())-convergence is used in the literature in
many topics, for instance in the theory of Bochner and Kurzweil-Henstock integrals
and in several kinds of limit theorems for finitely and countably additive measures
(see also [10, 15, 19] and their bibliographies).

Now we recall the following concepts and results.
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Definitions 2.1 (a) An abelian partially ordered group R = (R, +,<) is called a
lattice group iff it 1s a lattice and a + ¢ < b+ c whenever a, b, c € R and a < b.

(b) A lattice group R is said to be (¢)-Dedekind complele iff every nonempty
{countable) subset of R, bounded from above, has supremum in R.

(c) A sequence (g,), of positive elements of a lattice group E iz called an order

sequence or () -sequence iff it is decreasing and /\ ap = 0.

v
(d) A bounded double sequence {as7)¢; in R iz called a (D)-sequence or a requlator
iff for each ¢ € N the sequence (a:;); i2 an (O)-sequence.

oo
(e) A lattice group R is sald to be weakly o-distributive it /\ (\/ at,lp(t)) =0
pelM  t=1
for every (D)-sequence (az1)s .
([y A Dedekind complete lattice group is sald to be super Dedekind complete iE
for every nonempty set A C R, bounded from above, there exists a countable subset

A* C A, such that Y/ A =1/ A%

We now recall the following theorem, which links (O)- and (I)-sequences in lattice
groups.

Theorem 2.2 (see also [9, Theorem 2.3]) Let R be o super Dedekind complete and
weakly o-distributive lattice group. Then for every (D)-sequence (as1)e; in R there

are an (O)-sequence (tp)p in R and a sequence (¢,), in NV, with

\/ Otp,(0) = Tp Jfor each p & N. 2.1)

t=1

We now recall the Maeda-Ogasawara-Vulikh representation theorem (see also [7, 23]).

Theorem 2.3 Given a o-Dedekind complete lattice group R, there exists a compact
extremely disconnected topological space {1, unique up to homeomorphisms, such that

R can be embedded isomorphically as o subgroup of Cou () = {f £ R : f 4s con-
tinuous, and {w éf(ag\ = 4o} is nowhere dense in Q). Moreover, if we denote by
a an element of Co(Q) which corresponds to a € R under the above isomorphism,

then for any family (ax)rcs of elements of R with R = ap = \/a)\ {(where the supre-
A
mum is taken with respect to R), then ap = \/a}: with respect to Coo((Y), and we get

A
ap(w) = suplax(w)] in the complement of a meager subset of . The same is true for
A
A,
A

The following result (Fremlin lemma, see [17, Lemma 1C], [19, Theorem 3.2.3]) allows
us to replace a countable family or a “series” of ({))-sequences with a single regulator.

Lemma 2.1 Let R be any o-Dedekind complete latlice group and (agrz))t,;, n e N, be
a sequence of regulators in R. Then for everyw € R, u > 0 there exists a (D)-sequence
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(asi)eg in B with

q o

AN (Z( U‘E,ng(wn)) ) < \/ Ogor)y Joreveryg N and g © H,
=1 t=1

n=1 %

We now recall some basic properties of filters, which will be useful in the sequel.

Definitions 2.4 (a) Let () be a countable set and F be a filter of (). We say that F
is free Ul 1t contains the filter F.oqn of all cofinite subsets of ).

(b) Let F be a free filter of Q). A subset of Q) is F-stationary iff it has nonempty
intersection with every element of 7. We denote by F* the family of all F-stationary
subsets of ().

(c) A free filter 7 of ) is said to be diegonal iff for every sequence (A,), in F
and for each [ € F* there exists a set J < [, J € F* such that the set J A, is finite
for all n € N (see also [6, 14]).

(d) Given an infiniteset { C ¢}, a blocking of [ is a countable partition { Dy : & € N}
of [ into nonempty finite subsets.

(e) A free filter F of () is said to be block-respecting iff for every [ € F* and for
each blocking {Dy : k€ N} of I there is aset J € F*, J C I with $(J n Dg) =1 for
all & € N, where f denotes the number of elements of the set into brackets.

() T I € F*, then the trace F(I) of F on [ is the family {AN T A< F} It is
not difficult to see that F([I) is a filter of I (see also [10]).

Remarks 2.5 {(a) Note that the concept of block-respecting filter is the analog of
that of Ramsey ultrafilter (see also [18, pp. 257-259]).

(b) Observe that, if 7 iz a block-respecting filter of M, then F(J) is a block-
respecting filter of [ for every I € F* (zee also [10]).

(c) Every filter having a countable base iz both bloclk-respecting and diagonal {see
also [6]).

(c[i)])Let D = (D,), be a disgjoint partition of N into infinite subsetz. For each se-

00

quence O = (C)y, of finite subsets C,, € Dy, and every g € N, set B, ¢ := U (Dn Cn)

ri=gq
The filter generated by the sets of type B, ¢ is non-diagonal and block-respecting.
Furthermore, the filter of all subsets of N having asymptotic density one is diagonal
and not block-respecting (see also [6, 10]).
(e) Some relations between diagonal and/or block-respecting filters and other prop-
erties of filters can be found in [6] (see also [10, 16]).

From now on, assume that R is a super Dedekind complete weakly e-distributive
lattice group. Some examples are RN and LU(X, A, 1), where g is a positive, o-
additive and o-finite extended real-valued measure (see also [15, 23]).

Definitions 2.6 (a) Let F be a free filter of N. A sequence (z,), in B (OF)-

converges to v € R iff there is an (O)-sequence (o,), with
{neN:|z,—2| <ogp} €F whenever pc N. (2.2)
Sb) A sequence (z,), in B (DF)-converges to ¢ € R iff there is a (D))-sequence

(at’j t,1 with

3
{n eN: |z, —g < \/ %,:p(t)} £ F for any ¢ € NV,

=1
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{c) We say that (z,)n (O)-converges (resp. (I))-converges) to x £ R iff it
(OFcofin)- (resp. (D Feonin)-)converges to .

Remark 2.1 Observethat, since R is super Dedekind complete and weakly o-distributive,
(OF)- and (DJ)-convergence are equivalent (see also [14, Theorem 2.3]).

When B = R, instead of (OF)- or (DF)-convergence we will write simply (F)-

convergence. Moreover, define

(OF) Z x; = (OF) hm Z F i x; 1= (DF) li;bn Zn: ;.
=1

=1
We now recall the following results.
Proposition 2.1 (see also [8, Proposition 2.4]) Let F be any free filter, and (z,),
be a sequence in R, such that (F)lim 2z, =2 € R. Then there exisls a subsequence

(Tn,)q of (Za)n, with li;n Tn, =T in the usual sense.

Lemma 2.2 (see also [14, Lemma 2.2]) Let 7 be o diagonal filter of N, (as;)i;
be a double sequence in R with (OF)lima; ; =0 for every j € N with respect to a
2

single (O)-sequence (op)p. Then for every I € F* there ts J € F* with J C I and
(O) hn} a;; =0 for each j with respect to (op),.
1S

Now we recall the concept of unconditionally convergent series in the lattice group
context (see also [11]). Let Zg, be the family of all finite subsets of I.

o0

Definition 2.1 A series Z a; in R is said to be unconditionally convergent iff there
=1

ie a regulator (a4).; such that for every ¢ € Y there is a set Ay € Zgn with

‘ PILEDD “J‘ & \/ Gt (1) (2.3)

jeA JeA
whenever A, 4s € Tgp, A;, As D Ay
We have the following characterization (see also [10, Proposition [V.1.34]).

Proposition 2.2 A series Zaj is unconditionally convergent if and only if the limit
=1
ly:= Zaj = (1) lim Z aj
JEA ! jean(ig

exists in B uniformly with respect to A C N and with respect lo a single requlator
(as1)e independent of A, that is for every ¢ € N there is a positive integer § with

‘ Z Qj*lA‘S\/at,ga(t) for each g > g and A C .

FEAN(1,q] =1
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Remark 2.2 Observe that, since Dedekind completeness of R implies sequential com-
pleteness of R with respect to (D))-convergence, and also uniformly with respect to
o

a parameter (see also [13]), by the Cauchy criterion we get that a series Zaj is
j=1

unconditionally convergent if and only if it is (D)-Cauchy uniformly with respect to

A C N, that is there Is a regulator (a,)+; such that for each ¢ € MY thereis g e N

with
o0
‘ Z aj‘ < \/ Ay oy Whenever g >q, r €N and A C N.
JEAN[gq+7] =

We now recall the notion of ¢-additive lattice group-valued measure (see also [10]).

Definition 2.2 Let G be any nonempty set and £ C P(G) be a g-algebra. A finitely
additive meagure m : ¥ — R is said to be g-addétéve on X iff (D) lim v(m) ( U H;) =0

I=n
for each disjoint sequence (H,), In ¥, where v(m)(E) := \/{|m(A)|, Ae® ACE},

E €% denotes the semivariation of m on 2.

Proposition 2.3 (see also [10, Proposition IV.1.35]) Let Z a; be an unconditionally
i=1
convergent series, and set m{A) (= Zaj for each A C N. Then m is o-addilive on
JeA

P).

Now we give a condition on a family W of subsets of N in order that a series, filter
convergent on each element of W, is convergent on every subset A € N uniformly
with respect to A, extending [3, Lemma 2.2]. For other similar conditions existing in
the literature, see for instance [1, 3].

Definition 2.3 A family W of subsets of M containing Zgy, is sald to satisfy property
(M) iff for each sequence (Fi)g in Zap, such that max Fy, < min Fyq for each & € N,
there exist a set B € ¥V and a finite set D C N, such that

|) FecBc | F. (2.4)

keM\D kel

Example 2.1 Let o5 be the space of all real sequences convergent to 0 and E be
the set of all even natural numbers. For each n € N, put £, = [1,2n] N K, O, :=
[1,2n] N (NY E). For every A C Nand n € I, set w,(4) :=§(ANE,) —fANO,).
We claim that the family

W =Tgn U{A C N: the sequence (w,(4)), does not belong to ¢y}
fulfils property (M). Indeed, following [3, Example 3.1], let (Fi)x be as in Definition

2.3, pick D = {1} and take C := U Fi. It C € W, then C satisfies (2.4). If C ¢ W,
k=2
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then let ny be the first element of Fy, and set B := C'U{ny}. Tt is not difficult to
check that, for each n € N such that 2n > ny, we get v (B) = w, () +1ifny e B
and w,(B) = we(C) — 1 if ny € N\ E. In both cazes we have lim wy, (B) # 0. Thus,

B € W and B gatisfies (2.4), getting the claim.

3. The main results

Before giving our main theorems, we present a technical lemma, which links filter and
ordinary convergence of series.

Lemma 3.1 Let F be any free filter of N, W be a family of subsets of N, satisfy-
ing property (M), (an)n be a sequence of real numbers, and assume that the series

(F) Z an (F)-converges in R (that is, the sequence ( Z ai) (F)-converges in
neB ieBA[l,n] "
R) for each B € W.
Then the series Z ayn converges uniformly with respect to A C N in the usual
A
sense. e

Proof: By virtue of the Cauchy criterion, it is encugh to prove that for every

£ > 0 there 18 ng € N with Z an| < g for each > g > ng and A C
neAn(g,r]

N. If we deny the thesis, then we find a positive real number £ and a sequence
Z an‘ > g for each k. Now, pro-
ncFy

ceeding analogously as in [3, Lemma 2.2], set Gy = {n € Fy : a, > 0} and
Hy = {n g by oy < 0}, Without loss of generality, we can suppose that the
set K = {k eN: Z Oy, > 8/2} is infinite. Now, let us consider the sequence Gy,

nEGe
k € K. Since W satisfies property (M), there are an element B € VW and a finite

set ) C K such that U GpC BC U . Since, by hypothesis, (F) Z g
EeK\D EEK neB
existe in R, then, by virtue of Proposition 2.1, there iz an infinite subset 4 < N

(Fi)e in Zan, with max F, < minf; 1 and

such that the sequence ( Z ai) iz convergent in R. Observe that for every

cA
t€BN[1,n] "

g € Athereis k € K\ D with ¢ < min#; and, if r € A, r > max %, then
Z Qs 2 Z a, > /2, and thus the series ( Z ai) iz not Cauchy,

nelg,r|nB neGy 1€BM[1,n] med
which contradicts the hypothesis. This ends the proof. [

We now turn to our main matrix theorem, which extends to the filter convergence
getting [1, Theorems 2.3 and Lemma 3.4], fS, Lemma 2.2] [11, Theorem 3.2], [13,
Theorem 3.1].

Theorem 3.1 Let R be a super Dedekind complete and weakly o-distributive lattice
group, F be a block-respecting filter of N, W satisfy property (M) and (a;;)i; be a
double sequence in R, such thet:



46 A. Boccuto and X. Dimitriou

5.1.1) (D)lima; ; =0 for every § € N;
8.1.2) the series (DJF) Z a; 5 (DF)-converges {that is, the sequence ( Z ai,j)

jeB FEBN[1,n]
{(DF)-converges) for each B € YW and i € N with respect to a single regulator, inde-
pendent of B and i;

3.1.8) the famil ( a; ) is equibounded;
) the famly J%:B ") e, BeTan 4 ’
3.1.4) for every infinite subset B € W the sequence ((DI) Z az—’j)' (DF)-
jeB ¢
converges to 0 with respect to a requlator (z1):; independent of B.
Then we get:

o0
5.1.5) the series Zai,j s unconditionally convergent for any i € M;
j=1
5.1.6) there is a (D)-sequence (de1)e; such that for any subset A C M the sequence
(Z Gz’,j), (DJF)-converges to O with respect to (dyy)ez;
JeA g
3.1.7) if F is also diagonal, then 3.1.5) and 3.1.6) follow directly from 3.1.4) ,
7=2,5,4.

Proof: By super Dedekind completeness and weak o-distributivity of £, 3.1.2) and

Theorem 2.2, there is an ((J)-sequence {5,), such that the series (O.F) Z a5 (OF)-
jeB
converges with respect to (o,), for each B € W and ¢ € N. Let us denote by g8
its sum, and let £ be as in the Maeda-Ogasawara- Vulikh representation theorem 2.3.
Then there exists a meager et N C €3 such that the sequence (o,(w)), is decreasing
and such that inf o, {w) = lime, (w) = 0 for every w € Q\ N. Foreach Be W, i N
P »

and w € &\ N we get:

Fo {nGN: BB Z a; ; Sap}:
FeBN[L,n]
= {n eN: |8EI () - Z ag (W) L op(w’) for every w’ € Q) N@B.Cl‘)
JjEBN[1,n]
- {n eN: |8Ed (W) - Z ai,j(w)‘ < crp(w)},
FjEBN[1,n]
and hence
{n cN: ‘ Z a4 (w) — S(B’i)(w)‘ < Jp(w)} c F.
JeBN[1,n]
So the series (F) Z ai;(w) (F-converges in R for each B € W, i € N and w € Q\ .

jeB
From this and Lemma 3.1 it follows that the series Z a; j(w) converges and hence
jeA
it is Cauchy in the usual sense uniformly with respect to A C N, for every ¢ € M and
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w & Y\ N. By Theorem 2.3 and taking into account 3.1.3), for every i € N there is a
meager set V; C (), without loss of generality V; = IV, such that for every z € M and
w e 3\ Ny we get:

0 = (el ¥ o) -um(sbelel > e
= AV 2 sl e=[VIANY] 3 )
cN nzs teN ACHN geAm seN nrs teN ACHN jcAN[n,nti)

Note that (3.2) holds for every w € 2 (U Nt-), and U Ny is a meager subset of {1
=1 =1

From (3.2) it follows that for each ¢ € N the series Z a; ; is (D)-Cauchy uniformly
JeA

with respect to 4 € N. By Remark 2.2, the series Z a;; (D)-converges uniformly
JEA

with respect to 4 C M, with a corresponding regulator (a”)” From this and

o0
Proposition 2.2 it follows that the series Z a;; is unconditionally convergent for

F=1
every i € N, that is 3.1.5).

We now prove 3.1.6). Let u = \/ (Z ai,j). Since
ieM, BTy, jEB

Z ai,j‘ S U (33)
FeAN[lq]

for each ¢, g € W and A C N, and
;ai,j = (O) llé’n‘ Z Qg4 hrn‘ Z Qg5

FeAN[Lq] AN[Lq]
for every i € Nand A € N, from (3.3) and (3.4) we deduce that ‘Z B
JjeA
i € Nand 4 C M, and hence, taking into account 3.1.3), we get u = \/ (Z ai,j).
ieN, ACN jeA
By the Fremlin lemma 2.1 there ig a regulator (bs1):; such that, for any ¢ € Y and

ge N, s N
A (Z(\/ ai,?o(tﬂ')) ) = \/ bty
i=1 t=1 i
(2)

where a7, i, t, { € N, is as above, and hence for every ¢ € N" and i € N there is

h € M with

‘Z BLj| BB R (\/ ‘lgimz’)) 5 @ (” /\ (i( g?o(m)) )) = z by (3.5)

jeC t=1 g=1 =1 =1

(3.4)

< u for any

8
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whenever (' Clh, +ocl.
Now, by virtue of 3.1.1), for every j € N there exists a (D)-sequence (!83))@1) such
that the sequence (as;); (D)-converges to 0 with respect to (ﬂg?)t’p By Lemma 2.1,

taking into account 3.1.3) and proceeding analogously as in (3.5), we find a regulator
(ct1)e 4, such that for each ¢ € MY and s € M there is & £ M with

‘Z %j‘ <V et (3.6)
i=1

jeD
whenever ¢ > h and D € [1,s]. For any ¢, { ¢ N put erg = 6{(ze1 + by +eey) and
dz)l = 2€t7l.
Now we prove that for any subset 4 C N the sequence (Z ai,j) (DF)-converges
jeA ¢
to 0 with respect to the (D)-sequence (dy 1)1, that iz 3.1.6). Without loss of generality,
we can suppose that A is infinite (see also [3, 11]). If we deny the thesis, then we find

an element ¢ € N, with

I :{iGNZ ‘Z Qg 5
jEA

Therefore, 1 (N I*) £ 0 for every F € F. So, the set

= \/ d‘t,(p(t)} - F.
t=1

I=N\I'= {z cN: ‘Z ai| £/ dt,‘p(t)} (3.7)
JjEA t=1

is F-gtationary. Observe that [ is infinite, bacause F iz a free filter. Thus there is a
strictly increasing sequence {k,), in N, such that I = {k.: r € N} and

‘Z&khj pid \/ dipy for every r € N, (3.8)

jeA t=1

X3
At the first step, we find an integer &y > 1 with ‘Za’khj‘ % \/ ds o(sy- There is
FjcA t=1
{1 > 1 with

‘Z aki’j‘ S \/ bt,lp(t) (39)
jeC =1
whenever C CJiy, +oo[. Then we get

Z aki;j‘ .S \/ Et.0(1): (3.10)
t=1

FeAN[Ll4]
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Indeed, if (3.10) does not hold, then

o0 o0 o0
‘Zakl,j <D k|t \ > %,j\ <V e+ V o <V dipo
JEA FEAN[LL] FEAN] ,+oo] f=ik t=1 =1

getting a contradiction with (3.8). Thus (3.10) is proved. Moreover, by (3.6) there is
r1 > kq with

‘Z (g, 3‘ & Ct,:p(t) (3.11)
jeD

for each ¢ > r1 and D C [1,4].
At the second step, we find two natural numbers ko > iz with

‘Z%w‘ -2 \/ o oi2)s (3.12)

JeA

and Iy > I; with ‘Z ag, J‘ < \/ by, oy for every C Cll, 4o0[. We get
jec

Z akz,j‘ < \/ 40(2) - (3.13)
=1

jEAﬁ]li ,ig]

otherwise we have

‘Zakz,j < ‘ > akg,j‘+‘ > akz,j‘+‘ >, akz,j‘§(3'14)

FjEA FEAN)E L] FEAN[LE] FEAN]ly, 400
<V e+ V bre + V e <V dopin
t=1 t=1 t=1 t=1

getting a contradiction with (3.12). Thus (3.13) is satisfied.
By induction, we find two strictly increasing sequences (k.),, (), in N, with
Iy < kp <lpqq for each r € N, and:

) Z ag, 5| < \/ €ty for every D C [1,4._1];

jeD t= 1
I ‘Z Q. j \/ be ey for each C i, +o0;
jel t—l
1) ‘Z ag, ;| L \/ sty Where F. = ANJl._q,1,], for any » > 2. Without
JEF.
loss of generality, we can suppose that 1 [le,leq 7& @ for every r. Since F is block-
respecting, there is a set & = {kg, ks,,...} € S C I, withlp < ks, < lp1

for every h € N. As 5 € F*, then either 5; := {ksl,ksg, sgs--of € FF or 8y 1=
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{hicys baysbisgy. ..} € F*. Without loss of generality, we assume that 51 € F* (see also
[6, 14]). From I) and II), for every A € M we have

‘Zaksgh_l,j‘ = \/ Cho@y  for every D C [1,lop o), (3.15)
jeb t=1
O
‘Zaks%_l,j‘ < \/ bt,(p(t) for each ' Clisp, +o0l.
jel =1

From this we cbtain

‘ Z ak52h—1 ]

JEE

Z\ et (3.16)
=1

where Ep = An|lan_a,lsp), for any k € N: otherwise, arguing analogously as in (3.14),
we get,

o
‘ZakSQh—i’j‘ = \/ dt,lp(t):
t=1

jeA
which contradicts (3.8).
By property (M), in correspondence with the sequence Ej, h € N, we find a finite
get D N and a set W € W, with U B, cWcC U L. By 3.1.4), the sequence
REN\D ReN
((D]:) Z ai,j) (DF)-converges to 0 with respect to the regulator (2. 7)+;. As seen
JEWw ¢
in the proof of 3.1.5), the quantities Z as;, ¢t € N, exist in R, and hence they are
jew
equal to (DF) Z a; ;. Thus the sequence (Z ai,j)' (DF)-converges to 0 with
jew Jjew .
respect to the regulator (z;7): 7, and so there is a set F' € F with

o2
‘Z ai,j‘ < \/ Zp0s (3.17)
jew =1
for each i € F. Since &1 € F*, the family F{51) .= {En &y £< F}is a filter of &
(see also [10]). Thus, the set F'M 57 is infinite, and hence the set F, := ' M {ks,, _, :
ke N\ D} is infinite too, since D is finite. Pick i, € F,, ¢, = kg, _,. Since

h, €« N\ D, we get B, C W, and hence Ep,, = AMlapn, 2, b, ] © Wlap, _2,lo,].
Moreover, since

W U E,=An (U]hh?;hh}),

hcl helM
we have also Wlap, _a,lopn, ] € ANlsp, —2, o5, ], and thus

Wnlop, —2,lok,] = ANjlap, —2,l0p,] = Es, .

+

(3.18)
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By (3.18) we get W = (W N [1,lan, 2]) U En, U (Wn)lap,, +cof), and hence

‘ E %,j‘ = ‘ E Gz‘*,j‘ +‘ E ai*,j‘ +‘ E ai*,j‘
F€ER, JEW FEWN[Lizn,—2] FEWNlgn, foof
O oo O O
<V 200+ V b+ V e <V e
=1 =1 =1 t=1

which contradicts (3.16). Thus 3.1.6) is proved.
We now turn to 3.1.7). First of all, note that 3.1.5) holds for every block-respecting
filler of W without using 3.1.1). Now we prove 3.1.62. By 3.1.4) and Theorem 2.2, in

correspondence of the regulator (z;7):; it is possible to find an (O)-sequence (7;,),,

satisfying (2.1). By Lemma 2.2, for every I € JF* there is J ¢ F*, J < [, with

(N lima; ; = 0 for every § € N with respect to (7,)p. Set ¢y := 7, ¢, { € M. For
K]

every I € J* there is J € /¥, J C I, such that for each ¢ < NY and s € N there

exists an integer A € J with

‘Zaq,j‘ < Ty = \/ Gt p(2) (3.19)
jeD i=1

for any ¢ > h and D C [1,s]. Let (b;)es be as in the proof of 3.1.6), and for every
t,l e Nseteg; =06z + beg+cep), deg = 2er;. We claim that the (D)-sequence
(de1)s satisfies 3.1.7).

hocse an infinite set 4 < M. Proceeding by contradiction, similarly as in the
proof of 3.1.6), we find an element ¢ € N guch that

i :{’L—ENI‘ZQZ‘J
jeA

In correspondence with the F-stationary set [ :=N\I* wefind aset J & F7*, J C I,
satisfying (3.19). Since J € /* and F is block- respecting, then, by Remark 2.5 (b},
the filter 7(.J) of J is block-respecting too. Proceeding analogously as in the proof of
3.1.8), using the double sequence (a; ;):c 7 jen and the filter F(J), we obtain that the
sequence (Z ai,j) p (DJF(J))-converges to 0 with respect to (dy;)s;. But since J is
ic
JjeA
F-stationary, from (3.20) it is not difficult to deduce that the sequence (Z am—)
jeA

does not (DF(J))-converge to 0 with respect to (ds;)s;, obtaining a contradiction.
This proves 3.1.7). O

A consequence of Theorem 3.1 is the following Schur-type theorem, which extends

[14, Theorem 3.1 and Corollary 3.1.2].

<V dt,@(t)} g (3.20)
=1

et

Theorem 3.2 Let R and YW be as in Theorem 5.1, 7 be a diagonal and block-
respecting filter of N and (a; ;); ; satisfy conditions 5.1.5), i=2,8,4. Then we get:

3.2.1) (DF) 11?16:\%-\) —0;

j=1
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$.2.2) (DF) 11?1( \/ (Za;])) —0;

ACH jeA

3.2.8) if my: P(N) — R, i € N, are defined by

mi(A) =Y aij, AeP), (3.21)

JEA

then for every F-stationary set I C N there is an F-stalionary set J C I with

(D) 1151(\/ v(mg)n, +oo[) — 0.

icJ

Proof: As we saw in the proof of 3.1.5), from 3.1.2) and Proposition 2.2 it follows
O

that for each 7 € ¥ the serles Za@j is unconditionally convergent. For ¢ € N, let my;
j=1

be as in (3.21). By 3.1.6), the family (m;(A4)), i € N, A C N, (RD.F)-converges to 0.

Moreover, by unconditional convergence and Proposition 2.3, the my;’s are o-additive,

and by hypothesiz they are equibounded. From this and [14, Lemma 3.1] we get

3.2.1); 3.2.2) follows easily from 3.2.1), and 3.2.3) is a consequence of 3.2.2) and [14,

Corollary 3.1.2]. O

Remark 3.1 Observe that from 3.2.1) it follows that (DJF) lim(\/ \ai,j\) =10. So,
jeN
Theorem 3.2 extends the basic matrix theorems given in [1, Theorem 2.3], [2, Theorem

4] and [13, Theorem 3.1].

Corollary 3.1 Let R, F and YW be as in Theorem 3.2, and (2;;);; be a double
sequence in R, such that:
3.1.1) the limit xq ; 1= (DF)lim x; ; exists in K for every j € .

3.1.2) the series (DJF) ZI"J (D.F)-converges for each B € W and i = 0 with
JjeB
respect to a single requlator, independent of B and i;
3.1.3) the family (%}; a:i,j) S 15 equibounded.
i
Furthermore, suppose that
3.1.4) for every infinite subset B € W the sequence ((Df') Z (#i; — ﬂfo,j)),
jEB '
(DF)-conwerges to 0 with respect to a regulator (z:7):; independent of B.
Then we get

3.1.5) (DF) hmzﬂfi,j = Zazj and
Rt i=1
3.1.6) (DF) lign ZAII-J- = ZAIj uniformly with respect to 4 C N,
je je
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Proof: The assertion [ollows by applying Theorem 3.2 to the double sequence a; ; =
IiJ*Ij,i,jEN. O

As a consequence of Corollary 3.1, we prove an interchange theorem for lattice
group-valued series in the setting of filter convergence, extending [1, Theorem 3.6],

[20, Theorem 2.5], [21, Thecrem 1] and [22, Theorem 8.5.1].

Theorem 3.3 Let B, F and W be as in Theorem 3.2, (x;); be a sequence in R and
(®15)i; be a double sequence in R, such that:

3.5.1) the series (DF) Ea:i,j (DF)-converges in R to z; for every j € IN;

i=1
3.3.2) the series (DJF) Zmi’j and {(DF) Za:j (D.JF)-converge for each B € W
jeB jeB

and 1 € N with respect to a single requlator, independent of B and 4;

q
5.5.3) the families ( ( T )) and ( x ) are equibounded;
) thef > Z 1)) gen,BeTy, 3;9 ) Bety, % d

i=1 jeB

o0

3.5.4) (DF) (Z(Z mi,j)) = Z zy for every infintte subset B € W, where the
i=1 jeB jeRB

convergence of the series is intended with respect to a single requlator independent of

Then we ha’ueoo

5.8.5) (DF)Z(i ) i( DF)Z Iu)

i= 1 =1 i=1 i=1
3.5.6) (DF) Z( ) ( P ) uniformly with respect to A
i=1 jeA JjeA i:l

I,
Proof: We prove only 3.3.6), since the proof of 3.3.5) is analogous. Foreach ¢, 7 € N,
q

set yg i 1= Z #; 5. It is not difficult to check that (v, ;)4; satisfies the hypotheses of
i=1
Corollary 3.1. So we get, uniformly with respect to 4 C N,
DAVl ) = 3o = D ((DF) Y ais),
1 JeA jeA jeA i=1

and hence

D}_)Z(Za:”) (D7) hm(i(z CL"'.:J)) =

=1 jeA =1 jcA
= @;c)hm(z(z%)) = @PIn(Yu,) =D (OHY a,). O
jeA jeA i=1

Acknowledgements: Our thanks to the referes for his/her suggestions, which im-
proved the presentation of the paper.
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Open problems: (a) Prove similar theorems by replacing property (M) with some
other conditions.

(b) Investigate some matrix and limit theorems with respect to other classes of
filters.
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