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Abstract

In this note, the computation of the solutions of the matrix equation AX BT =
C' is presented with respect to X, where A, B and C are given in C™*". We
consider the case that A and B are singular matrices and the method used relies
on Kronecker matrix products.
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1. Introduction

Throughout the paper, C"™*"™ stands for the set of all m x n complex matrices. For
any A € C™*" symbols R(A), rank(A), N'(A) and AP stand for the range, the rank,
the null space and the Drazin inverse of A, respectively.

In this short paper, we provide an initial discussion for the computation of the
solutions of linear systems (1.1) of type:

AXBT =, (1.1)

where A, X, B € C"*™ with det(A) = det(B) = 0.

In literature of linear matrix equations, there have been proposed several methods
to estimate the unknown parameter matrix X; see for instance Tian [13], Deng et al.
[5], Liao and Lei [10], Liu [11], Jokar and Mehrmann [7] and the references therein.

*This short paper is dedicated to our beloved Professor, Prof. Grigoris Kalogeropoulos, on the
occasion of his 70th birthday. Prof. G. Kalogeropoulos was the former President of the Greek
Mathematical Society from 2009-2013.
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2. Notation and Preliminaries: Properties of the Kronecker product and
Pseudo-Inverses

In this section, the main properties of the Kronecker product will be presented; see

for instance Neudecker [12] and Bellman [2] for further details.

Definition 2.1 Let A = [a;;] € C™*" and B € CF*!. The kronecker tensor
product is defined as follows

annB  a2B -+ a1, B
ang a22B agnB

AoB=| | o | et (2.1)
amiB  ama2B - amnB

Associate with the matrix X = [z;;] € C™*", we can consider the useful transforma-
tion U, such as the following column vector is derived

: Do nx1
U (X) = |:.T11 L12... L1n: 21 T22... L2y enes Tml Tm2.-- {L‘mn:| e cmnrl, (22)
Moreover, we denote the ”inverse” transformation /:

Z/{(U (X)) =U <|:£L'11 I12... mln To1 T22... .’EQnZL'ml Im2..- xmn:|> (2 3)

This definition follows Neudecker [12], which is also slightly different from the
adopted elsewhere Barnett [1], but is a somewhat more natural one since when is
applied to product the ordering is maintained, i.e.

U(CXD)= (C®D")U(X), (2.4)
where C € CP*™ and D € C™"*4.
Lemma 2.1 Let A,B € C"*" and C,D € C™*™_ then
(A®C)- (B®D)=AB®CD. (2.5)
Lemma 2.2 Let A,B € C"" and A® B € Cr*xn’ gre non-singular matrices, then
(A9B) '=A"'o B (2.6)
Lemma 2.3 Let A € C"*™ and B € C™*™ | then

det (A ® B) = (det (A))" (det (B))™. (2.7)
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Remark 2.1 Let A € C"*" with det A = 0, then det (A ® I,,,) = (det (A))" = 0.

In this part of the paper, some necessary notation and preliminaries from the
Pseudo inverses and particularly for the Drazin inverse are provided based on Ben-
Israel and Greville [3], Greville [6] and Campbell and Meyer [4].

Lemma 2.4 Let A be a linear transformation on C™. There exists a non-negative
integer k such that C* = R(A") + N(4).

The number k& which has been introduced above is really very important.

Definition 2.2 Let A be a linear transformation on C™. The smallest non-negative
integer k such that C" = R(A*) + N(A*) or equivalently, the smallest non-negative
integer k such that rank(A*) = rank(A**1) is called the index of A and is denoted
by Ind(A).

Theorem 2.1 (The Canonical form representation for A and AP)
If A € C™*" is such that Ind(A) = k > 0, then there exists a non-singular matriz P
such that

A:P[g 2]131 (2.8)

where C' is non-singular and N is nilpotent of index k. Furthermore, if P, C and N
are any matrices satisfying the above conditions, then
cl 0 _
D _ 1
A _P{ 0 @]P . (2.9)
Let B = {v1,v2,...Up, Upy1, ..., Up } be the linear transformation induced on C™ by
A and the basis for C™ constructed in Lemma 2.4 respectively, so that {vy,...,v,} is
a basis for R(A*) and {v,11,...,v,} is a basis for N(A*). Since R(A*) and N(A*)
are invariant subspaces for A and A¥(N(A*)), we have the block form for A if P =
[U1,.ees VR

3. Main results

In this section, the main results for the linear matrix system (1.1) are presented
analytically. The whole discussion extends the existing literature and provides an
alternative way to solve AX BT = C with respect to X considering also singularities
on matrices A and B. At this point, it should be mentioned that in a recent paper
by Karageorgos et al. [8], the matrix pencil approach has been recommended as
an interesting, other alternative methodology to solve linear matrix systems with
singularities on the related matrices. The Kronecker approach, which will be discussed
here, has been also applied very successfully in matrix differential equations; see for
instance Barnett [1] and Karageorgos et al. [9]. After the next lemma, a necessary
condition is given for the solvability of system (1.1).



70 A.D. Karageorgos, A.A. Pantelous, G.I. Kalogeropoulos

Lemma 3.1 The system (1.1) can be written as follows:

I,s O
0O O

}(Q@P)*U(X) = (Q® P) (AP @ BP)U(0), (3.1)

where P,Q € C"*™ are invertible matrices and U is the transformation that has been
introduced in the previous section.

Proof. First, we apply the transformation U on system (1.1) such that
UAXBT)=U(C) e (A B)U(X)=U(C) &

(AP @ BP)(A® B)U(X) = (A" ® B®)U(C) &

(APA® BPB)U(X) = (AP @ BP)U(C). (3.2)
However, APA = P é) g P~' and BPB = Q [é; g }Q_l, see also the

previous section and Theorem 2.1.

Then, after some algebraic calculations we take
D Dp . O I, O 1 1y
AA® B B(P®Q)<[© 0 0 0 (ProQ )=

ro)| 5 o] eteen.

Thus, eq. (3.2) is reformulated to eq. (3.1). m]

Remark 3.1 For the solvability of system (3.2), the following condition should be
satisfied:

©7‘S ©rs,n27rs

@nz—rs,rs ®n2—rs

} (P® Q)" Y(AP @ BPYU(X) = 0. (3.3)

The above remark is derived naturally from the analysis of equation (3.1). Here,
unnecessary details are omitted as the result is rather straightforward.

Theorem 3.1 The transformed solution U(X) of the matriz X is given by

UX)=T Ors = Tram2—raZnz—rs | ¢ cr, (3.4)

Zn2_rs

where I' € C™*", T € (CTSX("2*’"5), 0., € C™ and the arbitrary vector z € Ccn®-rs,
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Proof. Let’s assume that the matrix (Q ® P)~! can be re-written as follows

B Arsm?—rs
an—rs,rs an—rs

Obviously, the above matrix is invertible, then we take

|: Ers Ars,n2—rs :|

@nz’frs,rs (O)n?frs
as the following equation holds,

Irs 0O Ers Ars,n27'rs _ E’I‘S Ars,n27rs
0O O M’I’LQ—T‘S,TS | IR - @) ) ’

E.s Ars,nQ—rs
O (0)

Indeed, there is always a transformation for the above matrix such that

B Ars,nz—rs = Ips Irs,n2—7"s
@) 0) ] 0 @) ’

and the rank [ } =rs < n?.

Thus, eq. (3.1) is reformulated to

{ T e } U(X) = Qe P) (AP & B)U(C).

Let’s introduce now the following transformation,
UX)=T [ =rs } e C™. (3.5)
Consequently, we have

[ Ers Apsnzps } r { ygrs } — Q@ P)" (AP © BPYU(C) &

0 0 n2—rs
Irs Trs n2—rs ) -
{ s Ao } { ) ] —(QeP) (AP @ BP)U(C).  (3.6)

Based on Theorem 1 [3], the {1}- inverse (i.e. the property AAM A = A is satisfied)
of matrix

I T7‘s,n2—7's
O O

I O

o L }, for any L,2_,s € C*=rs)x(n=7s) matrix.
n2—rs

is given by [
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Then, the system (3.5) is solvable if and only if there is a {1}-inverse { Lrs Tromz—rs ]

@) @)
such that
Irs TLrs n2—rs —1/ 4D D —1/ 4D D
s A (PQ) (AP @ BPYU(C) = (P2Q) " (AP @ BPYU(C). (3.7)

Following the remark 3.1 and the derived equation (3.3), then we can assume that

(P2 Q) 1 (AP @ BPYU(C) = [ QSS }

[Otherwise, the initial system is not solvable.]

So, the system (3.6) can be written as

I, TLrs,n2 —rs
O O

Irs TLrs,n27Ts Q’rs _ Qrs
0) 0) 0 o 0 |-

Thus, the solution is given by
-
yn27rs

I, O —1/ 4D D I O I Trs,n2—rs
|: QO Ly2,s :|(P®Q) (A"@B )U<C)+(In2_|: O Ly2_ps :| |: 0 0 :|)Z

] (P®Q)~}(AP @ BP)U(C) =

2. .
where, z € C™ is an arbitrary vector.

Then, after some simple algebraic calculations, it is derived that

yrs _ Ips O - O T n2—rs
[ y } = [ O L., } (P® Q) AP ® BPYU(C) + { O Lo }z

Zn2—rs

(3.8

Then, using the transformation (3.5) and previous assumptions, we take

Ips O Qrs @) _Trs,nz—rs
ow-r([%5 2[5 ][8 Fze]d oo

where, the eq. (3.4) is derived after some algebraic calculations made on eq. (3.9). O

The following expression is based on the ”inverse” transformation U. Thus, the
solution X is derived as follows, see (3.10).

Corollary 3.1 The solution of eq. (1.1) is given by

X=U (F |: Qrs - Trs,n27rs§n27rs :|> e (Can7 (310)

Zp2_pg

where I', T, § and z have been defined in Theorem 3.1.
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