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Abstract
We consider a class of inverse source problems for the parabolic approxima-

tion to the Maxwell equations using a Bayesian approach.
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0. Introduction

An important class of inverse problems, are the so called inverse source problems
where by observation of the solution of the problem at some particular instants of
time the determination of an unknown source is sought. Inverse source problems
have been extensively studied for a variety of PDE problems and find interesting
applications in a wide class of fields, see [1]. The inverse source problem for the
time-harmonic Maxwell equations is considered in [2], where it is shown that the
problem of finding a volume current density from surface measurements does not
have a unique solution (while, with additional a priori information, uniqueness can
be established). The inverse source problem for the eddy current approximation of
the time-harmonic Maxwell equations is studied in [3]: nonuniqueness and uniqueness
results are furnished, and the results are applied for the localisation of brain activity
from electroencephalography and magnetoencephalography measurements. In [4] it is
established that the eddy current model approximates the full Maxwell equations up
to the second order with respect to frequency if and only if an additional condition is
imposed on the current source (otherwise it is a first order approximation); further,
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the well-posedness of the eddy current model is proved. Based on a new Carleman es-
timate, the inverse source problem for the nonstationary Maxwell equations is treated
in [5]. Inverse source problems for the heat equation are recently studied by different
approaches, e.g. by the enclosure method in [6], for a fractional diffusion equation
in [7], for a one-dimensional evolution linear transport equation with spatially vary-
ing coefficients with an application to surface water pollution in [8]. Let us finally
mention that the connection between inverse problems and controllability has a long
history and a lot of a research activity has been and is performed on this connection.

It is the aim of this paper to present some comments on a class of inverse source
problems related to the parabolic approximation to the Maxwell’s equations. In Sec-
tion 2, we present the parabolic approximation to the Maxwell’s equation. In Section
3, we study a Bayesian approach to the inverse source problem. Finally, in Section
4, we make some comments on related problems for complex electromagnetic media.
The novelty of the present work is twofold: (a) on the abstract level, to the best of
our knowledge, this is the first treatment of the inverse source problem for a par-
abolic system using the Bayesian approach. There is of course extensive work on the
problem of determining the initial data, using the Bayesian approach (see e.g, [9] and
references therein, or [10]), which is a similar problem, but with distinctive differences
in the compactness properties of the operators involved, a fact that is reflected on
the permissible correlation operators for the prior and noise distribution, which in
turn leads to distinctive differences on the regularization properties related to the
Bayesian approach (see Theorem 2.1 for details). (b) As far as we know, the inverse
source problem for the eddy current approximation to the Maxwell equations and the
extensions to complex media (Section 4) have not been treated so far, let alone using
the Bayesian techniques.

1. Parabolic approximation to the Maxwell equations

Consider a bounded, simply connected domain @ C R3, with sufficiently smooth
boundary, filled with a (possibly complex) electromagnetic medium. The evolution of
the electromagnetic field is governed by the Maxwell equations

oD
H=—+1J
cur ot + J,
0B
1F = ———
cur o’

divD =0, divB =0,

where D, B are the electric and magnetic flux densities, F, H are the electric and
magnetic fields, J is the electric current density and we have assumed that the den-
sity of the electric charge is zero. This system is complemented with a constitutive
law, modelling a (in general) complex electromagnetic medium, which is a linear (or
nonlinear) relation connecting (D, B) with (E, H). The constitutive law can be given
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in terms of a nonlocal in time operator, involving convolutions which model various
dispersion effects taking place in the medium. To fix ideas we consider the case of
a dielectric, so that D = eE and B = puH, where ¢ is the electric conductivity and
1 the magnetic permeability of the medium, expressed by matrix valued functions
satisfying appropriate assumptions that are specified in the sequel. This system is
complemented with the perfect conductor boundary condition n x £ = 0 on 00,
where n is the outer unit normal vector on the boundary of the domain. Finally,
J = oFE + Jy, o being the conductivity, where we have used the “standard” Ohm’s
law; Jy is an externally imposed current, which - in Section 3 - will be used as a
control procedure.

In the parabolic approximation to Maxwell equations we assume that the displace-
ment current % (eE) can be neglected, an assumption which is compatible with the
assumption of slowly varying electromagnetic fields. Following [11] (see, also, [12])
this assumption yields

curlH = oF + Jy,

0
curlF = ~ o (uH)

where upon elimination of the magnetic field H we obtain

0 ) 5 _on
e (cE) 4 curl(p™ curlE) = f, in O, where f=— 5
div(eE) = 0, in O, Q)

nx E=0 on 900,
E(0,z) = Ep(z), z€O.
The above problem (1) is called the parabolic approximation to Maxwell equations,

endowed with the so called electric boundary conditions. A closely related system it
the following,

0 1 . 0y

e (cE) 4 curl(p™ curlE) = f, in O, where f=— 5

div(sE) = 0, in O,

n x (p~teurlE) =0 on 90, (2)

n-E =0 on 00,
E(0,z) = Ey(z), =€ O.

which is called the parabolic approximation to Maxwell equations, endowed with the
so called magnetic boundary conditions. Both systems have similar properties from
the mathematical point of view.

The parabolic approximation (1) or (2) has attracted the attention of the math-
ematical modelling community as a useful approximation to the full (hyperbolic)
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Maxwell equation, and is sometimes referred to as the transient eddy current ap-
proximation. For a rigorous mathematical justification of the eddy current model in
the low-frequency (time-harmonic) case see [13], where the related theory, algorithms
and many applications are also presented; see, also, [4]. An important feature of this
equation is that in certain cases, o can vanish for certain parts of O, thus turning
the above system into an elliptic-parabolic system. The eddy current equations are
of parabolic-elliptic type: in insulating regions, the field instantaneously adapts to
the excitation (elliptic behaviour), while in conducting regions, this adaptation takes
some time due to the induced eddy currents (parabolic behaviour). Since the main
focus of this work is on issues related to controllability, we will assume throughout
this paper that o # 0, everywhere in O, and in particular without loss of generality
we will assume that o =1 (in appropriately scaled variables).
Let

Hy(curl; O) = {u € (L*(0))® : curlu € (L*(0))?, n x u =0 on 0},
H(div(£0);0) = {u € (L*(0))* : div(eu) = 0},

and define the function spaces

$ := H(div(¢0); O)

U := Hy(curl; O) N H(div(e 0); O). )

It is known that 2 is dense in §).

Problem (1) can be expressed in abstract functional form, through the definition
of the modified Maxwell operator M defined by Mu = curl(s~tcurlu). The operator
M is an unbounded operator with domain D(M) = {u € U, curlcurlu € $}. In terms
of this operator the original problem assumes the abstract form

v +Mu=f, u(0)=ug:=Ep (4)

where f = —%7 is considered as a function from [0,7] — U*. This is considered as
an ODE in the function space $).

Throughout this work we make the following assumptions on the data:

Assumption 1.1 p~! € Wh°(0;R3*3) is a symmetric matrix valued function, and
there exist constants k1, k2, 0 < K1 < Ka, such that

Ri€] < (u1€) - & < mafé]?, ¥ EERY.

Assumption 1.2 ¢ € WhH(O;R3*3) is a symmetric matrix valued function, and
there exist constants ki, ko, 0 < k1 < ko, such that

ki|€]? < (e€) - € < kolé]?, V¥ € € RP.
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Assumption 1.3 Jy € H'([0,7];0*) and E, € $.

It is known, [14], that under the above assumptions problem (4) has a unique solu-
tion u such that u € L?([0,7T];0) and v’ € L?([0,7T]);0*), 0 < T < oo. Furthermore,
by standard arguments (see e.g. [15]) —M is the generator of an analytic semigroup
in $. We define by {S(t)}:epo,r) the analytic semigroup generated by —M and by
{S*(t) }+ef0, its adjoint semigroup.

Comment 1.4 We further define the operators

T
L = -2 S-S (T -r)dr,
€ Jo
N = S(T),

and
T
F:/ S(T — r)ppdr.
0

Assumption 1.5 The operator M is symmetric and positive definite with discrete
and real spectrum and an eigensystem {\,,e,} such that A, — oo as n — oo and
{en} being an orthonormal basis of . Furthermore, we assume that there exists an
v > 0, which is the smallest possible number such that > A" < oc.

Remark 1.1 If p is assumed symmetric and the domain O is bounded and has
sufficiently smooth boundary, the above assumption holds for the operator M =
curl (p~tcurl), see e.g., [16].

2. A Bayesian approach to inverse source problems

Measurements related to inverse problems are often subject to noise, thus leading to
uncertain, or incomplete, knowledge of the measured data. This leads to the need
of construction of inversion methods, that can handle the noisy data and provide
trustworthy results concerning the quantities of interest. There is a well established
literature concerning the treatment of general classes of such problems using the meth-
ods and techniques of Bayesian statistics (see, e.g., [17], [9] and references therein).
Here, we sketch the application of this class of methods to a particular class of inverse
source problems for the parabolic approximation of the Maxwell equation. For the
appearing notions and results of Measure Theory on can consult [18] (see, also, [19]),
while for elements of Operator and Spectral Theory see, e.g., [20].

Consider the inverse source problem: Given (ug,ur, ), such that j(z) = J(0,x),
find J, such that

u +Mu=f (5)
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where f = —% (J) and u(0) = ug, u(T) = ur. Using the semigroup generated by
—M, S(t) = e~M  we have that

ur = S(T)UO + A S(T - t)f(t)dt,

The data up and up are subject to uncertainty, so we may assume that our true
measurement is not ur and wg but rather yr and yo, which is a noisy version of
the true measurement, i.e., that yr = ur + & and yo = ug + &, where &, &7 are
appropriately chosen random variables taking values in appropriately chosen function
spaces. Therefore, the model may be rearranged in terms of the actual measurements
to yield

yr — S(T)yo = / S(T — 1) f(t)dt +1, (6)

where n = &7 — S(T)&p is a random variable taking values in the same function space
as &y, &r. Furthermore, the distribution of 77 and be determined if the distribution of
&o, & is known.

Equation (6) is a random integral equation, the solution of which will yield the
unknown function f and upon integration the unknown source J. This is an ill posed
problem, even in the absence of noise. This can be written in the general operator
form y = Gf 4+ n, where G is a given bounded operator*, y = yr — S(T)yo are the
measurements and 7 is the noise term.

In what follows we will need the operator G : H — H, where H = §), defined by

T
Gg= /0 S(T — r)a(r)ds. (7)

This is a bounded operator. If Assumption 1.5 holds, this operator can be defined
through its action on any w =) wpe, € H as

T
Gw = Zgnwnen7 In = / e_)\n(T_t)a(t)dt- (8>

0

We may further assume that we look for sources of the special type f(t) = a(t)w
where a(t) is a known scalar function of time and w € $ is an unknown, spatially
dependent only term, which is to be determined. This particular class of problems
s of the general form studied by a number of authors, see e.g., [21] or [22]. For this
particular class of problems the operator equation (6) yields

yr = S(T)yo = (/O S(T - Tb‘)a(t)d%‘> w + 1, (9)

*In the particular model Gf = fOT S(T — t)f(t)dt.
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or in compact form,
y = Gw +1, (10)

where G is given as in (7), or equivalently as (8) under Assumption 1.5. The solution
of the inverse source problem for the special type of sources f(t) = a(t)w where
a : [0,T] - R is a known function is equivalent to solving the random operator
equation (10). However, this equation is ill posed, and problematic even in the case
where noise is absent. The situation is made worse when noise and uncertainty are
present.

To handle this situation we employ a Bayesian inversion technique in the spirit
of [9]. In [9] an inverse problem for the recovery of the initial condition for the heat
equation is treated in detail. This problem can be expressed in a very similar form as
problem (10) but with the operator N = S(T') in place of G. This problem is similar
to the one treated here (as the parabolic approximation of the Maxwell equation
shares a lot of common features with the heat equation), however there are important
differences when treating the inverse source problem rather than the recovery of the
initial condition problem which are related to the spectral behaviour of the operator
G as opposed to the spectral behaviour of the operator N. This leads to differences
on the choice of priors as well as for the noise distribution. This comment will be
made precise when stating and proving Theorem 2.1, below.

To fix ideas, and to illustrate the various problems arising with the operator equa-
tion (10), consider that a(t) is a temporally decaying function, e.g., a(t) = e *!.
Then, a straightforward calculation yields that

_HT _/\nT

(& — €

These coefficients decay for large n as % ~ A~ and in general present a poly-
nomial decay in n (and not an exponential decay in n as is the case for the initial
condition problem). Assuming that y and 1 have expansions in the basis {e, } of the
form

Y= Zynena n= Znnenv
n n

allows us to rewrite the operator equation (10) as a sequence of scalar equations of
the form

Yn = gnWn + Nn, 1 € N

The decay of the coefficients g,, turns this problem to an ill-posed one, which requires
regularisation techniques, or a Bayesian approach. For a large class of problems of
this form, a Bayesian approach using priors of the Gaussian type is equivalent to
quadratic regularisation schemes (see e.g., [9]).
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According to the Bayesian approach to inverse problems, since the operator equa-
tion we address is a random operator equation, the solution w is a random variable,
taking values in a Hilbert space H. We are going to choose H as defined in (3). The
solution to the inverse problem means characterising the probability distribution of
the Hilbert space valued random variable w that satisfies (10). We assume that we
have prior beliefs concerning w, which is given by a measure 1o defined on the Borel o-
algebra of H. This measure quantifies our initial belief concerning the solution to the
problem. We then acquire data y concerning the problem and we update our a priori
beliefs by taking the data into consideration. This will lead us to a new probablity
measure for the random variable w, the posterior measure p,,which will allow us to
estimate the solution. The determination of this posterior measure needs a model for
the noise as well, i.e., for the distribution of the Hilbert space valued random variable
7. We will denote the relevant probability measure by py. The posterior measure
iy Will then be determined using Bayes formula from the measures pg, pn and the
measurements y. To motivate this, assume momentarily that the state space is finite
dimensional and that the probability measures pg, un, fty, are absolutely continuous
with respect to the Lebesgue measure having densities pg, pn, py respectively. Then
the probabilty of y given w has density p(y | w) = pn(y — Gw) and a straightforward
application of Bayes formula yields that p,(w) = Zpy(y — Gw)po(w), where Z € R
is a normalisation factor. Using this posterior density, we may then make estimates
for the solution of the inverse source problem. Clearly, this approach is not directly
extendable to infinite dimensional Hilbert spaces, on account of the various intrica-
cies related to measure theory in infinite dimensional spaces, but the basic elements
of the theory are fortunately feasible in this context as well. We will not consider the
general case, but rather consider the special case where the prior measure and the
noise measure are Gaussian measures on H, a case which allows us to derive analytic
results, and at the same time is reasonable from the modelling point of view, using
arguments based on the central limit theorem.

We need the following definitions.

Definition 2.1 If Assumption 1.5 holds, the powers of the operator M are determined
through the spectral decomposition of M, in the standard fashion

M™%w = E A, Swpey, w= g Wy, Cn .
n n

Definition 2.2 We may define Sobolev type spaces

H = {Zunen € H: Z/\iui < oo}.

The space H* can be understood as the domain of the operator M2.
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We will assume that the measure pg is a Gaussian measure on (H,B(H)), with
mean mg € H and covariance operator Cy : H — H. The mean my is an estimate of
the solution to the inverse problem, before any measurement is taken. The covariance
operator Cy is an indication of how credible our a priori knowledge is. We also assume
that the noise is distributed according to a measure uy on (H,B(H)), which is also a
Gaussian measure on H, with mean 0 € H and covariance operator Cn : H — H. It is
assumed that 7 is independent of y. We will assume that Cy = FM™% and Cy = M ™7,
for appropriate choice of o, > 0. If Assumption 1.5 holds, and since M is a positive
operator, we have that A, — oo as n — oo, and also that M is a diagonalisable
operator. For any o > 0 and v > 0 the eigenvalues of the operators Cy and Cy tend
to 0 as n — o0, so Cy and Cy are compact operators, which have a smoothing effect on
u =), Une,, when considered as a function of the spatial variable. The covariance
operators have to be self-adjoint, positive semi-definite and trace class. The first two
properties are obvious since M has these properties as long as p is symmetric. The
third property requires proper choice of the powers «, 5. Another notion which is
important with Gaussian measures in Hilbert space, u = A (m,C), is the notion of
the Cameron-Martin space (see, e.g., [9]), which is identified as E = Im(Cz). The
Cameron-Martin space may be identified as the subset of H, which is the intersection
of all subspaces of H for which the Gaussian measure p has full measure. As we
will see the Cameron-Martin space will play an important role in treating the inverse
source problem.

The following very simple and classical lemma (whose proof is only included to
facilitate the reader), will be useful concerning the choice of smoothing parameter for
the prior and for the characterisation of the Cameron-Martin space for the various
Gaussian measures used.

Lemma 2.1 Let Assumption 1.5 hold.

(a) The choice C = AM™*, where s > 0, and A is a constant, is a suitable choice
for a covariance operator for a Gaussian measure if s > v.

(b) Consider the Gaussian measure p ~ N (m,C) on (H,B(H)) where C = AM™5,
s > v. The Cameron-Martin space E = Im(C?) for the Gaussian measure ju is

s

identified by H® = D(Mz).

Proof. (a) Since C is symmetric and positive semi-definite by the properties of M, it
remains to check that C is a trace class operator. C s a diagonalisable operator with
eigenvalues {\;,*}, and therefore, C is trace class if )~ A, < 00, 50 s > v.

(b) We need to characterise Im(Cz) = Im(M~%). This requires characterising all
h such that there exists y € H for which M~2y = h. If y = 3" yne, such that
>, lyn]? < oo, then a straight forward calculation yields that h = Y hye, is char-
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acterised by h, = )\,_L%yn, so that
00> [ynl® = D Aslhal®
n n

and this means that h € H*. This implies that Im(C2) = D(M

N

) =H". O
By Lemma 2.1(a), we see that we must choose the measures pg,un as

Ho NN(mO7BM7Q)7 a > v,

11
pn ~N(0,0M77), > . (1)

The basic result of this section is the following:

Theorem 2.1 Let Assumption 1.5 hold and assume that the prior and noise distri-
bution are as in (11), with o and 7 satisfying

a>v (mdu<’y<%+1 if v <1,

a>2v—1 (mdu<'y<%+1 if l<v <2,
@
2
a>3v—4 and v <y <

a>w—1and v<~< +2—% if 2<v<3,
«

2

- g if 3 <.

Then, the posterior distribution for w is the Gaussian measure p,, = N (m,,,C,) where
my = mg + oMY~ *GC(y — Gmy),
Cy=pM“C

where

C:= (I—i—gg_Ql\/lﬁy_‘:“)fl7 0= g

Furthermore, the measures po and i, are equivalent.

Proof. A straightforward calculation shows that the correlation operator of (w,y)
considered as an element of the Hilbert space H ® H is the matrix operator

- ( Ci1 Cio ) _ ( El(w-E[w])®(w-Ew)] El(w-Ew])® (y—E}])] )
Cor Cop )~ Ely-Ely)@w-EW)] Ely-Ey]) @ (y—E[y])]

where E[] is the expectation operator with respect to a probability measure p on
(H,B(H)). Under the assumptions imposed here C;; = Cy, Ci2 = Co1 = CoG, Coy =
GCyG + Cx, where it must be taken into account that Cy, Cy and G commute. Then
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it can be shown that (see Theorem 6.20 in [9]) that the posterior measure p, is also
a Gaussian measure on H, with mean and covariance

my, = mo + C12Csy (y — Gmyo),
Cy = Ci1 — C12Cay'Coy.

By the commutation properties of the operators Cy, Cy and G, it can be seen that

—1 1 5 ~2 —« -
C22 - SM’Y I+ gg M’Y (13)
and this provides the expression for m,. Substituting (13) in the expression for C,,
and using the commutativity property we obtain

-1
Cy = pM™ @ {I — §52M7*a <I+ §g2M7a> }

and using the operator identity
I-K(I+K)'=I+K)™}, (14)

for the choice K = %QQMV’O‘, we obtain the stated result for C,.

We need to check that C, is a proper covariance operator. Evidently, it is symmetric
and positive definite, so it remains to check that C, is a trace class operator. The
operator C is diagonalisable in the basis of H that consists of the eigenfunctions of M
and can be expressed through its action on any h =) hype, by the formula

1

N — 15
I+og2M (15)

Ch = chhnen, Cp :

where o := %, and as a consequence C, is also a diagonalisable operator, with eigen-

values p, = B, %cp. Since A, > 0 for all n, clearly 0 < ¢, < 1 for all n, therefore
pn < BA,Y, therefore the Y p, < B, A,* < oo since we have chosen o > v.
Therefore, C, is a trace class operator.

It remains to show the equivalence of p1, and po. Recall (see e.g. Theorem 6.13 in
[9]) that two Gaussian measures fi; = N(my,Cy) and pe = ./\{(mg,Cg) are equivalent
if and only if (a) Im(C?) = Im(C}), (b) m1 — mg € Im(C{) and (c) the operator
T = (C72C2)(C2CE)* — I is Hilbert-Schmidt in Im(C?).

We will apply this theorem for C; = Cyp and C3 = C,. Recall the representation (15)

for the operator C and consider the asymptotic behaviour of ¢,,. For large n, g, ~ A\t
therefore ¢,, ~ W{H where o = g. Since A\, > 0, and A\, > o0, if vy —a—2<0

then sup,, (0g2A7~*) =: k < oo so that inf, ¢, > I_%k and as a consequence of that
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the operator C is bounded and invertible, with all eigenvalues in {H%k, 1] Imposing

the condition
vy—a—2<0, (16)
by the definition of C, in the statement of the proposition,

1

T Coy) < (. Cyy) < (hCoh)

Using a standard result from the theory of positive definite and bounded linear op-

erators, according to which I m(Clé yC I m(CQ% ) if and only if there exists a constant
¢ > 0 such that (h,Cih) < c(h,C3h) for every h € H, applied twice for C; = Cy,

Cy=C, and €, = C,, C2 = Co, we obtain that Im(CZ) = Im(CZ) = H®. This shows
that condition (a) is satisfied.

1
We now check condition (b). For that we first need to characterise Im(C¢) =

Im(M~%). By Lemma 2.1(b) Im(C 1) He. We now check whether m, —mg € H®
for all mo,y € H. From the statement of the proposition it is seen that m, —mg =
oMY=GC(y—Gmy) so it remains to check whether MY ~*GC(y—Gmg) € H® for every
y,mo € H. We first deal with the first part of this term, MY~*GCy: Consider any
y € H,sothat y =Y ynen, and Y |yn|? < co. Then,

q:= M’y—ag_cy = Z )‘Z_agncnynena
n

and g € H* if

Z)\a}\2"/ a)g |yn|2

Since ¢, < 1 and g, ~ A\, ! we see that
Q=Y ANVl |y P < C1 Y ATy,
n n

for an appropriately chosen constant C. Since A, — oco as n — oo, we see that if
27 — a — 2 < 0, then there exists a constant C'y such that

Q<Clz‘yn|2 < 00,

where the last inequality follows since we have assumed y € H. This leads us to a
second condition on « and 7,

2y —a—2<0. (17)
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The second contribution to m, —mg is p := GMT=*CGmyg. To see whether p € H®*
for every mg € H, take mo =Y. monen, Y., |Mon|? < 0o, and calculate

_ E - 2
p= )‘;YL gncnmo,nena
n

so that p € H« if

Z)\g)\im_o‘)gﬁcﬂmo,nﬁ < 0.
n

Similar arguments as above, taking into account that ¢, < 1 and g,, ~ A%, show that
if 2y —a —4 < 0 then p € H®. But clearly this condition holds as long as condition
(17) holds, so we do not need to impose any further restrictions on « and 7 to account
for the second term. This concludes the verification of condition (b).

We now check condition (c). Since the operators M and its powers commute with the
operator C we see that T' = (I 4+ 0G2M?~%)~1 — I and it is immediate to check, using
the operator identity (14), that the operator T' assumes the form

T = —oCM G2,
whose action on the basis {e,} is
Ten =tnen, tn = —0\ " “chg2.

The operator T': H* — H® is a a Hilbert-Schmidt operator! if 3" ||Te,[|3,. < oo.
Recalling the definition of the norm of H%, the condition for T defined as above, to
be a Hilbert-Schmidt operator becomes

P:= Z A2 = Z /\g/\iW*“)cigi < 00,

which since ¢, < 1 and g, ~ A,;! holds as long as the condition
Z:)\fﬁfo‘f4 < 00,
n

holds. Since A\, — oo as n — oo this condition can hold only if 2 —«a—4 is sufficiently
negative. Condition (17) guarantees that 2y — a — 4 < 0, but this may not be enough
for the convergence of the series related to the Hilbert-Schmidt norm of T'. The exact
value of the exponent 2v — a — 4 depends on the asymptotics of the spectrum of the
operator M on the chosen domain. Let v > 0 be the smallest real number such that
Y. AnY < oo. Then, the operator T : H* — H* is Hilbert-Schmidt if

2y—a—4< —v. (18)

fRecall, from the theory of Hilbert-Schmidt operators, that this condition is independent of the
choice of basis.
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The exact value of v depends on the asymptotic behaviour of the spectrum of M, if
An ~ n¢ as n — oo, then v has to be chosen so that —v¢ < —1, i.e., v > % Condition
(17) implies that 2y —a—4 < =2, if —2 < —v, i.e. v > 2, then condition (17) implies
condition (18).

We complete the proof by clarifying the conditions on « and -y, under which our
analysis holds. Conditions (16), (17) and (18) must hold simultaneously, and by
Lemma 2.1 it must also hold that v > v. Fixing a > v, we solve them in terms of v
to obtain that it must simultaneously hold that

e e v
V<’)/<Oé+2,V<7<§+1,V<’y<§+2—§. (19)

Clearly, these may hold if « is chosen so that

«a o v
2 —+1 —+2—-—
1/<a—|—,1/<2—|—,1/<2+ 5

i.e., as long as « is such that
a>3v—4, a>v, a>2v—1 (20)

If v < 1 then v = max{3v —4,v,2v — 1} and (20) hold as longas a > v. If 1 <v < 3
then 2v — 1 = max{3v — 4,v,2v — 1} and (20) hold as long as o > 2v — 1. Finally,
if v > 3, then 3v — 4 = max{3v — 4,v,2v — 1} and (20) hold as long as a > 3v — 4.
Summarising, « should be chosen as

a>vif v<l,

a>2v—11if 1 <v <3, (21)

a>3v—4if v>3.
We now consider (19), in terms of . If v < 2, then §+1 = min{a+2, §+1, $+2—-5},
so (19) holdif v <y < §+1. If v > 2, then § +2—% = min{a+2,5+1,§ +2—- 5},
so (19) hold if v <y < § +2 — &. Therefore, v must be such that

1/<'y<%+1 if v<2.

(22)

1/<'y<%+2—g it v>2.

Combining (21) and (22) we finally obtain
a > v and v<7<%+1 if v<1,
a>2v—1 and v<’y<%+1 if l<v<?,

a>2v—1 and u<7<%+2—% if 2<v<3,

a>3v—4 andu<’y<%—|—2—g if 3 <.

This concludes the proof. O
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The following corollary provides estimates concerning the balance between the
regularisation effects on the prior and on the noise, as quantified by the choice of the
coefficients « and +.

Corollary 2.1 Suppose the spectrum of M follows the same asymptotics as the Laplace
operator. Then,

(a) For dimensions d = 2 Theorem 2.1 holds for the choice o > 1 and 1 < v < §+1.

(b) For dimensions d = 3 Theorem 2.1 holds for the choice a > 3 and 3 < v < £+1.

Proof. The asymptotics for the spectrum of the Laplace operator are \,, ~ n%, where
d is the dimension of the domain. Then,

YNoar<ey n¥

for an appropriate constant C, and this series converges if —2¥

<1 ie ifv > 4
The result follows by direct application of Theorem 2.1. O

We conclude this section by showing that the Radon-Nikodym derivative of the
measures o, iy can be expressed as the exponential of a potential function. This
potential function is defined as

| L o3 Gl — (=t Ghu. o=t

Jp(wsy) = SlICx* Gull” = (Cy*GZu,Cy* G2y)
We will show, that under appropriate conditions the Radon-Nikodym derivative of
the equivalent measures po and p, can be expressed in exponential form as

W (1) = Cly) expl~Tuw: ) (23)
Ho

where C(y) is an appropriate normalisation constant. This means that the most likely
values for the solution of the inverse problem w would correspond to the minimum
of the functional J,(w;y) with respect to w (given the data y). In this spirit, the
Bayesian approach can be thought of as an alternative probabilistic regularisation
procedure.

The following discussion serves as a motivation for this result. Since we impose a
prior measure on the solution w, py = N (mg,Cp) and a measure on the distribution
of the noise n, uy = N(0,Cy), by the assumption of independence of n and w,
it is seen that the measure or the random variable (w,y) taking values in X x Y
will be the product measure w = pg ® puy. The aim of the Bayesian method is to
“update” this belief by observing some of the data y and keeping the assumption
of independence of n and w, as well as the assumption that noise is distributed via
the Gaussian measure py, obtain the conditional distribution w | y, which will be
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denoted by . This can be understood as the conditional distribution of a measure u
on (X xY,B(X xY)), which corresponds to the joint distribution of (w,y). To obtain
this we would informally work as follows: Since y = Gw +n thus n = y — Gw, and we
consider the distribution of noise as known (uy) we essentially know the distribution
of y —Gw. Keeping technicalities aside for the moment, the independence would mean
that the joint distribution of ¥ — Gw and w will be given by a measure p such that
wlw € Ay — Gw € B) = po(w € A)un(y — Gw € B). From that we wish to extract
information on w | y, i.e., on w given that we have obtained the measurements y.
This requires obtaining the conditional measure p,, which is the conditional measure
of u defined above. To get this conditional measure we need to work using an infinite
dimensional version of Bayes theorem. Informally, the above means that once w is
known, the conditional distribution of y | w is known since the distribution of y — Gw
is known and w is known. Therefore, the conditional distribution of y | w, let us
call it P(y € B | w) = pi(B) = pun(B — Gw) where B — Gw = {u — Gw, u € Y}.
Therefore, the conditional measure which provides y | w, p, is nothing else but
the shift of the measure py in the direction Gw. On the other hand, we have to
consider the probability that we do get w as a solution. Under the chosen prior
P(w € A) = po(w € A), so we may define the measure p on (X x Y, B(X xY)) so
that

p(dw, dy) = po(dw) o (dy),

which corresponds to the joint distribution for w and y, once some knowledge for the
solution w is given.

Our first observation is that in the construction of the measure p is involved the
quantity puy(y — Gw € B) for any set in B(Y). This is related to the translation of
the measure py along the direction Gw in the Hilbert space Y. As is well known, the
translation properties of Gaussian measures in infinite dimensional spaces are rather
subtle, the directions along which this is possible are limited to the Cameron-Martin
space. Using the Cameron-Martin-Girsanov theorem [23], we may rewrite the shifted
measure [, in terms of an exponential measure change,

Aty
dpn

N|=

1 1 -1 -3
(y) = exp (2|cN2gw|2 +(Cx?y.Cy gw>) = exp(—Jp(w; y)),

if and only if Gw € C]%(H) = Im(C]%). The first observation then requires w to be

such that Gw € Im(C3).
By the definition of the measures p and @ we may see that y << w, and in fact,

(wy) = Py

% d/iN

_1
2

1, 1 _1 _
= e (5103 0P + (€ 1y Ou) ) = exp-dulwin). (21
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We now apply Bayes’ theorem in the infinite dimensional setting. This comes from
the application of Theorem 6.29 in [9], which states that, given any two probability
measures i, w: if p << w, j—g = ¢ and the conditional distribution of w | y under
w, wy(dw) exists then the conditional distribution of w | y under p, p,(dw) exists, is

absolutely continuous with respect to w, and has Radon-Nikodym derivative

dpy | pe(wy) i e(y) >0,
dy W) = 1 1
wy else ,

where C(y) = [, ¢(w,y)dw,(w), for all y € H. We apply this theorem to the
measures 4 and w defined as above. Since w is a product measure the conditional
measure that provides the distribution of w | y, @w, = po. An application of the
theorem thus guarantees the existence of the conditional distribution of w | y under
the measure p, i..e, existence of the conditional measure p,, which has a Radon-
Nikodym derivative, given in exponential form, with respect to @, = po, hence,

N

d 1 1 1
W 0) = oxp (- 5len G + (3

i Gu) ) = exp(~(wsn)

Another issue which is perhaps the issue that makes the Bayesian approach so
attractive, is its possibility to deal with the effect that the result will have when the
data are altered slightly, i.e., robustness of the estimators with respect to the data
y. Recall, that the issue of robustness is a crucial point in inverse problems, and a
number of deterministic regularisation techniques have been devised to deal with it
(see e.g. [17] and references within). The Bayesian method provides robustness with
respect to the data, in the sense that in the right function space setting, given two
different sets of data yi,y2, and calculating the conditional distributions of w | y1,
w | Y2, iy, and p,, respectively, these probability measures are close together in terms
of the Hellinger distance dgrei(fty, , fty,) defined by

1 1\ 2
1 dpiy, \ ? dpty, \ ?
dHEl(/’Lyl)lu’?JQ)2 = 5 /H <<d,LZ)1) - (dﬂy:> ) dM07 (25)

which is clearly simplified considerably if the exponential measure change (23) holds.
The Hellinger distance between the two measures is an important quantity as it con-
trols the variability of the moments of random variables which are functionals of w,
under the probability measure p,, with respect to the observed data y.

The above informal steps can only be made rigorous by proper choice of the
function spaces X and Y. In particular, these spaces are considered as subspaces of
the original Hilbert space H, chosen so that the functional J, : X X Y — R, satisfies
certain properties that guarantee that all the above steps are well defined. These
properties have been collected in abstract form in [9] (see also [24]) and fall into two
main groups:
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Assumption 2.1 The space X is chosen so that uo(X) = 1 and the functional
Jp : X x Y — R satisfies

(i) For every € > 0, r > 0 these exists M = M (e, r) such that forallw e X,y € Y
with [|y|ly <7,

Ip(wsy) > M — elul|%;

(ii) For every r > 0 there exists L = L(r) > 0 such that for all wy,ws € X,y €Y,
with max{||wi]||x, [|ws2||x,|ly|ly} < r it holds that

[Jp (w15 y) — Jp(wa; y)| < L(r)|Jwy — w2||x-

Assumption 2.2 The space X is chosen so that ug(X) = 1 and the functional
Jp : X xY — R satisfies

(i) For every r > 0 there exists L = L(r) > 0 such that for all (w,y) € X xY, with
max{||w||x, [|ylly} < r it holds that

Jp(w;y) < L(r);

(ii) For every € > 0, r > 0 these exists M = M(e,r) such that for all y1,y2 € Y
with max{||y1||y, ||ly2|ly } < r and for all w € X,

136 (w; 1) — Jo(w; ya)| < expleljw| |5 + M) [lyr — vally-

In the abstract setting of the problem explained in detail in [9], if Assumption 2.1
holds for the functional J, then the measure i, given by the exponential formula (23)
is a well defined probability measure in H, whereas if Assumption 2.2 holds, then the
measure [, enjoys continuity properties with respect to the data y.

We now formulate and prove the exponential measure change result.

Proposition 2.1 Let Assumption 1.5 hold and assume further that mo € H* and
the solution and data space are chosen as X = H" and Y = H® respectively with r
and s satisfying

y-l<r<a-—v,

26
y-1l<s<y—v (26)

Then,

(i) The exponential measure change formula (23) holds.

(ii) py is locally Lipschitz continuous with respect to the data y € Y, in the sense
that for all y1,y2 € Y, such that max{||y1||y, ||y2]ly} <,

dei(fiy, ty,) < C(r) [|ly1 — velly,
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where dpe; s the Hellinger distance (25) between the two measures, therefore,
o(y) = By, [f(w)] is a continuous function of the data, for any polynomially
bounded function f: X — R.

Proof. Since r € (y —l,a —v) and s > v — 1, by Lemma 2.2 we have that the
functional J; satisfies Assumptions 2.1 and 2.2.

(1) By the abstract results of [9] (see Theorem 4.1 op. cit.) p, given by the measure
change (23) is a well defined probability measure on H. For that we employ Assump-
tion 2.1(ii) which is a continuity result and which guarantees measurability of Jp, and
Assumption 2.1(i) which provides by application of Fernique’s theorem integrability
of the Radon-Nikodym derivative. In all these arguments it is crucial to work in a
subset of the original space which is of full measure. By a conditioning argument,
based on the infinite dimensional version of Bayes’ theorem (see e.g. Theorem 6.31 in
[9]) we conclude that p, is in fact the distribution of w | y we seek for. The inequality
s < v — v is needed if we require Y to be of full measure with respect to py (i.e.,
w(X xY) =1), or equivalently if we require some regularity for the data.

(ii) By the abstract results of [9] (see Theorem 4.2 op. cit.) we obtain the local
Lipschitz continuity with respect to y of the Hellinger distance, hence the robustness
of the solution with respect to the data. O

Remark 2.1 The first inequality in (26)f implies that the choice of 7 depends on the
choice of a and it must hold that v < a + 1 — v. The second of these inequalities
imposes the condition that v < 1.

Lemma 2.2 Let Assumption 1.5 hold. If we choose X = H", Y = H?*, withy—1<
r<a—vandy—1<s, then the functional Jp : X XY — R satisfies Assumptions
2.1 and 2.2.

Proof. We first comsider (). Since po = N (mg,Co) with Co = SM™%, standard
results (see e.g., Lemma 6.27 in [9]) imply that 10(X) =1if 0 < r < a—v. Properties
(#3) and (7i7) follow in a straightforward manner if X and Y are chosen so that the
operators C;,%Q% =46"M7: X - H and C;,%,C';% =§"IM7 .Y — H are continuous
(equivalently bounded). We only check the second, the first being similar. This
requires the following calculation: Take any y =Y yne, € Y =H" and calculate

-551 — —1l—sys s
ICN2G2yl> =071 Nignys <C Y NT7TENE < C > Xyl = Cllylle

as long as vy —1—s <0, i.e.,, s >~ — 1. In the above, we have used the asymptotic
behavior of g, ~ A, 1. A similar argument holds for the choice of the space X = H"
which leads to the choice r > v — 1. The rest follows by elementary arguments based
on the Cauchy-Schwarz inequality, simply stated here for the comfort of the reader.
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Observe that for every 6 > 0, and every (w,y) € X x Y, with X, Y chosen as above,
we have

N 1. 1 13 13 13 1
Jp(w;y) = *||CN2gw||2 —(CN?G2y,Cn2G2w) > —[(Cn° G2y, Cny? G2 w)

2
02 —1 4 2 1 —1 4 092 2
> L jestahul - Slient el > — Sl - Ol

1 _
where in the last inequality we used the continuity properties of the operator C5°G %
in the chosen functional setting. Therefore if we restrict to y € Y such that ||y||ly < r,
Assumption 2.1(i) clearly holds for € =

202 :
By another application of the Cauchy—Schwarz inequality we obtain that for every
6 >0,

~ ]_ _1_ 11 11
Ip(wsy) = §||CN2gw||2_<CN2g2y’CN2g2w>
1,15 19 -1 —1z1
s sl Gull” +1(Cy? G2y, Cy* G2 w)
1 -1 2 —1-1 9 1 1 2
< §||C *Gwl[* + *|| 2G|l +272||C *G2yl|
< (Cor D) IeiGhull + gles bl

< ot 5 )l + gl

where we first used the fact that the operator G 3 is bounded and then the continuity
1 1

of the operators CNZQ% : X - R and CNZQ% ;Y — R. Assumption 2.2(i) follows

from the above estimate.

The Lipschitz continuity properties of Assumptions 2.1(ii) and 2.2(ii) follow from the
quadratic nature of the functional J, and the continuity properties of the operator

1
Cy* G2 for the chosen function space setting. For example,

- ~ Li-ds 9 115 9
Jb(wﬁy)—db(w%y):iuczv Gul| _§HCN Gus||

therefore,

[3u(wis9) = Bo(wzi )| < (I Gunll + lICx > Gull + ICy* Gyl ) 11Ck* Gy — ws)|

< C(lunllx +[lwallx + [lylly) [fwr — wallx,
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where we have used the continuity properties of the operators C;,EQ 3: X — R and
1

CNZQ% : Y — R. Therefore, Assumption 2.1(ii) holds. The proof of Assumption

2.2(ii) follows similarly. O

3. Extensions to complex media

One may further consider more complex materials, for example assuming that there
holds a nonlocal in time version of Ohm’s law of the form J = o F + 01 % E + Jy, where
by o1 x E we denote the temporal convolution (o1 * E)(t, z) = f; g1(t—s,z)E(s,x)dx,
&1 being a matrix kernel. Then the quasi-static (parabolic) approximation becomes
a(E+ *x E) + curl(p ™ curlE) a(J)
— (o o ur urlF) = ——

ot 1 14 ot 0/>
or by assuming weak differentiability of the kernel o; and setting 71(0) = ¢, we get
the equivalent form

% (0E) + curl(pteurlE) = —% (Jo)+ Kx E+9E, (27)
where K = (71)’. Similar corrections will be introduced if one assumes more complex
constitutive laws, involving convolutions in the description of the magnetic displace-
ment B. Furthermore, we will denote by K the convolution operator related to the
kernel 7, which is to be considered as an operator K : § — $. In terms of the
operators defined above the equation assumes the abstract form

'+ Mu = f + Ku + Ju. (28)

The case K = 0 corresponds to materials without dispersion effects. For a discussion
of various possible constitutive laws see e.g. [25], or [26], where possible qualitative
conditions for the material parameters are given. For example, for certain materials
it is conceivable that 9 < 0.

We conclude this section with a few remarks on how the dispersion effects can
be included, i.e., how we may treat the inverse source problem in the case where the
linear operator K # 0. We restrict ourselves to the case where the source of of a
particular type f(¢,z) = a(t)w(z), where a is a known function of time and w is the
spatial part of the source to be determined, and we see that the problem assumes the
abstract form,

' 4+ Mu = Ku + aw, (29)

where K : ) — $ is a convolution operator (Ku)(t) = [;tK(t — s)u(s)ds (which is
a bounded and linear operator). Then, the results of e.g., Grimmer [27] or Priiss
[28] guarantee the existence of a unique family of bounded operators R(t,s) which
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simplifies to the form R(t,s) = R(t — s) because of the fact that K is of convolution
type, called the family of resolvent operators, satisfying the conditions

%R(t —s)v+ MR(t — s)v = /5 K(t—r)R(r — s)uvdr,

o t
6—R(t —s)v— R(t —s)Mv = —/ R(t — r)K(r — s)vdr,

§ S
for every v € D(M) (R(t — s)v is strongly continuously differentiable for every v €
D(M)). This family also enjoys strong continuity properties and R(s,s) = I. By
Theorem 2.5 of [27], we have a variation of constants representation for the solution
of (29) in terms of the resolvent operator as

u(t) = R(t)u(0) + /0 R(t — r)a(r)wdr,

which formally is the same as the semigroup representation, only that now R involves
the effects of the convolution operator K. In fact if K = 0 i.e., K = 0, the operator
family R(t — s) coincides with the analytic semigroup S(t — s) = exp(—(t — s)M). By
setting ¢ = T and assuming uncertainty in the data we obtain the following random
operator equation for the solution of the inverse source problem

y:gw+ﬁ>

where y and 7 are as before, but now the operator G is defined as

- T
Gw := (/0 R(T — r)a(r)) w

where now the evolution family takes the role of the analytic semigroup generated
by —M. The resolvent operator may be computed by a Neumann series which is
convergent under certain assumptions (see e.g., [28] where the existence proof of the
operator is actually based upon the convergence of this series). In fact, as for the
problem in question the function K generating the convolution operator K and which
models dispersion effects is small in the sense of an appropriate norm, this series rep-
resentation is expected to converge quite fast. Therefore, the Bayesian approach may
proceed at least on a formal level without many differences at most point. However,
there is an important difference. Unless the matrix function K = &} is of a very
special form the eigenfunctions of M may not coincide with the eigenfunctions of G,
and this may complicate some of the arguments, which are facilitated considerably
if the eigenbasis of M diagonalises G as well. One way to bypass this difficulty is to
choose the covariance of the prior and the noise distribution related to G rather than
M. However, all these considerations are beyond the scope of the present work and
will be pursued in future work.
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4. Conclusion

In this work we study the inverse source problem for the eddy current approximation
to the Maxwell equations. This is a parabolic problem, extensively used in various
applications in electromagnetic theory (in classical or complex media). In particular,
we formulate the problem in abstract form as an inverse problem which (i) due to
its inherent ill posedness and (ii) due to possible noise contamination of the available
data is treated using statistical inversion techniques (a direction in which there has
been extensive research activity during the last decade or so). In particular we apply
the Bayesian inversion approach developed for infinite dimensional systems by A. M.
Stuart [9] to this problem and provide detailed estimates on the choice of correla-
tion operators for the prior and noise data, related to the spectrum of the Maxwell
operator. These estimates provide important information of the regularization proce-
dure needed in order to address this problem. Extensions to complex electromagnetic
media, and the necessary modifications are also discussed.
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