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time domain for electromagnetic fields in a bounded

chiral medium
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Abstract

In this work we consider the Drude-Born-Fedorov model for the evolution
of electromagnetic fields in chiral media in the time domain. We reduce the
problem to a second order Cauchy problem which we prove to be strongly well
posed.
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1. Introduction

Since the mid 1980’s, mainly due to vast progress in the related technology, the elec-
tromagnetic community focussed on the study of complex media. A very important
class of linear complex media are the so-called chiral media. A rigorous mathemat-
ical analysis of wave propagation and scattering problems for chiral media in the
frequency- domain (i.e. for time-harmonic fields) has been developed since the mid
1990’s and has resulted to a rather well established theory. In the frequency domain,
the ”universally” considered constitutive laws, are the so called Drude-Born-Fedorov
(DBF) relations. The mathematical analysis of problems related to chiral media in
the time-domain is less developed, but is under strong current interest. Although
the complete constitutive relations for chiral media in the time domain should be
non-local in time (convolution terms appear), many authors have considered a local
in time approximation to the constitutive relations, and have thus used the DBF rela-
tions in the time domain. To the best of our knowledge, the mathematical treatment
in all related work is based on eventually considering a first-order abstract Cauchy
problem.

In this work, by eliminating the electric field from Maxwell’s equations under
the DBF relations, we consider a second-order Cauchy problem and study its well-
posedness.

The paper is organized as follows: in Section 2 we list the functional spaces and
operators needed in this paper. In Section 3 we recall some technical results needed
to set a proper mathematical framework. In Sections 4, 5 we formulate the problem
in order to get a second order Cauchy problem. In Section 6 we establish the well-
posedness of this second order Cauchy problem.
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2. Basic Function Spaces

In what follows we assume all linear spaces considered to be over the complex field.
Let Ω denote a bounded and simply connected domain of R3 with smooth boundary
∂Ω. By L2(Ω) we denote the usual Lebesque space of all square-integrable complex
valued functions in Ω, equipped with the usual inner product 〈a, b〉 =

∫
Ω

a·
We start this section with the following Proposition that has been proved by Yoshida
and Giga in [29].

Proposition 3.1. In the space H, we consider the dense subspace Hcurl and we
define the operator curl : Hcurl → H.The following hold:
The operator curl is closed and self-adjoint. Furthermore, curl is invertible and its
inverse curl−1 : H → Hcurl is compact. The spectrum σ(curl) consists only of point
spectrum σρ(curl) ⊂ R, and the set of the corresponding eigenfunctions gives an or-
thogonal complete basis of the space H.

We remind that σρ(curl) is the set of all eigenvalues of the operator curl (hence
σ(curl) = σρ(curl)). Since the operator curl is closed, its resolvent operator,

(λI + curl)−1 : H → Hcurl

for λ ∈ ρ(−curl) = C \ σ(−curl), is not only densely defined but it is also bounded
([20]).

Proposition 3.2. If λ ∈ ρ(−curl) then the operators (λI + curl)−1 and curl com-
mute on Hcurl.

Proof. It is clear that (λI + curl)−1u ∈ Hcurl for u ∈ Hcurl. So

(λI + curl)−1curlu = (λI + curl)−1(λI + curl)u− λ(λI + curl)−1u

= (λI + curl)(λI + curl)−1u− λ(λI + curl)−1u

= (λI + curl − λI)(λI + curl)−1u

= curl(λI + curl)−1u,

for every u ∈ Hcurl.

Remarks 3.3.
(i) It is well known ([20]) that if an operator

L : D(L) ⊂ H → H

has a symmetric inverse with dense range, then the operator L−1 is also symmetric.
Therefore, the resolvent operator (λI + curl)−1 is self-adjoint, for λ ∈ ρ(−curl) since
the operator λI + curl is self adjoint and invertible with dense range.
(ii)The operator Cλ = (λI + curl)−1curl is well defined with D(Cλ) = R(Cλ) = Hcurl.
Indeed,

D(Cλ) = {u ∈ D(curl) : curlu ∈ D((λI + curl)−1)}
= {u ∈ Hcurl : curlu ∈ H} = Hcurl
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and

R(Cλ) = Cλ(Hcurl) = (λI + curl)−1curl(Hcurl) = (λI + curl)−1(H) = Hcurl.

(iii) We know that the operator curl is closed, so the space D(curl) = Hcurl equipped
with the inner product

〈u,v〉Hcurl
= 〈u,v〉H + 〈curlu, curlv〉H

is a Hilbert space which will be denoted hereafter as Hc = (Hcurl, ‖ · ‖Hcurl
) where

‖ · ‖Hcurl
is the graph-norm of the operator curl.

Proposition 3.4. If λ /∈ σ(−curl) then the operator

Cλ = (λI + curl)−1curl : Hc −→ Hc

is self-adjoint.

Proof. Let u, v ∈ Hc. Then

〈(λI+curl)−1curlu, v〉Hcurl
= 〈(λI+curl)−1curlu, v〉H+〈curl(λI+curl)−1curlu, curlv〉H .

For the second terms of the right hand side we have

〈(λI + curl)−1curlu, v〉H = 〈curl(λI + curl)−1u, v〉H

= 〈(λI + curl)−1u, curlv〉H
= 〈u, (λI + curl)−1curlv〉H

and

〈curl(λI + curl)−1curlu, curlv〉H = 〈(λI + curl)(λI + curl)−1curlu, curlv〉H

−λ〈(λI+curl)−1curlu, curlv〉H = 〈curlu, curlv〉H−λ〈curlu, (λI+curl)−1curlv〉H
= 〈curlu, (I−λ(λI+curl)−1)curlv〉H = 〈curlu, (λI+curl−λI)(λI+curl)−1curlv〉H

= 〈curlu, curl(λI + curl)−1curlv〉H .

Then
〈(λI + curl)−1curlu, v〉H + 〈curl(λI + curl)−1curlu, curlv〉H

= 〈u, (λI + curl)−1curlv〉H + 〈curlu, curl(λI + curl)−1)curlv〉H
= 〈u, (λI + curl)−1curlv〉Hcurl

.

We now have 〈(λI + curl)−1curlu, v〉Hcurl
= 〈u, (λI + curl)−1curlv〉Hcurl

. Then
we obtain that (λI + curl)−1curl : Hc −→ Hc is symmetric. Since (λI + curl)−1curl
is defined on the whole space Hc, it is selfadjoint.
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3. Formulation of the Problem

In this section we formulate the problem in order to get a second order Cauchy
Problem. Consider a chiral medium filling a bounded domain Ω of R3 with smooth
boundary ∂Ω. Assume that a bounded domain Ω in R3 is filled with a homogenous
chiral medium. Ω is embedded in some medium (e. g. in vacuum) and we assume
that the perfect conductor boundary condition is valid on ∂Ω. The mathematical
modeling of such media, is done through the modification of the constitutive relations
for the well known Maxwell’s equations. We assume that Maxwell’s equations hold
in Ω ⊂ R3, for t ≥ 0:

∂

∂t
D = curlH

∂

∂t
B = −curlE





(1)

where E = E(t, x) is the electric field,H = H(t, x) is the magnetic field,D = D(t, x)
is the electric displacement and B = B(t, x) is the magnetic induction. Maxwell’s
equations must be endowed with a set of constitutive relations. In our work we choose
the Drude-Born-Fedorov (DBF) constitutive relations:

D = ε(I + βcurl)E (2)

B = µ(I + βcurl)H (3)

where ε > 0 is the electric permittivity, µ > 0 is the magnetic permeability and β > 0
is the chirality measure. We consider the Maxwell’s equations (1), with initial data

E(0, x) = E0, H(0, x) = H0

and the boundary conditions of a perfect conductor

E× n̂ = 0, H× n̂ = JH on ∂Ω.

Assumption 4.1. We assume that:
(1) JH ∈ H(div, ∂Ω) satisfy divτJH = 0, where by divτ , we denote the boundary
divergence operator

divτ : H(div, ∂Ω) −→ L2(∂Ω)

(2) curl : D(curl) = Hcurl −→ H
(3) divD = divB = 0 (divergence-free property)
(4) E0 · n̂ = H0 · n̂ = 0 on ∂Ω (initial-boundary conditions).

Proposition 4.2. Assumption 4.1 and the D.B.F constitutive relations yield:
(i) divE = divH = 0
(ii) curlE · n̂ = curlH · n̂ = 0, ∀ t > 0 on ∂Ω.
(iii)E · n̂ = H · n̂ = 0, ∀ t > 0 on ∂Ω.
(iv) B · n̂ = 0, ∀ t > 0 on ∂Ω.

Proof. The proof of (i) is obvious.
(ii)Using the identity

divτ (u× n̂) = curlu · n̂ on ∂Ω
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we have
curlE · n̂ = divτ (E× n̂) = 0, forall t > 0 on ∂Ω,

curlH · n̂ = divτ (H× n̂) = divτJH = 0, forall t > 0 on ∂Ω.

(iii)From (2) we have that

D · n̂ = εE · n̂ + εβcurlE · n̂
and therefore D · n̂ = εE · n̂. Hence

ε
∂

∂t
(E · n̂) =

∂

∂t
D · n̂ = curlH · n̂ = 0

and therefore
∂

∂t
(E · n̂) = 0

E0 · n̂ = 0

}
.

Hence E · n̂ = 0, forall t > 0 on ∂Ω. In a similar way we can prove that

∂

∂t
(H · n̂) = 0

and therefore H · n̂ = 0, forall t > 0 on ∂Ω.
iii)From (3) we obtain

B · n̂ = µH · n̂ + µβcurlH · n̂
and therefore B · n̂ = 0, forall t > 0 on ∂Ω.

Proposition 4.2 points out the reason for choosing the space Hcurl as the domain
of the operator curl. Maxwell equations (1), under DBF constitutive relations lead
to the following initial-boundary value problem for E, H:

∂

∂t
(εE + εβcurlE) = curlH in Ω, t > 0

∂

∂t
(µH + µβcurlH) = −curlE in Ω, t > 0

divE = divH = 0 in Ω, t > 0
E · n̂ = H · n̂ = curlE · n̂ = curlH · n̂ = 0 on ∂Ω, t > 0

E(0, ·) = E0, H(0, ·) = H0 in Ω





(4)

Remark 4.3. If β 6= − 1
λ

, where λ ∈ σρ(curl) then the operator I+βcurl : Hcurl −→
H is invertible and the operator (I + βcurl)−1 : H −→ Hcurl is bounded. It is obvi-
ous that the operator C 1

β
= (I + βcurl)−1curl with D(C 1

β
) = R(C 1

β
) = Hcurl is well

defined. Now we can see that the domain D((C 1
β
)2) and the range R((C 1

β
)2) of the

operator (C 1
β
)2 = [(I + βcurl)−1curl]2 coincide with Hcurl.

Indeed

D((C 1
β
)2) = {u ∈ D(C 1

β
) : C 1

β
u ∈ D(C 1

β
)} = {u ∈ Hcurl : (I+βcurl)−1curlu ∈ Hcurl} =

{u ∈ Hcurl : curlu ∈ (I + βcurl)Hcurl} = {u ∈ Hcurl : curlu ∈ H} = Hcurl

R((C 1
β
)2) = (C 1

β
)2(Hcurl) = C 1

β
(C 1

β
(Hcurl)) = C 1

β
(Hcurl) = Hcurl.
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4. The formulation of second order Cauchy Problem

In this section we eleminate E from Maxwell equations (4) to obtain a second order
Cauchy Problem of the form:

u′′(t) + Cu(t) = 0, u(0) = u0 and u′(0) = u1.

We need the following

Assumption 5.1. We assume that:

(1) β 6= − 1
λ

, where λ ∈ σρ(curl),

(2) curlE0 · n̂ = curlH0 · n̂ = 0 on ∂Ω.

Then, from the first equation of (4) we obtain

ε(I + βcurl)
∂

∂t
E = curlH,

∂

∂t
E =

1
ε
(I + βcurl)−1curlH.

Applying the curl operator we obtain

∂

∂t
curlE =

1
ε
curl(I + βcurl)−1curlH,

and therefore

− ∂2

∂t2
B =

1
ε
curl(I + βcurl)−1curlH.

From (2) we have

µ(I + βcurl)
∂2

∂t2
H = −1

ε
curl(I + βcurl)−1curlH,

∂2

∂t2
H = − 1

εµ
(I + βcurl)−1curl(I + βcurl)−1curlH.

Hence
∂2

∂t2
H + [

1√
εµ

(I + βcurl)−1curl]2H = 0.

Since
E0 · n̂ = H0 · n̂ = curlE0 · n̂ = curlH0 · n̂ = 0 on ∂Ω

and
B = µ(I + βcurl)H, for t ≥ 0

we have
∂

∂t
H |t=0= − 1

µ
(I + βcurl)−1curlE0.
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Hence we obtain the initial value problem

∂2

∂t2
H(t) + [

1√
εµ

(I + βcurl)−1curl]2H(t) = 0

∂

∂t
H |t=0= − 1

µ
(I + βcurl)−1curlE0

H(0) = H0





(5)

where H(t) stands for H(t, x),for arbitrary x ∈ Ω.

5. Well-Posedness of the Problem

We study now the well-posedness of the following second order Cauchy Problem which
is the same as (5).

∂2

∂t2
H(t) = [

i√
εµ

(I + βcurl)−1curl]2H(t) (t ≥ 0)

∂

∂t
H |t=0= − 1

µ
(I + βcurl)−1curlE0

H(0) = H0





(6)

We denote Aβ : =
i√
εµ
C 1

β
, then the system (6) can be written in the form of a second

order Cauchy Problem in the Hilbert space Hc, as

(P0)





∂2

∂t2
u(t) = A2

βu(t) (t ≥ 0)

u(0) = u0

∂

∂t
u |t=0= u1 , where u1 = i

√
ε

µ
Aβ E0.

with D(Aβ) = Hcurl.
We know that the operator Aβ : Hc −→ Hc is closed, with domain whole the space
Hcurl, then from the closed graph theorem is bounded, hence by [25] it is the infini-
tesimal generator of a uniformly continuous semigroup of operators (U(t))t≥0 on Hc.

Theorem 6.1. The Cauchy Problem (P0) is well-posed.

Proof. Let

U(t) =

(
u(t)
∂

∂t
u(t)

)
∈ Hc ×Hc.

Then the problem (P0) becomes

(P1) U′(t) = M U(t) (t ≥ 0), U(0) = f
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where

M =
(

0 I
A2

β 0

)
, f =

(
u0

u1

)
,

with domain D(M) = D(A2
β)×D(Aβ) = Hcurl ×Hcurl.

Since the operator Aβ : Hc −→ Hc is bounded, the operator M : D(M) =
Hcurl × Hcurl −→ H × H is also bounded, hence it is the infinitesimal generator
of a uniformly continuous semigroup of operators (U(t))t≥0 on Hc × Hc. It is clear

that u0 = H(0) ∈ D(A2
β) = Hcurl and u1 = i

√
ε

µ
Aβ E0 ∈ D(Aβ) = Hcurl. Then

(P1) is well-posed, which implies the well posedness of (P0).

Cosine functions constitute an approach to study abstract second order Cauchy Prob-
lems, analogous to the semigroup approach to first order problems. We describe the
connection here in terms of mild solutions of second order problems. We will give
now the definitions of mild and classical solutions of (P0).

Definition 6.2. A function u ∈ C(R+,Hc) is called a mild solution of (P0) if for all
t ≥ 0 we have ∫ t

0

∫ s

0

u(r)drds =
∫ t

0

(t− s)u(s)ds ∈ D(A2
β)

and

u(t) = u0 + tu1 +A2
β

∫ t

0

(t− s)u(s)ds.

Definition 6.3. A function u ∈ C2(R+,Hc) is called a classical solution of (P0) if:
(1) u(t) ∈ D(A2

β) for all t ≥ 0
(2) u(t) satisfies the equation of (P0) for all t ≥ 0.

Remark 6.4. If u is a classical solution, then integrating (P0) twice shows that u is
a mild solution. Conversely, if u is a mild solution and u ∈ C2(R+, Hc), then u is a
classical solution. Remind that, a strongly continuous function Cos : R+ −→ L(Hc)
is called a cosine function if Cos(0) = I and 2Cos(t)Cos(s) = Cos(t + s) + Cos(t −
s), (t ≥ s ≥ 0).

In the following lemma we characterize cosine functions with bounded generators
as follows.

Lemma 6.5. ([3] page 213.)The following assertions are equivalent:
(i) The operator Aβ is bounded.
(ii)The operator Aβ generates a cosine function Cos, such that

lim
t↓0

‖Cos(t)− I‖ = 0.

Lemma 6.6. If the operator Aβ is the generator of a C0-group of operators (U(t))t∈R
on Hc, then A2

β generates a cosine function Cos on Hc given by

Cos(t) : =
1
2
(U(t) + U(−t)), t ∈ R.
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The phase space is given by Hc ×Hc.
Indeed, we proved that the operator C 1

β
: Hc −→ Hc is self adjoint. Then the

operator Aβ is skewadjoint, hence by Stone’s Theorem is the generator of a C0

unitary group of operators (U(t))t∈R on the Hilbert space Hc. From the example
3.14.15 in [3] we can verify that A2

β generates a cosine function on Hc given by

Cos(t) : =
1
2
(U(t) + U(−t)), t ∈ R.

Theorem 6.7. The Cauchy problem (P0) is classically well-posed in Hc.

Proof. From Lemma 6.6 we know that the operator A2
β generates a cosine func-

tion Cos on Hc given by Cos(t) : =
1
2
(U(t) + U(−t)), t ∈ R. Then from Corollary

3.14.8 in [3] we have that

u(t) : = Cos(t)u0 +
∫ t

0

Cos(s)u1ds, t ≥ 0

defines a unique mild solution of (P0). Since u1 ∈ D(A) = Hc, then we have

that Cos(·)u1 ∈ C1(R+, Hc), and hence
∫ t

0

Cos(·)u1ds ∈ C2(R+, Hc). Since

u0 ∈ D(A2
β) = Hc, we have Cos(·)u0 ∈ C2(R+, Hc). It follows that u ∈ C2(R+, Hc).

Therefore, since u is a unique mild solution and A2
β is closed then u is a unique clas-

sical solution.

Remark 6.8. We note that the operator A2
β is selfadjoint in Hc since Aβ is skewad-

joint, and therefore σ(A2
β) ⊂ R. From lemma 6.6 we have that A2

β generates a cosine
function. Hence there exists ω > 0 such that the spectrum σ(A2

β) is contained in the
parabola {x + iy : y2 ≤ −4ω2(x − ω2)}, and therefore σ(A2

β) ⊂ {x ∈ R : x ≤ ω2}.
We observe that if λ is an eigenvalue of the operator curl then it is obvious that

κ = −[
λ√

εµ(1 + λβ)
]2, λ 6= − 1

β
, is an eigenvalue of the operator A2

β and κ < ω2 for

every ω > 0.Furthermore, since A2
β is bounded then | λ

1 + λβ
| ≤ ‖C 1

β
‖ hence:

( 1) If ‖C 1
β
‖ <

1
β

then λ ∈ (− 1
β

,
‖C 1

β
‖

1− β‖C 1
β
‖ ].

( 2) If ‖C 1
β
‖ >

1
β

then λ ∈ (−∞,
‖C 1

β
‖

1− β‖C 1
β
‖ ] ∪ [−

‖C 1
β
‖

1 + β‖C 1
β
‖ , +∞).

Also the point spectrum σρ(curl) = {λi}i∈N, and this can accumulate to both −∞
and +∞, if ‖C 1

β
‖ >

1
β

.
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