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Type Assignment and Conservation Properties
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Abstract
We use the type assignment method to prove conservation properties. First
we give a type assignment proof of the classical conservation theorem for AT
and then we extend this method to the notion of the reduction Br and Bs. We
also give a direct type assignment proof of the extended conservation property
according to which if a term is 85, Bs-normalizable then it is 3-strongly normal-
izable.

1. Introduction

The classical conservation theorem for AI says that when a AI-term is S-normalizable
then it is also B-strongly normalizable. The proofs of this theorem (see for example [2])
use a machinery of weight assignment to the terms where the weights are numbers and
where the process of reduction decreases the weight of the term. As a result we cannot
go for ever, and consequently we get strong normalization. In [6] a structural notion of
reduction (g is introduced, which along with (; is used to prove strong normalization
properties by first proving weak normalization properties. All the proofs used there
exploit a variant of the weight assignment method, the labels & la Lévy (see [2]); a
Church-Rosser theorem for labeled terms is also needed.

In this paper we take a different approach. We try to exploit the ideas and the
results of the type assignment method. The idea of assigning types to terms is a
quite old idea for foundational and programming purposes. By extending the original
system of simple types to the system with intersection types it is possible to get
characterizations of different classes of A-terms (e.g. solvable or strongly normalizable,
see [9] and [1] ) and also to get proofs of important theorems of A-calculus (see
for example [9], [8]). So the type assignment method can be used as a proof tool
for examining various properties of the A-calculus. We try to exploit this idea in
examining conservation properties.

2. Basic definitions

Here we remind the reader of some basic notions about the type-free A-calculus.

Definition 2.1 The set A of A\-terms is inductively defined as follows:
(V ={=x,y, 2, ...} is an infinite denumerable set of variables)

lxeV=xeA
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2zeV MeA=(MM)eA
3 M,NeA= (MN)eA

) is a binding operator and the notions of free and bound occurrences of a variable
in a term are defined as usual. FV(M) denotes the set of free variables in the term
M. Outer parentheses are usually omitted. We denote by M;Ms --- M, the term
(- ((MyM3)Ms3)--- M,). We also consider that some variable convention prevents
us from clashes of variables. (Barendregt’ s variable convention, see [2] or [3]).

The notion of substitution is also defined as usual.

MI[N;y/z1, ..., Ni/x] denotes the result of simultaneously substituting the -
terms Ny, ..., Ng correspondingly for the free occurrences of the variables x1, ...,z
in the A-term M. The variable convention prevents the capture of free variables in
N; by any binding operator in M.

The principal notion of reduction of the A-calculus is the notion of reduction S.

Definition 2.2 The notion of reduction (3 is defined by the following contraction rule
B:(Ae.M)N — M|N/x]

The term (Az.M)N is called a B-redex and the term M[N/x] its contractum. More
generally

Definition 2.3 Any binary relation R C A x A is called a notion of reduction. In
that case if (M, N) € R then M is called a R-redex and N is called the contractum
of M (we write R: M — N).

For R a notion of reduction we define the following relations between A-terms:

— —p is the least relation containing R and compatible with the A-term formation
rules, i.e. when we have M —g N we also have Ae.M —g Az.N, (MO) —g
(NO) and (OM) —g (ON). It is easily proved that M —pg N if and only if
exactly one R-redex in M is replaced by its contractum.

— —»p is the transitive, reflexive closure of the relation R.

We say also that a A-term M is a R-normal form when no subterm of M is a
R-redex i.e. BN s.t. M —xr N. M is called R-normalizable if there exists a R-normal
form N s.t. M —r N and R - strongly normalizable if there is no infinite reduction
sequence M = My —r My —p -+ —r M,, =g --- starting from M.

The notion of B-redex can be split in two different notions of redexes.

Definition 2.4 Two notions of reduction g; and Ok are defined by the following
rules

Or:(Ax.M)N — M[N/z] if ze€FV(M)
Bk : (M. M)N - M if ©¢FV(M)

Note that § = f; U Ok because in the case of Sx we have M[N/x] = M as
x ¢ FV(M). In contracting a Sx-redex the term N is thrown away.

Definition 2.5 We define a restricted class of A-terms, the subset A; C A by the
following inductive definition
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lzeV=xel;
2 MeAr and z € FV(M) = (Ax.M) € A;
3 M,NGA[?(MN)EA]

Al -calculus is the A-calculus restricted to A;. Note that A; is closed under the
B-reduction relation. In fact a term M € A; can have only 8r-redexes and if M —g N
then the redex contracted to get IV is a Bj-redex and N € Aj.

3. Intersection types. The system D

We introduce a system of intersection types, the system D.

Definition 3.1 Types are constructed from the variables aq, o, ... (a denumerable
set of type variables) using the connectives — and A.

We use o, T, p,... to denote types. We denote by 7 — 09 — --- — 0, — o the
type o1 — (02 = (-++ (o0 = 0) ).

Definition 3.2 A context T is a set {z1 : 01,...,2 : o} of variable assignments
or declarations (x; € A is a term variable and o; is a type). All the x1,..., 2% in a
context are distinct variables and if we write I', x : 0 we presuppose that x does not
occur in T'.

Definition 3.3 We define the notion I' - M : o (the subject M is typed with type
o in the context I') by the following rules:

1T,z2:0F z:0 (axiom)

2T z:oFM:T=TFXeM:0—7
3I'-M:0—-7, TFN:o=TFMN:T
4THFM:oNT=TFM:0 and '-M: 7
5THFM:0 and TEFM:7=TFM:oAT

The system D is a system of type assignment or typing system. Every typing can
be thought as a proof tree starting from the axioms 1 and using the inference rules
2-5. The following is immediate.

Lemma 3.4 1ITFM:othenT,x: 7k M: o (weakening)

2If ToFM:0and I'y H N : 7 then thereisaI's.t. 'FM:ocand ' N : 7
(unification of contexts)

Proof: For the second case it suffices to take
F=ToAl'y ={z:7|z:7€T; and x does not occur in T'1_;}U{z : oATy | 2 : 7y € T;}
and prove by induction the desired property.

Definition 3.5 A prime type is any type which is not an intersection i.e. it is either
a type variable or a type of the form ¢ — 7.
Every type o is an intersection of prime types called the prime factors of o.
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Lemma 3.6 (Generation lemma) Let I' - M : o with o a prime type. Then

1 If M is a variable x then there is an assignment z : ¢’ in I" where o is a prime
factor of o’.

2 M=M.Ntheno=7—pand,x: 7N :p

3 If M = NP, then for some 7, ' P:7and I' - N : 7 — ¢’ where o is a prime
factor of o’.

Proof: In the typing I' - M : o we choose a highest node I' - M : ¢/ where o is a
prime factor of ¢’. This node cannot be produced by using any of the rules 4 or 5. So
we are left only with the rules 1 - 3 and the result follows then easily by inspection.

Definition 3.7 Let R be a notion of reduction.The typing system satisfies the subject
reduction property for R if whenever ' - M : 0 and M — i N imply that T N : 0.
It satisfies the subject expansion property for R if M —r N and I' H N : o imply
I'-M:o.

The subject reduction property holds for 8. This is proved by induction on the
way we get I' = M : o using the following proposition:

Proposition 3.8 Let I' be a context and let 1, ...,z distinct variables not declared
inT. T2y :01,...,2p :xp b M :7and if T F N; : oy for every i (1 < i < k) for
which z; is free in M, then I'+ M[N;y/xq,..., Ny/x] : 7.

In particular if xq,...,2x ¢ FV(M) then T',21 : 01,...,2% : 0 B M : 7 implies
'eM:r.

Proof: By induction on the way we get I',x1 : 01, ..., 2 : xx & M : 7 (see [9]).

Definition 3.9 A term M is typable (in D) if there exist I' and o s.t. T M : 0. Tt
is typable in the context T" if there exists o s.t. ' M : 0.

4. Type assignment and Conservation properties

Subject expansion, on the contrary, does not hold for 3. The reason is that (-
contraction (more specifically Sx-contraction) may throw away some of the terms.
So we might be at a position to be able to type the contractum M[N/z| of a Bk-
redex (Ax.M)N but not the redex itself. Consider for example the case when N
cannot be typed (but N is not present in M[N/xz] as M[N/x] = N) while the typing
of (Ax.M)N requires a typing of N.

It turns out that if we are restricted only to Gr-redexes the subject expansion does
hold. This is based on the following proposition.

Proposition 4.1 Let T" be a context and let z1,...,xz; variables not declared in
. T+ M[Ny/x1,...,Ni/xi] : 7 and if the terms Ny,..., Ny are typable in
the context I' then there exist types o1,...,0; st. T'F N; 1 0, (1 <4 < k) and
I'xzy : 01,...,2 : 0p = N : 7. In addition, if the variable x; occurs free in M
(x; € FV(M)) then N; is typable in the context I'.

Proof: Proof by induction on the structure of M and for a given M on the length
of 7.

If r=7"A7" then '+ M[Ny/xy1,...,Ni/xg) : 7 and T'F M [Ny /21, ..., Ng/xg]
7. By LH. (for 7/ and 7”) there exist o},0/ st. ' v N; : o, and ' = N; : o/

17 ?
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1<i<k)andT,zy:0f,...,25 0, F N:7 and I',2y : 0f,... 2z : o) F N : 7.
Putting 0; = o} Ao/ we have that ' = N; : 0; and I',zy : 01,...,2 : o W N : 7T
(lemma 3.4).

If, in addition, z; € FV (M) then by LH. N; is typable in the context T

So we can consider that 7 is a prime type. We have the following possibilities.

1) M is a variable

If M = z; then M[Ny/x1,...,Ni/zi] = N;. SoT' = N; : 7. So we can take
o; = 7 and for o; (j # i) we can take any of the possible types for M; (it exists by
hypothesis). We then have I, z1 : 0q,...,2% : o F a; : 7. Of course if x; occurs free
in M then z; = x; so N; is typable because I' = N; : 7.

If M # x,...,2, then M[Ny/x1,...,Ny/xi] = M. So by hypothesis ' - M : 7.
We can take o; any of the possible types of N; and have that I',xq : 01,..., 25 : 0 F
N:T.

The additional condition holds vacuously (for any z;, x; ¢ FV(M)).

2) M = M\y.P. We have that M[Ny/x1,...,Ny/xi] = Ay.P[N1/x1,..., Np/xi]
is typed in the context I' with the prime type 7. By lemma 3.6 7 = p — ¢ and
I'y:pt P[N1/x1,...,Ng/x] : ¢. By LH. there exist types o; s.t. T,y :pk N; : 0y
and Iy : p,z1 : 01,...,2 : 0o = P : 7. As y is a bound variable we can suppose
that y ¢ FV(N;), so by proposition 3.8 we take I' F N; : 0;. We take also that
D zy:01,...,2k : 0 E Ay.P: p— ¢ (rule 2).

In addition if z; € FV(M) then z; € FV(P) and z; # y. So from I';y : p
P[Ny/z1,...,Ni/xk] : ¢ and the ILH. Ty : p b N; : o; (for some o;). But as
y ¢ FV(N;) we take T'F N; : 0.

3) M = (PQ). By hypothesis I' = P[Ny/x1,..., Ni/xp]Q[N1/x1, ..., Ny /xk] : T
and 7 prime type. From lemma 3.6 we have that T - Q[N;/x1,..., Ni/xg] : p and
'+ P[Ny/x1,...,Ni/zk] : p — 7 where 7 is a prime factor of 7/. From I.H. there
exist o},0) such that ' - N, : o] and I', 21 : 0f,..., 25 : 0, F Q : pT'F N, : ¢/ and
Iyzy:of,...;xp 0l FP:p—T.

If we put o; = o, Ao/ then T'F N, : 0; and ',y : 01,...,2 : o F @ : p and
Iyzy :01,...,25 : 0 = P: p — 7/ from which I',z; : 01,...,2, : o), F PQ : 7/ and
by using rule 4 we finally get I',z1 : 01,..., 25 : o F PQ : 7.

If in addition z; € FV (M) then x; must occur free in either P or @, say (). But
from T'+ Q[N;/z1, ..., Ng/xzx| : p and LH. N; is typable in the context T'.

We can now prove the main result.

Theorem 4.2 (Subject expansion) The typing system D satisfies the subject ex-
pansion property for S;.

Proof: It suffices to prove that if M —g, N and ' N : o thenI' = M : 0. We
prove this by induction on the structure of M and for a given M by induction on the
length of o.

Ifo=01ANogthen ' N :01A03. SOT'FN:01and '+ N : 0. By LH.
I'FM:oyand ' M : 03, from which '+ M : 0.

So we can consider that ¢ is a prime type. We have the following possibilities:

1) M is a variable. This case is impossible as M —g; N.

2) M = Az.P. Then P —p, P’ and N = Az.P’. Because o is prime we have
c=p—7tand,x:pk P :7. FromILH. weget T,z : pF P:7s0oT F A z.P:p—T.

3) M = (PQ). We have three possibilities:
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3.1) P —p, P’ and N = P'Q. Because o is prime we have that ' - P’ : 7 — o’

and I' F @ : 7 where o is a prime factor of /. By LH. '+ P : 7 — ¢’ and then
' PQ : o' from which T'F PQ : o.

3.2) Q —p5, Q@ and N = PQ'. Same argument as in 3.1.

3.3) P = )\:c W. So M = (Az.W)Q and N = W[Q/z]. In this case M is a (-
redex and x € FV(W). From proposition 4.1 and the fact that I' F W[Q/z] : o we
have T’ I—Q 7 (for some 7) and Tz : 7FV : 0. SoT' F Ax.W : 7 — o, so finally
'k (A\zW)Q : 0.

How can we type normal forms in the type system D? It is well known that the
[-normal forms can be typed in D. We present the proof and later on we’ 1l try to
investigate under which conditions a more relaxed notion of normal form (3;-normal
form) can be typed in D.

Proposition 4.3 If M is f-normal then M can be typed in D. Moreover, if M is
not an abstraction then M can be typed in D with any type o.

Proof: By induction on M. If M is a variable is obvious. If M = Az.N then
I' - N : 7, by LH. Either z is declared in " or  does not occur in I' In either case
(in the second by weakening) we have that 'z : pF N : 7so I'F Ae. N : p — 7. If
M = PN then P is not an abstraction. By IH.I'' F N:7and o - P : 7 — o (we
can use the type 7 — o because P is not an abstraction). But then we can easily get
byF:Fl/\Fg that ' PN : 0.

What if a term M is typed in the system D? The following holds.

Theorem 4.4 If ' - M : o then M is strongly normalizable.
Proof: The proof uses the reducibility method. This can be found in [9].

We are now able to give an alternative proof of the famous conservation theorem
(Church [4]).

Theorem 4.5 (Conservation theorem) In the Al-calculus if M is normalizable
then M is strongly normalizable.

Proof: Let M be normalizable. We have then that M —3 N and N is 3-normal.
But in the Al-calculus any (-redex is a [;-redex and any [-reduction is in fact a
Br-reduction. So we have that M —3, N and by 43 I' = N : 0. By the Subject
expansion theorem 4.2 T'+ M : 0. The result follows using theorem 4.4.

It is not true that all 8;-normal forms can be typed in D. The reason is that
a contraction of a Sx-redex (in Br-normal form) can create a [Sr-redex which is not
normalizable e.g.

(My.(Az.zz))N(Ax.zx) —k (Az.az)Ax.zx)
We see that the term at the left has the form (Az.M)NO where = ¢ FV(M).

What if we didn’t allow such a term to occur? Following [6] we call any such term a
Bs-redex and define a notion of reduction

Bs: (Az.M)NO — (Az.MO)N (when z ¢ FV(M))
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Remark 4.6 Because of the variable convention the bound variable x ¢ F'V(MO).

Lemma 4.7 If the A\-term M is not an abstraction then M is uniquely written as
NM; --- M, where N is either a variable or an abstraction i.e. either M = xM; --- M,
or M = (Ax.P)M;j --- M, (in the case M is a variable we have the first case with n = 0
while in the second case we always have n > 1). N is called the head of M.

Proof: Easy induction on M.

Lemma 4.8 If the terms My, ..., M, are typable in D then the term xM; --- M, is
typable in D.

Proof: By hypothesis I'y - M; : o4,.., I'y B M,, : 0,. The variable z is either
declared in I'; with type 7; or else we can add the declaration x : 7; and replace T;
by I';,xz : 7;. So x is declared in I' =T'y A--- AT, with type 7 = 7 A--- A 7, and
'k M; : o; (lemma 3.4). Replace 7 by 7 A (07 — -+ — 0, — o) and get that with
the new context IV we have that IV 2 :0; — 09 — -+ — 0, — o and I'' - M, : o;.
By repeatedly using rule 3 we get IV = xMy--- M, : o.

We can now prove the following proposition.

Proposition 4.9 Let M be in §;, Bs-normal form i.e. it does not contain any [3; or
any (g redex. Then M can be typed in D.

Proof: By induction on the structure of M. We have the following cases:
M is a variable. The case is obvious.

M = Xx.P. Then by ILH. I' - P : 0 and z is either already declared in I" or else
can be added by weakening i.e. I';z : 7 P : ¢ from whichI' A\z.P: 7 — 0.

M is a composition. We have two cases (lemma 4.7 ).
Either M = M --- M,, (n > 1) which is typed by using I.H. and 4.8.

or M = (Az.P)My---M, (n >1). We have that z ¢ FV(P) because otherwise
we would have a (r-redex. And if n > 1 then we would have a Bg-redex. So M =
(A.P)M; and by LH. I'1 - My :7and o F P:o. SoT'F My :7and ' P : 0.
Because x ¢ FV(P), by lemma 3.8 we can consider that x is not declared in T'. By
variable convention x ¢ FV (M), so x can be considered not declared in I' either
(that is in unifying T'y and Iy there is no need to an assignment for x). Therefore
by weakening I';x : 7 = M; : ¢ which gives I' - Az.P : 7 — ¢ which combined with
' M :7givesT'F (Az.P)M; : 0.

We have proved that the 7, Bs-normal form term can be typed in D. If we could
reach, starting from M, a (;, Bs-normal form of M then provided that this procedure
satisfies the subject expansion property we would get as a result that M could be
typed in D. It turns out that this is achieved with the (g-reduction.

Proposition 4.10 If M —g, NandI'F N :o0thenI' - M : 0.

Proof: We prove the proposition by induction on the structure of M, and for a
given M by induction on the length of ¢. The case 0 = 01 A o5 is trivial and as in
theorem 4.2 we can consider that ¢ is a prime type. Exactly as in 4.2 we treat the
different cases where M is either a variable or M = Az.P with P —g, P’ and N =
Az.P' or M = PQ and P —g, P’, in which case N = P'Q (alternatively Q —py @’
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in which case N = PQ’). The only interesting new case is when M = (Az.P)QO and
N = (Az.PO)Q i.e. when the redex we contract is M.

By hypothesis I' - (Az.PO)Q : 0. Because o is prime by 3.6 we take I' - (Az.PO) :
7 — o0 and '+ Q : 7 where o is prime factor of ¢’. Still by lemma 3.6 I,z : 7 + PO :
o' from where ',z : 7 P:p—¢” and T'F O : p. By using the typing rules we take
''EXP:7—=(p—0d)and T+ (Az.P)Q : p — o' and T' F (Ax.P)QO : ¢ from
which I' F (Az.P)QO : 0.

Theorem 4.11 (Subject expansion for ;U 3s) The typing system D satisfies
the subject expansion property for 8y U (s.

Proof: Immediate from 4.2 and 4.10.
We are now able to prove an extension of the classical conservation property.

Theorem 4.12 (Extended Conservation theorem) If the term M is (;,[(s-
normalizable then M is strongly g-normalizable.

Proof: By hypothesis M 6,85 N where N is 61,65 normal. But then by 4.9
' - N:oand by 411 T' - M : 0. Theorem 4.4 gives that M is strongly (-
normalizable.

Conservation properties are useful in the sense that they permit easier strong
normalization proofs. In general a proof of weak normalization (i.e. that a term has
a normal form) is much easier than a proof of strong normalization. In fact many
strong normalization proofs can be given by using conservation properties and proofs
of weak normalization (for details see [6]). But even for checking that a term is
strongly normalizable sometimes it suffices to check a weak normalization property.
For example, the previous propositions give the following.

Proposition 4.13 If N is 31, Bg-normal and M —g, N or M —g, N or M —»g,; g
N then M is strongly normalizable.

In 4.12 we proved an extension of a conservation property. A question arises
whether a classical conservation property holds for (7, 8s. That is, if a term M is
weakly (7, Bs-normalizable is it also O;, Bs-strongly normalizable? We prove this by
using the reducibility method. Some intermediate lemmas are proven first.

Lemma 4.14 If M —g, g. N then FV(M) = FV(N).

Proof: We prove the property by induction on M in the case M —g3, 3o N. The
interesting cases are when M = (Az.P)Q, z € FV(P) and N = P[Q/x]. In this case
we see that the free variables # x of P are retained in N and the free variables of @
are retained as well because @) is in fact a subterm of N (x € FV(P)).

When M = (Az.P)QO and x ¢ FV (P) then it is obvious that this term has the
same free variables with (Az.PO)Q.

Lemma 4.15 If M —g, gg N then P[M/z] —3, 35 P[N/z].

Proof: Induction on the structure of P.

Lemma 4.16 If M —g, go N then M[P/z] —p, 35 N[P/x].
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Proof: By induction on the structure of M. From the definition of — g, g, we have
the following possibilities:

M =Xy.Q, Q —p,8; @ and N = \y.Q". Use LH.

M = QW. If either Q —p,35 Q or W —g, 35 W', use LH. So we are left with
the case when N is produced by contracting M = QW, this being a redex. This can
only happen if either M is a Br-redex or M is a Bg-redex. So we have two cases.

Case 1. @ = A\y.Q; and N = Q:[W/y] and y € FV(Q1). It suffices to prove
that ((Ay.Q1)W )[P/UC] =, (Q1[W/y]) /

But ((Ay.Q1)W)[P/z] = ((/\y.Q1)[P/x])( [P/z]) = (Ay.(Qi[P/]))(WI[P/x]) —g,
(Q1[P/z)[W[P/z]/y] = (Q1[W/y])[P/x] (by substitution lemma in [3]).

Remark 4.17 The above contraction is indeed a J; contraction because as y €
FV(Q1) it remains true that y € FV(Q1[P/z]). The bound variable y can be con-
sidered different from z.

Case 2. Q = (A\y.Q)Q2 and N = (A\y.Q1W)Qy (y ¢ FV(Q1)). We have
(\y-Q1)@2W [P/a) = (3.0 [P / ])(Qz[P/ ])(W[P/m])—n@s
Ay (Qu[P/x])(W[P/]))(Qa[P/x]) = (Ay.QuW)Q2)[P/z].

Remark 4.18 The redex above is a (g-redex because y ¢ FV(Q1[P/x]). y ¢
FV(Q1) by hypothesis and y ¢ FV(P) by variable convention.

Lemma 4.19 Let M —»g, 33 N and P —g, g, Q. Then M[P/x] =3, 35 N[Q/z].

Proof: From lemma 4.15 M[P/xz] -3, gs N[P/x]. From lemma 4.16 N[P/z] —3, 34
N[Q/xz]. The result follows by transitivity.

Lemma 4.20 Let N and MM, --- M,, (n > 0) be 81, Bs strongly normalizable. Then
if v ¢ FV(M) the term (Ax.M)NM; --- M, is 01, Bs strongly normalizable.

Proof: Induction on n.

n = 0. Then the term (Az.M)N is not a B;-redex and it is not a Sg-redex either.
So the only possible reducts of this term have the form (Az.M’)N’ where M’ and N’
are possible reducts of M and N. Note that the terms (Az.M’) N’ cannot be ;-redexes
as by lemma 4.14 we have that @ ¢ M’ and evidently can neither be Sg-redexes). So
Ax.M)N is strongly normalizable as M and N are strongly normalizable.

n > 0. We examine the term (Az.M)NM;---M,. How is it possible to cre-
ate an infinite (7, 8s reduction starting from this term? If we start contracting
redexes in M, N, My, ..., M, this procedure must terminate as all these terms are

strongly normalizable. Therefore in order to create a possible infinite reduction we
must contract a redex at the beginning of the term (Az.M')N'M] ---M/. This is
not a possible fr-redex because x ¢ FV(M') (the (j, Bs-reduction from M to M’
cannot create new free variables, lemma 4.14). So eventually a Sg-redex of the form
(Ax.M")N'M{ must be contracted to get (Az.M'M{)N'M}---M]. But then N’,
M'M{ and (M'M{)M}--- M are all strongly normalizable. Use I.H. to get the re-
sult.

Proposition 4.21 Let P be a property of the A\-termsi.e. P CA. Thenif ' - M : o
we have that M has the property P i.e. M € P provided P satisfies the following
properties:
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1 If My,...,M,, € P then zMy,..., M, € P.
2 If Mx € P then M € P.

3 P is P-saturated that is if Ne€P and M[N/x|M; --- M, € P then (Az.M)N M,
..M, € P.

Proof: See Krivine [9], pages 42 — 45. For a more general treatment of the method
of reducibility see also Koletsos - Stavrinos [7] and Ghilezan and Likavec [5].

Theorem 4.22 Suppose ' - M : 0. Then M is §;, Bs strongly normalizable.

Proof: According to proposition 4.21 it suffices to prove that the set P = {M |
M is B, Bs-strongly normalizable} satisfies the properties 1, 2 and 3 of this propo-
sition.

That P satisfies the properties 1 and 2 is immediate. So in order to finish the
proof we must prove that P is P-saturated.

Let N € P and M[N/z|My --- M,, € P. We must prove that

(M. MYNM; ---M, € P, (n>0).

We prove it by induction on p+ ¢ where p (resp. ¢) is the sum of the lengths of all the
B1, Bs-normalizations of N (resp. of M[N/xz|M; --- M,). We consider all the possible
terms obtained by contracting a (3, Bs-redex in (Ax.M)NM; ---M,,. It suffices to
prove that are all in P.

1. We contract the redex (Az.M)N) (this must be a G;-redex). But the obtained
term M[N/x]M --- M, is in P.

2. We have a possible Sg-redex (Ax.M)N M. But then z ¢ M and by lemma 4.20
the term (Az.M)NMj --- M, is strongly normalizable.

3. We contract a redex in M and get M’. We must prove that
Ax.M"YNMy --- M, € P. But from lemma 4.15 M[N/x] — M’'[N/z]. So the sum of
all the normalizations of M'[N/x]Mj --- M, is less than ¢ and the result follows by
I.H.

4. We contract a redex in M;. Same proof.

5. We contract a redex in N and get N’. So the sum of normalizations of N’
is less than p. On the other hand by lemma 4.16 M[N/x] — M[N’/z] so the sum
of normalizations of M[N'/x|Mj --- M, is less than the sum of normalizations of
M[N/z]Mj --- M,,. We use L.H.

We are now able to prove the conservation theorem for 3, Bs-reduction.

Theorem 4.23 If M is 37, Bs-normalizable then M is f;, Bs-strongly normalizable.

Proof. The B;, Bs-normal form of M is typable in D. By theorem 4.11 M also is
typable in D and by 4.22 M is 3, Bs-strongly normalizable.

Conclusion: We saw how the type assignment method can be used to organize
and prove conservation properties for various notions of reduction in A-calculus. The
method is general, easy to handle and is based on subject expansion properties and
typing characterizations of some classes of A-terms. The extension of the method to
other related notions of reduction would be the subject of future work.
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