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Abstract
Various L, form Opial type inequalities are given for functions valued in a
Banach vector space. We give applications in C.
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1. Introduction
Our paper is greatly motivated by the article of Z. Opial [3].

Theorem 1. (Opial [3]) Let z(t) € C1([0,h]) be such that x(0) = x(h) = 0, and
z(t) > 0 in (0,h). Then, the following inequality holds

h 2 h h / 2
| e < g [Cawra (1)

In the last inequality the constant h/4 is the best possible.
Equality holds for the function

xz(t)=t on [0,h/2]
and
z(t)y=h—t on [h/2,h].

Opial type inequalities have applications in establishing uniqueness of solution to
initial value problems in differential equations, see [6]. We are also motivated by [1],
[2].

We need

2. Background

(see [5], pp. 83 - 94)
Let f(t) be a function defined on [a,b] C R taking values in a real or complex
normed linear space (X, ||-]|). Then f(t) is said to be differentiable at a point ty € [a, ]

if the limit A ;
f/(tO):}LliH)f(O_F })L_f(()) (2)
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exists in X, the convergence is in || - ||. This is called the derivative of f(t) at t = to.
We call f(t) differentiable on [a,b], iff there exists f/(¢) € X for all ¢ € [a,b].
Similarly and inductively are defined higher order derivatives of f, denoted f”, f(®),
..., f®) k€N, just as for numerical functions.

For all the properties of derivatives see [5], pp. 83 - 86.
Let now (X, | - ||) be a Banach space, and f : [a,b] — X.

We define the vector valued Riemann integral f: f(t)dt € X as the limit of the

vector valued Riemann sums in X, convergence is in || - ||. The definition is as for the
numerical valued functions.

If ff f(t)dt € X we call f integrable on [a,b].

For the properties of vector valued Riemann integrals see [5], pp. 86 - 91.

We define the space C™([a,b],X),n € N, of n-times continuously differentiable
functions from [a,b] into X; here continuity is with respect to || - || and defined in the
usual way as for numerical functions.

Let (X, - ||) be a Banach space and f € C"([a,b], X), then we have the vector
valued Taylor’s formula |, see [5], pp. 93 - 94, and also [4], (IV, 9; 47):

It holds
En(x,y) == f(y) — f(z) = f'(x)(y — x)—
%f”(z)(y —z)? - = ﬁf(nfl)(x)(y — )t
- ﬁ /y(y — )" M (@)dt, Y,y € [a,b). (3)

In particular (3) is true when X = R™ C™, m € Netc.
In case of some zg € [a,b] such that f*)(zo) =0,k =0,1,...,n — 1, then

1 Y n—1 p(n
1) = o= /m(y—t) F™()dt, Yy € [a,b]. (4)

In that case E,(zo,y) = f(y).

3. Results

Here we consider always X to be a Banach space, n € N, and f € C"([a,], X),

[a,b] CR. We fix z¢ € [a,b].
We present our first result.

Theorem 2. Let p,g>1: % +
Then

o =1 y>w; y, 70 € [a,0].

Yy
L= / | B o, )| | £ (w) dw <

(y _ $0)n_1+%

y 2/q
() (w)||9dw .
2740~ Dip(n — 1) + Dp(n — 1) + 27 </ 17wl ) (5)
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We give
Corollary 3. Fory € [zg,b] we have
(y — xo)" </y (n) (N2 >
L < "(w)||fdw | . 6
Proof of Theorem 2. We have by (3) that
1 Y n—1 g(n)
Ey(xo,y) = m/ (y =" [ ()dt, Yy = o530,y € [a,b]. (7)
"o
By Holder’s inequality we have
I1Bateo )l < s [ =0 I 0l
n 073/ — (n _ 1)! . y
1 Yy (ne1) 1/p y - 1/q
<o ([ w-ormva) ([0 o)
=t R
1
_ 1 (y —mo)" 't 1/q
where ’
)= [ IOt 0 <y b (s(a0) =0) 9)
xo
Thus )
Z(y) = I ()|l
and )
IF W)l = (' (w)e. (10)
Therefore we get
1
1 (y o xo)n—l-&-;
E, ™) ()| < "(y)V/. 11
B0 )l IF W < gy ot 1y G2 @) (1)

Integrating the last we have

Y
[ NG00l 17 () <

(n— 1)!(p(n1— 1)+ 1)i/» /y(w — )" (2(w) 2 (w))Vedw <

(n— 1)!(p<n1— 1)+ 1)1/ (/y(w o) p(n_1)+1dw) N (/y ) (w)d
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- b o) > ()" (12)
27400 — Di(p(n — 1) + )(p(n— 1) + 77 ’
proving the claim of the theorem. O

We continue with

Theorem 4. Let p,q>1: %+ é =1, y € [a,z].
Then

I = / | (o, w) | £ (w)ldw <
Yy

(1_07y)n—1+% o (n) W 9dw 2/
2a0n — Dilpn — 1) + D{p(n — 1) + 2]/ (/ 177wl ) - 09

We give
Corollary 5. For y € [a, zo] we have

(o —y)" v ™) (w12 dw
e (/ TRIE: ) (14)

Proof of Theorem 4. We have by (3) that

[ En (o, y)|l = (n%l)' /mo(y_t)nlf(n)(t)dtH <
ﬁ / e gy ) e <
o 1/p o 1/q
(nim ( / <t—y>p("‘1>dt) ( / If(")(t)ll"dt> =
(wo —y)" M7 "
T (- 1)!0(17(7211— 5 e FW) /. (15)
Here 20
o(y) = / 1A @)edt,  (2(z0) = 0), (16)
and Y
~+) = [ 15O@) it <o, (17)
2 (y) =™ W) >0, (18)
and
I W) = (== @), a<y <. (19)
Hence
1 (o, )| I1F ™ ()| <
(0 — )"\ FF

(n—Dl(p(n — 1) + 1)1/» W) (= W))V, a<y<a. (20)
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Therefore we find

[ U0 w15 w)dw <

1 o 14l
e T B Ui (G (OICEI O LT
1 </ 41 1/p o , 1/q
< (20 — w)P(*~ dw) </ z(w)(—z (w))dw)
(n—D!(p(n—1)+1)1/7 Y
(22)
2
(IO - y)n_l—i_; 2/q
= v 23
21/q(n _ 1)![(p(n —-1)+ 1)(p(n —1)+ 2)]1/p (2())9,V y € [a, zq], (23)
proving the claim of the theorem. U
Combining Theorem 2 and 4 we get
Theorem 6. Let p,qg>1: %+ % =1 and y,x9 € [a,b].
Then ”
- | [ 10w IIf(")(w)ldw‘ <
ly — o[ / ™ (]
" d 24
24— Dl — 1)+ Dol — 1)+ 2 | L, 1T 2
Combining Corollaries 3 and 5 we have
Corollary 7. For y,xg € [a,b] it holds
‘y — xol n
< s e | W (25)

A special but important case follows

Theorem 8. Let p,g > 1 : %—I—% =1 and y,z9 € [a,b]. Assume further that

f®(20) =0, k=0,1,...,n — 1.
Then

/ )l IIf(”)(w)Idw‘ <

2/q

)

min |y — zol” - ! (") (w)]|9dw
<2l/q<n—1)![<p<n—1>+1><p<n—1>+2>]1/p [ 1w
ly — xo|"

) () 12 duo
e IR D (26)

Proof. By Theorem 6 and Corollary 7. 0
We continue with

Theorem 9. Let p=1, ¢ = 00 and y € [z, b].
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Then

(y _ Io)nJrl

()2
(n+ 1)' Hf ”oo,[:co,b]'

Yy
/ 1En (o, w)][ | £ (w) | dw <

Proof. We have by (3) that

1 En(20,y)| < (n_ll)'/m

Therefore it holds

Yy n

n!

0

n n (y—l’ )n
1B (o, )1 F ()] < [1£¢ )Hio,[mo,b]TOa

all zg <y <b.
Hence we find

Y (n) 1 ||<2>o,[zo,b] Y n
1B (2o, w)[ |+ (w)|dw < ——"=== | (w —0)"dw
xo .

Zo

_ B =m0™ o2
T (n+1) 00, [zo,b]"

O
The counterpart of Theorem 9 follows.

Theorem 10. Let p =1, ¢ = o0 and y € [a, zg].
Then

(xO - y)nJrl Hf(n) H2
(n+ 1] osfaszol”

o
/ | En (0, )] 7 () | dew <
Yy
Proof. We have by (3) that

|- o somal -

1
(n—1)!

< ”f(n)”oc,[a,xo]
(n—1)!

Therefore it holds

1
(n—1)!

[ < e

o _ n Lo — "
/ (t = )"t = 11 oo 2
, n:

zo—Y)"
B o ) 15 @) < 150 gy

all a <y <xg.

n— n n y—zr
(= "D Ol < oo oy LT

(27)

(28)

(31)
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Consequently
” (n) IF N2 fawe) [ n
[ En(zo, w)[f* (w)lldw < ——== [ (z0 — w)"dw
y n y
n+1
— || £(n) )2 (zo —y)
Hf || a,zo] (TL ¥ 1)| . (35)
O
Combining Theorems 9 and 10 we get
Proposition 11. Let p=1, ¢ = o0, y, 20 € [a,b).
Then y ’ -
[ 1Euteo 15 wlan| < Lo2LZ o, (36)
o

In particular we obtain

Proposition 12. Let p=1, g = o0, y,zg € [a,b]. Further assume that f(k)(xo) =0,
k=0,1,...n—1.
Then

[ Wi @] < LB o, 7

4. Applications

Here X = C, f € C™([a,}],C), n € N, zg,y € [a,b]. Furthermore assume that
f®(zg) =0, k=0,1,...,n — 1.
Applying Theorem 8 we get

Theorem 13. Let p,q > 1: % + % =1.

Then y
J s | <

_ 2 2
zo|" 1+2 /q

. ly —
mm<TMw—1N@m—1H4MMn—D+2W”

Yy
/ £ ()]

|y*900|

2(n—1)ly/n(2n —1)

By Proposition 12 we find

(n)( |mD. (38)

Proposition 14. Let p=1, ¢ =
Then

[ | < LR e, (39)
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Let now f € C([a,b],C), w0,y € [a,b] with f(x¢) = 0. Applying Theorem 13 we
obtain

Theorem 15. Letp, g > 1: %—i—%:l.

Then ”
[ iswir ] <
o
1 . 2/p Y ! q 2 Y / 2
5 min | |y — o | (w)*dw| Jy —xol | [ [f'(w)["dw| | . (40)
o Zo
Finally by applying Proposition 14 we get
Proposition 16. Let p=1, ¢ = c0.
Then y ( 2
) Y —To
[ s ] < = e, (41)
o
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