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Abstract

A dipolar current of known moment and location is given within a conductive
sphere modeling the human brain. For this point source excitation the interior
and the exterior solutions, both for the direct Electroencephalography and for
the direct Magnetoencephalography problems, are characterized as complemen-
tary distributions of singularities corresponding to appropriate images for the
related potential problems. Comparable forms for all four fields are provided.

1. Introduction

The human brain is the most complicated matter known in the universe. Its math-
ematical description is that of an ellipsoid of approximately 1.5 liters in volume,
involving 10! neurons which are connected with 10'® synapses. This extremely com-
plicated circuit can be electrochemically excited via the generation of ionic current
within the neurons. At the physical modeling level the electromagnetic activity of this
system is governed by the quasi-static approximation of Maxwell’s equations [17, 22]
and the generated neuronal current is usually modeled by a current dipole located at a
particular point within the brain tissue. Up to this point the problem does not reflect
any difficulties. Nevertheless, the complications appear when we consider the realis-
tic case where the current dipole is embedded in the conductive environment of the
brain. The primary neuronal current generates a magnetic field, which in turn causes
an induction current inside the brain and both (primary and induction) currents give
rise to a magnetic field which can be measured outside the head using an extremely
sensitive device known as SQUID (Superconductive QUantum Interference Device).
The goal of Magnetoencephalography (MEG) is to identify the primary current from
measurements of the magnetic field outside the head. In doing, so we need to strip
the measured magnetic field from the part that is due to the induction current and
isolate the primary current alone [23]. This is the source of difficulty for the inverse
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MEG problem.

To this day, a complete expression for the exterior magnetic field in closed form due
to a dipole current is known only for the case of a spherical conductor [23]. In a
less tractable form of series expansion some results for spheroidal [14, 19] and for
ellipsoidal [4, 5, 6] conductors are also known.

Once we abandon the highly symmetric spherical model the problem of magnetoen-
cephalography becomes much harder because of the following qualitative reason. The
dipolar current, besides the magnetic field, it also generates an electric field and this
electric field is directly associated with the conductivity and the generated induction
current. Based on the well known Geselowitz formula [3, 10], one is easy to see that
the exterior magnetic field is dependent on the values of the electric potential on the
boundary of the conductor, and these values can be obtained by solving the interior
Neumann problem for Poisson’s equation which is satisfied by the electric potential.
Therefore, we need to solve first the boundary value problem for the electric potential
and then use it to evaluate the magnetic field exterior to the head. But, as Sarvas
showed [23] the exterior magnetic field is independent of the electric field if and only
if the conductive region (i.e. the brain) is a sphere. Hence, in this case, no need for
the solution of the boundary value problem for the electric potential is necessary. For
this reason almost the entire enterprise of Magnetoencephalography today is based
on the spherical model of the brain.

The problem of obtaining the electric field is known as the direct problem of Elec-
troencephalography (EEG) and the problem of recovering the current that generated
a measured electric field on the surface of the head is known as the inverse EEG
problem. Similarly, depending on whether we are given the current and try to obtain
the exterior magnetic field, or the other way around, we have the direct or the inverse
MEG problems.

In the present work we provide a thorough discussion for the electric and magnetic
field inside and outside a spherical conductor, both in terms of distribution of im-
ages and in terms of closed form representations. This approach gives us a unified
treatment of the direct EEG and MEG problems and reveals their similarities and
differences.

A general formulation of the direct interior and the direct exterior problems of Elec-
troencephalography and of Magnetoencephalography are presented in Section 2. The
interior EEG problem for the sphere is then analyzed in Section 3 and the correspond-
ing exterior EEG problem is investigated in Section 4. Then, Section 5 deals with the
exterior and Section 6 with the interior MEG problem for the sphere. In all cases the
primary current is that of a dipole source at a fixed point inside the brain and with a
known dipole moment. A final concluding Section 7 gathers all fields in a compara-
ble simple form where the Kelvin inversion is immediately observed. The interested
reader can find more results for the MEG problem in [8, 24| for the case of a sphere,
in [4, 11, 13, 15] for the case of the ellipsoid and further theory in [7, 12, 18, 20, 21].
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2. Formulation of the EEG and the MEG problem

Let V'~ be a bounded, convex subset of R? bounded by the smooth surface S, and let
n denotes the outwards unit vector normal to S. V'~ is a homogeneous conductive
body with conductivity ¢ and has a current dipole at ro with moment Q. The exterior
medium V+ = (V~ U S)Y is characterized by o = 0 while the magnetic permeability
Lo is constant in R3.

Following well known formulations [12, 18, 20, 23], the direct mathematical prob-
lems associated with the Electroencephalography and the Magnetoencephalography
are the following.

Interior EEG Problem: Find the electric potential
u V- =R

which solves the interior Neumann problem

oAu"(r) =V -Qé(r—rg), revV- (1)

Opu~(r)s=0, reS (2)

where (r —rg) denotes the Dirac measure at ro and 9, stands for the outward normal
derivative on S.

Exterior EEG Problem: Find the electric potential
ut:Vt =R

which solves the exterior Dirichlet problem

Aut(r)=0, reV* (3)
ut(r)=u"(r), resS (4)
u+(r)—0<i), r— 00 (5)

where the Dirichlet data v~ (r) on S come from the solution of the interior EEG
problem. Once the electric potential ™ (r) on S is known, the magnetic induction
field B is obtained via the Geselowitz formula [9, 10]

/

_ Mo r—ro (oo +/.\al r—r ’
B(r) = 47rQX |r —ro|3 47 /u (r)B’ x \r—r’|3d$(r) (6)
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which holds for r ¢ S | and where the first term on the RHS of (6) represents the
primary dipole contribution while the integral terms represents the contribution of
the induction current due to o # 0 . The vector ft’ is the unit outward normal on S.

Exterior MEG Problem: Find
BT:Vt -5 R3
such that

Bt(r)=B(r), reV"t. (7)

Interior MEG Problem: Find
B : V™ —R?
such that

B (r)=B(r), reV". (8)

In the following sections we will analyze each one of the above four problems for
the special case where the surface S is a sphere.

3. Interior Electroencephalography for the Sphere

The unique simplifying property of spherical geometry is seen immediately from
Geselowitz formula (6). Indeed, since

/
. r—r

><|r—r’|3.f‘:0 )

where the hat over a vector denotes unit magnitude, it follows that the radial com-
ponent of B is independent of the electric potential v on S. The sphere is the only
shape for which this is true and therefore it is the only shape for which the EEG and
the MEG problems are completely independent of each other. This is the reason why
a closed form solution for EEG and MEG is known only for the spherical model of
the head.

It is a straightforward procedure to solve problem (1), (2) and obtain the solution

1 o0 n

n+1 rgr” (s .
Q- Yy, —|—47rz Z n(2n + 1) AR 4 (fo)Y,™(#)| (10)

u(r) = 4o |r — o]
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where « is the radius of the sphere and the normalized spherical harmonics Y,* are
defined by

2n+1(n—|m|)! ;
n () \/ dr (n+m)) " (cos f)e (11)
forn =0,1,2,... and m = —n,...,n , and P/* are the associated Legendre functions

of degree n and order m. Expansion (10) converges uniformly and absolutely on
any compact sphere inside V'~ . We further note that the scaled directional derivate
Q - V,, is a purely source dependent operator.

First, we observe that by using series summation techniques we can prove that
the function

£ =3 Puteost) (12)
n=1
where P, is the Legendre polynomial of degree n solves the IVP
pf'(p) = (1—2pcosf+p*) "2 — 1 (13)
£(0)=0 (14)
from which we arrive at
f(p):_lnl—pcosﬂ—i- \/;—chosﬂ—i-pZ. (15)

Combining the above summation result with the addition theorem
o . 4m . e
Po(f- 1) = Z Y, (£0) Y™ (#) (16)
we can write the interior electric field in the following closed form

1 1 o 1 2
u_(r):4 Q-V + r — " (f-.((%r—r())—l—

ro 2
o |r — ro| |‘:2r—r0 a 202

o

r—rTo
r2

2
1 Q r—ro a 92T =T 1

4o

i‘jr—ro‘f'—i-(fjr—ro)
roro T ety g el wof [ w4 (3r —w)

(17)

)
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Writing the logarithmic term as an integral we obtain the expression

@)= Q.| T g(?jr_ro>+27i<§r_ro>w (18)

dro |r — ro3 |O‘2r—r0| !

which can be read as superposition of contributions from a system of images. Indeed,
using Kelvin’s theorem [2, 16]

At = (1) A (“ r) (19)
r—r= 6;221* (20)

and rewriting the integral in (18) as

oo X (A2 +oo
2 [ <r2r—r0) 1 tt —
/ g A\ = / S (21)
! |i§r—r0| a) [tF — ro3

"

we observe that the field at rq is a superposition of a dipole at r with strength one,
a dipole at (a?/r?)r with strength (a/r) and a continuous distribution of dipoles on

the ray
. a?
{trte { ,—l—oo)}
r

Obviously, the trace of u~(r) on S is given by

all with strength (1/«) .

P 1 2 1 1. X A
u (ozr):47mQ~Vr0 {af‘—ro _aln2a (- (af —rg) + |af —1ro]| - (22)

We finally remark that the function v~ , being a solution of a Neumann problem
is unique only up to an additive constant. This constant assumes the value zero in
the above analysis.

4. Exterior Electroencephalography for the Sphere

Working as in the previous section we obtain the solution of problem (3)-(5) in the
form

ut(r) = Q S S TW Ro)Y," (F) (23)

n=1 m=-—n
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for r > « . Using again formulae (15) and (16) we rewrite (23) as

2 2 1ln1(f'-(r—ro)+|r—r0|)}

r—ro] r 7 2r

ut(r) = 471WQ - Vry [

1 r—ry 1 r —rg|f + (r —rg
dro |r — ro| rlr —rg| [r —ro| + F- (r — rp)
The term 2/r inside the bracket, which results from the summation process, can be
omitted since it is annihilated by the differential operator Q - V;, . Now the image
system that generates the field u™, as it is given by (24), can be obtained from (17)

by simple inspection. Indeed the transformation
a—r (25)
implies that
()t (x) (26)
where u~ is given by (17) and u™ by (23).

Consequently, the image system for the exterior problem is obtained form the image
system for the interior one via the transformation (24). Hence, from (18) we obtain

. ) +00 A (Ajr_r(J)
W)= Q-2 "7 4 /T " Jd|. (27)
dro vt —rol3 7 ’\gr—r0|

Since

2+OC)\</\2r_rO> ) +o00 ”
2 F—r
/ TAT S A\ = / L oLt (28)
r |>‘2r—r | r [tF — ro|

T r2 0 T

we conclude that the field at rg is due to a dipole of strength 2 at r and a continuous

distribution of dipoles with strength (1/r) along the ray
{t#|t € [r,4+00)}.

Note that for both, the interior and the exterior electric potentials, the interpretation
concerns the field at the point ro due to images associated with the variable r. In
that sense, the above interpretation is more appropriate to the lead field approach of
Electroencephalography.

A second observation is that the exterior electric potential is independent of the radius
« of the conductive sphere, a property that is not shared by the interior field.
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5. Exterior Magnetoencephalography for the Sphere

The exterior magnetic field can be obtained via long but straightforward calculations
in the form

B*(r) = Z;Q x ‘:_‘;)0‘3 n Zﬁ(Q Vi) (T X vr)nz::1 Tfﬁl Tlan(f R)  (29)
and the summation process (12), (15) gives
i ’"ﬁl 'pG i) =—'In Z(r;ro) T > (30)
—rmthn r o 2r2r —rg|
where
F(r;rg) = |r — ro|[r|r —ro| + - (r — rp)]. (31)

Utilizing the fact that B is both irrotational and solenoidal for [r| > « [23] we
can write

Bt(r) = ’U;VTU(r; ro) (32)

4

where the scalar magnetic potential U is given by

QXrp-r
U(r;rg) = .
(I‘, I‘o) F(I‘; rO) (33)
The representation (32), (33) was first established by Bronzan [1] but it was suc-
cessfully utilized by Sarvas [23] , on the work of which almost all literature of Mag-
netoencephalography has been founded.
The singularities of the Sarvas function U lie on the segment

{tf‘0|t € [O,TO}}

which therefore forms the image system for the exterior magnetic field at the point
r, |r|] > « . This is so, since F vanishes for r = r¢ and for any r which lies between
the origin 0 and rg. In fact, F' has a double root at ry and a single root on the 0 to
ro segment.

The field B, being solenoidal, has also the representation

Bt(r) = Z;vr x A(r;ro) (34)

where the vector potential A can easily be evaluated from (29) and (30) as

Q

r —rof

F(r;ro)

A(r; = .
(x5 7o) 272|r — ro|

+#(Q Ve)In
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The identity
V.:U(r;rg) = Vy x A(r;10) (36)

for |[r| > « is theoretically obvious but its straightforward justification is involved.

The closed form expression for BT is therefore given by (32), or by (34), or finally by
F(r;ro)

2r2|r — ro|

Bt(r)="0qx ' _H0 1(Q~Vr0)(r X Vi) In

37
4 v —rol2  4mr (37)

for [r|] > a .

6. Interior Magnetoencephalography for the Sphere

Following the steps of the previous section we obtain the interior magnetic induction
field as

B = (tax TN @ vk T Y B AR @
which by virtue of (12), (15) is also written as
r—ro o 1 F (?i T r0>
Br(r)= 7 Qx N = Q) x Vi) In TR
for |r| < .

In view of the Kelvin inversion (20) and the relations

7\ 2

Vo= (") G-2F28) Vs (40)
rxVy=Tx Vs (41)

where I stands for the identity dyadic, T denotes the Kelvin image of r, (39) is written
as

F (T;r0)
272 |f - I‘()|

B (r)="0qx "7 _ M6 g Fx V)

= 42
47 r —ro|? 4dma (42)

for |r| < .

It is easy to see that the inversion (20), which essentially identifies B~ as the Kelvin
inverted field of BT (with the exception of the actual dipole field), maps the interior
images over the 0 to ry segment to the exterior ray

{tfo |t € [Fo,+00)}
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which supports the singularities of B~ that come from the conductivity current. In-
deed, the singularities t#y with ¢ € [0, 7] are mapped in to the singularities ¢{fo with

— 2
te [‘;O,oo) .

Note that as with the case of EEG, the exterior magnetic field BT is independent
of the radius of the sphere while the interior field B~ does depend on the radius «.

7. Conclusions

In this section we collect all the results obtained in the present work in a simple list
where comparison comes via simple observation. We set
2

r= a2 r (43)
r
P=r—rg (44)
2
R= a2 r—rg (45)
r

and T, T, f’, R denote the corresponding unit vectors.

Then
1 P 7R 1 #+R
- = . 46
u(r) 47TO’Q P3+aR3+aR1+f-.R r<a (46)
1 P 1 t+P
+ _ . 4
ut(r) 47TO’Q P3+7'P1_|_f-.]_5 T (47)
_ Ho Pl _ F (¥;ro)

_ _ , _ 48
B (r) 4ﬂ_Qx ps 47roz(Q Vo )(T X Vi) In 9r2 R , T <« (48)
ton _ Mo Pl F(r;ro) 49
BT (r) = 47|-Q X b3 47rr(Q Vo) ([ X Vi) In o2 " > . (49)

In each one of these expressions the first term on the RHS provides the field due to
the primary dipolar current, and this is the reason why it is the same for the interior
as well as the exterior fields. All other terms on the RHS of (46)-(49) represent
the contribution of the conductive medium to the corresponding fields. The interior
electric potential (46) is associated with the exterior electric potential (47) via Kelvin
inversion. Similarly, the interior magnetic field (48) and the exterior magnetic field
(49) are connected in the same way.
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