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Abstract
We present a different proof and a generalization of a result of Fusco and Pig-
notti [FP] concerning the lower bound of the spectrum of a class of Schrédinger
operators of the form L® := —62% + V, where V : R — R is a nonnegative
function singular (vanishes) at finite points s1 < ... < sy. We also examine the
case of multidimensional Schrédinger operators possessing radial symmetry and
the case of V being singular at infinity.
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Consider, in L?(R), the Schrodinger operator
Lfw = —2uw” + ¢*w
under the hypotheses on ¢ € C'(R):
(H1) q(s) >0, s# sk, q(sx) =0, k=1,...,N (N independent of ),
(H2) q(s) > c|s—siPif |s—si| <6, k=1,..., N, for some ¢,p,d > 0indep. of ¢,

(H3) q(s) > ¢ if s € R—UN_ B(sg,0) for some ¢ > 0 independent of €, where
B(sk,é) = (Sk — 5, Sk + 5)

The case N = 1 was studied in [FP], where (among other things) a lower bound for
the principal eigenvalue of L® was obtained. This followed from sharp upper bounds
for the fundamental solution of L¢; with ¢ € C(R) satisfying (H1) with N =1 (s; = 0),
q(s) = c|s?, |s| <4, and (H3).

The purpose of this note is to give a simple proof of this spectral bound which
applies directly to the case N > 1. If we assume that ¢(s) = ¢|s|P for all s € R, then,

1 2p
by setting s = er+ir and E, = epTzlcn, the eigenvalue equation Lfw = Fw can be
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rescaled to —‘f;qéj + 2|r|*Pw = c,w which is independent of . The idea is to apply
this re-scaling to the general case (see also [SF]). Our result is

Theorem 1 If € > 0 is sufficiently small, the spectrum o(L?) of L¢ satisfies
o(LF) C [cosﬁl,oo>
for some ¢y > 0 independent of €.

Proof. By the Friedrichs extension, L defines a self-adjoint operator in L?(R) with
domain D(L?) C H'(R) (cf. [Ze] Ch. 5). Also (cf. [HS] pg. 55):

a(Ls)g{ inf (st’w),oo>.

0£weD(Le)  (w,w)

2
Moreover, given w € D(L®), there exist ¢, € C§°(R) such that ¢, L7(R) w and
(LE(Pny (Pn) — (st,w) as n — 00.

Note that (H1), (H2), (H3) imply that, for ¢ > 0 sufficiently small,
cls —silP,  |s—sk| < EP}rl, k=1,...,N,

q(s) > qi(s) = )
ceprtl otherwise.

Thus, from the above, it suffices to show that

/ 20" + ¢} (s)pPds > coer it / ©*ds, Vo € C°(R). (1)

— 00 — 00

Let ¢ € C§°(R), then
/ 29" + qi(s)p?ds =

— 00

N
:Z/ ) 52<p/2+c2|5—5k\2pgp2d3+/ L 2?4 ert1 p2ds >
k=1 B(Sk75p+1) R—UQIZIB(SIC,&‘?HJ)
_ 1 .. d
Set r=¢e »+1(s—si) and write ‘=
dr
N

22-2 2_2° . op 2 2_ 2P 20
E P+1/ p1 % 4 et PP dr + cCertt L pids =

P B(0,1) R—UN_| B(sk,eP+1)

N
Z i1 gt / &% + A|r|Poidr + et / L plds >
ot B(0,1) R—

U,Iyle(sk,sPJrl )
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(Let 11 > 0 be the principal eigenvalue of — @ + ¢2|r|*¢ = g, r € (—1,1)
with Neumann B.C’s)

2p 1 2p
grtlertl / Q2dr + Perti / L Yids =
B(0,1) R—UN_, B(sy,ept1)

B

N
=>>
k=1
N
k=1 (sk,ePtl) R—UN_, B(sp,eP+1)

2p oo

> 005P+1/ ©?ds.
— 00

Hence, (1) is true.

Remark 1 In the case that L has essential spectrum, (H3) yields oess(L¢) C [¢2,00)
(cf. [Dal]).

One can easily obtain (see also [FP])
Corollary 1 Let g € C(R) be such that
g(s) > —C’16P2+pl, s e R, (2)

for some Cy > 0 independent of . Then, if C; > 0 and € > 0 are sufficiently small,
we have ,
o(LfF+g) C [606 rit, oo) (3)

for some ¢y independent of ¢.

Remark 2 As it can be seen from the proofs, the continuity assumption on g and g
can be relaxed to L}, (R).

Remark 3 In [SF], for the analysis of the linearization of a singular perturbation
problem, we studied a linear operator of the form L€+ g; with g satisfying (2) (p = ;)
but with C; > 0 a fixed constant (not necessarily small). In that reference, more
properties of ¢ and g were used to show (3).

Remark 4 The proof of Theorem 1 seems to extend to the case of multidimensional
Scrodinger operators of the form:

Lou = —®Au+ ¢(|x[)u, x€R™,

with ¢ € C[0,00) satisfying ¢(0) = 0, ¢g(s) > esP, 0 < s < d and ¢(s) > ¢, s >0
(¢,p,d,¢ independent of ). If ¢ > 0 is sufficiently small, then ¢(s) > ¢1(s),s > 0,



272 Christos Sourdis

where ¢1(s) :=csP, 0 < s < 5Pi1, q1(s) := cspil, s> e»+1. The main observation is
that to obtain the inequality

2 2 2 2 2 2 o0 (T
e*|Vul|* + ¢7 (|x))u“dx > coer+ u“dx, Vue CFR™),
R’VTL

it is enough to show it for the Schwarz Rearrangement u* of u. Recall that u* is radial,
u* € HYR™), [om |VuPdx < [on [Vul?dx, [p. d(x))u*?dx < [p. ¢(x])u’dx
(because ¢f is continuous and nondecreasing), and [y, u**dx =[5, u?dx (cf. [LL]
and Appendix D of [KP]).

By modifying the proof of Theorem 1, we can show
Theorem 2 Suppose that ¢ € C'(R) satifies
q(s) =c|s|™P if |s| > C and q(s) >¢ if |s| <C,
with p > 1, ¢,C, ¢ > 0 constants independent of ¢ > 0. Then
2p
o(Lf) C {cospfl,oo>
for some ¢y > 0 independent of £, where Lfw = —&2w” + ¢2(s)w.
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